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Preface

Physics is a fundamental science, and those

who study it will gain an understanding of the

basic laws that govern everything from the very

small subatomic to the very large cosmic scale.

The study ofphysics provides us with an

unparalleled power of analysis thaL is useful in

rhe study of the other sciences, engineering and

mathematics, as well as in daily life*

This fifth edition of Physics jbr the IB Diploma

follows rhe previous edition, but contains

material for the new syllabus that will be

examined for the first time in May 2009, It

covers the entire International Baccalaureate

(IB) syllabus, including all options at both

standard level {SL> and higher level (HL). It

includes a chapter on the role of physics in the

theory of knowledge (TOK), along with many

discussion questions for TOK. Each chapter

opens with a list of objectives, which include

the important formulae that will be covered in

that chapter. The questions at the end of each

chapter have been increased, and there are

answers at the end of the book for all those

involving calculation (and for some others too).

Part I of the book covers the core material and the

additional higher level (AHL) material. The title

and running heads of each chapter dearly

indicate whether the chapter is part ofthe core or

AHL Part 0 covers the optional subjects. There are

now four options that arc available to SL sindents

only (Option A, Sight and wave phenomena:

Option B, Quantum physics: Option C, Digital

technology; and Option D, Relativity and particle

physics). The material for these is the same as the

corresponding AHL material, and so (hese four

SI, options are neither repeated nor presented

separately (except for one chapter. Option Al, The

eye and sight, which is not part oft he AHL core).

Three options (Option F, Astrophysics; Option F,

Communications; and Option G, Electromagnetic

waves) are available to both SLand l IL students.

Finally, there are three options (Option H, Special

and general relativity; Option I. Biomedical

physics; and Option J, Particle physics) that are

available to HL students only

The division of this book into chapters and

sections usually follows quite closely rhe

syllabus published by the International

Baccalaureate Organization (IBQ).
1

111 i s does not

mean, however, that this particular order

should be followed in teaching. Wiihin reason,

the sections arc fairly independent of each other,

and so alternative teaching sequences may be

used. It must also be stressed that this book is

not an official guide to the Hi syllabus, nor is

this book connected with the IBQ in any way,

Tire book contains many example questions and

answers that are meant to make the student

more comfortable with solving problems. Some

are more involved than others. There are also

questions at the end of each chapter, which the

student should attempt lo answer to test his or

her understanding* Even though the IB does not

require calculus for physics, I have used

calculus, on occasion, in the Lext and in the

questions lor Lhe benefit of those students

taking both physics and mathematics al higher

level. They can apply what they are learning in

mat hematics in a concrete and well-defined

context, However, calculus is not essentia] for

following the book. It is assumed that a student

starting a physics course at this level knows the

basics of trigonometry and is comfortable with

simple algebraic manipulations.



xii Preface

In many questions and examples I have not

resisted the temptation to use 10 m s'- as the

numerical value of the acceleration due to

gravity. I have also followed the conventions of

symbols used by the 1130 in their Physics Data

Booklet, with one major exception. The Data

Booklet uses the symbol s for displacement.

Almost universally, the symbol s is reserved for

distance, and so s stands for distance in this

book, nor displacement. Also, I have chosen to

call initial velocities, speeds, etc. by vy? rather

than the IBO’s u.

1 wish to thank my wife. Hi lie Tragakes, for her

great help and support. 1 am indebted to fellow

teacher Wim Rei inert for his careful reading of

the book and his extensive comments that have

improved the book -
I thank him sincerely. I

would like to thank GeoffAmor, who has edited

the new material for the fifth edition,

implemented my changes, and made many

suggestions for its improvement.

K. A. Tsokos

Athens

May 2007

A note to the reader

The main text of each chapter contains a

number of different features, which are clearly

identified by the use of headings or by other

typographical means, as outlined below.

learning outcomes/objectives

These are provided as bullet lists at the

beginning of each chapter, and indicate what

you will have learned or be able to do when you

have finished studying the chapter.

Important results, laws, definitions ant)

significant formulae

Particularly important material, such as

important results, laws, definitions and

significant formulae, appear in a shaded box.

Example questions

These occur in nearly all of the chapters. They

are indicated by the heading 'Example

question^)’ and all have a full answer. It is a

good idea to attempt to solve these problems

before reading the answers. There are over 500

such example questions in this book.

Material for higher level students

This material is highlighted in a shaded box

that is labelled HL only-.

Material that is outside the 18 syllabus

Some material is included that is outside the IB

syllabus and will not be examined in the IB

exams. It is included here tor two reasons. The

first is that I believe that it clarifies syllabus

material and in some cases it docs so in

essential ways. The second is that it gives Lhe

interested student a more rounded view of the

subject that is not bounded by the rigid

syllabus content. Such material is highlighted

in a shaded box that is labelled ‘Supplementary

material'. There is also a small amount of other

similar material with different labels.

Questions

Each chapter ends with a set of numbered

questions. Answers to all those that involve

calculation are given ai the end of the book.

Answers are also provided for some other

questions where it is useful for students to be

able to check their answers.
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CHAPTER Core - Physics and physical measurement

The realm of physics

Physics is 3d experimental science in which measurements made must be expressed in

units. In the International System of units used throughout this book, lhe SI system, there

are seven fundamental units, which are defined in This chapter. All quantities are expressed

in terms of these units directly or as a combination of them.

Orders of magnitude and units

How many molecules are there in the sun? This

may sound like a very difficult question with

which to start a physics textbook, but very basic

physics can give us the answer. Before we try to

work out the answer, guess what you think the

answer is by giving a power of 10, The number
of molecules in the sun is 10 to the power; . , ?

To answer Lhe question we must first have an

idea of the mass of lire sun. You may know this,

or you can easily look it up (to save you doing

this for this example, we can tell you that it is

about IQ
3 '1

kg). Next, you will need to know

what the chemical composition of the sun is. It

is made up of 75% hydrogen and 25% helium,

but as we are only making a rough estimate, we

may assume that it is made out ofhydrogen

entirely. The molar mass of hydrogen is 2 g

mol E and so lhe sun contains HT 72 mol - 5 X

I0*
z
mol. 'Hie number of molecules in one mole

of any substance is given by the Avogadm

constant, which is about 6 x \Q
25

. so the sun

has around 5 X 10"'J X 6 X 10
: T - 3 X IQ*"

molecules. I low close was your guess?

The point of this exercise is that, first, we need

units to express the magnitude of physical

quantities. We must have a consistent set of

units we all agree upon. Otic such set is the

International System (Si system), which has

seven basic or fundamental units. The units

of all other physical quantities are ccmibianhorrs

of these seven* These units are presented later

in this section. The second point is that we
have been able to answer a fairly complicated

sounding question without too much detailed

knowledge a few simplifying assumptions

and general knowledge have been enough. The

third point you may already have experienced.

How close was your guess for the number of

molecules in the sun? By how much did your

exponent differ from 56? Many ofyou will have

guessed a number around lO
KK10 and that is way

off. The number 10 100,1
is a huge number - you

cannot find anything real to associate with

such a number, lhe mass of the universe Is about

IQ
SJ kg and so repealing the calculation above we

find that the number of hydrogen molecules in

the entire unwerse (assuming it is all hydrogen)

is about to
" - a big number to be sure but

nowhere near lO
1'"™. Part of learning physics is
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to appreciate the magnitude of things - whether

they arc masses. Limes, distances, forces or just

pure numbers such as the number ofhydrogen

molecules in the universe. Hopefully, you wilt be

able to do Lhat after finishing l his course.

The SI system

The seven basic SI units arc:

1 The metre (m). This is the unil of distance. It is

the distance travelled by light in a vacuum in a

time of 1/299 792 45S seconds.

2 The kilogram (leg}. This is lhe unit of mass. It is

the mass ofa certain quantity of a platinum-

iridium alloy kept at the Bureau International

des Poids el Mesures in France,

3 The second (s). This is the unit of lime. A second is

the duration of9 192 631 770 full oscillations of

the electromagnetic radiation emitted in a

transition between the two hyperfine energy

levels in the ground state of a caesium-133 atom,

A The ampere (A). This is the unit of electric

current. It is defined as that current which,

when flowing in two parallel conductors 1 m
apart, produces a force of 2 x E 0 N on a

length of 1 m of the conductors,

5 The fcelvfa (K), This is rhe unit of temperature. It

is ~-.
h
of the thermodynamic temperature of

the triple point of water,

6 The mole (mol). One mole ofa substance

contains as many molecules as there are atoms

in 12 g of carbon-12. This special number of

molecules is called Avogadrtfs number and is

approximately 6.02 x 1Cf\

7 The candela fed). This is a unit ofluminous inten-

sity. It is the intensity of a source offrequency

5.40 X 10
A Hz emitting^ W per steradian.

The details of these definitions should not be

memorized.

In this book we will use all of the basic units

except the last one. Some of these definitions

probably do not make sense right now - but

eventually they will.

Physical quantities other than those above have

units that are combinations of the seven

fundamental units. They have derived units. For

example, speed has units of distance over time,

metres per second (i,e, m/s or, preferably, m s

Acceleration has units of metres per second

squared (i.e. m/s*, which we write as m s
3
). In

other words, we treat the symbols lor units as

algebraic quantities. Similarly, the unit of force

is the newton (N). it equals the combination

kg ms Energy, a very important quantity in

physics, has the joule (J)
as its unit. The joule is

the combination N m and so equals (kg m s"
J

' m),

or kg s * The quantity power has units of

energy per unit of rime and so is measured in

J s '.This combination is called a watt, Thus,

1 W — (1 N m s~
3

j = (1 kg m s
2 m s"

1

)

- 1 kg m2
s \

Occasionally, small or large quantities can be

expressed in terms of units that are related to

the basic ones by powers of 10. Thus, a

nanometre (symbol mil) is ID' m. a microgram

(Mg) is 10
a
g — IQ

-* kg, a gigaelectron volt

(GeV) equals 10* eV, etc. The most common
prefixes are given in Table 1.1.

Power Prefix Symbol Power Prefix Symbol

ur16 aui> a to
1

tleka- da’

10’ 13 femto- f to- tiecto- IT

10
13

piCO- 1*
10’ kilo- k

lO
-3

nano- n 10
D mega- M

10
6

micro- 4 V? gj£3- C

1Q~3
mill]- m 10

13
tera- T

10

'

3
centi- c 10

15 pei^ P*

It)
-1

ded- d IQ 10 F

“Rarely u&ed.

Table 1,1 Common prefixes.

When we write an equation in physics, we have

to make sure that the units of the quantity on

the left-hand side of the equation are the same

as the units on the right-hand side. If the units

do not match, the equation cannot be right. For

example, the period / (a quantity with units of

time) of a pendulum is related to the length

of the pendulum J (a quantity with units of



4 Core - Physics and physical measurement

length) find the acceleration due to gravity <f

(units of acceleration) through

T =2j7 /i

The units on the right-hand side must reduce to

units of lime. Indeed, the right-hand side units

are

m
V ms- ?

= v/?" = s

as required (note that 2jt is a dimensionless

constant). The fact that the units' on both sides

of an equation must match actually offers a

powerful method for guessing equations.

For example, the velocity of a wave on a string is

related to the length I and mass m of I be siring,

and the tension force F the string is subjected to.

How exactly does the velocity depend on these

three variables? One guess is to write

v =cF*t ym :

where c is a numerical constant (a pure number

without units) and x,y and z are numbers to be

determined. There could be some confusion

here because m sLands for mass but we also use

the symbol m for the metro. To avoid this we
will use the notation |M| to stand for the unit of

mass, [JLj for the unit of length, |F| for the unit

of time, etc. Then, looking at the units ol the

last equation we have that

~ = (|M|]I.||7T
2
)'[I |W

ii.nr)-
1 = iw^u-r^ur2"

The two equations match if the exponents of [t],

and \T\ match - that is, if

A' + Z = 0

* -by - l

—2x = -1

These equations imply that

In other words, the original formula becomes

v — cf I

1 m“ ,/? =c

Obviously this method cannot give the value of

the dimensionless constant t. To do that we

have to learn some physics!

Tables 1.2- 1.4 give approximate values for some

interesting sizes, masses and lime intervals.

Expressing a quantity as a plain power of 10

gives what is called the 'order of magnitude" of

that quantity. Thus, the mass of the universe

Lengthen

Distance to edge of observable universe 10*

Distance to the Andromeda galaxy 10
21

Diameter of the Milky Way galaxy to
31

Distance to nearest star 10*

Diameter of solar system 10T3

Distance to sun w"

Radius of [lie earth 10'

Size of a cell 10

Size of a hydrogen aiotn 10
" l&

Size of a nucleus 10- 15

Size of a proton 10

Planck length

Table 1:2 Some interesting sizes.

10
B

Mass/ltg

The universe

The Milky Way galaxy TO"
6

The sun 10*

The eart h IQ
3*

Boeing 747 (empty) 10
£

An apple 025

A raindrop 10
"

fi

A bacterium 10

“

Smallest virus 10
12

A hydrogen atom 10

An electron 10*

Table 1.3 Some interesting masses.
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Tiiiiejs

Age of the universe 10”

Age ol thc earth 10”

Time of trawl by tight to nearby star 10
s

Din- year to7

One day Itf

Period of a heartbeat l

Period of red light 10" 15

Time ofpassage nflighi across 3 nucleus ktm

Planck time 10
13

Table 1.4 Some interesting lime intervals,

has an order of magnitude of 10
11

kg and the

mass of the Milky Way galaxy has an order of

magnitude of 10'" kg. The ratio of l he two

masses is then simply IQ12
.

Fundamental interactions

There are four basic or fundamental

interactions in physics. However, in 1972. the

electromagnetic and weak interactions were

unified into one -the electroweak interaction.

In this sense, then, we may speak of just three

fundamental interactions (see Figure 1.1).

Gravitational Gravitational

Llcctromagnclic

Weak (nuclear force]

ricLtmweak

Colour {or strong nuclear force) Colour

Figure t.l The fundamental interactions of

physics. Since 1972, the electromagnetic and

weak interactions have been shown to be pari of

a generalized interaction called the electroweak

interaction.

Example questions

Lei us dose (his chapter with a few problems

similar to the one we slatted with. These

problems are some! ime s known as Fermi

problems, alter the great physicist Enrico Fermi,

who was a master in this kind of estimation.

Q1 •

_ .

'
•

. I

How many grains of sand are required to fill the

earth? (This is a classic problem that goes back to

Aristotle.!

Answer

The radius oi the earth is about 6400 km, which we

may approximate to 1 0 000 km. The volume of the

earth is thus approximately 8 x (10 x m 3
=s

t)x 102’ m '. We are assuming a cubical earth of

side equal to twice the radius. This is a simplifying

assumption. The true volume is yjrff
1

1= 1.1 x

10
M m l

t
which agrees with our estimate (we are

only interested in the power of 10 not the number

in front). The diameter of a grain of sand varies of

course but we will take 1 rnrn as a fair estimate.

Then Ihe number of grains of sand required to fill

the earth is

8 x in" m
(1 x 10- J

)
3 m 1

8 x 10® ^ 10 Jt

Q2— I III
—

iTTTTI TirT~

Estimate ihe speed with which human hair grows.

Answer

1 cut my hair every 2 months and the barber cuts

a length of about 2 cm. The speed is thus

2 x tO-J
, ICH

m s
1 ^

2 x 30 x 24 x 60 x 60 3 x 2 x 36 x 10^

IQ-* 10 h

as — —
b x 40 240

^4x1 0“H m s
1

Q3 : * •
:

’ '

'

"
•

.

' :

'

:

-

If all the |>eople on earth were to hold hands in a

straight line, how long would the line he? I low-

many times would it wrap around Ihe earth?

Answer

Assume that each person has his or her hands

stretched oui to a distance of 1,5 m and that the

population of earth is 6 x 1 people. Then the

length would lie 6 x 10' h x 1.5 m = 9 x I0 ,J m r

The circumference of the earth is litR ^ 6x

6 x 1 n
1, m ft* 4 x H)

: m and so the line would

wrap ^ 200 tames around the equator.
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Q4™——mmmwarnmmbhmm
How many revolutions do the wheels of a car

make before It is junked?

Answer

We assume that the car runs 250 000 km before

it is junked and that the wheels have a radius of

30 cm. Then the number of revolutions is

2.5 x T0a
2.5^ ^ in*

2 tt x 0.3 2x1

Q5
What depth of car tyre wears off with each turn?

(This is another classic problem.)

Answer

We assume that a depth of 5 mm wears off every

60 000 km. (These numbers are 'standard'
1

for

jjeople who own cars.) Then, for a wheel of

radius 30 cm the number of revolutions is (see

previous problem) ^ 1 Df ^ 3 x in 7

and so the wear per revolution is ^
r mm/rev a;

10
7
mnVrev.

Have a look through these questions and answer

any that you can. However, don't worry about

any you can't answer; leave them for now and

come back to them when you reach the end of

the course.

t How long does light take to travel across a

proton?

2 How many hydrogen atoms does it lake to

make up the mass of the earth?

3 What is the age of the universe expressed in

units of the Planck time?

4 What is the radius of the earth (6380 km)

expressed in units of the Planck length?

5 How many heartbeats are there in the lifetime

of a person (75 years)?

6 What is the mass of our galaxy in terms of a

solar mass?

7 What is the diameter of our galaxy in terms of

the astronomical unit, i,e. the distance

between the earth and the sun?

8 The molar mass of water is 18 g mol -1
. How-

many molecules of water are there in a glass

of water (of volume 0.3 t.)?

9 Assuming that the mass of a person is made

up entirely of water, how many molecules are

there in a human body (of mass 60 kg)?

10 Assuming the entire universe to be made up of

hydrogen gas, how many molecules of

hydrogen are there?

11 Give an order-of-magnitude estimate of the

density of a proton.

12 I tow long does light from the sun take to

arrive on earth?

13 How many apples do you need to make up

the mass of an average elephant?

14 How many bricks are used to build an

average two-storev family house?

15 (a) blow many metres are there in 5,356 nm?

(b) How many in 1.2 tm?

(0 How many in 3.4 mm?

16 (a) How many joules or energy are there in

4.834 MJ?

(b) 1 low many in 2,23 pj?

(c) How many in 364 G|?

17 (a) How many seconds are there in 4.76 ns?

(b) How many in 24.0 ms?

(0 How many in 8.5 as?

18

What is the velocity of an electron that covers

a distance of 1 5.68 mm in 87.50 ns?

19 An electron volt (eV) is a unit of energy equal

to 1*6 x 10 M
J, An electron has a kinetic

energy of 2.5 eV.

(a) How many joules is that?

lb) What is the energy in eV of an electron

that has an energy of 8,6 x 10 16
J?

20 What is the volume in cubic metres of a cube

of side 2.8 cm?

21 What is the side in metres of a cube that has a

volume of 588 cubic millimetres?

22 One inch is 2.54 cm and one foot has

1 2 Inches. The acceleration due to gravity is

about 9,8 m s
-

-'. What is it in feet per square

second?

23 One fluid ounce is a volume of about

2.96 x 10“^ m f

. What is the side, in inches, of
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a cube whose volume is 125 fluid ounces?

(.One inch is 2.54 cmj

24 A horsepower (hp) is a unit of power equal la

about 746 W. What is ihe power in hp of a

224 kW car engine?

25 Give an order-of-magnitude estimate for the

mass of:

fa> an apple;

(hi this physics book;

(d a soccer ball

26 Give an order-of-magnitilde estimate for the

time taken by light to travel across the

fliameter of the Milky Way galaxy,

27 A while dwarf star has a mass about that of

the sun and a radius about that of ihe earth.

Give.an order-of-magnilude estimate of the

density of a white dwarf.

28 A sports car accelerates from nest to 100 km per

hour in 4,0 %. What fraction of the acceleration

flue to gravity is i he car's acceleration?

29 Give an order-of-magnitude estimate for the

number of electrons in your body.

30 Give an order-of-magnitude estimate for the

gravitational force of attraction between two

people I m apart.

31 Give an order-ohmagnitude estimate for (he

ratio of the electric force between two

electrons I m apart to the gravitational force

between the electrons.

32 The frequency f of oscillation fa quantity with

units of inverse seconds) of a mass m attached

to a spring of spring constant k (a quantity

with units of force per length) is related to m
and k. By writing f — cm'

k

y and matching

units on both sides show that

f — cy'^„ where c is a dimensionless

constant*

33

Without using a calculator estimate the value

of the following expressions and then

compare with ihe exact value using a

calculator:

(a)

243

73
-;

(b) 2.80 x 1,90;

312 x 480
Id ’——

;

(d)

8.99 x 10* x 7 x tO-6 x 7 x HT*

"(fix 10^
'

(e)
6.6 x 10- 1

’ x 6 x I0
2i|

f6-4 x ID'-) 2
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Uncertainties and errors

This chapter introduces the basic methods of dealing with experimental error and

uncertainty in measured physical quantities. Physics is an experimental science and

often the experimenter will perform an experiment to test the prediction of a given

theory. No measurement will ever be completely accurate, however, and so the result of

the experiment will be presented with an experimental error. Thus, in comparing the

results of an experiment with the prediction of the theory being tested, the

experimenter will have to decide if the disagreement between theory and experiment

is due to failure of the theory or whether the disagreement falls within the bounds of

experimental error and so can be tolerated.

Errors of measurement ,

There are two main types of error of

measurement or observation. They can be

grouped into random and systematic even though

in many cases it is not possible to sharply

distinguish between the two. We may say that

random errors are almost always the fault of

the observer whereas systematic errors are due

to both the observer and the instrument being

used. In practice, all errors are a combination of

the two.

A random error is characterized by the fact that

it is revealed by repeated measurements (the

measurements fluctuate about some value - they

are sometimes larger and sometimes smaller)

whereas a systematic error is not. Random
errors can be reduced by averaging over

repeated measurements, whereas errors that

are systematic cannot.

We may also consider a third class of errors

called reading errors. This is a familiar type of

error that has to do with the fact that it is often

difficult to read the instrument being used

with absolute precision. This type of reading

error is inherent in the instrument being used

and cannot be improved upon by repeated

measurements. If a length is measured using a

ruler whose smallest division is a millimetre

and the end of the object to be measured falls

in between two divisions on the ruler, it is easy

to determine that the length is. say, between

14.5 cm and 14.6 cm, but there is some

guesswork involved in stating that the length is

14.54 cm. It is standard practice to assume that

the reading error is half the smallest division
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interval on the instrument. For the ruler, this

interval is 1 mm, and half of this is 0.5 mm or

0.05 cm. We may state the position of the right

end of the object we are measuring as

(14.54 ±0.05) cm. In practice, though, to

measure the length means also finding the

position of the left end of the object, and there

is a similar uncertainty in that measurement.

Suppose that the left end is recorded at

(1 .00 ± 0.05) cm. The length is then the

difference of the measurements tor the

positions of the right and left ends of the

object, and 1 his is 13,54 cm. As we will see later,

the subtraction of the two measurements

implies that the uncertainties will add. so that

we end up with a length measurement that is

uncertain^ by ± 0, 1 cm. In that case it does not

make sense to quote the answer for the length

to more than one decimal place, anti we may

quote the length as ( 13.5 ±0.1) cm.

For digital instruments we may take the

reading error to be the smallest division that

the instrument can read. So a stopwatch that

reads time to two decimal places, e g, 25.3S s.

will have a reading error of± 0.01 s, and a

weighing scale that records a mass as 154.5 g

will have a reading error of— 0.1 g, The typical

reading errors for some common instruments

are listed in Table 2,1*

Instrument Reading error

Ruler in 0.5 mm
Vernier calipers 2:0.05 min

Micrometer “0.005 mm
Vein metric (measuring) cylinder ±:0J niL

Electronic weighing scale ±0.1 fi

Stopwatch +0.01 s

Table 2.1 Reading errors for some common
instruments.

Random errors

If a measurement is repeated many times, it can

be expected that the measurement will be too

large as often as it will be too small. So, if an

average of these measurements is taken, the

error will tend to cancel. The experimental

result of the measurement of a given quantity x

will thus be the average of i he individual

measurements* he,

X
i ± ± + ' * ±

X = N

where N is the total number of measurements.

We then define the deviation of each individual

measurement from the average by A,v, = x< - v

.

If the absolute magnitudes of all these

deviations are smaller than the reading error*

then we can quote the experimental result as

a ± reading error

However, if the deviations from the mean are

larger in magnitude than the reading error, the

experimental error in the quantityx will have

to include random errors as well. To estimate

the random error we calculate the quantity

/(Axi)2 + (AX2) 2 + — + (Ax.v

)

1

‘,=
V srn

which is called the unbiased estimate of the

standard deviation of the N measurements x,,

|With graphic calculators this can be done quite

easily and quickly.) The result of t lie experiment

is then expressed as

.v ±e

To illustrate these points consider the

measurement of a length using a ruler. The

reading error according to one observer is

±0. 1 cm. The experimenter produces a table of

results and, after computing tile average of the

measurements, (he deviation and its square are

also inserted in the table see Table 2.2,

Lengthfan

(±0.1 tttl|

deviation

Axfcm (Av|
2/an2

14,88 0,09 0.0081

H-84 0.05 0.0025

15.02 0.23 00529

14.57 -0,22 0-0434

14.76 -0 03 0.0009

14.66 -0.13 0.0169

Table 2.2 A table of results.
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The average is 14.79 cm and the standard

deviation of these measurements is 0.1611 cm.

The random error is larger than the reading error

and so it must be included in the result. The

result of the measurement is thus expressed as

14.8 ± 0,2 cm. Tills is much more realistic than

simply quoting the average and the reading error.

14.79 ± 0. 3 cm. Note that it does not make sense

to quote the average to more than one decimal

point as the error makes even the first decimal

point uncertain . Note also that once a large

number of measurements are accumulated,

further measurements do not appreciably change

the estimate of the error, Thus, it is of little use to

take, say, 50 measurements of the length of the

object in the example above.

Note also, finally, that even the calculation of a

standard deviation is not all that necessary. The

largest deviation from the mean in Table 2,2 is

0,23 an, which we may round to 0.2 cm anti

accept that as a rough estimate of the error.

Systematic errors

The most common source of a systematic error

is an incorrectly calibrated instrument. For

example, consider a digital force sensor. When
the sensor is to be used for the first time, it

must be calibrated. This means that we must

apply a force whose value we are confident we
know, say 5.0 N, and then adjust the sensor so

that U too reads 5,0 N, If we apply the 5,0 N force

and then adjust the instrument lo read 4.9 N,

the instrument will be incorrectly calibrated. U

will also be incorrectly calibrated if the sensor is

adjusted to read 5.0 N when the 'known' force

that we apply is not really 5.0 N. If we use Lhis

sensor to verify Newton's second law. we would

expect to get a srraight-line graph through the

origin ifwe plot the net force on the body versus

its acceleration. Since all measurements of the

force will be off by the same amount, the

straight line will not pass through the origin.

The systematic error in the force would then be

the vertical intercept (see Figure 2.1a|.

A systematic error will also arise if'we use an

instrument that has a zero error. For example, if an

ammeter shows a current of 0.1 A even before it is

connected lo a circuit, it has a zero error. It must

be adjusted to read zero. If the adjustment is not

done, every measurement of current made with

this ammeter will l>e larger than the true value of

the current by 0.1 A. Thus, if this ammeter is used

ro investigate the voltage-current characteristic of

an ohmic resistor, we will not get the expected

straight line through the origin but a straight line

that misses the origin. The systematic error in the

current would then be the horizontal intercept

(see Figure 2.1 bl.

Systematic errors arc not always easy to

estimate bur sometimes the direction of the

error is. Thus, suppose that an experimenter

assumes that no friction is present in an

experiment on an air track, where the velocity

of an object sliding on it is measured after

having travelled a certain distance. A small

amount of friction will slow down the object

and so the velocity' measurements will be

consistently lower ihan their true values. It is

difficult though to estimate by how much.

A systematic error will also arise if the

experimenter makes the same error for all the

measurements she takes. For example, consider

measuring a length with a ruler. The ruler is

aligned wilh the object to be

measured and the experimenter

must then position her eye

directly above the ruler. If,

however, the experimenter

consistently stands to the side,

as shown in Figure 2,2, the

measured value will always be

larger than the true length. If

she stands on the other side, the

Figure 2,1 The types of systematic error that arise from incorrectly

calibrated instruments and instruments that have a zero error.
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A A
k q

f igure 2.2 An example of a systematic error i hat is

clue to the observer.

measured value will always be smaller than

the true length,

A similar systematic error would occur in

measuring the volume of a liquid inside a

graduated tube if the tube is not exactly

vertical, The measured values would always be

larger than the true value.

Accuracy and precision

in everyday language, the words 'accuracy' and

'precision' are usually taken to mean the same

thing, but this is not the case in physics,

> Measurements are urcurale if the

systematic error is small. They ;uSi prvdse if

the random error is small (see Figure 2.3}.

mie value
I accurate but

nnl precise

precise tun

no! accurate

not precise,

not accurate

precise

and

accurate

Figure 2,2 The meaning of accurate and precise

measurements, Four different sets of six

measurements each are shown.

Measurements of a physical quantity can be

accurate but not precise, or precise but not

accurate. Consider, for example, measurements

of voltage taken with a high-quality digital

voltmeter Lhat sutlers from a systematic error.

The voltmeter allows us to record the voltage

to many significant figures and repeated

measurements of the same voltage give

essentially the same reading. These

measurements are very precise but they are

not accurate, since the systematic error in

the readings means that they are not

representative of the true voltage. Similarly,

readings can be accurate in that their average

gives the correct reading, but if individual

readings differ wildly from each other, they are

not precise.

Sig nificant digits

Let us multiply the numbers 2a and 328, The

answer is 7872. However, if these numbers are

the result of a measurement, then at the very

least we would expect that the last digit of each

is uncertain. In other words, the first number

could be anything from 23 to 25 and the other

from 327 to 329. The product could thus range

from 7251 to 8225. Thus, it makes no sense to

retain so many digits in our answer for the

product of 7872. The first number has been given

to two significant digits, the second to three.

Thus, the answer for the product must be given

to no more than two significant digits - that is,

as 7900 or 7.9 x |Q\ Keeping only two significant

digits in the answer for the product ensures that

the process of multiplication does not introduce,

incorrectly, additional significant figures.

The rules for significant figures are as follows.

The leftmost non zero digit is significant and is

in fact the most significant digit in the number.

IT the number has no decimal point, the

rightmost non-zero digit is significant and is in

fact the least significant. If the number does

have a decimal poinL, the least significant digit

is the rightmost digit (which maybe zero). The

number of significant digits of a number is ihe

number of digits from the most to the least

significant. Thus, 0.345 has 3 as the most

significant digit and 5 as Lhe least. The number

thus has three significant digits. In the number

0.000 OODG the most and least significant digir

is 6 anti so we have one significant digit. The

number 5460 has three significant digits (no

decimal point hence the last zero does not

count), 54 has two and 300 000 has one.

Similarly, 3,450 has four significant digits,

54,0 has three and 0.000 500 has three.
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> In multiplication or division (or raising a

number to a power or taking a root) the

result must have as many significant

digits as those of the number with the

least significant digits entering the

operation.

Line of bestjit

If we have reason to suspect Lhai the data

points we have plotted fall on a straight Hue,

we must draw the best straight line through

the points. This means using a ruler and

choosing that line which goes through as many

data points as possible in such a way that the

distances between the line and the points on

one side of it are, on average, the same as the

distances between the line and points on the

other side of it.

Titus, suppose that in an experiment to verify

Hooke's law. data for the tension and extension

of a spring arc collected and plotted as shown

in Figure 2,4. The experimenter has included

vertical uncertainty bars representing an

uncertainty of ± U) N in the values of the tension

(the length of the vertical bar is thus 20 N).

Uncertainties in the extension could also he

shown by placing horizontal bars at the

positions of the data points, but we will not do

this here.

77N

Figure 2,4 Data points plotted together with

uncertainties in the values for the tension.

The experimenter then draws the line of best fit

through the data points and obtains a straight

line in the graph shown in Figure 23. The line

of best fit will ideally pass through l he error

bars of all the data points. Note that we never join

pnircts by stmfgftMme segments. The slope of this

line is 200 N m 1 and this represents the spring

constant.

T

Figure 2.5 The line of best fit through the data

points.

In many experiments it will be necessary to

obtain the slope
(
gradient) of the graph. Here

the slope of I his line is 200 N m 1 and

represents the spring constant* To find the

slope one must use Lhc line of best fit and not

data points (see Figure 2.6). We must take two

points on the line of best fit, which must be

chosen to be as far apart as possible and then

apply the formula

Figure 2.6 Finding the slope of a straight line uses

the line of best fit and two widely separated

points on the line of best fit.
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1 A student measured a given quantity many

limes and got Ihe results shown in figure 2.7.

The true value of the quantity is indicated by

the dotted line. Should she continue

accumulating more data in the hope of gelling

a result that agrees with the true value?

: inic value

daia nhliiined
"

Figure 2.7 For question 1.

2 In the data of question 1 „
is the source of error

systematic or random?

% In an cxjjerimeni to measure current and

voltage across a device, the following data

was collected: ( V, /) = {(0.1, 26), {0.2, 48),

(0.3, 65), (0,4, 90)J. The current was measured

in mA and the voltage in mV. The uncertainty

in the current was ±4 mA. Plot the current

versus the voltage and draw the line of best fit

I Itrough the points. Does the line pass through

the origin?

4 In a similar experiment, the fol lowing data

was collected for current and voltage: (1?, J) -

1(0,1, 27), (0.2, 44), (0.3,60), (0.4, 78)} with

an uncertainty of ± 4 mA in the current. Plot

the current versus the voltage and draw the

line of best fit. Can it be claimed that tin- line

passes through the origin?

5 In yet another experiment, the following data

was collected for current and voltage: ( VJ) =

1(0.1 , 29), (0. 2, 46 ] , (0.3, 62 ), (0.4, 80 ) ) ,
with

uncertainty of ± 4 mA in the current, Plot the

current versus the voltage and draw the line of

best fit, Can it be claimed that the line passes

through the origin? The experimenter is con-

vinced that the straight line fitting the data

should go through the origin. What can allow

for this?

6 Tlie velocity of an object after a distance x is

given by v

2

— 2 ax where a is the constant

acceleration. Figure 2.8 shows the results of

an experiment in which velocity and distance

travelled were measured. Draw a smooth

curve through the points* Estimate the

acceleration, and the velocity of the object

after a distance of 2,0 m.

v/m s
” 1

*

2 -

1.5

I

+

0.5 ’

h I
“J———i— —i 1 - .tan

0 0.2 0.4 0.6 0.8 I 1 X

Figure 2.8 For question 6.
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Mathematical and graphical

techniques
This chapter is an Introduction (o the basic techniques of graphical analysis in

physics, in particular how to graph variables in order to obtain straight-line graphs.

Objectives

By ihe end of this chapter you should be able to;

* find the change in a variable given the changes in other variables related

to it;

* tntftifbmi the variables of an equation so that a linear relationship and graph

are obtained:

* extract relevant information from a graph;

* understand the need for assumptions in simplifying various situations.

m

Multipl icative changes

Given an equation that relates one variable, say

y. to one or more other variables, it is essential

that we learn how the value of y changes when
one {or more) of the other variables change

multiplicativdy. Consider as a simple first

example the equation

y =cx

where c is a constant. How does the value ofy
change ifx is tripled? Obviously, the value ofy
is also tripled since y and x are directly

proportional to each other. More formally, let

us call y' the new value of y; then y* = c f3x) —

3(cx) = 3_y + That is> the value ofy is tripled as

expected. The answer in this case is simple since

Ihe direct proportionality of the variables is

clear. When the variables are not so simply

related, the answer can still be easily found

Suppose that we are given the variation with

tension 7 of frequency f

If-^/E
21 V ti

(the other variables in this equation are

constants), How does the frequency change if

the tension is tripled? Again we call the new
value of the frequency f* and then

= VSf

that is, the value of the frequency is increased

by a factor of root 3. Equivalently we could have
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written

= V3

since all the common variables cancel out.

Similarly, the average kinetic energy of the

molecules of a gas depends on absolute

temperature through

|mc 2 = ijfciT

If the temperature is doubled what happens To

the speed c7 Taking ratios

|nt{cQ
2

_ ^(27") _ ^
f/nr 2 |kf

=>£?- 2
c2

=> t* = 'J2c

The speed increases by <Jl.

The pressure, volume, temperature and number

of molecules of an ideal gas are related by

pV = NkT

where k is a constant. If the pressure of a gas is

doubled while the temperature is halved and

the number of molecules is left unchanged,

what will be the new volume of the gas?

In this case the ratio method gives

(2p) V"
wfc(s) = 1_

pV NkT 2

2V I

Straight-line graphs _
The easiest graph to deal with is that of Lire

straight line
:

y

= mx - c, In this form, the

constant at represents the slope false known as

the gradient) of the straight line and c the

FYN

*

Figure 3.1 The straight-line graph of tension

versus extension.

intercept on the v (vertical) axis. Figures 3,1 -3.3

show three examples of Straight-Line graphs*

Figure 3.1 represents a force F (plotted on the

vertical axis and measured in newtons, N) as a

function of distance x (measured in metres, m).

We can read off the intercept on the f axis as

1.2 N. The gradient can be measured to be

0.4 N m" 1

. Note that the units for I he gradient

must be given. Thus, the equation of this line is

F = 0,4 (N m _1
)
x + 1 .2 N , It is usually

convenient not to mention units ill the

equation of the line so that we can write the

simpler F = OAx + 1.2* but it is then crucial to

note that a must be expressed in metres so that

F ends up being expressed in newtons.

Figure 3.2 shows distance r on the vertical axis

(measured in metres) plotted as a function of

time / (measured in seconds)* The intercept on

the vertical axis is - 1 .6 m and the gradient is

D O m s’
1

. Thus, the equation of this line is

x = 0,6[tn s
-1

)
t — 1 .6 m, or simply x — 0*6f - 1 ,6.

.i/rn

Figure 3.2 Graph of distance versus Lime,
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The third example (Figure 3,3) is a graph of

velocity v (measured in metres per second) versus

lime / (measured in seconds). The intercept on the

vertical axis is 2ms 1 and the gradient is

-0.2 m s
A

. Thus v = —0.2(m s
_i

j
f + 2(m s

L

), or

just v 0.21 + 2.

v/m s
-3

Figure 3,3 Graph of velocity versus rime.

As we will see in our study of motion in

mechanics, the area under a velocity-time graph

represents the displacement change of the moving

object.

Suppose that initially the object is at a

displacement of 20 m from rhe origin. To find the

displacement of the object 5 s after the start we

need to find the area that is bounded by the

graph and the time axis from f = 0 s to / 5 s.

This shape is a trapezoid and its area is

( )
x 5 = 7,5 m. Note that the units of the area

in this graph are units of distance, since we

multiply a velocity (ms ]

)
by time (s), (if the

vertical axis represented a force measured in

newtons and the horizontal axis distance

measured in metres, the area in that case would

have units of N x m, Le. joules,} This means that

the displacement at t - 5 s is 20 m + 7.5 m =
27.5 m. ’Hie displacement at / = 10 s is found by

calculating the area bounded by the graph and

the time axis from / 0 to f = 10 s. This area has

the shape of a triangle and so the area is

(^jp) = 10 m. The displacement at t ~ 10 s is

thus 20 m + 10 m = 30 m. After / — 10 s, the

graph goes below the time axis. Ill is means that

areas will now be counted as negative. Thus* to find

the displacement at t
— 15 s we proceed as follows:

first find the area from f. = 0 to f -10 s. which is

10 m.Then find the area from t = 10 s to f = 15 s.

It is -7.5 m. The area from / = 0 10 / = 15 s is thus

10 m — 7.5 m = 2,5 m. The displacement at

/ — 15 $ is thus 20 m +2,5 m = 22,5 m.

Getting_a linear graph

In an experiment it is more than likely dial when a

measured quantity y is plotted against another

measured quantity x on which it depends, a

straight-line graph will not result. Thus, suppose

that the expected theoretical relationship between

the variables is y = ax2 + b, as in figure 3.4,

Figure 3,4 Graph of the parabola y — u.v + b.

Then ifwe call the variable x* — the expected

relationship becomesy mr + h, which is the

equation of a standard straight line with gradient

a and intercept b, Hence, we must plot v versus iv

(i.e. X") to get a straight line (see Figure 15),

y

Figure 3,5 By graphing against the variable jr we
get a straight line.
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y

Figure 3,6 Graph of the hyperbola xy = t .

Similarly if the expected relationship is xy = r

(Figure 3 +6J f we call
;

— m in which case the

expected relationship is y = l~ - cn\ which

again is a straight line going through the origin

with gradient c . Thus we must plot y versus
j

to

get a straight line (Figure 3.7).

v

Figure 3.7 We gel a straight line hy plotting

against the variable .

If y and x are related by y ~ oeT
4- fi, a straight

line is obtained by plottingy versus e' , The

gradient is Lhen fi and the intercept b, If the

relationship ts_y = .
wc rewrite it as

- - so that a graph of
1

versus x 2
is a

y a & r y

straight line. Finally* a relationship such as

y
z — fx

:
‘

yields a straight line when y
2

is plotted

against x 3
.

Interpreting graphs

Given a graph, sve should be able to extract

information from it and use that information

to give a description ofwhat is going on. In

Figure 3.B the velocity is decreasing uniformly

from an initial value of 20 m s
J

. The velocity

becomes zero at 2 s and then becomes negative.

The graph could represent the motion of an

object thrown vertically up with an initial

velocity of 20 m s ’. The time of 2 s then

represents the rime when the object reaches its

highest point.

lYrii 1

Figure 3.B The velocity is decreasing uniformly

and becomes zero a l 2 s. Tile object then

changes its direction of motion.

In Figure 3.9, displacement is graphed against

time for a given motion. The object is at

displacement zero at time zero and becomes a

maximum at 2 s. Tile object returns to its initial

position after 4 s.

Wm

Figure ,1.9 The displacement reaches a maximum
at 2 s and becomes zero at 4 s.
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I'/mr 1

Figure 3.ID The velocity is becoming constant and
so the acceleration becomes zero.

v/it'i

Figure 3. II Graph of a harmonic wave as a

function of position. The wavelength of the

wave can be determined from this graph.

In Figure 3.10, the velocity appears to be

approaching a constant value of about 20 ms" 1

.

The acceleration of the object thus approaches

zero.

Sine curves

When describing waves, as well as in many
other pans of physics, we deal with quantities

that depend on other variables through a sine

fimct i on, j/ = C s\n(ax +h), with C. a and b

being constants. For example, the disturbance

of a harmonic wave at a distance .v at a specific

instant of time can be shown to be

y = A sin 2n f 1

r Am J

where the constants A and A are known as the

amplitude and wavelength of rhe wave. The

amplitude is thus the largest possible

disturbance (i.e. y valuej and for the graph in

Figure 3.1 1 this can be read as 1.5 m. The

wavelength of the wave is extracted from the

graph by measuring the distance between two

consecutive peaks. In Figure 3,11 we thus find a

wavelength of 2 m.

Similarly, the disturbance of a harmonic wave

looked at as a function of time is given by

y = A sin

where A is again rhe amplitude (in Figure 3.12

it has a value of 0,4 m) and f is the period of

v/m

Figure 3.12 Graph of a harmonic wave as a

function of time. The period of the wave can be

determined from this graph.

the wave. The period is found by taking the

time separation of two consecutive peaks; in

Figure 3.12. T = 0.5 s.

Making assumptions

When we solve a physics problem, we always

make assumptions that simplify the problem,

Sometimes we are careful to list our

assumptions and sometimes not.

For example, in most of the chapters on

mechanics we will be solving problems

involving bodies' in motion acted upon by

forces, lire “bodies' can be anything from

human beings to leaves, bricks, cars or planets.

However, we will always be treating them as
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point particles, because this simplifies the

problem. We will mostly ignore frictional forces

unless told otherwise, because again this

simplifies the problem. But we must always be

aware Lhat our solution has been derived under

various assumptions and so the real solution

might differ if Lhe effects of the factors we

neglected are taken into account. We also,

usually, assume Lliat strings (and springs} have

no mass - the famous physics strings. This

makes life easier and the assumption is good

provided the other bodies in the problem really

have masses much larger than that of the

string.

When studying thermal physics we usually

don't take into account the fact that thermal

energy is always lost to lhe surroundings no

matter how careful we have been to prevent

that. Ifyou were asked to calculate the number

of atoms in your body, you would have to make

a simplifying assumption otherwise lhe

problem is hopelessly difficult - pretending

that all your mass is made of out of water is

such a simplifying assumption. You must then

justify why it is a good simplifying assumption.

In dealing with gases we assume that the gas is

ideal. This is a good assumption Ibr tile air in a

football but not a very good one for the

material of a star that is about to become a

white dwarf!

In the chapters on electricity you will learn

about Coulomb's law, which allows us to find

the force between two spherical charges. We
cannot use this law to find the force lietween

two plane sheets of charge though. Using

Coulomb’s law will only be an estimate of the

force, not a precise calculation of it. Under

certain conditions (which we must identify! this

estimate may be a very good approximation to

the real answer. In other cases it might not be.

In electric circuits we usually assume that

connecting wires and ammeters have no

resistance, [fa device used in the circuit has a

resistance of a few tens of ohms, this

assumption is good. But if the device has a very

low resistance, comparable to that of the

connecting wires and the ammeter, the

assumption is noi good. Similarly, voltmeters

are assumed to have an infinite resistance, This

means, in practice, a resistance much larger

than the rest of the resistors in the circuit. If the

largest resistor in the circuit is 100 ohms and

the voltmeter has a resistance of 100 000 ohms

the assumption is good. Bur if you are dealing

with 100 000 ohm resistors the assumption of

an infinite voltmeter resistance breaks down.

So, part of learning physics i nvolves identifying

assumptions in a problem and being able to

explain whether the assumptions are justified

or not.

1 The pressure of an ideal gas is 4 aim. tf the

only change is to increase the temperature by

a factor of 4. what will the new pressure of

the gas be? (Use pV — NkJ J

2 The kinetic energy of a mass m is given by

;mv-. I i the speed v is doubled, by what

factor does the energy change?

3 The kinetic energy [ f t = Tmv ;
) of a body

doubles. By what factor did the speed

increase?

4 A constant force F brings a body of mass m
and initial speed v to rest over a distance d. If

lhe initial speed doubles, over what distance

will the same force slop the same body? (Use

5 The electric force between two charges

Qi anti Q, a distance r apart is given by

F - k where k is a constant.

(a) H both charges double, by what factor

does the force between them increase?

fb) If both charges double but the force

between them stays the same, by what

factor did their separation change?

6 The frequency of a standing wave on a string

of fixed length i kept under tension T is given

by i = where c is a constant. By what

factor should the tension be changed so that

the frequency triples?

7 The period of a pendulum of length L is given

by T - 2nJ ^ ,
where g is a constant. If t he



20 Core - Physics and physical measurement

period doubles, by what factor did the length

change?

a The frequency of oscillation of a mass m
attached to a spring is given by f —

t J
where k is a constant. It" the frequency

increases by a factor of 4
t
by what factor did

the mass change?

9 The power radiated by a body kept at a

temperature T is given by P — kT*
f
where k is

a constant. It the temperature is doubled, by

what factor does the power increase?

1ft The period of a planet around the sun is given

by T2 = kR\ where k is a constant and R is

Ihe mean distance of the planet from the sun.

A planet orbits the sun at a distance from the

sun ll>ai is twice the distance of earth from the

sun. What is the period of this planet. (The

earth's period is one year.)

1

1

When a strong wind creates waves on a pond,

a piece of cork floating in the water oscillates

so that its distance front the bottom of the

pond is given by the graph in Figure 3.13.

dqxh/m

(a) What is the depth of the pond?

{b> What is the frequency of the wave

travelling on the pond?

(c) What is the amplitude of the wave?

12

the image of an object a distance a from a

lens is formed at a distance b from the lens,

where a and b are related through the

equation A + 1 - I and ( is the (constant)

focal length of the lens.

(a} If a set of data for a and b is collected,

how should it be plotted in order to give a

straight line?

(b) How can the focal length of the lens be

measured from die graph?

1 3 The pressure of a fixed quantity of gas at

constant volume is related to temperature in

kelvin by

P~ = constant

(a) What form does a graph of pressure versus

temperature take?

lb) If the temperature is expressed in degrees

Celsius tr<K> = rt o + 273) what does a

graph of pressure versus temperature give?

14 The period of a planet around the sun is

related to the mean distance of 1 lie planet

from the sun through Kepler's third law

T
J = constant x R

If a student plots the period T on the vertical

axis, what must be plotted on the horizontal

axis in order that the resulting graph is a

straight line?

15 I he- kinetic energy of a mass m moving in a

straight line with speed v is given by

£, - \mv2
t
where the speed is related to

acceleration a (assumed constant) and

distance travelled d through v' — 2 ad. What

would a graph of £ t versus d give?

16 in the photoelectric effect, light of frequency

/ falling on a metallic surface causes the

emission of electrons of kinetic energy £ k ,

Einstein's formula relates these through

£„ = hf-tp

where $ and h are constants. $ depends on

the surface used whereas h is a universal

constant. A graph of £ k versus f gives a

straight line.

(a) How can $ be measured from the graph?

(b) Flow can h be measured?

(c) In a second experiment with a different

surface, a second straight line is obtained.

What do the two lines have in common?
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Vectors and scalars

Quantities in physics are either sea tars (i.e. they (its I have magnitude) or vectors (i,e.

they have magnitude and direction). The tools lor dealing with vectors are presented in

this chapter.

Vectors

Sonic quantities in physics, such as time,

distance, mass, speed, temperature, etc
,
just

need one number to specify them. These are

called scalar quantities. For example, it is

sufficient to say that Lhe mass of a body is 10 kg

or that the temperature today is IS C On the

other hand, many quantities are fully specified

only if, in addition to a number, a direction is

given. Examples are velocity, acceleration, force,

etc. These are called vector quantities. For

example, when describing the velocity of

an object, it is. necessary to speedy both the

magnitude of velocity (speed) and the direction

in which the object is moving. Table 4.1 lists

some examples of vectors and scalars,

A vector is represented by a straight line with

an arrow at one end, as shown in Figure 4.1a.

lhe direction of the arrow represents the

direction of the vector and the length uf the

line represents the magnitude of the vector. To

Vectors Scalars

Displacement Distance

Velocity Speed

Acceleration Mass

Force lime

Weight Density

Electric field Electric potential

Magnetic field Energy

Gravitational field Gravitational potential

Torque Temperature

Area Volume

Momentum Electric charge

Angular velocity Work

Table 4,1 Examples of vectors and scalars.

say that two vectors are t he same means that

both magnitude and direction are the same.

Two vectors with the same direction are not

necessarily along the same line. As long as they

are parallel to each other and have the same

Objectives

By the end of this chapter you should be able to:

* describe the difference between vector and scalar quantities and give

examples of each;

* add ahd subtract vectors by a graphical technique* such as the parallelogram

rule:

* find the components of a vector along a given set of axes;

reconstruct the magnitude and direction of a vector from its given

components;

* solve problems with vectors.
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if

(a) (b) „

Figure 4.1 (a) Representation of vectors by arrows,

(b) These I hree vectors are equal to each other.

magnitude, Lhey arc the same. Thus, the vectors

in Figure 4.1b are alt equal to each other. This

ability to shift a vector around parallel lo itself

(called parallel transport) is very important in

what follows.

Vectors are represented symbolically cither with

an arrow on top of the symbol for the vector or

in bold type. Thus, both ci and a represent a

vector, and its magnitude is denored by |u
|

f

a; or justo.

Two vectors that have the same magnitude but

are opposite to each other in direction are the

negatives of one another (see Figure 4.2}.

-A

Figure 4.2 Two opposite vectors that are equal in

magnitude.

Multiplication of a vector

by a scalar

A vector can he multiplied by a scalar (i.e. a

number! in a simple way. If the vector d is

multiplied by die number fc, then the resulting

vector ka has the same direction as a ifk > (1

and opposite to n if k < 0. The magnitude of the

vector k u is simply k fn
|
. Thus, if the vector a

has a magnitude of 10 units, multiplying a by

the number -0.5 resulLs in a vector of

magnitude 5 units in the opposite direction lo

a. (See Figure 4.3.)

Figure 4,3 Multiplication of vectors by a scalar.

Addition of vectors

Figure 4,4 shows vectors ii and h. We want to

find the vector that equals c7 + 5 . Adding two or

more vectors together gives the vector sum,

which is the combined effect of the vectors

acting on a body. Thus, if two forces act on a

mass, their vector sum is the one force whose

effect on the mass is the same as the effects of

the two forces together. For this reason, the

sum of a number of vectors is called the net

vector or the result anl vector.

There are two equivalent graphical methods for

adding two vectors. The first is the

parallelogram method (see Figure 4.4):

1 Shift b parallel to itself so that its beginning

point coincides with the beginning point of a.

2 Complete the parallelogram whose two sides

are a and 5.

3 Draw the diagonal of the parallelogram

which starts al the beginning of c; and b. This

diagonal is a 4- b.

Hie second method is the head-to-rail method

(see Figure 4.5):

1 Shift h parallel to itself so that its beginning

poinl touches the end point ofa .

2 Join the beginning point of ti to the end

point of h. This is vector a -I- b.

You might ask if we would have obtained a

different answer if, instead, we had shifted d to

a a

Figure 4.4 Adding two vectors involves shifting

one of them parallel to itself so as to form a

parallelogram with the two vectors as the two
sides. The diagonal represents the sum.
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ti a

Figure 45 One of the vectors is shifted parallel to

itself until its beginning point coincides with

the end of the other vector. The sum is then the

arrow that joins the only beginning point to the

only end point.

the end ofb and then joined the beginning of b

to the end of d, Check that you get the same

answer ifyou do this. This is a way of seeing

that d f 5 = 5 + 0.

Lxamplc questions

Q1
Add together two vectors: the 11 ret has a

magnitude of 100 units and is directed east, the

other has a magnitude of 50 units directed at 45'

to the first.

Answer

See Figure 45, First we make a scale representing

10 units of the vector magnitude with ! cm on

paper. Measuring the diagonal we find a length of

13.85 cm, implying a sum of 138.5 units. Using a

protractor we find that B = 14,2 ,

Q2
A velocity vector of magnitude 1.2ms is

horizontal. A second velocity vector of magnitude

2 m s
_1

must be added to the first so that the sum

is vertical in direction. What is the direction of the

second vector and what is the magnitude of i he

sum?

Answer

See Figure 4,7, Again we need a scale.

Representing 1 m s~* 3iy 2 cm, we see that the

1 ,2 m s"
1

corresponds to 2,4 era and 2 m s to

4 cm. First draw the horizontal vector; mark the

vertical direction and using a compass (or a ruler)

mark a distance of 4 cm from A, It intersects the

vertical line at 8, Aft must be one of the sides of

l he parallelogram we are looking for. Thus,

measure a distance of 2.4 cm horizontally from B

to C and join G to C. This is the direction in

which the second velocity vector must be

pointing. Measuring the diagonal (i.e. the vector

representing the sum! we find 3.85 cm, which

represents 1 .93 m s
1

, Using a protractor we find

that the 2 ms 1

velocity vector makes an angle of

about 25 with the vertical,

Figure 4.7 (Nor to scale).

Q3
A person walks 5 km east, followed by 3 km north

and then another 4 km east. Where does he end up?

Answer

The walk consists of three steps and we may

represent each one by a vector (see figure 4.8).

The first step is a vector of magnitude 5 km
directed east. The second is a vector of magnitude

3 km directed north and the last step is

represented by a vector of 4 km directed east. The

person will end up at a place that is given by the

vector sum of these three vectors, that Is

DA + A 8 - BC, which equals the vector GC By

measurement or by simple geometry, the distance

from G to C is 9.5 km and the angle to the

horizontal is 18,4%
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Subtraction of vectors

We are given two vectors; a and h. We want to

find a b. Since d b is the same as o -f !
—b),

all we have to do is find the vector -b and add

that to d (see Figure 4.9].

We have the important result that:

The vector a - £ is the vector from the tip

ofvector h to the rip ofvector a

.

This is very useful because in physics we are

often interested in finding the change in a

vector. For example, consider a body whose

velocity changes from V] to v?. The vector

representing the change in the velocity is the

vector An = v% — V \ ,
which is the vector joining

the tip of ih to the tip of v2 (see Figure 4.10),

Figure 4.10 The vector representing the change in

velocity, k2 — £v

Fxample question

Q4—whm——

M

A body moves in a circle oi radius i m with a

constant speed of 6.0 m s
1

. t he velocity vector rs

at all times tangent to the cirrle. The body starts

at A and proceeds to B and then C Find the

change in the velocity vector between A and E!

and between Ft and C. (See Figure 4.1 1 .)

Answer

From A to B we have to find the difference

vB The vectors are shown in Figure 4.1 2.

The vector vh v\ is directed south-west and its

magnitude is [by the Pythagorean theorem)

y[v\ + ^ = '/b i + b 2

= J72
— 8.49 in

1

The vector vt — has the same magnitude as

Vh - \\ but is directed north-west.
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Components of a vector

Suppose that we use perpendicular axes x and y
and draw vectors on this x-y plane. We rake the

origin of the axes as the starting point of the

vector. (Other vectors whose beginning points

arc not at the origin can be shifted parallel to

themselves until they, too, begin at the origin.)

Given a vector a we define its components along

the axes as follows. From the tip of the vector

draw lines parallel to the axes and mark the

point on each axis where the lines intersect the

axes (Figure 4.13).

y-ccintpoireill

Figure 4.13 The components of a vector.

Fxample question

Q5 mmmmtmmm
Find the components of the vectors in Figure 4.1 5.

The magnitude of a is 10 units and that of b is

20 units.

Figure 4,15,

Answer

The relevant angle for a is ISO 1-45 =225 and

that for h is 330", Thus

3
,
— 10.0 cos 225

= -7.07

a, = 10.0 sin 225

= -7.07

b, - 20.0 cos 330"

= 17.3

The x andy components ofa are called and

a,.. They are given by

aM = n cos#

ay — a sin 0

where a is the magnitude of the vector 5 and

0 is the angle between the vector and the

positive x -axis. Some care must he taken in

identifying the correct angle that goes in

these formulae. The angle is properly

measured from the positive x-axis to the

vector, in the counter-clockwise direction

(see Figure 4.14).

Figure 4.14 The angle of a vector is measured from

the positive x-axis to the vector, in the counter-

clockwise direction.

b
y = 20,0 sin 330

= — 10,0

As we see, the components of a vector can be

negative as well as positive. It is somewhat less

precise, but in practice more convenient, not to

have to deal with negative components.

Consider the vector shown in Figure 4.16.

y

Figure 4.16 Any angle can be used to find the

magnitude of the components.

Its x component is dearly negative,

Fj, = 10 cos 12U = —5 X. We could state,

however, that the x component of the vector is

5 N in the negative x direction. This is

equivalent to stating that Ff = -5 N. It has the

advantage that by using trigonometry, we can
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find the numerical value of the component by

choosing the most convenient angle in the

problem (here the angle of 60 ). We do not have

to deal with the awkward ‘the counter-

clockwise angle from the positive A-axis* (here

the angle of 120"). In any case treating the

components as positive or negative is a question

of convenience and up to you, provided you are

clear about what are you are doing.

Fxample question

Q6
Find the components of the vector W along the

axes shown in figure 4.1 7.

Figure 4.17.

Answer

See Figure 4.18. Notice that the angle between

the vector VV and the y-axis is 0.

, v-axis

\ x-axis

Figure 4.18.

Then by simple trigonometry

W„ — W sin 0 ( W, is opposite the angle 0 so the

sine is used)

W
y = Wcos 9 (W

v
is adjacent to the angle 6 so

the cosine is used)

An additional notation for vectors is to give the

a and y components as an ordered pair so that,

for example, a = (2,

1

) denotes a vector with a

component equal to 2 and y component equal to 1.

Reconstructing the vector from

its components
Knowing the components of a vector allows us

to reconstruct it (i.e. to find the magnitude and

direction of the vector). Suppose that we are

given that the a and y components of a vector

are Fx and fy . We need to find the magnitude of

the vector F and the angle (0) it makes with the

A-axis (see Figure 4.19). The magnitude is found

by using the Pythagorean theorem and the

angle by using the definition of tangent.

F = Jfx
2 4- Fy2 , 9 = arclan

•̂X

Figure 4.19 Given the components of a vector we
can find its magnitude and direction.

As an example, consider the vector whose

components are Fx = 4.0 and Fv = 3.0. 'ITien the

magnitude is simply

F = Jf,2 + Fy1 = v
/4f+32 = 725 = 5.0

and the direction is found from

9 = ardan 7
' = aretan ^ = 36.87° 37°
Fx 4

Here is another example. We need to find the

magnitude and direction of the vector with

components Fx = —2.0 and F
y = -4.0. From

Figure 4.20, it follows that the vector lies in the

third quadrant.

The magnitude is

F =v/F7 + f/ = v/(-2)2 + (-4)2

= v/20 = 4.47 as 4.5
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Figure 4.20 The vector is in (he third quadrant. We
expect the angle it makes with the positive x-

axis to be between 180 and 270 degrees.

The direction is found from

F, -4
,

9 - ardan
^

= ardan— — ardan 2

r

fhe calculator gives 9 — Lan
-1 2 = 63 . Here we

must be careful. Our vector is in the third

quadrant, so the angle it makes with the positive

x-axis must be between ISO and 270\ We now

realize that there is another angle whose tangent

is 2. It is the angle 180 \ 63 = 243" and this is

what we want. Thus, in finding the direction,

first make a diagram to see what quadrant your

vector lies in so that you know what angles to

expect. Never blindly take what the calculator

gives. Of course if you denote the angle as

in Figure 4.20, you still give a complete

description of the vector and that is fine.

As a final example consider the vecior with

Ft — 3,0 and F v = —4.0. It lies in the fourth

quadrant. Its magnitude is

F — 4 (— 4)2 — 6.4 and its direction is

9 — a rctai <

'* = 3 9° . Tlte ca leu lator g ives the

angle from the x-axis io the vector in the

clockwise direction. We are expecting an angle

between 270 and 360 degrees. The angle is

56£T -39 =321 \

Adding vectors by components
Adding vectors whose components are given is

straight forward. Ifti = (a*. a v ) and b — (b*. by ).

then c = a 4 b implies that c has components

cx —Cn +bjo cy = ay + by

For example, ifa = (1,1) and b = (—3, 2) then

a + b = (1 3,142) = (-2, 3); that is, the x

component of the sum is the sum of the \

components of (he individual vectors and so on.

Similarly ifd = d — b. (hen

dK — ax - bs = 4 , d
v

. = a v - bv = — 1

Example questions

Q7^ mm—mmmmi

a = {1, 1), 5 = (1 H
— 1 ), Find the magnitude of a

and 6 and the magnitude of 3 4- b.

Answer

a =
b = ^2

3 4 b= (2,0)

so the magnitude is 2,

a f 1 . 3), b = (2, -2). Find the vector c such that

a 4 b + c= 0.

Answer

c= “{3 4 b)

= -0,\)

= (-3.-1).

If the components arc not given, then we have

to find them,

Figure 4.21 shows two vectors f
i
and F2 of

magnitude in and 14. respectively. Vector F

makes an angle of 60 with the A -axis and

vector F 2 an angle of 30 We want to find the

magnitude and direction of the vector Fi + F*,

Figure 4/21 Finding the sum of two vectors using

components. (Not to scale.)

The components of the vectors are

F lx = F
1
cos 60

— 5.0
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F| V = Fi sin 60°

= 8.660

hjt = Fj cos 30°

= 12.124

Fty = H sin 30
a

= 7.0

Hence the components of the vector F = F t 4- F2

are

F* ” + Fi*

= 17.124

Fy = Fly + F^Jr

« 15.660

The vector F - F, + F? thus has magnitude

f = Jrs + 7/
*

= ^17,124* + T5.66CF

= 23.2 = 23

The direction of F — F| 4- F% is given by

tan# = 5^
F*

15.660

“
17.124

= 0,9345

so that

9 = a rctun 0.9145

= 42.4
rj

ss 42°

fxampte question

Q9
find the sum of the vectors shown in Figure 4.22.

F\ has magnitude 841 units and F, magnitude 12

units. Their directions are as indicated.

Answer

Fi x = — F i
cos 42"

= —5.945

Fiy = Fj sin 42 11

^ 5.353

Fji — F2 cos 26'

= 10.595

F2y = Fm sin 28
"

= 5,634

The sum F — F, + F

,

then has components

F* = F^ 4-

= 4.650

F
y = Fly + Fj

r

= 10.967

Thus, the magnitude of (he sum is

F = v'4.650
2 + 1U.987J

= 11.9 12

and its direction is

0 = arctan
10.987

4.65

= 67.1*^67'

1 A body is acted upon by the two forces shown

in Figure 4.23. In each case draw the one

force whose effect on the body is the same as

the two together.

Figure 4.23 For question l.

2 Vector A has a magnitude oi 12.0 units and

makes an angle of 3 O' with the positive

x-axis. Vector B has a magnitude of H.Ot) units

and makes an angle of 80 with (he positive

x-axis. Using a graphical method,, find ihe

magnitude and direction of (he vectors

(a) a + B

(b) A “ B

(Cl A- 2 8.
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3 Repeat the previous problem, this lint? using

components.

A A person walks 5.0 km due east, then 3.0 km

due north and finally stops after walking an

additional 2.0 km due north-east. How far and

in what direction relative to her starting point

Is she?

5 Find the magnitude and direction of the

vectors with components:

(a) A, = — 4.0 cm, A
}
= — 4.0 cm

(b) A

,

= 1 24 km, Ay = -158 km

(c) A,r = 0, A,,. — -5,0m

td) = S.O N
,

Ay st 0.

6 The components of vectors A and B are as

follows: (A, - 2.00, A
y
= 3.00),

( j

3

a = -2.00, B
y = 5.00). Find the magnitude

and direction of the vectors:

(a) A;

(bj h
fe) A+B;
Id) A - B

;

fe) 2 A — B

.

7 Vectors A and B have components

{A. = 3.00, Ay = 4.00),

{Bm = -1.00, /?„ = 5.00). Find the magnitude

and direction of the vector C such that

A — B + C = 0,

8 The displacement vector of a moving object

has components (r, = 2 t r
v
- 2) initially. After

a certain time the displacement vector has

components (r* = 4, r
y
= 8). What vector

represents the change in the displacement

vector?

9 Figure 4.24 shows the velocity vector of a

particle moving in a circle with speed 10 m s"
1

at two separate |x>inls. The velocity vector

is tangential to the circle. Find the vector

representing the change in the velocity vector.

final

Figure 4.24 For question 9.

10 In a certain collision, the momentum vector of

a particle changes direction but not

magnitude. Let p be the momentum vector of

a particle suffering an elastic collision and

changing direction by 30 . f ind, in terms of

P (“I pi), the magnitude of the vector

representing the change in the momentum

vector.

1 1 Points P and Q have coordinates P = (Xi, y,L

Q= (*2 , Yi)-

(a} Find the components of the vector from P

to Q.

(b) What are the components of the vector

from Q to P?

(c) What is the magnitude of the vector from

the origin to P?

1 2 The velocity vector of an object moving on a

circular path has a direction that is tangent

to the path (see Figure 4.253. If the speed

(magnitude of velocity) is constant at

4.0 m s
1

find the change in the velocity

vector as the object moves (a) from A to 13 and

(b) from 8 to C. (c) What is the change in the

velocity vector from A to C? How is this

related to your answers to (a) and lb}?

Figure 4.25 For question 12.

1.1 A molecule with a velocity of 352 m S'
1

collides with a wall as shown in Figure 4,26

and bounces back with the same speed.

Ea) What is the change in the molecule's

velocity?

(b) What is the change in the speed?

Q -+

Figure 4.2G For question 9.
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Find the components of the vectors shown

along the axes indicated by a + in

Tigure 4.27. Take the magnitude of each

vector to be 10.0 units.

15 Vector A has a magnitude of 6.00 units and is

directed at GO to the positive x-axis. Vector B

has a magnitude of 6.00 units and is directed

at 120* to the positive x-axis. Find the

magnitude and direction of vector C such that

A + B + C = 0. Place the three vectors so that

one begins where the previous ends. What do

you observe?

16 Plot the following pairs of vectors on a set of

x- and y-axes. The angles given are measured

counter-clockwise from the positive x-axis.

Then, using the algebraic component method,

find their sum in magnitude and direction:

(a) 12.0 N at 20° and 14.0 N at 50°

(b) 15.0 N at 15° and 18.0 N at 105°

(c) 20.0 N at 40 and 1 5.0 N at 310* (i.e. -50 c
).

Figure 4.27 For question 14.
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Graphical analysis and

uncertainties

This chapter introduces the basic methods of dealing with logarithmic and exponential

functions in physics. II also introduces the basic methods for calculating the uncertainly

in a quantity, which is a function of other measured quantifies. The uncertainty in

measured quantities will produce an uncertainly in a number obtained using the

measured quantifies.

logarithmic functions _ _
Semi-logarithmic plots

The exponential function y = e plays a

significant role in many areas of physics. The

activi ty (number of decays per unit time) as a

function of time for a radioactive element

behaves as A — , l 0 e
:f

, where A. is known as

the decay constant. The current through a

diode varies with applied voltage as

I = l a e
kl

'

- where T is the temperature in

kelvin and k is a constant. When the

exponential is negative, we speak of a decay

problem, whereas positive exponentials

represent growth problems.

Let us concentrate on the radioactive decay

problem. Consider the data in Table 5.1. which

was collected in an experiment.

Time, rjntiu ActivityfBq

0 120

i 93

2 73

3 57

4 44

5 35

0 27

7 21

8 16

9 13

10 10

Table 5.1 Experimental data.

The graph of activity versus t ime is an

exponential decay curve as expected. This is

shown in Figure 5.1.
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aclivily/Bc]

r/min

Figure 5.1 The exponential decay curve.

The half-life can be determined from this graph

by finding the time at which the activity is

60 decays per minute (i.e, half its original

value}. From the graph, this is found to be

about 2.8 minutes. It is more convenient,

however, to plot a different graph so that a

straight line is obtained.

Since A — " !

. it follows by taking

natural logarithms that

In A = In du — kt

and thus a graph of 3n A versus time is a

straight line with slope equal to the

negative decay constant, and the vertical

intercept is the logarithm of l he initial

activity. This is called a semi-logarithmic

plot as it involves ihe logarithm of only one

of the variables.

Such a graph can be made by using a calculator

to compute the natural logarithm of each

activity value and plotting l he logarithm

against time, as in Figure 3.2.

Finding the slope of this straight line as usual,

we obtain:

4 8
slope == -— ^-0.25 min '

in A

r/min

Figure 5.2 The exponential decay curve becomes
linear if we ploi the logarithm of activity versus

time.

constant and the half-life

xrV2 = (n2

it follows that the half-life is

_ 0,693
“

0.25

— 2.8 min

Tlie vertical intercept is about 4.8 and equals

In /lo. Hence, the initial activity is found

to be

4.8 = Inrio

=> A« = e
4,a

= 120 Bq

Logarithmic plots

Consider now a variable that depends on

another through a power.

Ify = kx". then Iny = Ink + n lnx> which means
that a graph of In y versus In a gives a straight

line with slope n and vertical intercept equal to

In fc.

Thus, consider the following data for the

maximum current J that can How in a wire of

diameter D (see Table 5.2 and Figure 5.3).

Thus, the decay constant is 0.23 min J

+ Using

the known relationship between the decay

This is a curve of unknown equation.

Suspecting a power relationship between the
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m P/rnm

0 0

1 2.2

2 3.5

3 4.6

4 5.57

5 6A7

6 7.31

7 S,1

8 8.S6

9 9.59

to 10.29

'liable 5,2 The maximum current

rhat can How in a particular wire.

(liLirnei^r/mm

//A

Figure 5.3 A ploi ofdiameter versus current gives

a curve of unknown equation.

diameter 0 and the current J, we take natural

logarithms of both variables and plot In O

versus In J (Figure 5.4). (Note that the zero on

the vertical axis has been suppressed.)

We find the slope in the usual way:

sloPe=txi =0-67

Thus. D = kf b7
. The constant k can also be

determined by finding the intercept of the line

with the vertical axis. Tire intercept is 0,8 and

so In ft = 0.80 -= fc = e
Q S0 ^ 2.2. Finally.

D = 2.2l
fl flJ

, where the current is ill amps and

the diameter in mm.

Propagation of errors

Suppose that in an experiment quantities

fj, b, c etc., are measured, each with an error

An, Ah, Ac, etc. That is a = Oo ± Aa,

h = hi} ± Ah, c = Co ± Ac , etc., where the

subscript zero indicates the mean value of the

quantity. Thus, if a mass is measured to be

4.5 leg 4:0.1 kg, mo = 4.5 kg, and Am = 0.1 kg.

* Ifo — Oq rc An . the quantity Afl is called the

ribsolutt.
1 uncertainly or error in the measure-

ment of the quantity o and the ratio
"'

is the

jhirtitfrid or relative unrertainiy or error. The

quantity — x 1 0D 'i> gives the percentage

error in the quantity o.

Thus, in the measurement of mass, the absolute

error Is 0.1 kg and the fractional or relative

error is 0. 1/4.5 = 0-02 or 2%.

If we wish to calculate a quantity Q in terms of

a.h.c. etc., an error in Q will arise as a result

of the individual errors in o.b and c. That is,

the errors in cr. b and r propagate to Q, How do

we find The error in Q given the errors in

a, h, C* etc.7

There are two cases to consider and we will give

the results without proof.

Addition and subtraction

The first case involves the operations of

addition and/or subtraction. For example, we
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might have Q — a + ft or 0 = a -
ft or

Q =o 4- ft
— f, Then, in alJ cases the absolute

uncertainty in Q is the sunt of the absolute

uncertainties in a. ft and c.

Q “O fb => A0 = Atr + Aft

Q = o — ft => AG = An + Aft

Q — a 4 ft - c => AG m An + Aft + Ac

f.xample question

Q1
The side a oi a square is measured to be 12,4 cm
± 0,1 cm. Find the error in a calculation of the

perimeter $ oi the square.

Answer

I lere we have addition and so the error in 5 is

AS = Aa + Aa + A a + Aa

= 4Aa

= 0.4 cm

Thus

S = 49 . & cm ± 0.4 cm

Considerable errors result if tile small

difference of two large numbers is taken. If

Q = £J - ft, and a — 538.7 ± 0,4 and

b = 537.3 ±0.4, then Q = 1.4 ±0.8. The

fractional error in this case is 0.57 or 57%. The

error in the quantities a and b is small

compared with the mean values of a and b but

huge compared with the difference.

Multiplication, division, powers

and roots

Suppose now that rhe quantity to be calculated

involves a multiplication such as in 0 = aft, a

division as in Q = | or Q =
‘f,

or a power

G = fr\ or a root Q = ^ci r In all these cases the

fractional uncertainty in Q is Lhc sum of the

fractional uncertainties of a T ft and c.

lib
aG

=t
g7

a AG
ft Jh
ab —

^

AQ
c Qa

Aa Aft

£Jf| bo

Aa Aft
'— + —
ttu fto

Aci Aft Ac
j- ——f —

fto . ft|> C|j

Q=a" =*

Q = ll/a =>

AG An
7T “ln l

—
Go Oo

AQ _ 1 Au

Go
” n ao

Ixnmplc questions

The sides or a rectangle are measured to be

a — 2,5 cm ± 0.1 cm and ft = 5.0 cm ± 0,1 cm.

Find the area A of the rectangle.

Answer

The fractional uncertainty in a is

Aa 0.1

a
~ 25
= 0.04

or 4%

That in ft is

Aft 0.1

IT “
5TJ

= 0.02

or 2%

ITius, rhe fractional uncertainty in the area is

0,04 + 0.02 = 0.06 or 6%

Since

A, = 2.5 x 5.0

= 12.5 cm 1

and

A A

~A*
= 0,Q6

=> AA = Qm x 12.5

— G.7S cm'
1

Hence

A =
1 2.5 enr ± 0.8 env

Q3
A mass is measured to be m — 4,4 ± 0.2 kg and its

speed 18 ± 2 m s
1

, Find the kinetic energy of the

mass.

Answer

I he kinetic energy Is F k - [mv2
(i.e. Fw = 713 9)

and from

A L t

r
A rn A v

*+ 2—
nh v6
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il. follows that A f L 191 1; that is

f* - 713 i 191 I or just E k = 700 ± 200 |.

The length of a simple pendulum is increased by

4%, What is the fractional increase in the

pendulum's period?

Answer

The period is related to the length through

r = 2?r ./I, Thus 41 = ' ¥ and since — - 4%
V f 1} 2 Id ia

we have = ~ x 4% = 2%,
r
<J 1

Q5
A body radiates according to the black-body law

P ^ cTA
r where T is the temperature and c is a

constant. If the temperature of the body is

increased by 3%, how does the radiated power

change?

Answer

= 4 x 3% = 12%.
p r

Other functions

Suppose, finally, that the calculated quantity ft

depends on a variable a through a sine.

Q - sin a. Ifa is measured to bo 58 ± 2 what

is the error in ft? Using calculus {and being

very careful to change from degrees to radians

before we differentiate) we can show that,

approximately.

Aft — cosu Ao

= cos 58° x 2 x

= 0.0185

as 0.02

ISO

It is easier in practice, however, to find the

largest and smallest values of ft through

Qnmx = sin(58
J
4- 2°)

= 0,8660

On

i

n = sin(58° - 2°)

= 0,8290

so we can deduce that the error is half of the

difference

Aft = ^(0.8660 -0.8290)

= 0.0175

® 0.02

The mean value of ft is

ft nHfan
= SJtl 5 8

= 0,8480

ss 0,85
and so

Q = 0.85 ±0.02

This method can he applied to any other

functional Ibrm relating ft to o.

Uncertainties in the slope and intercept

Having decided the line of best fit for a given

set ofdata that are expected to fall on a straight

line, it is usually necessary to calculate the

slope and intercept of that straight line.

However, since the data points are the result of

measurements in an experiment, they are

subject to experimental uncertainties. Thus, let

us return to the example of Chapter 1.2. In an

experiment to verify Hooke’s law, data for the

tension and extension of a spring are collected

and plotted as shown in Figure 5,5, The

experimenter lias included vertical uncertainty

bars representing an uncertainty of± !0 N in

the values of the tension in Figure 5.5 (the

length of the vertical bar is thus 20 N).

The experimenter then draws the line of best fit

through the data points and obtains a straight

line, as shown in Figure 5,6. The slope of this

line is 200 N m 1 and this represents the spring

constant. What is the uncertainty in the slope

and intercept?

77N

Figure 5.5 Data points plotted together with

uncertainties in the values for the tension.
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Figure 5.6 The line of best Hi through the data

points*

A simple way to estimate these uncertainties is

by drawing two extreme straight lines as in

Figure 5.7 and finding the slope or each. Both

straight lines are made to pass through a point

that is halfway in the range of tile x values: in

this case the point with x — 0.3 m, The first line

is then drawn so as to have the largest slope and

still fit the data (this means it wilt pass at the

extremes of the vertical error bars). The second

line is made to have the least slope and still fit

the data. The two slopes are then measured.

of zero. The line with the largest slope has an

intercept of -1 J N and the line of least slope

has an intercept of +5 N. The average of the

absolute values of these errors is (11 + 5)/2 = 8

and so the intercept is calculated to be 0 ± 8 N.

1 A circle and a square have ihe same

perimeter. Which shape has [fie largest area?

2 A sphere and a cube have the same surface

area. Which shape has the largest volume?

3 What is the approximate value of 1 — cos x

when x is small?

4 The natural logarithm of the voltage across a

capacitor of capacitance C == 5 mF as a

function of time is shown in Figure 5.8. The

voltage is given by the equation V — l,itt

,

where R is (he resistance of the circuit. Find

(a) the initial voltage?

lb) the time for the voltage to be reduced to

half its initial value;

(c) the resistance of the circuit.

Figure 5.7 The uncertainty in the slope can be

estimated by drawing two extreme additional

graphs through the centre point.

Measurement of the two slopes gives 235 M m 1

and 17 7 N m that is, errors of +35 N m _l and
—23 N m l

. Taking the average of these two

errors gives 29 N in \ so we may stare that the

spring constant is 200 + 30 N m '.The same

procedure allows an estimate of the vertical

intercept. The line of best fit gives an intercept

In v

4

2
~

0 5 10

Figure 5.8 For question A.

5 Figure 5.9 shows how the velocity of a steel

ball depends on time as it falls through a

viscous medium. Find the equation that gives

the velocity as a function of time.

6 Table S3 shows the mass M of several stars

and their corresponding luminosity l (power

emitted). By plotting the luminosity versus the

mass on logarithmic paper, find the
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I'/mr 1

0.2

015

O.t

0 05

fl 2 A 6 8]
Figure 5,9 For question 5.

relationship between these quantities,,

assuming a power law of the kind L — kM’ t

giving the numerical value of the parameter a.

Mass M (in solar Luminosity L fin terms of

masses) die smTs luminosity)

i l

3 42

5 238

12 47CWJ

20 2650

0

Table 53 For question 6,

7 Table 5.4 shows [he data collected in aii

experiment.

Assuming the suspected relationship between

the variables is y = od \ plot the data In

order to get a straight line and then find the

value of the constant c,

X 1.0 2.0 3.0 4,0 5.0 6.0

V 2.0 tu 31.2 64,0 m,8 196.4

Table 5,4 For question 7,

8 The variable y depends on x through y = ke*'

.

How should these two variables be plotted in

order to gel a straight-line graph?

9 Two forces are measured to be 120 ± 5 N and

60 ± 3 N, Find the sum and difference of I he

two forces, giving the uncertainty in each case.

10 The quantity Q depends on the measured

values a and b in the following ways:

fa) Q = a/6, a = 20 ± 1 * 6 = 1 0 db 1

;

(b) Q= 2n + 36, a - 20 ± 2, 6= 15 ± 3;

(c) Q- a - 26, a = 50 ± 1, b= 24 ±0.5;

(d) Q- a 2

, a = 10.0 ± 03;

(e) Q=a }
/tf

r
a = 100 ± 5, b= 20±2.

In each case find the value of Q and its

uncertainty.

11 The centripetal force is given by F - If

the mass is measured to be 2.8 ± 0.1 kg, the

velocity 14 ±2 nn s
-1

and t fie radius

8.0 ± 0.2 m, find the force on the mass,

including the uncertainty,

12 The mass of a rectangular block is measured

to be 2,2 kg with an uncertainty of 0,2 kg. The

sides are measured as 60 ± 3 mm, 50 ± 1 mm
and 40 ± 2 mm. Find the density of the cube

in kilograms per cubic metre, giving the

uncertainty in (he result.

13 The radius r of a circle is measured to be

2.4 cm ± 0.1 cm.

(a) What is the error in the area of the circle?

<bl What is the error in the circumference?

14 The radius r of a sphere is measured to be

22,7 cm ± 0.2 cm.

(a) What is the error In the surface area oi the

sphere?

(b) What is the error in the volume?

15 The sides of a rectangle are measured as

4.4 ± 0,2 cm and 8,5 ± 0.3 cm. Find the area

and perimeter of the rectangle.

16 The period of a simple pendulum depends on

length through f — 2n If the length is

increased by a factor of 2
t
by what factor does

the period change?

17 In the previous question, if the length of the

pendulum is increased by 2%, what is the

fractional increase in the period?

18 If the length of a pendulum is measured with

a fraction ai uncertainty of 0.5% and the

period with a fractional uncertainty of 0,6%,

what is the fractional uncertainty in the

measured value of the acceleration due to

gravity?



CHAPTER Core - Mechanics

Kinematic concepts

Motion is d lursdciErientdl pari of physics and this chapter introduces the basic quantities

used in the description ol motion. Even the simplest ol motions, such as a loaf falling

from a tree, can be a fairly complicated thing to analyse. To learn how to do that requires

that we sharpen our definitions of everyday concepts such as speed, distance and lime.

As we will see, once we master motion in a straight line, more complicated types of

motion such as circular and parabolic motion will follow easily.

Objectives

By the end of this chapter you should be able 1o:

describe the difference between distance and displacement;

* state the definitions of velocity, average velocity, speed and average speed;

- solve problems of motion in a straight line with constant velocity, x = xG 4 W

;

* appreciate that different observers belonging to differenL/ramcs 0/

reference can give differing but equally valid descriptions of motion;

use graphs in describing motion;

* understand that the slope of a displacement-time graph is the velocity

and that the area under a velocity-time graph is the change in

displacement.

Displacement and velocity

Consider the motion of a point particle that is

constrained to move in a straight line, such as

the one in Figure 1 , L Our first task is to choose

a point on this line from which to measure

distances. This point can be chosen arbitrarily

and we denote it by O,

When we say that the distance ofa point P from

0 is 3 m. we mean that the point in question

could be 3 m to the left or right of 0, To

distinguish the two points we introduce thePOP
H f=l

\

Figure 1,1 To measure distance we need an origin

to measure distances from.

concept of displacement. Tire displacement of a

point from O will be a quantity whose

numerical value will be the distance and its

sign will tell us if the point is to the right or

left of O. Thus a displacement of -4 m means

the point is at a distance of 4 m to the left ofQ,

whereas a displacement of 5 in means a

distance of 5 m to the right ofO, Displacement

is a vector; for the case ol' motion in a straight

line, the displacement vector is very simple. It

can be determined just by giving its magnitude

and its sign. We will use che convention that

positive displacements correspond to the right

of O. negative to the left. (This is entirely

arbitrary and we may choose any side of the

origin as the positive displacement; Ihis takes

care of Cases where it is not obvious what
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'right' means.) Wc will use the symbol X for

displacement in a si might line (we reserve the

symbol r for displacements in more than one

dimension) ands for distance (from the Latin

spatium). Displacement, being a vector, is

represented graphically hy an arrow that

begins at O and ends at the point of interest.

(See Figure 1.2*)

t! x
~ 4 ni O s = 5 rci-

i

A =-*tni x = 4-5 m

Figure 1.2 Displacement can be positive (point A)

or negative (point 13).

We will use the capital letter 5 to stand for the

total distance travelled, and Ax for the change

in displacement. The change in displacement is

defined by

Ax = final displacement initial displacement

If the motion consists of many parts, then the

change in displacement is the sum of the

displacements in each part of the motion. Thus,

if an object starts at the origin, say. and

changes its displacement first by 12 m, then by

-4 m and then by 3 m. the change in

displacement is 12 — 4 + 3 - 11 m. The final

displacement is thus 11 + 0 = 11 rn.

Example questions

Q1
A mass initially at O moves 1 0 m lo the right and

then 2 m to the left. What Es the final

displacement of ihe mass?

Answer

Ax = +10 m - 2 m — B m. Hence the final

displacement is 0 m + B m = 8 m.

Q2
A mass initially at O, first moves 5 m to the right

and ihcn 12m to the left. What Is the total

distance covered by the mass and what Es its

change in displacement?

Answer

The total distance fc 5 m + 1 2 m = 17 m* The

change in displacement is +5 m — 1 2 m -

-7 m. The mass now finds itself at a distance of

7 m to the left of the starting point*

Q3
An object has a displacement of —5 m, It moves

a distance to the right equal to 1 5 m and then

a distance of 10 m to the left. What is the total

distance travelled and final displacement of the

object? What is the change in displacement of

the object?

Answer

The distance travelled Is 15 m + 10 m - 25 m.

The object now finds ilself at a distance at 0 m
from O and thus its displacement is zero* The

original displacement was x = -5 m and thus

the change in displacement is Ax = 0 in

-(-5iti) = +5 m.

Speed
If an object covers a total distance 5 in a total

time T, the average speed of the object is

defined by

5

Suppose that you drive your car tor a given

amount of time, say 50 minutes. The odometer

of the car shows thaL in those 50 minutes a

distance of 30 km was covered. The average

speed for this motion is

30 km A km
y =s —— = 0.60 —

50 nun min

1000 m
= 0*60 — - - 10ms

60s

Using the concept of the average speed is only

a crude way of describing motion. In the

example above, the car could, at various times,

have gone faster or slower than the average

speed of 10 m s
-1

. Cars are equipped with an

instrument called a speedometer* which shows

the speed of the car at a particular instant in

time. We call the speedometer reading the
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instantaneous speed or j ust speed. Speed is

defined by measuring the distance the car

(or whatever it is that is moving) covers in a

very short interval oftime [see Figure 1.3). If

this distance is 5s and the time interval M then

the instantaneous speed is

5s

Figure 13 Speed at a given lime t is defined in

terms of the small distance Ss travelled i n a

small interval of time St right after t.

Note that, by definition, speed is always a

positive number.

A word on notation

If Q is any physical quantity, we will use AQ to

denote the change in Q:

= Q Final ^irtKial

The symbol A will thus represent a/tofte change

in a quantity. The symbol 5(1 represents an

frt/fmrrsfmal change in Q. finis, 5Q plays .

roughly the same role as the calculus quantity

dQ. So the definition of instantaneous speed
|f

is to be understood as the calculus quantity ^

:

that is, the derivative of distance with respect

to time. Equivalently, we may understand it as

5s ., As— Sim —

-

5f ai—i-o At

If a quantity Q depends on, say. Lime in a linear

way, then the graph showing the variation of U
with t will be a straight line. In that case (and

only in that case)

m _ aa
5t

~ At

and each of these quantities represent the

(constant) gradient of the graph.

In order to avoid a proliferation of deltas, we

wall mostly use the capital delta: when

infinitesimal quantities are involved, we will

simply state it explicitly.

I \aniple question

Q4 —
A car of length 4.2 in travelling in a straight line

lakes 0,56 s to go past a mark on the road, Whal

is the speed of the car?

Answer

From v — wc find v — 7,5 m s ', This is taken

as The speed ot the car the instant the midtile

point of the car goes past the mark on the road.

Velocity

Average speed and instantaneous speed are

positive quan tities that do not take into

account the direction in which the object

moves. To do that we introduce the concept of

velocity. The average velocity for a motion is

defined as the change in displacement of the

object divided by the total time taken. (Recall

that the change in displacement. Ax. means
final minus initial displacement.)

_ Ax
1 '

~Ki

Similarly the instantaneous velocity at some

lime f or just velocity, is defined by the ratio of

the change in displacement, 5x T divided by the

time taken. Si .

Sx

(See Figure 1,4.)

.i+&

x

Figure 1.4 The definition of velocity at lime 1

involves the small displacement change Sx in

the small time interval 5t right after J

.
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We are using the same symbol for speed and

velocity. It will always be dear which ofthe two

we are talking about.

Unlike speed, which is always a positive

number, velocity can be positive or negative,

Positive velocity means the object is increasing

its displacement - that is, it moves toward the

right' by our convention. Negative velocity

signifies motion in which the displacement is

decreasing - that is, toward the 'left*. Thus, it is

important to realize that the quantity fix can be

positive or negative. (It is worthwhile to note

that the magnitude of velocity is speed but the

magnitude of average velocity is not related to

average speed,)

1 sample questions

Q5 mi mu inmw*
A car starts out irom O in a straight line and

moves a distance of 20 km towards the right, and

then returns to its starting position 1 h Eater. What

is the average speed and (he average velocity for

this trip?

Answer

The total distance covered is 40 km. Thus, the

average speed is 40 km h The change in

displacement for t his trip is 0 m because

displacement = final - initial

= 0m- D m
= 0 m

So the average velocity is zero,

Qh mm****** iiiniHiim mi

n

A car moves in exactly the same way as in

example question I, but this time il starts out not

at O but a point 100 km to the right of O, What is

the average speed and the average velocity for

this trip?

Answer

The distance travelled is still 40 km and hence the

average speed is the same, 40 km h~ \ The

change in displacement is given by

displacement = final — initial

= 100 km - 100 km

= 0 km

Hence ihe average velocity is zero as before. This

example shows that the starting point is irrelevant.

We have the freedom to choose the origin so that

il is always at the point where the motion starts.

Q7 m i i i i i t

A car 4.0 m long is moving to the left. It is

observed that it rakes 0.10 s lor the car to pass a

given point on ihe road. What is the speed and

velocity of the car at this instant of time?

Answer

We can safely take 0.1 0 s as a small enough

interval of lime. We are told that in this interval

of lime the distance travelled is 4.0 m and so

the speed is 40 m s’
1

. The velocity is simply

-40 m s since the car is moving to the left.

Motion with uniform velocity (or just um/orrn

motion] means motion in which the velocity is

constant. This implies that the displacement

changes by equal amounts in equal intervals of

time (no matter how small or large). Let us take

the interval of Lime from i = 0 to time t .

t* IF the displacement at t - 0 is Vo and the

displacement at time 1 is
,
then it follows

that

Ax

_ x - vq

l -0

=* x = Xq 4- vi

Hi is formula gives the displacement a at

time i in terms of the constant velocity '

and the initial displacement x0 . Note that I

in this formula stands for the time for

which the object has been moving.

Example questions

QS mm
The initial displacement of a body moving with

a constant velocity 5ms’ 1

is — 1 D m. When

does Ihe body reach the point with

displacement 10 m? What distance does the

body cover in this time?
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Answer

From

x = *o + v(

10 = - to + 5 f

!=> I = 4 s

So the distance travelled is 20 m,

Q9 m iytm»mwKT7m
Bicyclist A starts with initial displacement zero

and moves with velocity 3ms At the same

time,, bicyclist R starts from a point with

displacement 200 m and moves with velocity

—2ms 1

. When does A meet B and where are

they when this happens?

Answer

The formula giving the displacement of A is

xa = 0 + 3f

and that for B is

\B - 200 + (~2H

= 200 - 2t

When they meet they have the same

displacement, so

*A - %
=> 3f = 200 - 2r

=>5f = 200

=5- 1 = 40 s

Their common displacement is then 120 m.

Q10 W4» inum—wwiMmi
Object A starts from the origin with velocity

3 m s~ and object B starts from the same place

with velocity 5ms \ 6 seconds later. When will

B catch up with A?

Answer

We take object A to start its motion when the clock

shows zero. The displacement of A is then given by

** = 3f

and that of B by

Xti = 5(f - iv>

The formula for B is understood as follows* When

the dock shows that f seconds have gone by,

object Ei has only been moving for {r — 6)

seconds. When B catches up with A, they will

have the same displacement and so

3t = 5{t - b)

=> 2f= 30

=> t = 15 s

The displacement then is 45 m.

Frames of reference

We are used to measuring velocities with

respect to observers who are
+

at rest". Thus,

velocities of cars* aeroplanes, clouds and falling

leaves are ail measured by observers who arc at

rest on the surface of the earth. However, other

observers are also entitled to observe and record

a given motion and they may reach different

results from the observer fixed on the surface of

the earth. These oilier observers* who may

Themselves be moving with respect to the fixed

observer on earth, are just as entitled to claim

that they are 'at rest". There is in fact no

absolute meaning to the statement ‘being at

rest
1 - a fact that is the starting point of

Einstein's theory of special relativity. No

experiment can be performed the result of

which will be to let observers know that they

are moving with constant velocity' and that Lhey

are not at rest. Consider two observers: observer

A is fixed on the earth; observer B moves past A

in a box without windows. B cannot, by

performing experiments within his box (he

cannot look outside) determine that he is

moving, let alone determine his velocity with

respect to A.

An observer who uses measuring tapes and

stopwatches to observe and record motion is

called ajhiw of reference. Consider the following

three frames of reference: the first consists of

observer A on the ground; the second consists of

observer B. who is a passenger in a train sitting

in her scat.; the third consists of observer C, a

passenger on the train who walks in the

direction of the morion of the train at 2 ni s \

as measured by the passenger sitting in her seat,

The train moves in a straight line with constant
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velocity of 10 m s
-1

, as measured by the observer

on die ground. The three observers describe

I heir situation as follows: A says he is at rest,

that B moves forward at 10 m s
1 and that C

moves forward at 12 m S
-1

. This is because in 1 s

rhe train moves forward a distance of 10 m but,

in this same second, C has walked an additional

distance of 2 m making him 12 in away from A.

Thus A measures a velocity of 12 m s
1

for C,

Observer B says that she is at rest. As far as B is

concerned, A is moving backwards (the station is

being left behind) with a velocity of — 10 m s

and C is moving forward at a velocity of 2 m s
_1

.

Observer C claims he is at rest. As far as he is

concerned, A is moving backwards at 12 ms 1

and B at =2 m s“\

(.sample question

Qii

A cart moves in a straight line wilh constant

speed. A toy cannon on the cart is pointed

vertically up and fires a ball. Ignoring air

resistance, where will the ball land?

Answer

The ball will land back into the cannon. For an

observer moving along with the cannon, this is

obvious. This observer considers herself to be at

rest; so the ball will move vertically up and then

fall vertically down into the cannon. As far as an

observer on the ground is concerned, lhe cart

moves forward with a certain velocity bui so does

(he ball. The horizontal component of velocity of

the cannon is the same as that of the ball which

means that the ball Is at alt times vertically over

the cannon.

above, the relative velocity in rhe horizontal

direction between the cannon and the ball is

zero. This is why it falls back into (he cannon,

F xaniple questions

Q12
A car (A) moves to the left with speed 40 km h

(with respect to the road). Another car (B) moves

to the right with speed 60 km h (also with

respect to the road). Find the relative velocity of B

with respect to A,

Answer

The relative velocity of B with respect to A is

given by the difference

60 km h
‘ — (-40 km h ) = 1 00 km h \

Note that we must put in rhe negative sign for the

velocity of A,

Q13
Rain comes vertically down and the water has a

velocity vector given in figure 1.5a las measured

by an observer fixed on the surface of the earth).

A giH runs towards the right wilh a velocity vector

as shown. (Again as measured by lhe observer

fixed on the earth.) Find the velocity of the rain

relative to the running girl

ruririin^girl

7^5

Figure 1.5.

it I ill i vc velocity

f min with

respect to £irl

ib)

This introduces the concept of relative velocity.

Let two observers P and Q have velocities Pp and

i7q as measured by the same frame of reference.

Then the relative velocity of P with respect to Q,

denoted by PpQ, is simply Ppq — — Pq-

Answer

We are asked to find the difference in the vector

velocities of rain minus girl and this vector is

given by Figure 1 ,5b. The rain thus hits the girl

from the front.

(Note Chat we are subtracting vectors here.) This

definition makes use of rhe fact that hy

subtracting the vector velocity Pq it is as if we

make Clbe at rest, so that we can refer to the

velocity of P, In the example of the cannon

Q14 wmMimiMwww^M
This is the same as example question 9, which we

did in the last section. We will do it again using

i he concept of relative velocity. Bicyclist A starts

with initial displacement zero and moves with
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velocity 3 ms-1
. At the same lime, bicyclist B

starts from a point with displacement 200 m and

moves with velocity -2 m s“\ When does A

meet B and where are they when this happens?

Answer

The velocity of B relative to A is

vha = vb “ VA

= -3 - 2

= — 5 ms" 1

When B meets A, the displacement of B becomes

zero, since A thinks of herself silling at the origin.

Thus

0 = 200 - 5r

=1 - 40s

Graphs for uniform motion

In uniform motion, ifwe make a graph of

velocity versus time we must get a horizontal

straight line. Figure 1.6 shows the v-t graph for

motion with constant velocity v>

velocity

Figure 1.7 The area under the curve in a

velocity-time graph gives the displacement

change.

A graph of displacement versus time for uniform

motion also gives a straight line (Figure 1.8).

Figure 1,8 The displacement-time graph for

uniform motion is a straight line: (a) motion to

the right, (to> motion to the left.

velocity

time

+

Figure 1.6 Uniform velocity means that the

velocity-time graph is a horizontal straight line.

If we wanted to find the displacement from

t = 0 to time f T the answer would be given by

the formula x =? xp 4- vt , The same answer can,

however, also be obtained directly from the

graph: it is simply the area under the graph, as

shown in Figure 1,7,

This means that the area under the graph gives

the change in displacement. This area added to

the initial displacement of the mass gives the

final displacement at time l .

litis is the graph of t lie equation x = xq +vt .

Comparing this with the standard equation of a

straight line, v — mx 4- c. we see that the slope

of this graph gives the velocity. We can also

deduce this from the definition of velocity*

But ^ is also the definition of the slope of the

straight-line x-t graph, hence the slope is Lhe

velocity. In Figure 1.8a the slope is positive,

which means, therefore, that the velocity is

positive, and the mass is moving lo the right. In

Figure 1.8b the mass is moving at constant

velocity to the left.

Hie slope ofa displacement-lime graph

gives the velocity.

The time when the graph intersects the time

axis is the time the moving object goes past

point O. Lhe point front which distances and

displacements are measured.

The corresponding velocity-time graph for

negative velocity is shown in Figure 1.9,
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velocity

Figu re l .9 The velod tywiiin e graph for uniform
motion towards the left.

The area 'under" the curve is below the time

axis and is counted as negative. This is

consistent with the fact that negative velocity

takes the moving object towards the left and

thus towards negative displacements.

Lsimple question

Q15

A mass starts out from O with velocity 10 ms"' and

continues moving at this velocity tor 5 s. The

velocity is then abruptly reversed to -5 ms -1
and

the object moves at this velocity for 10 s. for this

motion find:

(a) the change in displacement;

(b) the total distance travelled;

(c) the average speed;

(d) Ihe average velocity.

Answer

The problem is best solved through the

velocity time graph which is shown in Figure 1.11.

Consider now the graph of displacement versus

time in Figure L10. Wc may extract the

following information from it Ihe initial

displacement is -10 m. The object moves with a

positive velocity of 2 m s
1
for the first 10 s of

the motion and with a negative velocity of

2ms 1

in the next 5 s, The object is at the

origin at 5 s and 15 s. The change in

displacement is + 10 m and the total distance

travelled is 30 m. lire average speed is thus

2 m s
1 and the average velocity is 0.67 ms

Make sure you can verify these statements.

Figure l-IO.

We can thus summarize our Findings for

uniform motion in a straight line; The graph

ofdisplacement versus lime is a straight line

whose slope is ihe velocity. The graph of

velocity versus time is a horizontal straight

line and the area under the graph gives the

change in displacement. The displacement

after sime i is giwn by the formula

X — *0 + td.

r/ll'L a
-

*

Figure 1.11.

The initial displacement is zero. Thus,, after 5 s the

displacement is 10 x 5 m = 50 m (area under first

part of the curve). In the next 10 s the

displacement changes by -5 x 10 -50 m. Ihe

change in displacement is thus 0 m. The object

moved toward the right, stopped and relumed to

its starting position. The distance travelled was

50 m in moving lo the right and 50 m coming

back giving a total of 100 m. The average velocity

is zero, since the change in displacement is zero.

The average speed is 1 00 m/1 5 s = 6.7 m s
_1

.

1 A plane flies 3000,0 km in 5.00 h. What is its

average speed in metres per second?

2 A car must be driven a distance of 120.0 km

in 2,5 h. During the first 1.5 h the average

speed was 70 km h“h What must the average

speed for the remainder of the journey l>e?

3 A person walks a distance ol 3.0 km due

soulh and then a distance of 2,0 km due east.

It the walk lasts for i.O h find



46 Core - Mechanics

(a) the average speed for the motion;

(b) the average velocity.

4 Find the displacement-time graph tor an

object moving in a straight line whose

velocity-time graph is given in Figure 1.12.

The displacement is zero initially. You do not

have to put any numbers on the axes.

v

—
t

Figure 1.12 For question 4.

3 An object moving in a straight line according

to the velocity-time graph shown in Figure

1.13 has an initial displacement of 8.00 m.

(a) What is the displacement after 8.00 s?

(b) What is the displacement after 1 2.0 s?

(c) What is the average speed and average

velocity for this motion?

6

Two cyclists, A and B, have displacements

0 km and 70 km, respectively. At t = 0 they

begin to cycle towards each other with

velocities 15 km h and 20 km h',

respectively. At the same time, a fly that was

sitting on A starts flying towards B with a

velocity of 30 km h '. As soon as the fly

reaches B it immediately turns around and

flies towards A, and so on until A and B meet.

(a) What will the displacement of the two

cyclists and the fly be when all three

meet?

(b) What will be the distance travelled by the

fly?

7

A particle of dust is bombarded by air

molecules and follows a zigzag path at

constant speed v.

(a) Assuming each step has a length d, find

the distance travelled by the dust

particle in time t.

(b) What is the length of the displacement

vector after N steps where N is large?

Assume that each step is taken in a

random direction on the plane. (This

problem assumes you are familiar with

the scalar product of two vectors.)

8 Two cars are moving on the same straight-line

road. Car A moves to the right at velocity

80 km h
1 and car B moves at 50 km h

1

to

the left. Both velocities are measured by an

observer at rest on the road.

(a) Find the relative velocity of car B with

respect to car A.

(b) Find the relative velocity of car A with

respect to car B.

9 A cyclist A moves with speed 3.0 m s ’ to the

left (with respect to the road). A second cyclist,

B, moves on the same straight-line path as A

with a relative velocity of 1.0 m s~ with respect

to A.

(a) What is the velocity of B with respect to the

road?

(b) A third cyclist has a relative velocity with

respect to A of -2.0 m s“\ What is the

velocity of C with respect to the road?

1

0

Two objects A and B move at a constant speed

of4 ms"' along a circular path. What is the

relative velocity of B (magnitude and direction)

with respect to A when the objects are in the

positions shown in Figure 1.14?

A

Figure 1.14 For question 10.
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1 1 Find the velocity of rhe two objects whose

displacement-time graphs are shown in

Figure 1 .15,

t*)

12 An object moving in a straight line has a

displacement time graph as shown in

Figure 1,1-6,

fa) Find the average speed for the trip,

(b) Find the average velocity tor the trip.

Figure hi6 For question 12,



CHAPTER Core - Mechanics

Motion with constant

acceleration

To complete our description nl motion we need the concept of acceleration. This concept

and its use are introduced here.

Objectives

By the end of this chapter you should he able to;

* recognize situations of accelerated motion and to define acceleration as

a =
At T

* describe a motion gfveit a graph for that motion;

* understand that the slope of a displacement time graph is die velocity;

* understand i hat the slope of a velocity-time graph is the acceleration and the

area under a vclocity-timegraph is the change in displacement;

- understand that the ami under an acceleration-time graph is [he change in

velocity;

* analyse motion from ticker tape, stroboscopic pictures and photogate data;

* solve problems of kinematics for motion in a straight line with constant

acceleration using

v ~ + at

x - x0 4- I'd! + |at
2

[v + vq\*- J<0 + (~2
-

J

v 2 = v\ j- 2a

x

(It must be emphasized that these formulae only apply in the ease of

motion in a straight line with constant acceleration.)

Acceleration

To treat situations in which velocity is not

constant we need to define acceleration a. If the

veiocitv changes by Ar in a very short interval

of time A| then

u -
Ar

a7

is the definition of The instantaneous

acceleration. We will mostly he interested in

situations whore the acceleration is constant, in

which case the instantaneous acceleration and

the average acceleration ate c he same thing.

Such a motion is called uni/brmly accelerated

motion. In this case the intervals Ai' and At do

not have to be infinitesimally small. Then
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Av
a — —

Al

v - Vo
“ 7—q

where l is the total time taken for the trip, v

the final velocity and vq the initial velocity.

i> In this case, by rewriting the last equation

we find

V — Vy + tti

This is the formula that gives the velocity

at a time off seconds after the start of the

motion in terms of the (constant
\

acceleration o and the initial velocity.

f^Os x = 2 S- I - 2 i

_ Zms-1 _ 4ms" 1 _ fttns- 1

a- m > m=z—

-

^Os t-]$ t- 7 s

jpj ,
12ms- 1 ^ . ^ms-t gp

. 4mH

Figure 2.1 In the top pari the acceleration is positive,

in the bottom part the acceleration is negative.

Similarly, in the top part of Figure 2.2 the velocity

is increasing (- 15 m s
-i

is larger than 2D m s ')

and so the acceleration is positive. In the bottom

part Lhe velocity is decreasing (-Sms ’is less

than -5ms-1
)
and so the acceleration is

negative. In the second case note l hat the speed

(i.e. the magnitude of velocity) is increasing even

though the acceleration is negative.

Ifwe pul a = D in this formula, we find that

v — to at all times. The velocity does not change

since there is no acceleration.

"10 FTl S' 1 -15 3n H m g-i

r= 2 s 1= 1 s f=G*

F.xample question

Q1
An object starting with an initial velocity of

2.0 m s
1

undergoes constant acceleration. Alter

5.0 s its velocity is found to be I 2,0 ms 1

. What

is the acceleration?

Answer

From v — vq + a I we find

12 — 2 + a x 5

=> a — 2.0 m s
J

* For motion in a straight line, pun dvr

acceleration means that the velocity is

fncredsfng whereas negative acceleration

implies a decreasing velocity.

In solving problems it is sometimes confusing

to decide whether the acceleration is positive or

negative, lhe only criterion is whether the

acceleration increases or decreases the velocity

(and not speed). In the top part of Figure 2.1 the

velocity is increasing and so the acceleration is

positive. (The direction of positive velocities is

taken to be toward the right.) In Lhe bottom

pari the velocity is decreasing and thus t he

acceleration is negative.

-] I tQ B-l -S m S_E -5 m s"’

* O * Q "Q
/ = 2s. f=l«

Figure 2.2 In the top diagram the acceleration is

positive. In the bottom it is negative.

Acceleration due to gravity

We encounter a very special acceleration when

an object is dropped or thrown. 'lTiis is an

acceleration that acts on all objects and has the

same magnitude for all bodies independently of

their mass. This assumes conditions offree fall
-

that is, only gravity is acting on the body. Air

resistance, friction and other forces are assumed

absent. Under these conditions (as will be

discussed in detail in later chapters) all objects

experience the same acceleration. On earth

the magnitude of this acceleration is about

9.S m s a number we will often approximate

to ID m s
2
for convenience. We always use the

symbol g for the magnitude of the acceleration

due to gravity. Consider a body falling fredy

under gravity. We take, as is customary, the

upward direction to be the direction of positive

velocities. On the way up the velocity is

decreasing, hence we state that the acceleration

due to gravity is negative. On the way down the
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velocity is still decreasing f- 12,0 m s
1

is less

than - 2 m s"
L

)
and so the acceleration due Lo

gravity is negative on the way down as well as

on the way up {see Figure 2.3). (On the way down
the speed is increasing.)

directum of

positive vciwiiics

way up wiLy down

ft 0,0 ms-1
<p

/= is 6

po.o ms-

1

l =0sO

m s-t

O 1 s Inter

-12.0 m s-:

Figure 2.3 Motion in a vertical straight line under
gravity. If the upward direction is the positive

direction tor velocity, then the acceleration due
to gravity is negative for both the way up as well

as the way down.

If we had decided, instead, to take the downward

direction as the direction of positive velocities,

then the acceleration due to gravity would have

been positive for both the way up and the way

down. Can you verify yourself that this is the case?

Example question

An object initially at x = 12 m has initial velocity

of -8 m s~ and experiences a constant

acceleration of 2 m s~\ find the velocity at

t — 1 s, 2 s, 3 s, 4 5, 5 s, 6 5 and 1 0 s.

Answer

Applying the equation v = v0 + nt we gel the

results shown in Table 2.1.

Tijncfs i 2 3 4 S 6 10

VeIoci ryjm (
-1 -6-4 -2 0 2 4 12

Table 2.1.

This means lhat the body stops instantaneously at

t = 4 s and then continues moving. We do not

need to know the initial position ot" the body to

solve this problem. Note also that the acceleration

is positive and hence the velocity must be

increasing. This is indeed the case as shown in

Table 2.1 (e.g. 4 ms' 1

is larger than 6 m s”').

However, the speed decreases from l = 0 s lo

l^4s and increases from t — I s onwards.

In motion with constant positive acceleration

the graph showing the variation of velocity

with time is one of the three in Figure 2.4.

This represents a mass moving towards the

right with increasing velocity. This is the graph

of the equation v — vq T ot r

The first graph ofFigure 2.5 represents a mass

that starts moving to the right {velocity is

Figure 2.4 Graphs showing the variation of velocity with time when I he

acceleration is constant and positive. In the graphs above, the only difference

is that the initial velocity is positive, zero and negative, respectively.

Figure 2.5 Graphs showing the variation of velocity with time when the

acceleration is constant and negative. In the graphs above, the only difference

is that che initial velocity v$ is positive, zero and negative, respectively.
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1

positive) but is decelerating (negative

acceleration). At a specific time the mass stops

instantaneously and begins moving again

towards the left (negative velocity).

Hie acceleration can be found from the

velocity-tune graph by taking the slope of

the graph. We see this Jireedy by

comparing v v$ + th and the standard

equation fora straight line, v = i + mv.

If the acceleration is not uniform, the

vekK'iiy-time graph wilt not be a straight

line, 'fhe acceleration at a given point is

found by first drawing a tangent to the

curve ai fhe point of interest. The slope of

the Langent is the acceleration at that

point.

In the case of uniform motion (no acceleration)

the area under a velocity-time graph gave the

change in displacement. We would like to know

if a situ Elar result holds in the case of

accelerated motion as well.

To do this we will make use of what we learned

in uniform motion together with a little trick.

Consider the velocity-time graph of an

accelerated motion in Figure 2,6. The Lrick

consists of approximating this motion with

another motion in four steps. We will assume

that during each of the steps the velocity is

constant, fhe velocity then changes abruptly to

a new constant value in the next step. The

approximation is shown in the figure. Clearly,

this is a very crude approximation of the actual

motion.

figure 2.6 The velocity is assumed to increase

abruptly and then remain constant for a period

of time.

We can improve the approximation

tremendously by taking more and thinner

steps, as shown in Figure 2.7.

Figure 2.7 The approximation is made better by

considering more steps.

Clearly, the approximation can be made as

accurate as we like by choosing more and more

(and thus thinner and thinner) steps.

The point of the approximation is that during

each step rhe velocity is constant. In each step,

the displacement increases by the area under

the step, as we showed in the case or uniform

motion. To find the total change in

displacement for the entire trip we must thus

add up the areas under alt steps, But this gives

the area under the original straight line! So we

have managed to show that:

s liven in the case of accelerated motion, the

change in displacement is rhe area under

the velocity-time graph, just as in uniform

motion, (Sec Figure 2-8,)

Figure 2.8 Five area under the graph is the

cha nge i n disp Iaoemen i

.

Using this result we can now find a formula for

the displacement after time 1. We are given a

velocity-time graph with constant acceleration

(a straight-line graph in a v-t diagram).
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We want to find the area under the line from

I — 0 to a time offs. Since the area we have is

the shape of a trapezoid, the area is the sum
of two parallel bases times height divided by

two:

Tliis actually gives a useful formula for

displacement for motion with constant

acceleration. Ifxo is the initial displacement

Tltis is useful when we know the initial and

final velocities but not the acceleration.

equation for time

t
_ v - vq

a

and using this value of time in the second

equation:

v-vq l (y ~ i'a)
z

X — Xfl + I'o
——— + -fl —

a 2 a 2

2u(x -xq) = 2vqv - 2Vq -\-v
2 +v$- 2vyq

i.e,

\r = VI 4-2q(X -Xq)

If the initial displacement is zero, then this

reduces to the simpler

However, we do know that v = v$ + at and $o

the area [i.e. the change in displacement after

Lime t
}
Is

vq + at -b vo
area = — „ x t

= + jat2

Thus, the displacement after time t is this area

added to the initial displacement, that is

x = Jto + y<jf + j,
at

1

[We see that when the acceleration is zero, this

formula becomes identical to the one we

derived earlier for constant velocity, namely

x = xq + Note that this formula says that

when J = 0, x = Xq as it should.

In the previous section an analysis of velocity-

time graphs for motion in a straight line

allowed us io derive the basic formulae for such

motion:

V = Vo + tlf

x = xo 4- rat -I- j
at

2

or

AH of these Involve time. In some cases, it is

useful to have a formula that involves velocity

and displacement without any reference to

Lime. This can be done by solving the first

v
2

Vp -I- 2nx

Example questions

Q3 Bin min iimimm n mmmmmmmmmm
A mass has an initial velocity of 10.0 m s“‘. Et

moves with acceleration 2.00 m s When will

ii have zero velocity?

Answer

We start with

v =5 vo + a t

v = and so

0 V[> -f- a t

Putting in the numbers we gel

0 = TO + £-2,00)f

sc? i
— S.OQs,

What is the displacement after 1 0,0 s of a mass

whose initial velocity is 2.00 m s
1

and moves

with acceleration a = 4.00 m s
-2

?

Answer

We assume that the initial displacement is zero so

that X® — 0 .

X = Xq + V,jf + 4af
2

so

X = 0+2x 10 + ^ x 4 x IQ-

= 220 m
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Q5 «<«™™i"Wiiiii ii

A car has an initial velocity of vt1
— 5.0 ms’.

When its displacement increases by 20.0 m, its

velocity becomes 7.0 ms" 1

. What is the

acceleration?

Answer

Sec Figure 2.9.

Q 1 = 0. slow bill starts

Answer

Again take *i>
- 0 so that

v
2 = + 2ax

So 7
7 - S 1 + 2a x 20

therefore

a = 0.60 m s
-2

Q(> 11111,1 1,11

A body has initial velocity v& = 4.0 m s
_t and

a velocity of v - 12 ms' 1

after 6.0 s. What

displacement did the body cover in the 6.0 s?

Answer

We may use

v±*h\
t

lo get

= .(8 m

This is faster than using v = v0 + at in order to

find the acceleration as

12 = A + 6a

=><3 = 1 .333 m s
1

and then

o

0 *
i
-

-I s n fast bill t s.tzLrL->

•
Figure 2.9.

Let the two halls meet t s after the first ball starts

moving. The displacement of the slow ball is

x = 4t m and that travelled by the fast ball

5(f - 4) m. The factor i — 4 is there since after t s

the fast ball has actually been moving for only

1 — 4 s. These two displacements are equal when

the two balls meet and thus At = 5r 20, or

/ = 20 s. The common displacement is thus 60 m.

Qfl

A mass is thrown upwards with an initial velocity

of 30 ms' 1

. A second mass is dropped from

directly above, a height of 60 m from the first

mass, 0.5 s later. When do the masses meel and

how high is the point where they meet?

Answer

See f igure 2.10. We choose the upward direction

to be positive for velocities and displacements.

The masses experience an acceleration of

1 0 m s”-', the acceleration due to gravity. Since

the motion is along a vertical straight tine, we use

the symbol y for displacement rather than x.

x — i/of 4- ^ar

= 4 x 6 + 7 x 1 .333 x 36

= 48 m

The two examples that follow involve motions

that start at different limes.

60 in
J L

mass 2

y-axis

8

Two balls start out moving to the right with

constant velocities of 5ms 1 and 4ms' 1

. The

stow ball siarts first and the other 4 s later. How
far from the starling position are they when they

meet?

positive

displacement

Figure 2.10.

mass ]
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The first mass moves to a displacement given by

y\ = 3 Or - 5K The second moves to a displacement

of y2 — 60 — 5(f 0,5}*, The displacements are

the same when the masses meet. Thus

30 J - Sf3 = GO - 5(f - Q-5)
2

=* t = 2.35 s

The common displacement at this time is 42,9 m.

Graphs of acceleration versus time

In a graph of acceleration versus time the area

under Lhe graph gives the change in velocity,

lit Figure 2,1 1 the area from time zero to A s is

12ms 1 and thus the velocity after 4 s is 12 m s

plus whatever initial velocity the object had.

u/m s- -

Figure 2.11 The area under an acceleration-time
graph is the change in velocity.

Graphs of displacement versus time
In motion with constant acceleration* a graph

oi displacement versus time is a parabola.

Consider a ball that is dropped from rest from a

height of 20 m. The graph of displacement

versus lime is shown in Figure 2.12.

v/m

Figure 2.12 Graph of displacement versus time.

The object hits the floor at 2 s..

Txarnple quo si ion

Q9 i-.
• e

An object with initial velocity 20 m s
1

and in it La I

displacement of -75 m experiences an

acceleration of -2 ms A Draw the displacement-

time graph for this motion for the first 2D s.

Answer

The displacement is given by x = - 75 + 20 r - t
1

and this is the function we must graph. The result

is shown in Figure 2.13.

r/m

At 5 s the object reaches the origin anti

overshoots it. It returns to the origin 1 0 s later

U = 15 s). The furthest it gels from the origin

on the right side is 2.5 m. The velocity at 5 5 is

10 m s
1

and at 15 s it is -10 m s“\ At 10 s the

velocity is zero.

In general, if the velocity is not constant, the

graph of displacement with time will be a

curve. Drawing the tangent at a [joint on the

curve and finding the slope of the tangent gives

the velocity at that point.

Measuring speed and

acceleration

The speed of an object is determined

experimentally by measuring the distance

travelled by the object in an interval of time.

Dividing the distance by the time taken gives

the average speed. To get as close an

approximation to the instantaneous speed as

possible, vve must make the Lime interval as

small as possible. We can measure speed
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electronically by attaching a piece of cardboard

of known length to the object so that a single

photogate will record the time taken for ihat

known length to go through the photogate
„
as

in Figure 2.14, The ratio of the cardboard length

to lime taken is the speed of the object when it

is halfway through the photogale.

length of eanlbientt
<->

h
phologatc

timer

CD

Figure 2.14 Measuring speed with a photogate.

Speed can also be measured with a ticket rape,

an instrument that makes marks on a paper

tape at regular intervals of time (usually 50

marks per second). If one end of the tape is

attached to cite moving object and the other

end goes through the marker, then to find the

speed at a particular point we would measure

the distance between two consecutive marks

(distance travelled by the object) and divide by

the time taken (1/50 s). In Figure 2,15 the

dotted lines arc supposed to be 0.5 cm apart.

Then the top tape represents uniform motion

with speed

0.5
v - cm s

-1

1/50

= 25 cm 1

= 0.25 ms 1

Figure 2.15 Measuring speed with a tickerlape.

In the second tape rhe moving object is

accelerating. The distance between the first two

dots is about 0.75 cm so the average speed

between those two dots is

v =
0.75

ems-i

1/50

= 0575 ms- '

The distance between dots 2 and 3 is 1,25 cm
and so the average speed between those dots is

1.25
ems -I

1/50

= 0.625 m s"
r

Between dots 3 and 4 the distance is 1.5 cm and

so

= 0.750 ms" 1

We may thus take the average speed between

t = 0 s andf = 1/50 s to be 0.375 m s“\

between t = I /50 s and l = 2/50 s to be

0.625 ms -1
and between f = 2/50 s and

f = 3/50 s to be 0,750 ms Thus the average

acceleration in the first 1/50 s is 12.5 m s"'
1

’

and in the next
1 /50 s it is 6.25 m s

J
. The

acceleration is thus not constant for this

motion.

The third tape shows decelerated motion.

Related to the tickertape method is that of a

stroboscopic picture (sec Figure 2.16). Here the

moving body is photographed in rapid

succession with a constant, known interval of

time between pictures* 111 e images are then

developed on the same photograph, giving a

multiple exposure picture of the motion.

Measuring rhe distances covered in the known

time interval allows a measurement of speed.

Figure 2.16 Measuring speed with a stroboscope.
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Once measurement of speed is possible*

acceleration can also be determined. To

measure tlie acceleration at a specific time, t,

one must first measure the velocity a short

interval of Lime before L say t T /2 and again

a short time after t, t + TJ

2

(see Figure 2.17), If

the values of velocity (bund are respectively ti

and v, then

v — U
ft — —

time t
- 772 lime j lima r i- 772

velocity, u velocity, v

Figure 2,17 Measuring acceleration requires

knowing the velocity at two separate points in

time.

More on graphs

In kinematics the most useful graph is that of

velocity versus time (y~

t

), The slope of such a

graph gives the acceleration and the area under

the graph gives the change in displacement.

Let's examine this in detail. Consider the

following problem, which is hard to solve with

equations but is quite easy using a v t graph.

Two masses, A and II, are to follow the paths

shown in Figure 2.18. live paths are the same

length, but one involves a hill and the other a

valley.

figure 2.18 Which mass gels to the end lust? They

both travel the same distance.

Which mass will get to the end first?

(Remember, the distance travelled is the same.)

We know Lhat the first mass will slow down as

it climbs the hill and then speed up on the way

down until iL reaches its original speed on Lhc

level part. The second mass will first speed up

on the way down the hill and slow down to its

original speed when it reaches the level part.

Let us make the r-f graph for each mass. The

graphs for A and B must look like Figure 2.19,

* vdaci.lv

A

Figure 2.19.

It is then obvious that since the areas under the

two curves must be the same (same displacement)

the graph for R must stop earlier: that is, H gels

to the end first. The same conclusion is reached

more quickly if we notice that the average

speed in case B is higher and so the time taken

is less since the distance is the same.

Consider the following question. 'Hie graph of

velocity versus time for two objects is given in

Figure 2.20. Both have the same initial and final

velocity. Which object has the largest average

velocity?

r/ol s
-1

f/s

Figure 2.20 Graph showing the variation of

velocity with lime tbr rwo motions that have ihe

same initial and final velocity.

Average velocity is Lhe ratio of total

displacement divided by time taken* Clearly,

object A has a larger displacement (larger area
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under curve). Thus, ir has a larger average

velocity. The point is that you can not say that

average velocity is half of the sum of initial and

final velocities. {Why? Under what circumstances

can you say it?)

Consider finally the graph in Figure 2.21, which

shows the variation of the displacement ofan

object with time. We would like to obtain the

graph showing the variation of the velocity

with lime.

j

Figure 2,21 Graph showing the variation of

displacement with time.

Our starting point is l hat velocity is the slope of

the displacement-time graph. We see that initially

the slope is negative, it becomes less negative

and at l == 2 s il is zero. From then on the slope

becomes increasingly positive. This leads to the

velocity”time graph in Figure 2.22.

v

Figure 2.22 Graph showing the variation of

velocity with time for the motion in figure 2.21.

'I 'he slope of the velocity-time graph is acceleration

and from the graph we see that the slope is

initially zero but then becomes more and more

positive. Hence, the acceleration-time graph

must he something like Figure 2,23.

d

Figure 2.23 Graph showing the variation of

acceleration with time for the motion in

Figure 2.21,

In die graphs in this section, the point where

the axes cross is the origin unless otherwise

indicated.

1 The initial velocity of a car moving on a

straight road is 2.0 m s
1

and becomes

8.0 m s"
1
after travelling lor 2.0 s under

constant acceleration. What is the acceleration?

2 A plane starling from rest takes 15.0 s lo

lake off after speeding over a distance or

450.0 m on the runway with constant

acceleration. With whai velocity does ii

take off?

3 The acceleration of a car is assumed constani

at t .5 m s“ 3
. How long will it take ihe car to

accelerate from 5,0 m s
1

lo 11 m s"
1

?

4 A car accelerates from rest to 28 m s'
1

in

9.0 s. What distance floes it travel?

5 A body has an initial velocity of 1 2 m s and

is brought to rest over a distance or 45 m.

What is the acceleration of the body?

6 A body at the origin has an initial velocity of

— 6.0 m s~‘ and moves with an acceleration of

2.0 m s '. When will its displacemeni

become 1 8 m?

7 A body has an initial velocity of 3,0 ms" 1

and after travelling 24 m the velocity becomes

13 ms-1
. How long did this take?

8 What deceleration does a passenger of a car

experience if his car, which is moving at

100.0 km h hits a wall and is brought to

rest in 0,100 s? Express the answer in ms 3
.
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9 A car is travelling at 40.0 m s The driver

sees an emergency ahead and 0,50 s later

slams on the brakes. The acceleration of the

car is —4 m s
2

.

la) What distance will the car travel before it

stops?

Ih) If the driver was able to apply the brakes

instantaneously without a reaction time,

over what distance would the car stop?

(c) Calculate the difference in your answers to

(a) and (b),

id) Assume now that the car was travelling at

30,0

m s'
1

instead. Without performing

any calculations, would the answer to (c)

now be less than, equal to or larger than

before? Fxplain your answer.

Ill A ball is thrown upwards with a speed of

24.0 m s~\

(a) When is the velocity of the ball 1 2,0 m s *?

lb) When is the velocity of the ball

-12.0 ms"?
It) What is the displacement of the ball at

those times?

(d) What is the velocity of the ball 1.50 s after

launch?

In) What is (he maximum height reached by

the hall?

(Take the acceleration due to gravity to be

1 0.0 m S"
2
J

1 1 A stone is thrown vertically upwards with an

initial speed of 1 0.0 m s
1 from a cliff that is

5fU) m high,

(a) When docs it reach the bottom of the cliff?

lb) What speed does il have just before hitting

the ground?

(d What is the total distance travelled by the

stone?

(Take the acceleration due to gravity to be

10.0 m s“
2
.)

1 2 A rock is thrown vertically down from (he roof

of a 25.0 m high building with a speed of

5.0 in s
-1

.

la) When does the rock hit ihe ground?

(bj With what speed docs ft hit the ground?

(Take the acceleration due to gravity to be

1 0.0 m s~
2

.)

13 A window Is 1 ,50 m high. A stone falling from

above passes the top of the window with a

speed of 3.00 m s' \ When will il pass the

bottom of the window? (Take the acceleration

due to gravity to be 10.0 ms -'.)

14 A ball is dropped from rest from a height of

20.0 m. One second later a second ball is

thrown vertically downwards. If the two balls

arrive on the ground at the same time
r
what

must have been the initial velocity of the

second ball?

1 5 A ball is dropped from rest from the top of a

40.0 m building, A second ball is thrown

downward 1 ,0 s later,

la) If they hit the ground at the same lime,

find ihe speed with which the second ball

was thrown,

(b) What is ihe ratio of the speed of the

thrown ball to (he speed of the other as

they hit the ground?

(Take the acceleration due to gravity lo be

10.0 m s’2.)

16 Two hails are dropped from rest from the same

he
i

ght. One of the halls is dropped 1,00 s after

the other. What distance separates the two

balls 2,00 s alter the second ball is dropped?

17 An object moves in a straight line with an

acceleration that varies with time as shown in

Figure 22.4. Initially the velocity of the object

is 2.00 m s '.

la) Find the maximum velocity reached in Ihe

first 6.00 s of tii is motion,

lb) Draw a graph of the velocity versus lime.

u/tt\ h-2

fi -

3 -

Figure 2.24 For question 17.
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1 a Figure 2-2:5 shows the variation of velocity 21 Figure 2.2fl shows the variation of the

with lime of an object. Find the acceleration displacement of a moving object with time,

at 2,0 s, Draw The graph showing ihe variation of the

velocity of the object with time.

Wm s
-1

1 9 Figure 2,26 shows the variation ol Ihe

displacement of a moving object with time.

Draw the graph showing the variation ot the

velocity of the object with time.

x

20 Figure 2,27 shows ihe variation of the

displacement of a moving object with Lime.

Draw the graph showing the variation ot ihe

velocity of the object with lime.

x

Figure 2,28 For question 21.

22 Figure 2.29 shows ihe variation of the

displacement of a moving object with time.

Draw the graph showing the variation of the

velocity of the object with time.

x

Figure 2,29 For question 22.

23 Figure 2.30 shows the variation of the

displacement of a moving object with time.

Draw the graph showing the variation of the

velocity of ihe object with time.

,v

Figure 2.30 For question 23,
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24 Figure 2.31 shows the variation of Ihe velocity

of a moving object with time. Draw the graph

showing the variation of the displacement of

the object with Lime.

v

Figure 2.31 For question 24 .

23 figure 2.32 shows the variation of the velocity

of a moving objecl with time. Draw the graph

showing ihe variation of the displacement of

the object with lime.

V

2b figure 2.33 shows the variation of the velocity

of a moving object with time. Draw the graph

showing the variation of the displacement of

the object with time (assuming a zero initial

displacement).

V

Figure 2.33 For question 26.

27 Figure 2,34 shows the variation of the velocity

of a moving object with time. Draw the graph

showing the variation of the displacement of

the object with time {assuming a zero initial

displacement).

2U Figure 2.35 shows the variation of the velocity

of a moving object with time. Drawr the graph

showing the variation of the acceleration of

the object with time.

v

29 Figure 2.36 shows the variation of (he velocity

of a moving object with time. Draw the graph

showing the variation of the acceleration of

the objecl with time.

>

Figure 2.36 For question 29,
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30 Your brand new convertible Ferrari is parked

1 5 m from its garage when it begins to rain.

You do no! have lime to gel the keys so you

begin to push the ear towards the garage. If

the maximum acceleration you can give the

car is 2.0 in s
-

*1 by pushing and 3.0 m s
3 by

pul ling back on the car, find the least time it

takes to pul the car in the garage. (Assume

that ilie ear
r
as well as the garage, are point

objects.)

31 Figure 1 237 shows the displacement versus

time of an object moving in a straight line.

Four points on (his graph have been selected,

fa) Is the velocity between A and B positive,

zero or negative?

(b) What can you say about the velocity

between B and C?

(c) Is the acceleration between A and B

positive, zero or negative?

(d) Is the acceleration between C and D

positive, zero or negative?

X A

Figure 2.37 Far question 31.

32 A hiker starts climbing a mountain at 08:00 in

the morning and reaches the lop at t2:00

(noon). He spends the night on the mountain

and the next day at 08:00 starts on the way

down following exactly the same path. He

reaches the bottom of the mountain at 1 2:00.

Prove that there must be a time beiween

08:00 and 12:00 when the hiker was at (he

same spot along the rouie on the way up and

on the way down.

33 Make velocity lime sketches (no numbers are

necessary on l he axes) tor the following

motions*

(a) A ball Is dropped irom a certain height

and bounces off a hard floor. The speed

just before each impact with the floor is

the same as the speed just after impact.

Assume that the time of contact with the

floor is negligibly small.

(b) A cart slides with negligible friction along

a horizontal air track. When the cart hits

the ends of the air track it reverses

direction with the same speed it had right

before impact* Assume the time of conian

of the cart and the ends of the air track is

negligibly small*

(c) A person jumps from a hovering

helicopter. After a few seconds she opens

a parachute* Fventually she will reach a

terminal speed and will (hen land.

34

A can with a sail on it is given an initial velocity

and moves toward the right where, from some

distance away, a fan blows air at the sail (see

Figure 2*38). The fan is powerful enough to stop

the carl before the carl reaches (he position of

the fan. Make a graph of the velocity of the cart

as a function of time that best represents the

motion just described. List any assumptions you

made in drawing your graph.

Figure 238 For question 34.

35

A stone is thrown vertically up from the edge

of a cliff 315.0 m from the ground. The initial

velocity of the stone is 8-00 m s' '* (See

Figure 2.39.)

Figure 2.39 For question 35,
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(a) How high will the stone get?

(b) When will it hit the ground?

(c) What velocity will it have just before

hitting the ground?

(d) What distance will the stone have covered?

(e) What is the average speed and average

velocity for this motion?

(0 Make a graph to show the variation of

velocity with time.

(g) Make a graph to show the variation of

displacement with time.

(Take the acceleration due to gravity to be

10.0 m s'
2
.)

36 A ball is thrown upward from the edge of a

cliff with velocity 20.0 m s '. It reaches the

bottom of the cliff 6.0 s later.

(a) How high is the cliff?

(b) With what speed does the ball hit the

ground?

37 A rocket accelerates vertically upwards from

rest with a constant acceleration of

4.00 m s'
2

. The fuel lasts for 5.00 s.

(a) What is the maximum height achieved by

this rocket?

(b) When does the rocket reach the ground

again?

(c) Sketch a graph to show the variation of the

velocity of the rocket with time from the

time of launch to the time it falls to the

ground.

(Take the acceleration due to gravity to be

10.0

m s
-2

.)

38

A hot air balloon is rising vertically at constant

speed 5.0 m s \ A sandbag is released and it

hits the ground 1 2.0 s later.

(a) With what speed does the sandbag hit the

ground?

(b) How high was the balloon when the

sandbag was released?

(c) What is the relative velocity of the

sandbag with respect to the balloon 6.0 s

after it was dropped?

(Assume that the balloon's velocity increased

to 5.5 m s
1

after releasing the sandbag.

Take the acceleration due to gravity to be

10.0

m s'
2
.)
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The concept of force

Two ha sic ingredients ol mechanics are the concepts of mass and force. A force can

deform, stretch, Fatale or compress a body and is intimately connected to Ihc

acceleration 11 can produce on a body (the relation between acceleration and force will

be the detailed subject of a later chapter). Mass is a measure of the amount of material

in a body measured in kilograms; in classical mechanics the mass of an object is a

constant, [here are different kinds of forces in nature; the most common force of

everyday life is the force of gravitation - the force with which the earth pulls us towards

ihe centre of the earth. We give this force a special name: the weight ol a body. We don't

lull to the centre of the earth because the ground on which we stand exerts another

force on us, upwards - a force doe to Ihe contact between ourselves and the ground. The

origin of this force is electromagnetic. This is also the force that keeps us alive (atoms

exist and bind into molecules because of this force), and prevents Ihe chair on which you

are sitting from collapsing, and so on. These are the only forces that affect our doily lives.

H turns out that the eleclromagnetic force is jusl one very special aspect of a more

general force, called the electroweak force. The other aspect of Ihis lorce (the weak

nuclear force) is responsible for decay processes inside atomic nuclei.. Finally, the colour

force, or strong nuclear force, keeps the quarks bound inside protons and neutrons.

Physicists hope that the electroweak force and the nuclear force will one day be shown

to be different aspects of one more general lorce (the unified force ) bul this has not

yet been accomplished. An even mote speculative expectation is that the gravitational

force, too, wifi be shown to be part of an even more unified lorce, whose different

aspects we see as the three different forces today. But none of these attempts for a

complete unification has been achieved yet. Apart from the gravitational, electroweak

and colour force, no oilier forces, or interactions, are known at the present lime.

Objectives

By the end of this chapter you should be able to:

* state the difference between muss and weight:

* define gravitational field strength and give its units (N kg
1

or m s

* draw vectors representing forces acting on a given body;

- identify situations in which frictional forces develop and draw those

frictional forces;

* use Hooke’s law correctly, T — kx r
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Forces and their direction

A force is a vector quantity. Its direction is very

important and it is crucial to be able to identify

ihe direction of a given force. What follows is a

list of the forces we will be dealing with in this

and later chapters, as well as a discussion of

their properties and direction. The unit offeree

is the newton; this will be properly defined

when we discuss the second law of mechanics.

Weight
This force is the result of the gravitational

attraction between the mass in quest ion and

the mass of the earth. (If the body finds itself

on a different planet then its weight is defined

as the gravitational attraction between its mass

and that planet's mass.) The weight of a body is

the gravitational force experienced by that

body, which on earth is given by the formula

W — m(j

where

* m is the mass of the body measured in

kilograms

*
if is tile gravitational field strength of the

earth, which is a property of the gravitational

field of the earth (see Chapter 2 10). Its units

are newton per kilogram, N kg' 1
. The

gravitational field strength is also known as

the acceleration due to gravity'. Hie units

ofi; are thus also m s
-2

.

Ifm is in kg and g in N kg 1 or m s
2 then W is

in newtons, N. On the surface of the earth t

q — 9.81 N kg 1 - a number that we will often

approximate by the more convenient 10 N kg
-1

,

fills force is always directed vertically

downward, as shown in Figure 3,1.

earth

Figure 3J The weight of an object is always

di ret ted vertita 1 ly downwa id

.

The mass of an object is the same everywhere

in the universe, but its weight depends on the

location of the body. For example, a mass of

70 kg has a weight of 687 NT on the surface of

the earth [tj ~ 9.81 N kg ]

)
and a weight of

633 N at a height of 250 km from the earth s

surface (where// = 9,07 N kg
-1

). However, on the

surface of Venus, where the gravitational field

strength is only 8.9 N kg"\ the weight is 623 M<

Tension

A string that is taut is said to be under tension.

The force that arises in any body when it is

stretched is called tension. This force is the

lestil t of electromagnetic interactions between

the molecules of the material making up the

string. A tension force in a string is created when

two forces are applied in opposite directions at

the ends of ihe string (see Figure 3,2),

T T

t —

i

Figure 3,2 A tension force in a string.

To say that there is tension in a string means

that an arbitrary point on the string is acted

upon by two forces (the tension 7 ) as shown 111

Figure 3.3. If the string hangs from a ceiling

and a mass m is tied at the other end, tension

develops in the string. At the point ofsupport

at the ceiling, the tension force pulls down on

I he ceiling and at the point where the mass is

tied the tension acts upwards on the muss.

1 r T

i

> P

1 f r

i 1 r

m

1 m
Figure 3J 'Hie tension is directed along the string.



2.3 The concept of force 65

In most cases we will idealize the string by

assuming it is massless. This does not mean

that the string really is massless, but rather that

its mass is so small compared with any other

masses in the problem that we can neglect it. In

that case, the tension T is the same at all points

on the string. 'Hie direction of the tension force

is along the string. Further examples of tension

fortes in a string are given in Figure 3.4, A string

or rope that is not taut has zero tension in it.

siring over

pulley

Figure 3.4 Mom examples of tension forces.

mi act

force

Figure 3.5 Examples of reaction forces, K.

are directed opposite to the velocity of the body

and in general depend on the speed of Lhe body.

The higher the speed, the higher the drag force.

motion

Figure 3.6 The drag force on a moving car.

Normal reaction (contact) forces

If a body touches another body, there is a force of

reaction or contort force between the two bodies.

This force is perpendicular to the body exerting

the force. Like tension, lhe origin of this force is

also electromagnetic. In Figure 3.5 we show the

reaction force on several bodies.

Drag forces

Drag forces are forces that oppose the motion of

a hotly Ih rough a fluid (a gas or a liquid).

Typical examples are the air resistance force

experienced by a car (see Figure 3,6) or plane, or

the resistance force experienced by a steel

marble dropped into a jar of honey. Drag forces

Upthrust

Any object placed in a fluid experiences an

upward force called upthrust (see Figure 3.7f If

the upthrust force equals the weight of the

body, the body will float in the fluid. If the
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upthrust is less than the weight, the body will

sink. Upthrust is caused by the pressure that

Lhe fluid exerts on the body.

Frictional forces

Frictional forces oppose the motion of a body.

They are also electromagnetic in origin, (See

Figure 3.8.)

Figure 3.8 Examples of frictional forces,/* In (a)

and [b| the motion to the right is opposed by a

frictional force to (he left. In (c) the body does

no: move but has a tendency to move down the

plane. A frictional force directed up the plane

opposes this tendency.

Friction arises whenever one body slides over

another. In this case we speak of sliding or 1

kinetic friction. Friction also arises whenever
there is just a tendency for motion, not

necessarily motion itself, such as when a block

rests on an inclined plane or if a block on a level

road is pulled by a small force that does not

result in motion. In this case, we speak of static

friction. Suppose that the plane on which the

block tests is slowly elevated (Figure 3.3c). The

block will tend to move to (be left. This motion

will be opposed by a (fictional force. As the plane

is elevated even more, the ffietional fbree needed

to keep the block at rest increases. However, the

static frictional force cannot exceed a certain

maximum value* If the maximum value of the

frictional force is reached and (he plane is (hen

elevated a bit more, the frictional force will not

be able to keep (he body in equilibrium and the

block will slide down. As soon asi the body begins

to slide, the ffietional force opposing the motion

becomes the kinetic friction force. The kinetic

friction force is always less than the maximum
value of the static friction force. This is a well-

known phenomenon of everyday life. It takes a

lot of force to get a heavy piece offurniture lo

start moving [you must exceed the maximum
value ofthe static friction force), but once you

get it moving, pushing it along becomes easier

(you are now opposed by the smaller kinetic

friction forc e).

Example question

Qi

A brick of weight 50 N rests on a horizontal

surface. The maximum frictional force that can

develop between the brick and lhe surface is

30 M. When (he brick slides on (he surface, the

frictional force is 10 N. A horizontal force f is

applied to the brick, its magnitude increasing

slowly from zero* Find the frictional force on the

brick for various values of F

Answer

The maximum frictional force is TO N, This means

that as long as F is less Ilian 30 IN, the frictional

force equals F and the brick slays where it is. It F

becomes slightly more than 30 N, the frictional

force cannot match it and thus the brick will move.

Bui as soon as lhe brick moves, the frictional

force will drop to the kinetic value ION, for all

values of F > 30 N. We can summarize these

results as shown in Table 3,1,

F ON I2N ZftK 29 N 30N moi n AON

/ ON IIS 2RK 29 N 30 K to n ION

ISO

uicilton

1HI

morion

no
motion

tvG

motion

no
motion molion morion

Table 3.1.

Frictional forces between the road and the tyres

are whar allow a car to take a turn. Although,

generally, frictional forces oppose the motion of

a body, in some cases frictional forces arc

responsible for motion, A typical example is the

wheels of a ear. flic engine forces the wheels to

turn. The wheels exert a force on the ground
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and so I ho ground exerts an equal and opposite

Force on the wheels, making them move

forward. This will become dearer when we look

at Newton's third law in a later chapter.

Free-body diagrams

A free-body diagram is a diagram showing the

magnitude and direction of ah the Forces acting

on a chosen body. The body is shown on its

own. free of its surroundings and of any other

bodies it may be in contact with. In Figure 3.9

we show three situations in which forces are

acting; below each is the corresponding free-

body diagram for the shaded bodies.

Figure 33 Free-body diagrams for the bodies in

dark grey.

In any mechanics problem, it is important to be

able lo draw correctly the free-body diagrams

For all the bodies of interest. It is also important

that the length of the arrow representing a

given force is proportional to the magnitude of

the force.

Hooke'slaw

If we try to extend a spring, a force pulls the

spring back to its original length; if we try to

compress a spring, again a force tries to puli the

spring back to its original length (see figure 3.10).

The force in the spring, the tension, has a simple

relationship to the amount by which the spring

is extended or compressed.

If this amount is a , then the tension / is

proportional to a (sec Figure 3.11). This

statement is known as Hooke's law. This means

icnsitHi due to

Figure 3.10 The tension in a spring is proportional

and opposite to the extendi no-

th at the more we want to extend or compress

the spring, the bigger the force required to

pull or push it with. In equation form it says

that T = iev, where k is the constant of

proportionality known as the spring constant. It

varies from spring to spring. Its units are those

of force over extension: Nm 1

,

Figure 3.11 The tension in ihe spring is linearly

proportional to the extension.

The extension or compression of t he spring

must noL be too large, otherwise Hooke's law

isn't applicable. The range of extensions (or

compressions) For which Hooke's lawr is satisfied

is known as Ihc clastic limit; beyond the elastic

limit the relationship between tension and

extension is more complicated.

1 A mass swings at the end of a string like a

pendulum. Draw the forces on the mass at:

(a) its lowest position;

{b) its highest position,

2 A mass rests on a rough table and is

connected by a string that goes over a pulley
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Figure 3.12 For question 2 .

to a second hanging mass, as shown in

Figure 3.12, Draw Ihe forces on each mass.

3 A mass is tied to a string and rotates in a

vertical circle, as shown in Figure 3,13, Draw

the forces on the mass when the string is

horizontal.

Figure 3.13 For question 3.

4 A bead rolls on the surface of a sphere, having

started from the lop, as shown in Figure 3,14,

Draw the forces on the bead:

fa) at the lop;

lb) at ihe point where it is about to leave Ihe

surface of the sphere.

Figure 3.14 For question 4.

!t A mass hangs at the end of a vertical spring

which is attached lo Ihe ceiling. Draw the

forces on:

(a) the hanging mass;

(b) the ceiling.

6

Look at Figure 3, 1 5. In which case is the

tension in the string largest?

50.0 N 50.0 N

+ *

7 A force of 125 N is required to extend a spring

by 2,8 cm. What force is required to stretch

the same spring by 3,2 cm?

8 A mass hangs attached to three strings, as

shown in Figure 3.16. Draw the forces on:

{a) the hanging mass;

(fo) the point where ihe strings join.

Figure 3. 16 For question 8.

9

A spring is compressed by a certain distance

and a mass is attached to its right end, as shown

in Figure 3,1 7, The mass rests on a rough table.

What are the forces acting on the mass?

Figure 3.17 For question 9,

10

A block rests on an elevator floor as shown, as

shown in Figure 3,1 fl. The elevator is held in

place by a cable attached to the ceiling. Draw

the forces on:

(a) the block;

(b) the elevator.

Figure 3.15 For question 6. - Figure 3.18 For question 10.
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Newton's first law
Mechanics rests on Newton's three laws. The first law is discussed in this chapter. The

first law leads to a study of systems in equilibrium, which is a state in which the net force

on the system is zero.

Objectives

By the end of this chapter you should be able to:

• relate situations in which the acceleration is zero to equilibrium

situations in which the net force is zero;

• find the net force on a body using the methods of vector addition;

• solve problems of equilibrium.

Jr

Newton's first law

In ancient times. Aristotle had maintained

that a force is what is required in order to

keep a body in motion. The higher the speed,

the larger the force needed. Aristotle’s idea of

force is not unreasonable and is in fact in

accordance with experience from everyday

life: it does require a force to push a piece of

furniture from one comer of a room to

another. What Aristotle failed to appreciate is

that everyday life is plagued by friction. An
objecr in motion comes to rest because of

friction and thus a force is required if it is to

keep moving. This force is needed in order to

cancel the force of friction that opposes the

motion. In an idealized world with no

friction, a body that is set into motion does

not require a force to keep it moving. Galileo,

2000 years after Aristotle, was the first to

realize that the state of no motion and the

state of motion with constant speed in a

straight line are indistinguishable from

each other. Since no force is present in the

case of no motion, no forces are required in

the case of motion in a straight line with

constant speed either. Force is related,

as you will see. to changes in velocity

(i.e. accelerations).

Newton’s first law (generalizing statements of

Galileo) states the following:

When no forces act on a body, that body will

either remain at rest or continue to move

along a straight line with constant speed.

A body that moves with acceleration (i.e.

changing speed or changing direction of

motion) must have a force acting on it. An ice

hockey puck slides on ice with practically no

friction and will thus move with constant speed

in a straight line. A spacecraft leaving the solar

system wit h its engines off has no force acting

on it and will continue to move in a straight

line at constant speed (until it encounters

another body that will attract or hit it). Using

the first law. it is easy to see if a force is acting

on a body. For example, the earth rotates

around the sun and thus we know at once that

a force must be acting on the earth.
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Newton's first law is also called the law of

inertia. Inertia is the reluctance of a body to

change its state of motion. Inertia keeps the

body in the same stale of motion when no

forces act on the body. When a car accelerates

forward* the passengers are thrown back into

their seats. If a car brakes abruptly, the

passengers are thrown forward* litis implies

that a mass tends to stay in the state of motion

it was in before the force acted on it The

reaction of a body to a change in its state of

motion (acceleration) is inertia.

A well-known example of inertia is that of a

magician who very suddenly pulls the

tablecloth off a table leaving all the plates,

glasses, etc.* behind on the table. The inertia

of these objects makes them 'want' to stay on

the table where they are. Similarly, if you pull

very suddenly on a roll of kitchen paper you

will tear off a sheet. But if you pull gently you

will only succeed in making the paper roll

rotate.

Inertial frames of reference

A system on which no forces act is called an

inertial frame of reference. Inertial reference

frames played a crucial role in the history of

physics: observers belonging to different

inertial frames will come up with the same
laws of physics. For example, an observer at

rest on the surface of the earth is an

(approximate) inertial reference frame. (We

say approximate, since the earth rotates

about its axis as well as around the sun - but

these motions produce small accelerations

and over a short interval of time we can

ignore them.) A passenger on a train that

moves with constant velocity relative to an

observer on the earth is also an inertial

reference frame. Hie two observers will

discover the same laws of physics by

performing experiments in their respective

frames. There is no experiment that the

observer on the train can perform whose

result will be to determine that the train is

moving. Nor will he ever discover laws of

physics that are different from the ones

discovered by the observer on the ground.

Equilibrium

When the net lorec on a body is zero, the body

is said (o be in equilibrium, if a body is

displaced slightly From its equilibrium position,

the net force on the body may or may not be

zero, tf it is still zero, the position of

equilibrium is called a neutral equilibrium

position. An example is a mass resting on a

horizontal table, as in Figure 4.1.

a

position of iM-uiiL-l

equilibrium

displaced

^o_
body still in

equilibrium

Figure 4.1 In a position oT neutral equilibrium the

net force on a body is zero. A displacement

results in another equilibrium position.

On the other hand, if after displacing the body

from its equilibrium position the net force is

no longer zero, then we distinguish two kinds

of equilibrium in the origi nal position. If the

net force in the displaced position tends to

move Lhc body back towards the initial

equilibrium position, then we speak of stable

equilibrium. If, on the other hand, the force on

the body tends to make it move even further

from the initial position, we speak of unstable

equilibrium (see Figure 4.2),

Figure 4.2 In unstable equilibrium the net force

on the body is zero, but a small displacement

results in motion away from the equilibrium

position. In stable equilibrium, the motion is

back towards the equilibrium position.
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Note that an equilibrium position can be

both stable and unstable at the same time.

For example, a mass on a surface that

resembles a saddle is in equilibrium if placed

at the centre of the saddle. The equilibrium

is stable or unstable depending on the

direction in which the mass is then

displaced.

Equilibrium of a point particle means that

the net force on the point is zero. To find the

net force we must use the methods of vector

addition, and here we will exclusively use

the component method. We chqose a set of

axes whose origin is the point body in

question and find the components of all the

forces on the body. As promised in Chapter 1.4.

we will use only positive components. Then

the sum of the x components to the 'right
1

must equal the sum of the x components

to the left , and the sum of they components

‘up
1

must equal the sum of the y components

down 1

. Let us look at a simple example.

A block of weight 10-0 N rests on a horizontal!

table. What is the normal reaction on the

block from the table? Figure 4,3 shows the

forces on the block, which is assumed lu be a

point object. Hie dotted lines represent the

axes along which we will take components.

There arc no forces with horizontal

components. In the vertical direction the

component of R is simply R in (he ‘up*

direction. The 10,0 N force has a component

of 10.0 N in the ‘down" direction. Equating

the up with the down components we find

R = 10.0 N.

.

ft

tree -body
k

diagram

HI

1 0.0 N
r 10.0 N

Figure 4,3 The forces aciing on a block resting on

a table.

Let us look at a slightly less trivial example. A

20.0 N weight hangs from strings as shown in

Figure 4,4. We want to find the tension in each

string.

Figure 4.4 Vrce-body d i ag ra in s for joining

point and hanging mass.

We call the tensions in the three strings T T R

and 5. The point where the strings meet is in

equilibrium and so the net force from these

three tensions is zero. Getting components

along i he horizontal and vertical directions we

have:

Tx = 0

7 V — T down

Rx = R los 30

— 0,866ft left'

K v = R sin .30'

= 0.5 G0fi 'up'

Sx — 5 cos 45

= 0.7075 'right

Sy = 5 sin 45°

* 0,7075 'up*

We thus have

0,866R = 0.7075

0.7075 + 0.500R = T

Equilibrium of the hanging mass demands,

however, that T = 20.0 N. Thus we can find

R = 14.6 N and 5 = 17,9 N.
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Fxample questions

Q1 hhhhhhhhhhbhi
A mass m = 1 0.0 kg hangs from two strings

which are attached to the ceiling as shown in

figure 4.5. What is the tension in each siring?

Answer

The three forces acting on m are as shown, with T

and 5 being the tensions in the two strings. Taking

components about horizontal and vertical axes

through m we find (here we will make use of only

positive components) Tx — T cos 30° - 0.877 to the

left, T
y - 7 sin 30° ** 0.50 7 up, 5* = S cos 50° =

0.645 to the right, S
y = 5 sin 50° = 0.77S up. The

weight mg is already along one of the axes: it has a

component mg = 100 N down. Equilibrium thus

demands (net force has zero x and y components)

0.87 7 = 0.64 S

0.50 7 + 0.775= 100

from which we find 7 — 65.3 N and 5 — 87.9 N.

Q2
A block of weight 50.0 N rests on a rough

horizontal table and is attached by strings to a

hanging mass of weight 12.0 N, as shown in

Figure 4.6. Find the force of friction between the

block and the table if the block on the table is in

equilibrium.

Answer

The diagram shows the forces acting on the block

and the mass as well as the tensions at the point

where the three strings join. Since that point is in

equilibrium, the net force on it is zero. Taking

components of the forces R, 5 and 1 2.0 N along

horizontal and vertical axes we find:

/?.= /? 'left'

Ry = 0

i 12.0 N

Figure 4.6.

5, = 5 cos 30 c

= 0.8665 'right'

S
r = 5 sin 30’

= 0.5005 'up'

Equilibrium then demands that

R = 0.8665

0.5005= 7

= 12.0

since 7 = 12.0 N by the equilibrium of the hanging

mass. We can thus find 5 = 24.0 N and so /? =

20.8 N. Demanding now equilibrium for the block

on the table, we see that the frictional force must

equal R, i.e. 20.8 N.

Q3
A mass of 1 25 g is attached to a spring of spring

constant k = 58 N m' 1

that is hanging vertically.

(a) Find the extension of the spring.

(b) If the mass and the spring are placed on the

moon, will there be any change in the extension

of the spring?

Answer

(a) The forces on the hanging mass are its weight

and the tension of the spring. Since we have

equilibrium, the two forces are equal in

magnitude. Therefore



2.4 Newton’s first Law 73

kx = mg

0J25 x 10“58
= 2,2 cm

(b) The extension will be loss, since the

acceleration of gravity is less.

1 Whal is the net force on each of the bodies

shown in the diagrams in Figure 4,7? The

only forces acting are ihe ones shown.

Indicate direction by 'right", left', 'up" and

down'.

Figure 4.7 For question 1,

2 Find (he magnitude and direction of (he net

force in Figure 4.8.

3 In Figure 4.9, whal must F and % be such that

the three forces give a net force of zero?

12 N

Figure 4,9 For question 3,

4 Why is it impossible for a mass to hang

attached to two horizontal strings as shown

in Figure 4. 10?

Figure 4.10 For question 4.

5 A mass is hanging from a string that is

attached to the ceiling. \ second piece of

string (identical to the first) hangs from the

lower end of the mass. (See figure 4.11.)

Figure 4.11 For question 5.

Which string will break if;

(a) the bottom string is slowly pul It'd with

ever increasing force;

(b.) the bottom string is very abruptly pulled

down?
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6 A force of 10,0 N is acting along the negative

x-axis and a force of 5.00 N at an angle ol 20°

with the positive \-axEs, Find the net force.

7 A force has components 2.45 N and 4.23 N

along two perpendicular axes. What is the

magnitude of the force?

ft A weight of mass 12.5 kg hangs from very

light, smooth pulleys as shown in figure 4.12.

What force must be applied to the rope so that

(he mass stays at rest?

Figure 4.! 2 For question 8.

9

A mass of 2.00 kg rests on a rough horizontal

table. The maximum frictional force between

the mass and the table is 12 N. The block is

attached to a hanging mass by a siring that

goes over a smooth pulley. What is I lie largest

mass that can hang in this way without forcing

the block to slide? (See Figure 4.13.)

Figure 4.13 For question y.

10

A mass of 5.00 kg hangs attached to three

strings as shown in Figure 4.14. Find the

tension in each string. (Hint: Consider the

equilibrium of the point where the strings

join.)

Figure 4.14 For question 10.

11

A rod of mass 5.00 kg is first pulled and then

pushed at constant velocity by a force at 45

*

to the horizontal as shown in Figure 4.15*

Assuming that in both cases the frictional

force is horizontal and equal to 0.4 times the

normal reaction force on the rod, find the

force F in each case. What does this imply?

Figure 4.15 For question 11.

12

A 455 N crate is being pulled at constant

velocity by a force directed at 30* to the

horizontal as shown in Figure 4.16. The

frictional force on the crate is 1 163 N, What is

the magnitude of the pulling force?

Figure 4.16 For question 12,

13

(a) A 2593 kg aeroplane is moving

horizontally in a straight line at constant

velocity. What is llie upward force on the

aeroplane?
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(b) The plane is now diving {again at constant

velocity) making an angle of 10° to the

horizontal. Find the lift, force on the plane

assuming that it is normal to the velocity

of the plane,

14 A mass M is connected with a siring to a

smaller mass m. The mass M is resting on an

inclined plane and the string goes over a

pulley at (he top of the plane so that the

mass m is hanging vertically, as shown in

Figure 4, 1 7. What must the angle of the plane

be in order to have equilibrium?

15 A mass m is attached to two identical springs

of spring constant k. The other end of each

spring is attached to the ceiling so that each

makes an angle & with the vertical, as shown

in Figure 4.18, If the mass is in equilibrium,

what is the extension of each spring?

m

Figure 4,18 For question 15.
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Core - Mechanics

Newton's second and

third laws
These laws are the cornerstone of what iis coifed classical physics. They imply that, once

the forces that act on a system are specified and the motion of the system is known at

some point in time, then the motion of the system can be predicted at all fuluna times.

This predictability is characteristic of classical systems as opposed to quantum ones, where

the uncertainly principle introduces a probabilistic interpretation on the future evolution of

the system, lately. this sharp definition of predictability has been eroded somewhat even

for classical systems: chaotic behaviour can imply a loss of predictability in some cases.
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Objectives

By Ihe end of this chapter you should ho able to:

* recognize situations of equilibrium, Le. situations where the net /once and

hence the acceleration are zero;

draw the forces on the body of interest and apply Newton's second Jaw

on that body, F = ma

;

* recognize that the net force on a body is in the same direction as the

acceleration of that body:

* identify pail's of forces that come from Newton's third law.
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Newton's second law

This fundamental law asserts that:

Hit* nH three on a body is proportional to

that body's acceleration and is in the

same direction as (he acceleration.

Mathematically

F = md

where the constant of proportionality* m, is

the ftjjlss of the body.

Figure 5.1 shows the net force on a freely falling

body* which happens to be its weight, W = mg.

By Newton's second law, the net force equals

the mass times the acceleration* and so

mg = mo
^a=g

that is, the acceleration of the freely falling

body is exactly g. Experiments going back to

Galileo show us that indeed all bodies fall in a

vacuum with the same acceleration (the

acceleration due to gravity) irrespective of their

density, their mass, their shape and the material

from which they are made.

w

Figure 5.1 A mass falling to the ground acted

upon by gravity.

The equation f - mu defines the unit of

force, the newton (symbol N). One newton

is the force required to accelerate a mass of

L kg by 1 m s
_a

in Ihe direction of the

force.

it is important to realize that the second law

speaks of the net force on the body. Thus, ifa

number ofindividual forces act on a body, we

must first find the net force by vector addition.

A simple everyday example of the second law is

that when you jump from some height you

bend your knees on landing. This is because by

bending your knees you stretch out the time it

takes Lo reduce your speed to zero, and thus

your acceleration (deceleration) is least* This

means that the force from the ground on to you

is least.

Example questions

Q1

A man of mass m = 70 kg stands on die floor of

an elevator, find the force of reaction he

experiences from the elevator floor when:

(a) the elevator is standing still;

(b) the elevator moves up at constant speed

3 m s
_l

;

(c) the elevator moves up with acceleration

4 m s"
2

;

(d) the elevator moves down with acceleration

4 m s”
J

.

Answer

Two forces act on the man: his weight mg

vertically down and the reaction force ft from the

floor vertically up.

(a) There Is no acceleration and so by Newton's

second law the net force on Ihe man must be

zero. Hence

K = ™8
= 700 N

(b) There is no acceleration and so again

R — mg

~ 700 N

(d There is acceleration upwards. Hence

R — mg = ma

so

ft = mg + ma

** 700 N + 260 N
- 960 N
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(d) We again have acceleration, but this time in

the downward direction. Hence

mg - R = ma

so

R = mg - ma

= 700 N - 280 N

= 420 N

Note: In (c) the acceleration is up, so we find the

net force in the upward direction. In (d) the

acceleration is down, so we find the net force in

the downward direction. Newton's law in all

cases involves accelerations and forces in the

same direction.

Q2
A man of mass 70 kg is moving upward in an

elevator at a constant speed of 3 ms" 1

. The

elevator comes to rest in a time of 2 s. What is the

reaction force on the man from the elevator floor

during the period of deceleration?

Answer

The acceleration experienced by the man is

- 1 .5 m s’
2

. So

R - mg = ma
=> R = mg + ma

= 700 + (—105) = 595 N

It, instead, the man was moving downward and

then decelerated to rest, we would have

mg — R — ma
=> R — mg - ma

= 700 - (-105) = 805 N

Both cases are easily experienced in daily life.

When the elevator goes up and then stops we feel

'lighter' during the deceleration period. When
going down and about to stop, we feel 'heavier'

during the deceleration period. The feeling of

'lightness' or 'heaviness' has to do with what

reaction force we teel from the floor.

Q3
A hot air balloon of mass 150 kg is tied to the

ground with a rope (of negligible mass). When
the rope is cut, the balloon rises with an

acceleration of 2 m s *. What was the tension

in the rope?

Answer

The forces on the balloon originally are its weight,

the upthrust and the tension (see Figure 5.2).

Figure 5.2.

Initially we have equilibrium and so U = W+ T.

After the rope is cut the net force is U - W and so

U — W— ma

= 1 50 x 2

= 300 N

From the first equation

T = U - W= 300 N

The next examples show how Newton's second

law is applied when more than one mass is

present.

Q4
Two blocks of mass 4.0 and 6.0 kg are joined by a

string and rest on a frictionless horizontal table

(see Figure 5.3). If a force of 100 N is applied

horizontally on one of the blocks, find the

acceleration of each block.

T T

Figure 53.

Answer

Methtxl 1 : The net force on the 6.0 kg mass is

100 — T and on the 4.0 kg mass just T . Thus,
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applying Newton's second law separately on each

mass

100 - T = ba

T = 4a

Solving for a (by adding the two equations side by

side) gives a = 10 m s"
J and the tension is thus

r = 4.o x to

= 4D N

Note: The free-body diagram makes i( clear that

the 100 N force acts only on the body to the right,

it is a common mistake to say that the body to the

left is also acted upon by the UM) Ni force.

Method 2: We may consider the two bodies as

one of mass 10 kg. This is denoted by the dolled

line In Figure 5.4. The net force on the body is

100 N. Note that the tensions are irrelevant now

since they cancel out. (They did not in Method I

as they acted on different bodies. Now they act

on the same body. I hey are now internal forces

and these are irrelevant.)

io.o kg

t r i oo Nr

io.o kg

in ihc same its

100 N

Figure 54.

Applying Newton's second law on the single

body we have

100 =* TOn

=> a = 10 m s
-2

.

But to find the tension we must break up the

combined body into the original (wo bodies.

Newton's second law on Ihe 4.0 kg body gives

T = 4a = 40 N

(the tension on this block is the net force on the

block). If we used the other block, we would see

that the net force on it is 100 — T and so

too — r = f> >. io

= 60

giving T = 40 N as before.

Q5
(Atwood's machine) Two masses of m — 4.0 kg

and M — 6.0 kg are joined together by a string

that passes over a pulley. The masses are held

stationary and suddenly released. What is (he

acceleration of each mass?

Answer

Intuition tells us Thai the larger mass will star!

moving downward and the small mass will go up,

5o if we say that the larger mass’s acceleration is

a, (hen (he other mass's acceleration will also be

a in magnitude but, of course, in the opposite

direction. The two accelerations are the same

because the string cannot be extended.

Method 1: The forces on each mass are weight mg

and tension T on m and weigh! Mg and tension

T on M (see Figure 5,5),

nri-

Mjif

Newton's second law applied to each mass states

T — mg = mj ( 1

)

Mg— T = Ma (2)

Note these equal ions carefully. Each says that the

net force on (he mass in question is equal to lhal

mass times that mass's acceleration. In the first

equation we find the net force in (he upward

direction, because lhal is the direction of

acceleration. In the second we find the net force

downward, since that is Ihe direction of

acceleration in dial case. We want to find the
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acceleration, so we simply add up these two

equations side by side to find

Mg- mg = (m+ M)a

hence

M — m
3 ” M + mg

(Note that if M » m, the acceleration tends to g
(why?).) This shows clearly that if the two masses

are equal then there is no acceleration. This is a

convenient method for measuring g: Atw'ood's

machine effectively 'slows down' g so the falling

mass has a much smaller acceleration from which

g can then be determined. Putting in the numbers

for our example we find a = 2.0 m s“
2
. Having

found the acceleration we may, if we wish, also

find the tension in the string, T. Putting the value

for a in formula (1) we find

_ M — m
T — m— g + mg

= 2

M m
Mm
M + m

= 48 N

8

(If M ys> m, the tension tends to 2mg (why?).)

Method 2: We treat the two masses as one body

and apply Newton's second law on this body (but

this is trickier than in the previous example) - see

Figure 5.6.

Q6
In Figure 5.7, a block of mass M is connected to a

smaller mass rn through a string that goes over a

pulley. Ignoring friction, find the acceleration of

each mass and the tension in the string.

Figure 5.7.

Answer

Method 1 : The forces are shown in Figure 5.7. Thus

mg - 7 = ma

T = Ma

from which (adding the two equations side by side)

a=
m8

m + M
(If M » m the acceleration tends to zero (why?).)

If M = 8.0 kg and m = 2.0 kg, this gives

a = 2.0 m s"
?

. Hence

T=
Mmg
m+ M

= 16 N

\
"lg

-

p
r

T

Mg

Figure 5.6.

Method 2: Treating the two bodies as one results

in the situation shown in Figure 5.8.

Figure 5.8.

In this case the net force is Mg - mg and, since

this force acts on a body of mass M + m, the

acceleration is found as before from F = massx

acceleration. Note that the tension T does not

appear in this case, being now an internal force.

The net force on the mass M + m is mg. Hence

mg = (M + m)a

m+ M
The tension can then be found as before.
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Q7
Consider finally 100 blocks each of mass m —

1 .0 kg that arc placed next to each oilier in a

straight line, as shown in Figure 5,9,

I 2 3 4 5

F —
Figure 5.9.

A force F — 100 M is applied to the block at the

left. What force does the 60th block exert on the

bl st (see Figure 5.1 0)?

5H 59 60 61

mass = "4$ itg

fioe-body diagram
for !he Ili.sI 40
blocks

Figure 5.10,

Answer

To answer the question,, we treat the 1 00 blocks as

one body, in which case Hie net force on the

system is 1GQ N. Since the mass is 100 kg, the

acceleration of each block is 1 m s
'.

Let / be the required force. It is the net force on

the body inside the doited line of mass 40 kg.

Since this force accelerates a mass of 40 kg by

1 m s~2, I — ma = 40 N,

Terminal velocity

When a body moves through a fluid (a gas or

liquid), it experiences an opposing force that

depends on the speed of the body. IfThe speed is

small, the opposing force is proportional to the

speed, whereas for larger speeds the force

becomes proportional to the square of the speed.

Consider, for example, a body falling through air.

The forces on the body arc its weight, trig . and the

opposing force, which we assume is proportional

to the speed, F = fct
1

. Initially the speed is small,

so the body falls with an acceleration that is

essentially that due to gravity. As the speed

increases, so does the opposing force and hence,

after a while, it will become equal to the weight.

In that case the acceleration becomes zero and

the body continues to fall with a constant velocity,

called terminal velocity. Figure 5.11 shows n

body failing from rest and acquiring a

terminal velocity of 50 m s
1

after about 25 s. The

acceleration oE'lhe body is initially that due to

gravity but becomes zero after about 25 s.

Tm

increasing velocity

v/ra s 1

fl/m a
-2

Figure 5.11 The opposing force grows as the speed

increases and eventually becomes equal to the

weight, from that point on. the acceleration is

zero and the body has achieved its terminal

velocity.
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The inclined plane

The motion of a body along a straight line that

is kept at an angle lo the horizontal (inclined

plane) is an important application ofNewton's

laws. The following is an example, A mass of

m = 2.0 kg is held on a frictionless inclined

plane of 30T What is the acceleration of ihe

mass if it is released?

There are two forces acting on the mass (see

Figure 5.12).

The two forces are: its weight vertically down of

magnitude mg. and the reaction from the plane,

which is perpendicular to the plane, of magnitude

R-We can find the components of these two forces

along two mutually perpendicular axes, one hr ing
along the plane (see figure 5.13), The force R is

already along one of the axes so we don't bother

with that. But mg is not.

Figure 5,13 We take components along axes that

he along the plane and normally to the plane.

The magnitude of’ the component of mg along

the plane is mg sin#, where 8 = 30 is Lhe angle

of the incline. Ill is component lies down the

plane, lhe oilier component is mg cos#, in the

direction perpendicular to the plane. In that

direction there is no acceleration, hence the net

force lliere is zero: that is, R — mg cos# = 0,

This tells us that fi — mg cos# r In the direction

along die plane, there is a single unbalanced

force, namely njg sin 8, and therefore by Newton's

second lawr

,
this force will equal mass times

acceleration in that same direction: that is

mg sin# = ma

where is is the unknown acceleration. Hence*

we find

a =g sin#

This is an important result and we will make
use of it many l imes. Note that the acceleration

does not depend on the mass. For the numerical

values of this problem we find a = 5,0 m s"
2

.

You may wonder why we took as our axes the

ones along and perpendicular to the inclined

plane. The answer is that we did not have to

choose these axes. Any other set would have

done. This choice, however, is the most

convenient, because it exploits the fact that the

acceleration wilt take place along the plane, so

wFe choose that direction as one of our axes. If

wc had chosen another set of axes, say a

horizontal and a vertical one. then we would

find acceleration along both of these axes.

Acceleration, of course, is a vector and if we

combined Ihese two accelerations, we would

find the same acceleration (in magnitude and

direction) as above. Try to work out the details.

An accelerometer

Consider a mass that is hanging from a string of

length Lt which is attached to the ceiling ofa

train. What will be tile angle the string makes

with the vertical if (a} the train moves forward

with a constant speed of3 ms or (b) moves

forward with an acceleration of 4 m s
-2
? If the

train moves with constant speed in the

horizontal direction, the acceleration in this

direction is zero. Hence lhe nei force in the

horizontal direction must also he zero. The only

forces on lhe mass are its weight vertically

down, and the tension T of the string along the

string. So, to produce zero force in the horizontal



2.5 Newton's second and third Laws 83

direction the string must be vertical. In case (b)

there is acceleration in the horizontal direction

and hence there must also be a net force in this

direction. Tile string will therefore make an

angle 0 with the vertical (see Figure 8.14),

Figure 5.14 When the forces are not in the

direction of acceleration, we must Lake

components.

In this case we take components of the forces

on rhe mass along the horizontal and vertical

directions. In the horizontal direction we have

only the component of T. which is T sin#, and

in the vertical direction we have T cos# upward

and mg downward. Therefore

T sin# = mu and J cos# = mg

Hence, cr - g lan 8. Note that the mass does not

enter into the expression for n, This is actually a

crude device that can be used to measure

acceleration - an accelerometer.

Newton's third law

Newton's third law states that:

i fbody A exerts a force F on body B, then

body 11 exerts an equal but opposite force

on body A. (See Figure 5.15.)

A

Figure 5.15 Hie two bodies exert equal and

opposite forces on each other..

Make sure you underst and that these equal and

opposite forces act on different bodies. Thus, you

cannot use this law to claim that it is impossible

to ever have a net force on a body because for

every force on it there is also an equal and opposite

force. Here are a few examples of this kiw:

* You stand on rollerskates facing a wall. You push

on the wall and you move away from it. This is

because you exerted a force on the wall and in

turn the wall excited an equal and opposite

force on you, making you accelerate away,

* You are about to step off a boat onto the dock.

Your foot exerts a force on the dock, and in

turn the dock exerts a force on you (your foot)

in the opposite direction making you (and the

boat) move away from the dock. (You probably

fall in the water!)

* A helicopter hovers in air. Its rotors exert a

force downward on the air. Thus, the air exerts

the upward force on the helicopter that keeps

it from falling,

* A book of mass 2 kg is allowed to fait freely. The

earth exerts a force on the book, namely the

weight of the book oT about 20 N, Thus, the

book exerts an equal and opposite force on the

earth a force upward equal to 20 N.

Be careful with situations where two forces are

equal and opposite but have nothing to do with

the third law. For example, a block of mass 3 kg

resting on a horizontal table has two forces

acting on it. Its weight of 30 N and the reaction

from the table that is also 30 N. These two forces

are equal and opposite, but they are acting on

the same body and so have nothing to do with

Newton's third law, (We have seen in the last

bullet point above the force that pail's with the

weight of the block. The one that pairs with the

reaction force is a downward force on the table.)

Newton's third law also applies to cases where

the force between two bodies acts at a distance:

that is. the two bodies are separated by a

certain distance. For example, two electric

charges will exert an electric force on each

other and any two masses wall attract each

other with the gravitational force. These forces

must be equal and opposite. (Sec Figure 5.16.)
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Figure 5.16 The two charges and the two masses one

different hut the forces are equal and opposite.

T (a) Under what circumstances would a

consiant force result in an increasing

acceleration on a body?

(b) Under what circumstances would a constant

force result in zero acceleration on a body?

2 A car of mass 1354 kg finds itself on a muddy

road. If the force from the engine pushing the

car forward exceeds 575 N, the wheels slip

{he. they rotate without rolling). What is the

maximum acceleration that the car can move

with on this road?

3 the net force on a mass of 1 ,00 kg initially at

rest is 1 .00 N and acts for 1 .00 s. What will

the velocity of the mass be at the end of the

1,00 s interval of lime?

4 A mass of 2.00 kg is acted u|X>n by two forces

of 4.00 N and 10.0 N. What is the smallest

and largest acceleration these two forces can

produce on the mass?

5 A man of mass m stands in an elevator. Find

Ihe reaction force from the elevator floor on

the man when:

(a) the elevator 3s standing still;

(bl the elevator moves up at constant speed v;

(c) the elevator accelerates down wilh

acceleration a;

(d) the elevator accelerates down with

acceleration a = g.

(e) What happens when a > gl

6 A bird is in a glass cage that hangs from a

spring scale. Compare the readings of the

scale in the following cases.

(a) The bird is sitting in the cage.

fb.) The bird is hovering in the cage,

k) I he bird is moving upward with

acceleration,

(d) The bird is accelerating downward.

(e) The bird is moving upward with constant

velocity.

7

Gel in an elevator and stretch oul your arm

holding your heavy physics book. Press the

button to go up. What do you observe

happening to your stretched arm? What

happens as Ihe elevator comes lo a stop at the

i of) floor? What happens when you press the

button to go down and what happens when the

elevator again stops? Lx plain your observations

carefully using ihe second law of mechanics,

a A block of mass 2.0 kg rests on top of another

block of mass 10,0 kg that itself rests on a

friction I ess table (see Figure 5.17). The largest

frictional force ihar can develop lielween the

Iwo blocks is 16 N. Calculate the largest force

with which the bottom block can be pulled so

that both blocks move together without sliding

on each other.

2.0 kg

10.0 leg
F

Figure 5.17 For question S.

9 figure 5,1 8 shows a person in an elevator

pulling on a rope l hat goes over a pulley and is

attached to the top of the elevator. Identify alt

the forces shown and for each find the reaction

force (according to Newton's third law). On
what body dues each read ion force act?

Figure 5.18 For questions 9 and 10,
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10 Take (he mass of the elevator shown in

Figure 5.1 8 to he 30.0 kg and thal of the

person to be 70,0 kg. If the elevator accelerates

upwards at 0.500 ms J
, find the reaction force

on t3\e person from the elevator floor

1 1 A small passenger car and a fully loaded truck

collide head-on. Which vehicle experiences

the greater force?

12 What force does a man of mass 80.0 kg exert

on the earth as he falls freely after jumping

from a table 1 m high from the surface of the

earth?

13 Three blocks rest on a horizontal frictionless

surface, as shown in Figure 5.19. A force of

20.0

N is applied horizontally to the right on

the block of mass 2.0 kg. Find the individual

forces acting on each mass. Identify

action-reaction pairs.

2.0 k£

3-0 kg

5.0 kg

Figure 5.19 For question 13.

14 A (massless) string hangs vertically from a

support in the ceiling. A mass of 10.0 kg is

attached to the other end of the siring. What is

the force the string exerls on the support?

15 A block of mass 15.0 kg rests on a horizontal

table. A force of 50.0 N i s app lied vert i ca I
ly

downward on the block. Calculate the force

that the block exerts on the (able.

10 A block of mass 10,0 kg rests on Lop of a

bigger block of mass 20,0 kg, which in turn

rests on a horizontal table (.see Figure 5.20).

Find the individual forces acting on each

block. Identify action-reaction pairs according

to Newton's third law.

10.0 kg

10.0 kE

Figure 5.20 For question 16,

17 If a vertical downward force of 50.0 N acts on

the lop block in Figure 5.20, what are the

forces on each block now.

It! A massless string has the same tension

throughout Els length. Can you explain why?

19 Look back at Figure 5.18. The person has a

mass of 70,0 kg and Ihe elevator a mass of

30.0

kg. If the force the person exerts on the

elevator floor is 300,0 N r find the acceleration

of the elevator (g = 10 rn s
_z

).

20 ia) Calculate the tension in the string joining

the two masses in Figure 5.21,

(b) If the position of the masses is

interchanged, will the tension change?

30.0

kg

F = 60.0 N

Figure 5.21 For question 20.

2 1 One hundred equal masses m = i .0 kg are

joined by strings as shown in Figure 5.22, The

first mass is acted upon by a force F ~ 100 N.

What is Ihe tension in the string joining the

60th mass to the 61st?

5 4 3 2 1-QOOOO- ^

Figure 5.22 For question 21.

22 A mass of 3.0 kg is acted upon by three forces

of 4,0 N, 6,0 N and 9,0 N and is in

equilibrium. Convince yourself that these

forces can indeed he in equilibrium. If the

9.0

N force is suddenly removed, what will

the acceleration of the mass be?

23 What is the tension in the string joining the

two masses in Figure 5.23? What is the

acceleration of each mass?

to.0 kg

i.n kji

Figure 523.

F=
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24 Two bcxlies are joined by a string and are pulled

up an inclined plane that makes an angle of

30° to the horizontal, as shown in Figure 5.24.

Calculate the tension in the string when:

(a) the Ixxlies move with constant speed;

(b) the bodies move up the plane with an

acceleration of 2.0 m s~2 .

(c) What is the value of F in each case?

25 The velocity-time graph in Figure 5.25 is a

student's graph for the vertical motion of a

person who jumps from a helicopter and a

few seconds later opens a parachute.

(a) Using the laws of mechanics carefully

explain the shape of the curve. (When

does the parachute open? When does the

air resistance force reach its maximum

value? Is the air resistance force constant?)

(b) How would you improve on the student's

graph?

V

Figure 5.25 For question 25.
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Linear momentum
This chapter introduces the concept of momentum and, by using Newton's second and

third laws, the law of momentum conservation is derived. This law is the basis for

analysing collisions.

Objectives

By the end of this chapter yon should be able to:

* state the definition of momentum [p = mv) and appreciate that

momentum is a vector quantity;

* state the definition of average tkj
J fora' in terms of moment inn, F ,*.( — e’

- state the definition of impulse as the change in momentum and

understand that the circa under djhnre-tbne graph is the impulse ofthe

force;

* derive the law of conservation 0/ momentum using Newton's second and

third laws;

* identify situations In which momentum is conserved and solve related

problems.

The concept of momentum

Momentum is a very important and useful

concept in mechanics.

p The momei t tura of a body 0 1 1oass m and

velocity]' is defined to be

p = mi J

Momentum is a vector quantity’ whose

direction is the same as l hat of the velocity of

Lite body. Tlie unit ofmomenlum is kg m s
!

ort equivalently, N $.

In terms of momentum. Newton's second law of

mechanics can be stated as

f net
— Ap

At

that is, the (average) net force on a body equals

the rate ofdiangr of ihe body's momentum.

If the mass of the body is constant
,
this reduces

to I he familiar F nei = md. This is because in that

case

^rwrt —
AJJ

At

mvf
- mv-

t

The advantage of the formulation of Newton's

second law in terms of momentum is that it

can be used also in cases where the mass of the

body is changing (such as, for example, in the

motion of a rocket).
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Txample questions

Q1

A 0.100 kg ball moving at 5 m s
1

bounces off

a vertical wall without a change in its speed (see

Figure 6.1). If the collision with the wall lasted tor

0.1 s. what force was exerted on the wall?

wall
ball corning in

ball bounces hack

Figure 6.1.

Answer

The momentum of the ball changed from -0.5 N s

to 0.5 N s in 0.1 s (note the signs: momentum is a

vector). The magnitude of the average force on

the ball is thus

\Fm\
A/3

A t

0.5 - (-0.5) Ns

oTs
10 N

This is also the force exerted by the ball on the

wall by Newton's third law.

Q2
A 0.50 kg ball bounces vertically off a hard

surface. A graph of velocity versus time is shown

in Figure 6.2. Find the magnitude of the

momentum change of the ball during the

bounce. The ball stayed in contact wilh floor for

0.1 5 s. What average force did the ball exert on

the floor?

Answer

The initial momentum is 0.50 X 4 = 2 N s. The

final is 0.50 X (— 2) = -1 Ns. The magnitude of

the change is therefore 3 N s. The forces on the

ball during contact are its weight and the reaction

from the floor. Thus

I Fnet I

= R - mg

Ap
At

3.0 N s

~
0.15 s

= 20 N

so

R = 20 + 5

= 25 N

Q3
Bullets of mass 30 g are being fired from a gun

with a speed of 300 ms 1

at a rate of 20 per

second. What force is being exerted on the gun?

Answer

Using the definition of force involving rate of

change of momentum as above, we see that the

momentum of one bullet changes from zero

before it is fired to mv after it has been fired. If

there are AN bullets being fired in time At, then

the magnitude of the momentum change per

second is

Ap A N—- = mv
At At

= 20 s*
1

x 0.030 kg x 300 m s
_l

= 180 N

Q4
Mass falls at a rate of ji kg s

_l
onto a conveyor belt

which moves at constant speed v (see Figure 6.3).

What force must be exerted on the belt to make it

turn at constant speed?

i! _
()(*)••() 0

Figure 6.2. Figure 6.3.
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Answer

The horizontal momentum of the fal ling mass

increases from zero when ii first hits the hell to

mv. The rate of increase of momentum is thus fiv

and this is the force on the belt, F = tiv.

Q5 iHtiiBmwmwtmmiinBtitfwmm
A helicopter rotor whose length is R *= 5.0 m
pushes all downwards with a speed v. Assuming

that the density of air is constant at p = 1 .20 kg m 1

and the mass of the helicopter is 1200 kg, find v.

You may assume that the rotor forces the air in a

circle of radius R {spanned by the rotor) to move

with the downward speed v.

Answer

The momentum of the air under the rotor is mV,

where m is the mass of air in a circle of radius

5.0 m, In time A t the mass is enclosed in a

cylinder of radius R and height vAf. Thus, the

momentum of this mass is pjtR2 ^At and its rate

of change is pjrR -v
2

. This is the upward force on

the helicopter, which must equal the helicopter's

weight of 12 000 N. So

flnR'v
2 = Mg

Thus, v = 1 1 ms.

Impulse

Newton's second Jaw, in terms of momentum
change, states that the average net force on a

body {here we use magnitudes of Forces and

momenta) is given by

If Af is infinitesimally small, this gives the

instantaneous force on the body. If not, it gives

the average force on the body, f . We may then

write

Ap = f At

Figure 6.4 shows a ball in contact with a tennis

racket. The magnitude of the impulse delivered

to the ball is Ap and equals the product of the

magnitude of the average force on the ball times

the interval of time for which the contact lasts.

Figure 6.4 The momentum of the bait changes as a

result of the collision with the tennis racket.

This means there is a force on the ball while it

is in contact with the racket.

The quantity Ap = FAI is called the impulse of

the force and has the following interpretation

in terms of a graph that shows the variation of

the force with time {see Figure 6.5).

^ Impulse is the area under the curve ofa

force -time graph and equals the total

momentum change of the mass.

tinnyms

Figure 6.5 The area under the force-time graph

gives the total momentum change of the body

the force acts upon.

In the graph of Figure 6,5 the area is about

2.5 N s (can you verify this?) and the force acts

for about 6.0 ms. This means that during the

6,0 ms the momentum of the body changed by
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2,5 N s. The maximum force that acted on the

body was 1000 N and the average force

6,0 x 10" 5

^ 470 N

Consider, then, a body of mass m that moves

with velocity v and is brought to rest by a non-

constant force F.The change in the momentum
of the body is Ap = 0 - mv = —mv. (We may

ignore the sign if wc are interested only in the

magnitude of the momentum change,} Let us

examine two possibilities. In the first ease, the

force brings the body Lo rest over a longer

period of time compared with the second. The

graphs of force versus time might be as shown

in Figure 6.6. The thick curve represents rhe

force that brings the body to rest over a short

time. This force is larger, on average, than the

force chat brings the body to rest over a longer

time interval. The areas under the curves are

the same since they both represent the change

in the momentum of the body, which is mv in

both cases.

Figure 6,6 The areas under the two curves are the

same so the force acting for a shorter time must
be larger on average.

These graphs can be thought of as idealizations

oT the fortes experienced by a driver of a car

that is brought suddenly to rest in a crash.

(What are more realistic graphs?) A driver not

wearing a safety belt will quickly come to rest

after hitting the steering wheel or the

windscreen and will experience a large force. A

driver wearing a safely belt in a car with an air-

bag, however, will come to rest over a longer

period of time since the belt and the air-bag

start bringing him to rest earlier and allow him

to move forward a bit while coming to rest. The

force he experiences is thus correspondingly

smaller,

Kample questions

Q6
A ball of mass 0,250 kg moves on a frictionless

horizontal floor and hits a vertical wail with

speed 5,0 rn s
-1

, The ball rebounds with speed

4,0 m s
-1

. If the ball was in contact with the wall

for 0.1 50 s, find the average force that acted on

the ball.

Answer

The magnitude of the change in (be ball's

momentum is (remember that momentum is a

vector)

Ap = p f - pi

= 0.250 x 4.0 — (—0,250 x 5,0)

= 1,0- c— 1 ,25 )

= 2.25 Ns

Hence

At

_
2.25 Ns

"
0.1 50 s'

=*1SN

Q7 I I I
'I li

The force in exam file question 6 is assumed to

vary with lime as shown in figure 6.7,

Deduce the maximum force that acted on the ball.
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A second,, harder, hall of identical mass lo the first

also bounces off the wall with the same initial and

final speed, but since it is harder it stays in contact

with the wail for only 0.1 25 s. What is the

maximum force exerted by the wall on this ball?

Answer

The area under the euive is the total change in

the ball's momentum, which we found to be

Ap = 2.25 N $. The area is a triangle and so

\
x Fmix x 0.1 50 — 2.25

=> Fmm =SQN

The area under the force Time graph in the case

of the harder ball will be the same. Thus

\ x Fmax X 0.125 = 2.25

^ f’max — 56 N

QH
A force of 1000.0 N acts on a body of 40,0 kg

initially at rest for a time interval of 0.0500 s.

What is the velocity of the mass?

Answer

The impulse is

FAf = inon x 0,05 Ns

= 50.0 N s

and this equals the amount by which the body's

momentum increases. The velocity is thus

50 . .— ms" =1 ,25 m s“
40

Q9^«*»»**

—

A force F varies with time according to F =

A r \2l, where F is in newtons and f in seconds.

The force acts on a block of mass m = 2.00 kg,

which is initially at rest on a fricl ionless

horizontal surface, F makes an angle of 30° with

the horizontal (see Figure 6*8), When will the

force lilt the body from the table? What will the

velocity of the body be at that instant?

F

Answer

The block will leave the table when the normal

reaction force R becomes zero,

R + F sin 3G
,J ~ mg

so

F = 40 N when R = 0,

This happens when t
- 3.0 s. The horizontal

component of F is

(4 + 12f) cos 30" = 3.64 + 10.39f

The change in the body's momentum in the

horizontal direction is the area under the F* versus

t graph from t = 0 to f = 3.0 s, This area is

57.7 N s. Thus, the horizontal component of

velocity is 28,8 m s“'. I"he vertical component

is zero.

The law of conservation

of momentum

Given a system of two masses say mi and m2

with velocities V\ and v2 > the total momentum
of the system is defined as the vector sum of

the individual momenta

Ptow = rthn +J%F*

Exam pie questions

QH)

Two masses of 2,0 kg and 3.0 kg move to the

right with speeds of 4,0 ms" 1

and 5,0 m s'
1

,

respectively. What is I he total momentum of

the system?

Answer

P = (2 x 4 f 3 x 5) N s

= 23 Ns

Qll

A mass of 2.0 kg moves to the right with a speed

of 10.0 ms 1 and a mass of 4,0 kg moves to the

left with a speed of 6,0 ms" 1
. What is the total

momentum of the system?
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Answer

P = (2 x 10 - 4 x 3) Ns

= -12 Ns

The minus sign means that the direction of this

total momentum is to Ihe left.

Consider now two bodies A and ft of masses mA

and jt] h on a horizontal friction less table. The

forces on each mass are the weigh r and the

normal reaction force from the table, which

equals the weight. Thus, the net force on each

mass is zero. If these masses have some initial

velocity, then by Newton's first law they continue

moving with that same velocity until a force acts

on them, If the bodies move in such a way that

they will collide at some point in rime, then at

the point of collision a force will be exerted on

each body. As a result of this [bree, each mass will

change its velocity and thus its momentum. Ifwe

consider the (wo bodies together as a system,

then the net force on the system is zero. As we

mentioned already, the weight of each mass is

cancelled by the reaction force and the only force

that remains is the force during the collision.

However, from Newton’s third law, the three that

body A experiences must be equal and opposite to

that which B experiences. Thus, even though

there is a net Ibrcc acting on each mass for the

duration of the collision, the net force on the

system of the two masses is zero. We see that at all

Times the net external force on the system is zero.

(See Figure 6.9.)

•• «•

Figure 6.9 The total momentum of an isolated

system is conserved.

A system in which no external forces act is

called an Isolated system. Isolated systems have

the property that the total momentum stays the

same at all times. If the system consists of a

number of bodies (in our example, two) then

the total momentum is defined as the sum of

the individual momenta of the bodies in the

system. If before the collision, the bodies A and

B had velocity vectors a ltd rB , then the total

momentum of the system is

Pu& = ™aVa + mBvB

We should remind ourselves that momentum is

a veetor and thus when we say that the total

momentum is the sum of the individual

momenta we mean the vector sum.

If, as a result of the collision, the two bodies

now have velocity vectors Da and D&, then the

total momentum is now

Fiohai = + mi<DB

and equals the total momentum before the

collision. Tile individual momenta have

changed as a result of the collision but their

vector sum is the same. This is the law of

conservation of li near momentum.

t- When no external forces act on a system,

the total momentum of the system stays

the same),

F\ample questions

Q12^
Let a mass of 3.0 kg be standing still and a second

mass of 5.0 kg come along and hit it with velocity

4,0 ms" 1

. Suppose (bat the smaller mass moves

off with a speed of 1.0 ms '. What happens to

the larger mass? (See Figure 6,10.)

Answer

The system of the two masses is an isolated system

as we discussed above. Thus, momentum will be

conserved. Before the collision the total momentum

of i he system was (3.0 X 0 + 5.0 x 4.0) Ns =

20 N s. This must also be the total momentum

after the collision. But after the collision the total
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_Q
before collision

4,0 m s" 1 l' = 0

5.0 kg 3.0 kg

alter collision

Figure 6,10.

momenium h (3.0 x 3.0 + 5.0 X u) N s where

u is the unknown speed of the larger mass. Thus

20 = 9,0 + 5.0u and so u - 2.2 rn s
_1

.

(2 x 6 — 4 x u) N s, where a is the unknown

speed of the heavy mass. Note the minus sign.

The masses are moving in opposite directions,

so one of the velocities {and also one of the

momenta) is negative. Thus, 12 4u 0 and

so u = 3,0 ms -1
.

Q14 mmmmm
A ball is released from some height above the

earth's surface. Treat the ball as the entire system

under consideration. As the ball falls, is the

momentum of the system conserved?

Answer

No, because there is an external force acting on

the ball, namely its weight.

Q13 HBM^^HUiaiiBBzanf
Two masses of 2,0 kg and 4,0 kg are field with a

compressed spring between them. If I he masses

are released, the spring will push them away from

each other. If the smaller mass moves off with a

speed of 6,0 m s ’, what is the speed of the other

mass? (See Figure 6,11

4

4.0kg after 2.0 kg

Figure 6.11.

Q15
A ball is released from some height above the

earth's surface. Treat the ball and the earth as

the entire system under consideration. As the

ball falls, is (he momentum of the system

conserved?

Answer

Yes, because there are no external forces on the

system. The earth exerts a force on the ball but

the ball exerts an equal and opposite force on the

earth. Hence the net force on the earth ball

system is zero.

(This means that as the ball fails, the earth moves

up a bit!)

Answer

Here our system consists of the two masses and

the spring. There are no external forces here,

since gravity is cancelled by the upward

reaction forces from the table where the masses

rest, the only force is the elastic force of the

spring with which it pushes the masses away,

But this is not an external force so total

momentum will stay the same* The spring exerts

equal and opposite forces on each mass. Before

the masses start moving apart, the total

momentum is zero, since nothing moves. After

the masses move away, the tola I momentum is

Proof of momentum

conservation

We will now prove the law ofmomentum
conservation for an isolated system consisting

of rwo bodies A and B, It is easy to generalize to

systems with more thati two bodies. Let the two

bodies have masses rna and with velocities

before the collision and iv As a result of Lhc

collision the two bodies change their velocities

to and u^. Let f stand for the force that A

experiences during the collision, which lasted a

time At. (See Figure 6.12,)
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Figure ft. 12 Diagram used for proof of the law of

conservation ofmomentum.

Then, by Newton’s second law

f
AP

*

At

_ rria£re
~

At
The force experienced by B is —F (Newton's

third law) and so

f _
At

=
mbi?b

- mhvb

At

Thus

Pa = -CmbiJb - mb%}
4- rnbvb = ma Lr

fl 4 mhd b

which states precisely l hat the total momentum
before and after Lhe collision is the same,

£\am pie questions

Q lft

(a) A man of mass m stands on a cart of mass M
that rests on a horizontal friction less surface. If

the man begins to walk with velocity v with

respect to the cart, how will the cart move?

See Figure 6.13,

(b) What happens when the man gets to the edge

of the cart and slops walking?

Figure 6-13,

Answer

(a) Let us look at things from the point of view of

an observer at rest on the ground. The initial

momentum of the man-cart system is zero.

The cart will move to lhe left with speed u, so

the man will move with velocity v — u with

respect to the grown!. Hence, by momentum
conservation

0 = jtt{v u) Mu
mv

(b) When the man stops, the cart will stop as well,

so the total momentum of the man-cart system

remains zero.

Q17 mmmmmmmmmmmmmmmmmmmmmmm
A cart of mass M moves with constant velocity v

on a frrctronless road (see figure 6,14). Rain is

falling vertically on to the road and begins to fill

the cart at a steady rate of \± kg per second. Find

the velocity of the cart f seconds later.

Figure 6.14,

Answer

We look at things from the point of view of an

observer on the ground. After a time of J s the

mass of the cart is M + Momentum is

conserved as there are no external forces. So if a

is the velocity after time t, we must have

(M4 pLt)u

M
ss> U = V

QVB tmmmmmmmmmmmmmmmmmmmm
A cart of mass M is filled with water and moves

with velocity v on a friction less road. Water
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begins to leak from a small hole in the base of

the cart and falls out at a rate of p kg per

second, (See f igure 6.1 5,) What happens to the

velocity of the cart?

M

Figure 6.15.

Answer

We look at things from the point of view of an

observer on tile ground and take as our system

the cart plus a/f the water including that which is

falling out), fhe tailing water still moves with

the same velocity to the right as far as the

ground observer is concerned, and since there are

no external forces, momentum is conserved and

there can be no change of velocity.

We can also get the same answer if we take as

our system the cart and the water inside the cart.

As far as the ground observer is concerned, the

water leaves the cart with a horizontal velocity v

to the right. Thus, there is a force on the cart

directed to the left of magnitude fi v. Hence, the

observer deduces that, since net force - rate of

change of momentum.

iU'T rVV
li.v = v + M—

&t St

&v
= —js.v -i- M—

=> & V = 0

Two-dimensional collisions

Consider a stationary body of mass 12 kg

chat is hit by a 4.0 kg mass moving at

12 m s
]

. Tlie collision is not head-on, and

the bodies move at an angle to the original

direction of motion of the 4,0 kg body as

shown in Figure 6.16 (the view is from The

top). I low can we find I he speeds of the two
bodies after the collision?

Figure 6.16.

Momentum is a vector and is conserved. This

means that

^-component of total momentum before

- x component of total momentum after

y-component of total momentum before

— y-component of total momentntn after

Thus

4 x 12 = 4 x v cos 60 4- 12 x ucos3Q

0 = 4 x v sin 60 - 12 x u sin 50

and so

2x1/4- 10.392 x u = 48

3,464 x v — 6 x u s= 0

Solving simultaneously gives

v = 6.0 rri s
_l

u = 3.5 ms 1

,

1 The momentum of a ball increased by 12.0 N s

as a result of a force that acted on the ball for

2.00 s. What was the average force on the ball?

2 A 0,1 50 kg ball moving horizontally at

3.00 m s ' collides normally with a vertical

wall and bounces back with the same speed,

(a) What is the impulse delivered to the ball?

lh) if the hall was in contact with the wall for

0,125 s r
find the average force exerted by

the ball on the wall.

3 The bodies in F igure 6.1 7 suffer a head-on

collision and slick to each other afterwards.

Find their common velocity.

Figure 6.17 For question 3.
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4 Two masses of 2.00 kg and 4.00 kg are kept nn

a frictionless horizontal table with a

compressed spr ing between them. If the

masses are released, the larger mass moves

away with velocity 3.50 m s What is the

velocity of the olher mass?

5 A 70,0 kg person stands at the back of a

200.0 kg boat of length 4.00 m that floats on

stationary water. She begins to walk toward the

front of the boat. When she gets to the front,

how far back will the boat have moved?

(Neglect the resistance of the water.!

6 A ball of mass 250 g rolling on a horizontal

floor with a speed 4,00 ms’ 1
' hits a wall and

bounces with the same speed, as shown in

Figure 6,1 8,

(a) What is the magnitude and direction of the

momentum change of the ball?

(b) Is momentum conserved here? Why or why

not?

\
Figure fiJH For question 6.

7

A mass of 0,500 kg moving at 6.00 m s" 1

strikes a wall normally and bou nc.es back with

a speed of 4.00 m s
_1

, If the mass was in

contact with the wall for 0.200 s find:

(a) the change of momentum of the mass;

(b) the average force the wall exerted on the

mass.

6 A person holds a book stationary in his hand

and then releases it.

(a) As the book fa I Is, is its momentum

conserved?

(hi What does the law of conservation of

momentum say for this example?

y A binary star system consists of two stars that

are orbiting a common centre, as shown in

Figure 6,1 y. The only force acting on the stars

is the gravitational force of attraction in a

direction along the line joining the stars.

(a) Explain carefully why the total momentum

of the binary star is constant.

Figure 6.19 For question 9.

(b) Explain why the two stars are always in

diametrically opposite positions.

(c) Hence explain why the two stars have a

common period of rotation and why the

inner star is the more massive of the two-

10

(a) A fan on a floating barge blows air at high

speed toward the right, as shown in Figure

6,20a, Will the barge move? Explain your

answer,

(bl A sail is now put up on the barge so that

the fan blows air toward the sail, as shown

in Figure 6.20b. Will the barge move?

Explain your answer.

Figure 6,20 For question 10,

1 1 If you jump from a height of 1 ,0 m from the

surface of the earth, the earth actually moves

up a bit as you fall,

(a.) Explain why.

(b) Estimate the distance the earth moves,

listing any assumptions you make,

(d Would the earth move more, less or the

same if a heavier person jumps?

12 A time-varying force whose graph versus time

is shown in Figure 6.21 acts on a body of

mass 3,00 kg,

(a) Find the impulse of the force.

(b) Rnd the velocity of the in ass at 1 7 s,

assuming the initial velocity was zero.

(c) What should the initial velocity be if the

mass had to stop at 1 7 s?
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13 A rocket in space where gravity H negligible has

a mass (including fuel) of 50CK) kg. If it is desired

to give the rocket an average acceleration of

1 5.0 m 5 - during the first second of firing the

engine and the gases leave the rocket at a speed

of 1 500 ms"' (relative to the rocket), how

much fuel must be burned in that second?

1 4 Two masses moving in a straight line towards

each other collide as shown m hgure 6.22.

Find the velocity {magnitude and direction) of

the larger mass after the collision.

before after

4.0 kg 12,0 kg

n=

t

—o #—
24.0 m a" 1

2.0 m s"
1 3.0 m i>

-< v±r ?

Figure G.22 For question t4,

1 5 Two cars of masses 1 200 kg anti 1400 kg collide

head-on and stick to each other. The cars are

corning at each other from opposite directions

with speeds of 8.0 ms 1 and 6 m s\
respectively. With what velocity does the wreck

move away from the scene of the accident?

16 A 0.350 kg mass is approaching a moving rod

with speed 8,00 m s"\ The ball leaves the rod

at right angles with a speed of 1 2,0 m s
1

as

shown in Figure 6,23. What impulse has been

imparted to the bail?

1 2.0 ms-

1

o
- «
E,00m s~ i

Figure 6.23 For question 16.

17 Two cars A and R of mass 1 200 kg and

1300 kgr respectively, collide at an

intersection and stick to each other as a result

of the collision as shown in Figure 6.24. Find

the speeds of A and R before the collision.

Figure 6,24 For question 17.

18 A boy rides on a scooter pushing on the road

with one foot with a horizontal force that

depends on time, as shown in the graph in

Figure 6.25. While the scooter rolls, a constant

force of 25 N opposes (he motion. The

combined mass of the boy and scooter is

25 kg.

(a) Find the speed of the boy after 4,0 s,

assuming lie started from rest,

fb) Craw a graph to represent the variation of

the hoy's speed with time.

Figure 6.25 For question IS.

19 A student stands on a plate that is connected

to a force sensor that measures the force

exerted by the student on the plate. The

student then jumps straight up. figure 6.26

is an idealized version of the reading of the

sensor as a function of time. Using this graph

find the following:
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(a) the mass of the student;

(b) the acceleration of the student at 0.6 s;

(c) the time the student leaves the plate;

(d) the maximum height the student jumps to.

(e) What would be a more realistic graph of

force versus time?

FtkN

Figure 6.26 For question 19.

20

A ball of mass m is dropped from a height of

h i and rebounds to a height of h2 The ball is

in contact with the floor for a time interval

of r.

(a) Show that the average net force on the

ball is given by

y/2gh\ + y/lgFj
r — m

r

(b) If /), = 8.0 m, h2 = 6.0 m, r — 0.125 s,

m = 0.250 kg, calculate the average force

exerted by the ball on the floor.

21 A ball of mass m hits a horizontal floor

normally with speed vj and rebounds with

speed v2 . The ball stayed in contact with the

floor for a time of r s. Show that the average

force on the ball from the floor during the

collision is given by —v '

r

fv*-
-F mg. Find an

expression for the average net force on the ball.

22 Tigure 6.27 shows the variation with time of

the force exerted on a IxxJy of mass 4.0 kg

that is initially at rest. Find:

fa) the acceleration of the mass at 4 s;

(b) the velocity of the mass at 5 s;

(c) the acceleration of the mass at 8 s;

(d) the velocity of the mass at 10 s.

forcc/N

23

You have a mass of 60.0 kg and are floating

weightless in space. You are carrying 1 00 coins

each of mass 0.10 kg.

(a) If you throw all the coins at once with a

speed of 5.0 ms"’ in the same direction,

with what velocity will you recoil?

(b) If instead you throw the coins one at a

time with a speed of 5.0 m s
1

with

resfX'ct to ytxj, discuss whether your final

speed will lx? different from before. (Use

your graphics display calculator to

calculate the speed in this case.)

24

Figure 6.28 shows the variation with time of the

force exerted on a ball as the ball came into

contact with a spring.

(a) For how long was the spring in contact with

the ball?

(b) Estimate the magnitude of the change in

momentum of the ball.

(c) What was the average force that was exerted

on the ball?

FtN
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Work, energy and power
The topic of mechanics continues in this chapter with the fundamental concept of work

done by a force, as well as the concepts of energy and power. Applications of (he law of

conservation of energy are discussed.

By the end of this chapter you should be able to:

* .state the definition of work done by a force, W = Fs cos 9. appreciate the

significance of the angle appeas ing in the formula and understand thai

this formula can only he used when the force is constant;

- understand that the work done by a varying force is given by the area under

die graph of force versus displacement;

- state the definitions of kinetic energy.

£*
* - lmv ;; {also E t =

gravitational potential energy, E p = rrrtjfr, and elastic potential energy,

£ e = 2&x2,

- appreciate that gravitational potential energy can be calculated by

measuring heights from an arbitrary level;

* understand that, when frictional forces are absent, the total energy

t Efc + Ep + Ee = jtnv 2
-r mgh + is conserved;

* use the work kinetic energy relation that states chat the work done by

the net force is the change In kinetic energy;

* understand that, in the presence of external forces. the work done is the

change in the mechanical energy, W = At’;

- state the definition of power, P =
,
and its very useful form in

mechanics, P = tv;

- calculate the ej^rienty of simple machines;

* understand that in all collisions momentum is always conserved, but that

kinetic energy is only conserved in clastic collisions.

Work done by a force

Consider a constant force F acting on a body of

mass m as shown in Figure 7.1. The body mows
a distance s along a straight line.

Hie force is always ac ting upon the body as it

moves. Note that the force mows its point Of

application by a distance s. We define a quantity

called the work done by the jura? f by

W = Fs cose

where 0 is the angle between the force and the

direction along which the mass moves, (The

cosine here can be positive, negative or zero;

thus work can be positive, negative or ^ero, We
will see what that means shortly,}
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F

Figure 7.1 A force moving its pom I of application

performs work,

> The work done by a force is The product of

the force times the distance moved by the

object in the direction of the force.

[lie unit ofwork is the joule. One joule is

I lie work done by a force of ] N when it

moves a body a distance of 1 m in the

di reel ion of the force. T J - i N m.

FxampLe question

A mass is being pul ted along a level road by a

rope attached to it in such a way that die rope

makes an angle of 40,0
:

' with the horizontal. The

force an ihe rope is 20.0 N, What fs the work

clone by this force in moving lhe mass a distance

of a.00 m along the level road?

Answer

Applying the definition of work dono r we have

W— F$ cos 0

where F = 20.0 N, s — 8 .00 m and B = 40- .-Thus

IV = 20 x 8 x cos 40*

= 123 S

If the force is not constant or the motion does

not take place in a straight line, or both, we
must be careful. First consider the case of a

force ofconstant magnitude when the motion

is not along a straight line.

Example questions

Q2
Find the work clone by the tension in a string, as a

mass attached to the end of (he string performs

circular motion (see Figure 7.2).

Answer

This is a case where the force, although constant

in magnitude, changes in direction. However, the

angle between the force and arty small

displacement of the mass as it revolves around the

circle is 90 and since cos 90 — 0, the work

done is zero.

qs mmmmmmmmmmmmmmmmmmmmmmmm
A force of constant magnitude 25 N acts on a

beady that moves along a curved path. The

direction of the force is along the velocity vector

of the body, Lc. it is tangential to the path. Find

the work after the mass moves a distance of 50 m
along the curved path.

Answer

The diagram on the left of Figure 7.3 shows the

path of the body. The diagram on the right is an

enlargement of pari of the path. We see that the

wrork done when the body travels a small distance

As is

fAs cos Cf — FA s

Breaking up the entire path into small bits in this

way, and adding the work done along each bit,

wc find that the total work done is W = I's
t

where s is the distance travelled along the

curved path.

If the Ibrce is not constant in magnitude, we

must be supplied with the graph that shows the

variation of the magnitude of Lhc force with

distance travelled.Then we have the following

important result:

The area under the graph that shows the

variation of the magnitude of the force

with distance travelled is tire work done.
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We can apply this result to the case of the

tension in the spring. Since T =kx

,

where k is

the spring constant and a the extension for

compression) of the string* the graph of force

versus position is as shown in Figure 7.4.

Figure 7.4 The area under a force distance graph

gives the total work performed by the non-

constant force.

To find the work done in extending the

spring from its natural length {a = 0) to

extension x t we need to calculate the area of

the triangle whose base is a and height is

T =kx. Thus

area = jkx x x

— jkx ?

llte work to extend a spring from its natural

length by an amount X is thus

W =

It follows that the %vork done when extending

a spring from an extension X] to an extension

a2 (so *2 > a j) is

w=i* (*!-*?)

Work done by gravity

We will now concentrate on the work done by

a very special force, namely the weight of a

mass. Remember that weight is mass times

acceleration due to gravity and is directed

vertically down. Thus, if a mass is displaced

horizontally, the work done by mg is zero,

since in this case the angle is 90c
;

W = mgd cos 90 = 0. (See Figure 7.5.)

displacement

1
,mg - mg r BW r

Figure 7J3 'lire force of gravity is normal to this

horizontal displacement so no work is being

done.

Note that we are not implying thaL it is the

weight that is forcing the mass to move along

the table. We are calculating the work done by

a particular force (the weight) if the mass

(somehow) moves in a particular way.

If the body falls a vertical distance ft. then

the work done by 14' is -fmgh. The force of

gravity is parallel to the displacement, as in

Figure 7.6a.

If the mass is thrown vertically upwards to a

height h from the launch point, then the

work done by W is -mgh since now the

angle between direction of force (vertically

down) and displacement (vertically up) is

ISO '. The force of gravity is parallel to the

displacement but opposite in direction, as in

Figure 7.6b.

displacemeni

(a) Ob)

Figure 7.G The force of gravity is parallel to the

displacement in (a) and anti-parallel (i,e, parallel

but opposite in direction) in (b).
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Consider mow lhe case where a mass moves along

some arbitrary path, as shown in Figure 7 7

Figure 77 The work done by gravity is

independent of the path followed.

The path consists of horizontal and vertical

segments. We now ask about the work done by

the weight of the mass. The work done by rncj

will he equal lo the sum of the work done along

each horizontal and vertical step. But mg does

no work along the horizontal steps since the

angle between the force anti the displacement

in that case will be 90 and cos 90° = 0. We are

thus left with the vertical steps only. The work

done along each step will he -kmgAh, where Ah

is the step height. The plus sign is used when
we go down a step and the minus sign when we
go up a step. (In Figure 7.7 the mass will be

forced to go up twice and down eighL times.}

I hits, what counts is Lhe net number of steps

going down (sis in our figure). But, Lhis adds up

to the vertical distance separating the initial

and final position. Hence, the work done by mg
is mgh.

If the start and finish positions are joined by an

arbitrary smooth curve rather lhan a "staircase",

the result is still the same. This is because we
can always approximate a smooth curve by a

series ofhorizontal and vertical steps; the

quality of the approximation depends on how
small we take the steps to be. This means that:

t* The work done by gravity is independent

ofthe path followed and depends only on

the vertical distance separating the initial

and final positions. The independence of

the work done on the path followed is a

property of' a class of forces (of which

weight is a prominenr member) called

arnsemmVc /crew.

Work done in holding something still

Ifyou iry Lo hold up a heavy object, such as a

chain you will soon get tired. However, the force

wirli which you ate holding the chair docs zero

work since there is no displacement, lhis is

somewhat unexpected. We normally associate

getting tired with doing work. Indeed, the forces

inside the muscles ofthe arm and hand holding

the chair do work, lhis is because the muscles

stretch and compress and that requires work,

just as stretching anti compressing a spring does.

Gravitational potential energy

As we just saw, the weight mg of a mass rti a

height h from the ground will perform work

mgh if Lhis mass moves from its position down to

the ground. The ability to do tills work is there

because the mass just happens to be at a height

to from the ground. The ability to do work is

called energy. When the force in question is the

weight (which depends on gravity), we call this

energy gravitational potential energy:

Ep == mgh

Any mass has gravitational potential energy by

virtue of its position. But what determines to?

Obviously, we have to choose a reference level

from which we will measure heights. But we
can choose any level we like. A mass m = 2 kg

sitting on a table 1 m from the floor will have

E
p = 2 x 10 x 1 = 20 J ifthe reference level is

Lhe floor, bur will have Ep = 0 if the reference

level is the table. If file reference level is chosen

to be the ceiling, 2 m above the table, then

E
p = -2 x 10 x 2 = -40 j r (See Figure 7.8.)

Figure 7.8 The mass has different potential energies

depending on the reference level chosen.
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So, the same mass wit] have different

gravitational potential energy depending on

what reference level we choose. This might seem

to make Cp a useless quantity. Hut if you arc

patient, you will see that this is not the case.

Potential energy can he understood in the

following way. Consider a mass rest i tig on a

horizontal floor. If an external force equal lo

mg is applied to the mass vertically up and t lie

mass moves without acceleration to a position h

metres higher than I he floor, the work done by

the external Jbrce is mgh. What has become of t his

work? This work has gone into gravitational

potential energy of the mass. This energy is

stored as potential energy iti the new position

of the mass. Similarly if a spring is initially

unstretched and an external force stretches it

by an amount*, then the work done by this

external force is Tins work is stored as

elastic potential energy m the (now stretched!

spring.

This is a general result for all kinds of

potential energies: when an tixtemai force

changes the state of a system without

acceleration and does work W in the

process, the work so performed is stored as

potential energy in the new state of rhe

system.

F\ample question

A mass or 1 0 kg rush on top of a vertical spring

whose base is attached lo the rloor. The spring

compresses by 5 cm, What is the spring constant

of the spring? I low much energy is stored in the

spring?

Answer

The mass is at equilibrium so

mg — kx

x

m
G.05

= 2000N nr 1

The stored energy is

E - - kx1

2

= i x 2000 (0,05) 2

= 2.51

The work-kinetic energy relation

What effect does the work done have on a body?

When a body of mass m is acted upon by a net

force F „ then this body experiences an

acceleration a = j- in the direction of F .

Suppose that this body had speed fq when the

force was first applied to it and that the speed

after moving a distance x (in the direction of the

net force) becomes Fp as shown in Figure 7.9.

figure 7.9 A force accelerates a mass, increasing its

kinetic energy.

We know from kinematics that

vf — + 2nx

so replacing the acceleration by F/m we find

vf —vl +2^x
1 m

r 1 2 1
2=> Ex = -myf - -nwfi

Hut F* is the work done on the mass. This work

equals the change in the quantity Lj, = \mv 2
, a

quantity called the kinetic energy of the mass.

We thus see that the net work done on a mass

results in a change of the kinetic energy of the

object, lliis is a very useful result with

applications in many areas of physics.

* lhc work done by the net force on a body is

equal lo the change in the kinetic energy of

the body

work done by net force = AFk
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I- wimple questions

Q5—
A mass oi 5,00 kg moving with an initial velocity

of 1 2-0 ms 1

is brought to rest by a horizontal

force over a distance of 1 2,0 m* What is the

force?

Answer

The change in the kinetic energy of the mass is

(final minus initial)

0 - ~ mv1 = —1 x 5.00 x 144

- —300

J

The work done by the force f is

-fs f

Hence

“12 fs —360

^ f = 30.0 N

(There is a minus sign in Ihe work done by f

because the force is acting in a direction opposite

to the motion and cos 150 — -U

Qh

An electron is acted upon by an electric force that

accelerates it from rest to a kinetic energy of

5.0 x T
0“ ,L|

j. If this is done over a distance of

3.0 cm, find the electric force.

Answer

1 he work done by the electric force is the change

in kinetic energy (the electric force is (he only

force acting and so it is the net force) and equals

the product of force limes distance. Hence

F x 0*03 = 5.0 x TQ-
1 "

=^Fsl7x 1

0' 17 N

Q? l II —

—

A mass m hangs from two strings attached to the

ceiling such That they make the same angle with

the vortical (as shown in Figure 7,10). The Strings

are shortened very slowly so that the mass is

raised a distance b above its original position.

Whai is the work done by the tension in each

string as the mass is so raised? ,

Figure 7.10.

Answer

The net work done is zero since the net force on

the mass is zero. The work done by gravity is

-mgh and thus the work done by the two equal

tension forces h The work done by each is

thus mgh/2,

Q5 111 I fcMM— HWTO
A mass m hangs vertically at the end of a string of

length i, A force F is applied to the mass

horizontally so that it slowly moves to a position a

distance h higher, as shown in Figure 7.11. What
is the work done by the force F 7 {Note: F is not

constant,)

Answer

The answer is obtained at once by noting that since

the mass is in equilibrium at all times the net force is

zero and hence the work done by the net force is

zero. But T does zero work since it is always

normal (o the direction in which the mass moves

(along the arc of a circle). The weight does work

-mgh and thus the work done by F must \xt +mgh.

Conservation of energy

Wc have already seen rhar T when a net force F

performs work W on a body, then the kinetic

energy of the body changes by W (here the
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subscripts T and T stand for 'initial’ and

‘final
1

)

W = Af k

— jmvf - %rnyf

Consider now the case where the only force

that does work on a body is gravity. This

corresponds to motions in which the body is

either in free fall (gravity is the only force

acting) or the body is sliding on a frictionless

surface (we now have the normal reaction force

acting here as well as gravity but this force does

zero work since it is normal to the direction of

motion). Suppose that the vertical height of the

body when Lhe velocity is v\ is H, and the

velocity becomes v\ at a height of b from the

reference level (see Figure 7.12).

Figure 7.12 The total energy at the top and bottom

(and at any point in between) ofthe incline is

the same.

The work done by gravity is simply mg ill h)

and so

mr/(H — ft) = IfTWf - tfttwr

This can be rearranged as

mgh + Irrrvf
= mg 1

1

+

which shows that in the motion of this body

Lhe sum of the kinetic and potent ial energies of

the mass stays the same. Calling the quantity

mg/? -j- imv 2 the total energy of the mass, then

the rcsulL we derived states rhat the total

energy f of the mass stays the same at all

times, i,e, the total energy is conserved,

=

As the mass comes down the plane, its potential

energy decreases but its kinetic energy

increases in such a way that the sum stays the

same. We have proven tins result in the case in

which gravity is the only force doing work in

our problem. Consider now the following

example questions,

Example questions

Q9
Find the speed of the mass at the end of a

pendulum of length t ,0U m shat starts from rest at

an angle of 1 Cri with the vertical.

Answer

Let us take as the reference level lhe lowest point

of the pendulum (Figure 7.1 3). Then the total

energy at that point is just kinetic. - lmr
(

where v is the unknown speed. At the initial point

(he total energy is just potential, t
f)
= mgh

t
where
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h is Ihe vertical difference in height between the

two positions, that is

h = 1,00 - 1,00 cos (O'

= 0,015 m

(see figure 7.1 3)

I Hus

- mgh

v = yf2gh

= 0,55 ms’ T

Note how the mass lias dropped out of the

problem, fAt positions oilier than the two shown,

tiie mass has both kinetic and potential energy.)

Q10 immm
A mass rolls up an incline of angle 78 with an

initial speed of 3.0 ms '. How far up the incline

will the mass gel?

Answer

Lei the furthest the mass will get be a height h

from the floor, as shown in Figure 7,14, At this

point the kinetic energy must be zero since

otherwise the mass would have climbed higher.

I hen the total energy at this point is just

E — mgh. The total energy at the initial

position is

E — jmv3

and so

giving h = 0.45 iti. The distance moved along the

plane is thus

0.45

sin 28
0,96 m.

v-ft

Q 11 H IM TT

What must the minimum speed of the mass in

Figure 7.15 be at the initial point such that the

mass makes it over the barrier of height hi

Fig u ft1 7,15.

Answer

To make it over the barrier the mass must be able

to reach the highest point. Any speed it has there

will then make it roll over. Thus, at the very least,

we must be able lo get the ball to the highest point

with /ern speed. Then the total energy would be

just £ — mgh and the total energy at the starling

position is F = 'miA thus, the speed must be

bigger than v — sfTgh. Note that if the initial speed

u of the mass is larger than v — ^Igh, then when

the mass makes it to the other srde of the barrier its

sjneed will be the same as the starting speed jj,

Q1 2

A mass rolls off a 1 ,0 m high table with a speed of

4,0 m s \ as shown in Figure 7.1 6. With what

speed does it srrrke the floor?

4.0 nt s
-1

. __

Figure 7.16.

Answer

The total energy of the mass is conserved. As it

leaves the 1 table it has total energy given by

t — jimH + mgh and as it lands the total energy

is E — jmu 2 Or is the speed we are looking for).

Equating the two energies gives

Imtr — ifnv3 + mgh

=> u2 = v2 + 2gh

= 16 + 20 ^ 36

=*u = 6.0 m s~
1
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Q13

A ball h thrown vertically upward with a speed of

4,0ms' 1

from a height of 1,0 m from the floor, as

shown in Figure 7.17. With what speed does the

ball strike the floor?

LOm

i 4.0 ms' 1

Figure 7,17,

Answer

Working In precisely the same way as in the

previous example we find

Imtf = \fiv/ + mgh

^ i? = v
2

4- 2gh

= 1 6 + 20

= 36

=>u = 6.0 nrt s
-1

(The answer is the same as that for example

question 1 2 - why?)

If. in addition to the weight, there are spring

tension forces acting in our system, then the

previous discussion generalizes to again

lead to

£i = Et

where now the total mechanical energy

includes elastic potential energy as well, that is

f — ^mv 2 + mgh + 'fc*
J

Example question

Q14
A body of mass f),40 kg is held next to a

compressed spring as shown in Figure 7.1 8, The

spring constant is k= 250 Nr 1 and the

compression oi the spring is 1 2 cm. The mass is

then released. Find the speed of the body when it

is at a height of 20 em from llie horizontal.

I

spring

Figure 7.18.

Answer

Initially the total mechanical energy of the system

is only the elastic potential energy of the spring

f = \kx 2

^ |
x 250 x Q.12

z

^ 1.8 I

At a height of 2U cm from the floor, the total

mechanical energy consists of kinetic and

gravitational energies only. The spring has

decompressed and so has no elastic potential

energy. Then

f — jmv 2
4 rngh

- I{0,4)w + {0,4)f10KO 20)

= 0,2 v™ + 0,8

Thus

D.2V
2

4- 0,8 - 1.8

=*0.2 v2 = 1.0

=4- vJ m. 5

— 2.2 m s
-i

Frictional forces

In the presence of friction and other resistance

forces, the mechanical energy of a system (i.e. the

sum of kinetic, gravitational potential and

elastic potential energies) will not be conserved.

These forces will, in general, decrease the total

mechanical energy of the system. Similarly,

external forces, such as forces due to engines,

may increase the mechanical energy of a

system. In these cases we may write

W = A E
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where W stands for the total work done by the

external forces and Af is the change in the

mechanical energy of the system. By external

forces we mean forces other than weight and

spring tension forces.

This equation is easily understood in the

following way. If there are no external Forres,

then W = 0, AE = 0 and the total mechanical

energy stays the same: it is conseived.

If, on the other hand, external Forces do act on

the system, then the work they do goes into

changing the mechanical energy. If the work

done is negative (resistance forces), the

mechanical energy decreases. If the work done

is positive (pulling forces), the mechanical

energy increases.

Example question

Q15
A body of mass 2-0 kg (initial

ly
at rest) slides

down a curved path of total length 1 6 m as

shown in figure 7,19. When it reaches the

bottom, ils speed is measured and found to equal

6,0 ms -1
, Show that there is a force resisting the

motion. Assuming the force to have constant

magnitude, determine what that magnitude is.

Answer

Without any resistance forces, the speed at the

bottom is expected to )>e

v — </2gh

= \~2 x 1 0 x 5.0

= 10 ms' 1

The measured speed is less than this and so there

is a resistance force. The total mechanical energy

at the top is

flop ’ mgh

= 2.0 x TO x 5 X>

= 100 J

At the bottom ft is

£ bonom — j

= jx 2.0 x (6.0)
2

= 36 J

The total energy decreased by 64 I
this must be

the work done by the resistance force. Thus

fs = 64 1

= 4,0 N

We have seen that in the presence of external

forces the total mechanical energy of a system

is not conserved. The change in the total energy

is the work done by the external forces. Another

way of looking at this is to say the change in

the mechanical energy has gone into other

forms of energy not included in the mechanical

energy, such as thermal energy fheatl and

sound. In this way total energy (which now

includes the other forms as well as the

mechanical energy} is conserved. This is the

general form of the law of conservation of

energy, one of the most important principles of

physics,

% lire total energy' cannot be created or

destroyed but can only be transformed from

one form into smother.

When a machine performs work, it is important

to know not only how much work is being done

but also how much work is performed within a

given time interval, A cyclist performs a lot of

work in a lifetime of cycling, but the same work

is performed by a powerful car engine in a

much shorter time. Power is the rate at which

work is being performed.

Power
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When a quantity of work AW is performed

within a time interval Af the ratio

is called the power developed. Its unit is

joule per second and this is given the name

watt (W): 1W = ljs~‘.

Another common unit for power when it comes

to machines and car engines is the horsepower,

hp. a non*SI unit that equals 746 W.

Consider a constant force F , which acts on a

body of mass m. The force does an amount of

work F Ax in moving the body a small distance

Ax along its direction. If this work is performed

in time A/, then

The power is thus

6.0 x 10 3

To
= 1 200 W

This is only the minimum power required. In

practice, the mass has to be accelerated from rest,

which will require additional work and hence

more power.

Q17 —
A helicopter rotor whose length is R pushes air

downwards with a speed v. Assuming that the

density of air is constant and equals p and the

mass of the helicopter is M, find v. You may

assume that the rotor forces the air in a circle of

radius R (spanned by the rotor) to move with the

downward speed v. Hence find the power

developed by the engine. How does this power

depend on the linear size of the helicopter?

Af

At

= Fv

where v is the instantaneous speed of the mass.

This is the power produced in making the body

move at speed v. As the speed increases, the

power necessary increases as well. Consider an

aeroplane moving at constant speed on a straight-

line path. If the power produced by its engines is

P. and the force pushing it forward is F, then P.

F and v are related by the equation above. But

since the plane moves with no acceleration, the

total force of air resistance must equal F . Hence

the force of air resistance can be found simply

from the power of the plane’s engines and the

constant speed with which it coasts.

Example questions

Q16
What is the minimum power required to lift a mass

of 50.0 kg up a vertical distance of 1 2 m in 5.0 s?

Answer

The momentum of the air under the rotor is mv,

where m is the mass of air in a circle of radius R.

In time At the mass is enclosed in a cylinder of

radius R and height vAt. Thus, the momentum of

this mass is pnR 2^ At and its rate of change is

pnRV. This is the force on the helicopter

upwards, which must equal the helicopter's

weight of Mg. Thus

Mg = pjiR'v2

The power required from the helicopter engine is

thus

P= Fv

To find the dependence on a typical linear size L

of the helicopter, note that the weight depends on

t as L
1 and so

Answer

The work performed to lift the mass is

mgh = 50.0 x 10 x 12

= 6.0 x 10 3
|

Pa l
J|^ocl 7/J

This implies that if the length of a helicopter is 16

times that of a model helicopter, its required
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power will be 16 7/2 16 000 limes larger than

that for the model.

Efficiency

Suppose that a mass is being pulled up along a

rough inclined plane with constant speed. Let

the mass be 15 kg and the angle of the incline

45°. The constant frictional force opposing the

motion is 42 N.

The forces on the mass are shown in Figure 7.20

and we know that

R = mg cos 6

= 106.1 N

F = rrkj sin# + f

= 106.1+42

= 148.1 N % 150N

since the mass has no acceleration. Let the force

raise the mass a distance of 20 m along the

plane. The work done by the force F is

W= 148.1 x 20

= 2960 J % 3.0 x 10
5
J

The force effectively raised the 15 kg a vertical

height of 14.1 m and so increased the potential

energy of the mass by mgh = 2121 J. The

efficiency with which the force raised the mass

is thus

useful work

actual work

2121

" 2960

= 0.72

Example question

Q18
A 0.50 kg battery-operated toy train moves with

constant velocity 0.30 m s
-

’ along a level track.

The power of the motor in the train is 2.0 W and

the total force opposing the motion of the train is

5.0

N.

(a) What is the efficiency of the train's motor?

(b) Assuming the efficiency and the opposing

force stay the same, calculate the speed of the

train as it climbs an incline of 10.0° to the

horizontal.

Answer

(a) The power delivered by the motor is 2.0 W.

Since the speed is constant, the force

developed by the motor is also 5.0 N. The

power used in moving the train is

Fv = 5.0 x 0.30 = 1 .5 W. Hence the

efficiency is

1.5 W
n ~

2.0 W
= 0.75

(b) The net force pushing the train up the incline is

r = mgsinO + 5.0

= 0.50 x 10 x sin 10° + 5.0

= 5.89 N 5.9 N

Thus

5.89 x v
n =

2.0

W
= 0.75

2.0

x 0.75
=> v =

5.89

= 0.26 m s~‘

Kinetic energy and momentum
We have seen in Chapter 2.6 on momentum
that, in a collision or explosion where no

external forces are present, the total

momentum of the system is conserved. You can

easily convince yourself that in the three

collisions illustrated in Figure 7.21 momentum
is conserved. Hie incoming body has mass

8.0

kg and the other a mass of 12 kg.
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Figure 7.21 Momentum is conserved in these three collisions.

lti the first collision the bodies have stuck

together and move as one. In the second the

incoming body has slowed down as a result of

the collision and the heavy body moves faster.

In the third the incoming body has bounced

back.

Let us examine these collisions from the point

of view of energy.

In all cases the total kinetic energy before the

collision is

£k = 10
2 “4DOJ

The total kinetic energy after the collision in

each case is:

easel E k = |
x20x4z = !60J

ease 2 1 x S x l
2 + i x 12 x 62 = 220.1

case 3 £ k — g
x 8 x 22 + |

x 12 x 8“ = 400 J

We thus observe that whereas momentum is

conserved in dll cases, kinetic energy is not. When

kinetic energy is conserved (case 3), the

collision is said to be elastic When it is not

(cases 1 and 2), the collision is Inelastic. In an

inelastic collision, kinetic energy is lost. When
the bodies stick together after a collision

(case 1). the collision is said to be totally inelastic

and in Ibis case the maximum possible kinetic

energy is lost.

The lost kinetic energy gets transformed into

other forms of energy, such as thermal energy,

deformation energy (if the bodies are

permanently deformed as a result of the

collision} and sound energy. .

Example questions

A moving body of mass m collides with a

stationary body of double the mass and sticks to

in What fraction of the original kinetic energy is

lost?

Answer

The original kinetic energy is \nw ?
,
where v is the

speed of the incoming mass. After the collision

the two bodies move as one with speed a that can

be found from momentum conservation:

mv = (m+ 2m)u
v

=Hj= -

The local kinetic energy after the collision is

therefore

and so the losl kinetic energy is

mv* mv3 mv3

~2 b~
~

I

The fraction of the original eneigv chat is lost is

thus

mv*/% 2

mv^/2 3

Q20

A body at rest of mass At explodes into two

pieces of masses At/ 4 and 3 At/ 4. Calculate

the ratio of Che kinetic energies of the iwo

fragments.
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Answer

Here El pays to derive a very useful expression for

kinetic energy in terms of momentum. Since

rrrv
2

k “~
it follows that

rmJ m
2 m

_
mV
2m

= P^_

2m
The total momentum before the explosion is zero,,

so it is zero after as well. Thus, the two fragments

must have equal and opposite momenta. Hence

F
lei’ll P^/( 2 M\ ight

)

pVtfAWy)

Atheavy

ifcht

_ 3M/4

M/4
= 3

The problem of least time

In Figure 7,22 a number of paths join the

starting position A to the final position B,

A mass m at A will start, with a tiny speed and

move down to E. As we saw, the speed at II will

be the same no matter what path the mass

follows. The speed will equal y 2gh in all cases.

'ITiis does not mean, however, that the time

taken is the same for all paths. Finding the path

joining A to B such that a mass takes the least

time is a famous problem in physics and

requires the development of a branch of

calculus called the calculus of variations. It is

called the brachistochrone {least time) problem.

The answer is that the curve joining A to B

must be a cycloid. This is the curve traced out

by a point on the rim of a wheel as the wheel

rolls. In Figure 7.22, curve IV resembles a cycloid

most. This problem was i*o$ed to both Newton

and Leibniz {the inventors of calculus) by the

Swiss mathematician Bernoulli. When Bernoulli

saw the solutions given by the two men, he is

supposed to have said of Newton ’one can

always tell a lion by its claws’.

1 A horizontal force of 24 N pulls a inxly a

distance of 5,0 m along its direction.

Calculate the work done by the force.

2 A block slides along a rough table and is

brought to rest after travelling a distance of

2.4 m. The frictional force is assumed constant

at 3-2 IM. Calculate the work done by the

frictional force.

3 A block is pulled as shown in figure 7,23 by a

force making an angle of 20 to the horizontal.

Find (he work done by the pulling force when

its point of application has moved 1 5 m.

Figure 7,23 For question 3.

4

A block of mass 4.0 kg is pushed to the right

by a force f = 20,0 N* A frictional force of

1 4.0 N is acting on the block while it is

moved a distance of 12.0 m along a

horizontal floor. The forces acting on the mass

are shown in figure 7,24,

(a) Calculate the work done by each of the

four forces acting on the mass.

(b) Hence find the net work done.

(c) By how much does the kinetic energy of

the mass change?
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Figure 7.24 For question 4

5 A weight lifter slowly I iris a 100 kg mass from

the floor up a vertical distance of 1 .90 m and

then slowly lets it down to the floor again,

fa) Find the work done by the weight of the

mass on the way up.

(b) Find the work done by the force exerted by

the weight lifter when lifting the weight up.

ft) What is the total work done by the weight

on the way up a nr I the way down?

6 A block of mass 2.0 kg and an initial speed of

5,4 m s
-1

slides on a rough horizontal surface

and is eventually brought to rest after travelling

a distance of 4,0 nn. Calculate the frictional

force between the block and the surface,

7 A spring of spring constant k = 200 N m 1

is

slowly extended from an extension of 3.0 cm

to an extension of 5.0 emu How much work is

done by the extending force?

8 A spring of spring constant k =150 N m

'

1

is

compressed by 4.0 cm. The spring is

horizontal and a mass of 1 .D kg is held to the

right end of the spring. If the mass is released,

with what speed will it move away?

9 Look at Figure 7.25.

(a) What is the minimum speed vihe mass

must have in order to make it to position

R? What speed will the mass have at 0?

(b) If v — 12.0 m s
_1

, what will the speed be

at A and Bi

A

10

A mass is released from rest from the position

shown in Tigure 7.2b. What will its speed be

as it goes past positions A and 13?

II The speed of the 0.0 kg mass in position A in

Figure 7.27 is 6.0 m s
-1

. By the time it gets to

0 the speed is measured to tie 12-0 m s '.

What is the frictional force opposing the

motion? (The frictional force is acting along

the plane.)

12 A toy gun shoots a 20.0 g ball when a spring

of spring constant 1 2.0 M m ' decompresses.

The amount of compression is 1 0.0 cm (see

Figure 7. 20). With what speed does the ball

exit the gun, assuming that there is no friction

between the ball and the gun? If, instead,

there is a frictional force of 0,05 N opposing

the motion of the ball, what will the exit

speed be in this case?

I cm

Figure 7.28 For question 12.

13 A variable force F acts on a body of mass

m = 2.0 kg initially at rest, moving it along a

straight horizontal surface. For the first 2.0 m
the force is constant at 4.0 N, In the next

2.0 m it is constant at 6,0 N. In the next 2.0 m
it drops from ft.G N to 2.0 N uniformly. It then

increases unifonnly from 2,0 N to 6.0 N in the
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next 2.0 m, It then remains constant at 6,0 N
for the next 4.0 m,

(a) Draw a graph of the force versus distance,

(b) Find the work done by this force.

Ic) What is the final speed of the mass?

1 4 A body of mass 1 2,0 kg is dropped vertically

from rest from a height of 6Q.Q tn. Ignoring

any resistance forces during the motion of this

body, draw graphs to represent the variation

with distance fallen of

(a) the potential energy;

(b.) the kinetic energy.

For the same mol ion draw graphs to represent

the variation with time of

(C) the potential energy;

(d) the kinetic energy

(e) Describe qualitatively the effect of a

constant resistance force on each of rhe

four graphs you drew,

15 A 25.0 kg block is very slowly raised up a

vertical distance of 1 0-0 m by a rope attached

to an electric motor in a time of 6,2 s, What is

the power developed in the motor?

16 The engine of a car is developing a power of

90.0 kW when it is moving on a horizontal

road at a constant speed of lOO.U km h” h

What is the total horizontal force opposing the

motion of the car?

1 7 The motor of an elevator develops power at a

rate of 2500 W.

la) At what speed can a 1200 kg load be

raised?

(b) In practice it is found that the load is lifted

more slowly than indicated by your answer

to (ah Suggest reasons why this is so.

16 A load of 50,0 kg is raised a vertical distance

of 1 5 m in 125 s by a motor.

(a) What is the power necessary for this?

(b) The power supplied by ihe motor is in fact

60 W. Calculate the efficiency of the

motor.

(c) If the same motor is now used to raise a

load of tOO.O kg and the efficiency remains

the same, how long would that take?

19

For cars having the same shape but different

size engines it is I rue shat the power

developed by the car's engine is.

proportional to the third power of the car's

maximum speed, Whnt does this imply

about the speed dependence of the wind

resistance force?

20 The top speed of a car whose engine is

delivering 250 kW of power is 240 km h~“,

Calculate the value of (he resistance force on

the car when it is travelling at its top speed on

a level road.

21 Describe the energy transformations taking

place when a Indy of mass 5.0 kg:

(a) falls from a height of 50 m without air

resistance;

(b) falls from a height of 50 m with constant

speed;

Id is being pushed up an incline of 30" lo the

horizontal with constant speed.

22 An elevator starts on the ground floor and

stops on the 10th floor of a high-rise

building. The elevator picks up a constant

speed by the time it reaches the 1st floor

and decelerates to rest between the 9th and

T 0th floors. Describe the energy

transformations taking place between the

Is! and 9lh floors.

23 A Car of mass 1 200 kg starts from res!,

accelerates uniformly lo a speed of 4.0 ms -1

in 2.0 s and continues moving at this constant

speed In a horizontal straight line for an

additional 10 s. The brakes are then applied

and the car is brought to rest in 4.0 s. A

constant resistance force of 500 N is acting on

the car during its entire motion.

fa) Calculate ihe force accelerating The car in

the first 2.0 s of the motion.

(b) Calculate ihe average power developed

by the engine In the first 2.0 s of Ihe

motion.

(c) Calculate Ihe force pushing the car

forward in the next TO s.

fdl Calculate the power developed by (he

engine In those 1 0 s.

(e) Calculate the braking force in the Iasi 4,0 s

of Ihe motion.

if] Describe the energy transformations that

have lakcn place in (he 1 6 s of the motion

of this car.
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5

24 A mass of 6.0 kg moving at 4.0 ms-1
collides

with a mass of 8.0 kg at rest on a fricl ion less

surface and slicks io il. How much kinetic

energy was lost in. the collision?

25 Two masses of 2.0 kg and 4.0 kg are held in

place, compressing a spring between them.

When ibey are released, ihe 2.0 kg moves

away with a speed of 3.0 m s
-1

. What was Ihe

energy stored in the spring?

26 A block of mass 0.4OH kg is kept in place so

il compresses a spring of spring constant

120 N m“ by 1 5 cm t$ee figure 7.29). The

block rests on a rough surface and the frictional

force between the block and the surface when

the block begins to slide is 1 .2 N.

Figure 7.29 For question 26.,

fa) What speed will the block have when the

spring returns to its natural length?

fb) What percentage is this of the speed the

mass would have had in the absence of

friction?

27

Two bodies are connected by a siring that

goes over a pulley, as shown in Figure ?J0,

Ehe lighter body is resting on the floor and the

other is being held in place a distance of

5.0 m from the floor. The heavier Ixidy is then

released. Calculate the speeds of Ihe two

bodies as the heavy mass is about to hit the

floor.

&
4.0 kg

3,0

5.0 m

Figure 7.30 For question 27.

28

A mass m of 4,0 kg slides down a friction less

incline of 8 = 30 to the horizontal,

fa) Plot a graph of the kinetic and potential

energies of the mass as a function of

time,

<bS l

s
lol a graph of the kinetic and potential

energies of the mass as a function of

distance Ira veiled along the incline.

(d On each graph, plot the sum of the

potential and kinetic energies. The mass

starts from rest from a height of 20 m.

2 l
l Show that an alternative formula for kinetic

energy is £V = w lie re p is the momentum

01 ihe mass m. This is very useful when

dealing with collisions.

30 A body of mass M, initially at rest, explodes

and splits into two pieces of mass M/3 and

2 M/3, respectively. Find ihe ratio of the

kinetic energies of the two pieces, (Use the

formula from the previous problem.)

31 A mass m is being pulled up an Inclined plane

of angle Q by a rape along the plane,

(a) What is the tension in the rope if the mass

moves up at constant speed vl

tb) What is the work done by the tension

when the mass moves up a distance of

d m along the plane?

fc) What is the work done by the weight of

the mass?

fd) What is the work done by the normal

reaction force on the mass?

fe) What Is (lie net. work done on the mass?

32 A mass m = 2.0 kg is attached to the end of a

string of length i =4,5 m. The other end of

the string is attached to the ceiling. The string

is displaced from Ihe vertical by an angle

= 50 and then released. What is the

tension in the string when ihe siring makes an

angle & — 20 with ihe vertical?

33 A car of mass 1 200 kg is moving on a

horizontal road with constant speed 30 m s

The engine is then turned off and the car will

eventually stop under the action of an air
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resistance force. Figure 7.31 shows the

variation of the car's speed with time after the

engine has been turned off.

v/m s 1

(a) Calculate the average acceleration of the

car in the first and second 1 D s intervals,

lb) Explain why it lakes longer to reduce the

speed from 20.0 m s'
1

to 1 0.D m

$

_1

compared with from 30.0 ms 1

to

20.0 ms-'.

(c) The average speed in the first 10 s interval

is 21 .6 m s
-

anti in the second it is

1 3 ms’ 1

. Use this information and your

answer in (a) to deduce that the air

resistance force is proportional to the

square of the speed,

(d) Calculate the distance travelled by the car

in the first and second 1 0 s intervals.

fe) Calculate the work done by the resistance

force in the first and second 10 s intervals.

34 A bungee jumper of mass 60 kg jumps from a

bridge 24 m above the surface of the water.

The rope is 12 m long and is assumed to obey

Hooke's law.

fa) What should the spring constant of the

rope be if the woman is to just reach the

water?

(b) The same rope is used by a man whose

mass is more than 60 kg. Explain why the

man will not stop before reaching the

water. (Treat the jumper as a point and

ignore any resistance to motion.)

35 Tor the bungee jumper of mass 00 kg in

question 34, calculate:

(a) the speed of the jumper when she has

fallen by 12 m;

(b) the maximum speed attained by the

jumper during her fall.

(c) Explain why the maximum speed is reached

after falling more than a distance of 12 m
(the unstretched length of the tope).

Id) Sketch a graph to show the variation of the

speed of the jumper with distance fallen.

36 A carriage of mass 600 kg moving at 5.U m s
_l

collides with another carriage of mass 1200 kg

Hull is initially at rest. Both carriages are

equipped with buffers. The graph in

figure 7.32 shows the velocities of the two

carriages before, during and after the collision.

Use the graph to:

(a) show that the collision has been elastic;

(b) calculate the average force on each

carriage during the collision;

(c) cal cl] I ate the impulse given to the heavy

carriage.

(d) If the buffers on the tsvo carriages had

been stiffer, the time of contact would

have been less but the final velocities

would be unchanged. How would your

answers to (b) and (c) change?

(e) Calculate the kinetic energy of the two

carriages at the lime during the collision

when both have the same velocity ami

compare your answer with the final kinetic

energy of the carriages. How do you

account for the difference?
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37 Show rh.it in an elastic, head-on collision of a

particle of mass m with a stationary particle

of mass .vf the fraction ot the original kinetic

energy transferred lo M is Figure 7,34 For question 40.

4Mm
(m + M) J

30 Two masses of 3,0 kg and 8.0 kg collide

head-on elastic ally. Before the collision the

8,0 kg mass is ai rest and the 3,0 kg moves

at speed 10.0 ms-1
. Find the velocities after

the collision,

39 Two masses of 6,0 kg and 4.0 kg are

constrained r<> move on a frictionless

horizontal ring as shown, In

Figure 7,33,

Figure 7,33 For question 39.

Initially Ihe heavy mass is at rest and

ihe other moves in a counter-clockwise

direction with speed 5,0 m s~'. At i = 0 s

the two masses collide elastically. With

what velocities do ihe masses move

after the collision? At what points on the

circle do subsequent collisions take

place?

40 A mass m moves with a speed v on a

horizontal table towards a wedge of mass M,

as shown in Figure 7.34, How high on the

wedge will m get if:

La) the wedge is firmly fixed on the table;

(b) the wedge is free to move on the table

without friction?

41 A battery toy car of mass 0,250 kg is made to

move up an inclined plane which makes an

angle of in ' with the horizontal. The car

starts from rest and its motor provides a

constant acceleration of 4.0 m s " for 5,0 s.

The motor is then turned off.

(a) Find the distance travelled in die first 5 s,

(b) Find ihe furthest the car gets on the

inclined plane,

(c> When does the car return to Its starting

place?

(d) Make a graph of the velocity as a

function of lime,

(e) On the same axes, make a graph of the

kinetic energy and potential energy of I he

car as a function of Ihe distance travelled.

(f) In which periods in the car's motion is its

mechanical energy conserved?

igj What is ihe average power developed by

the car's motor?

(h) What is the maximum power developed

by the motor?

42 A white billiard ball collides with a black

billiard ball that is initially at rest. After the

collision, the balls move off with an angle fJ

between them, as shown in Figure 7,35.

before cuIIlseuei

white bail black ball

-O— •

S'

after collision

\
%

Figure 735 For quest ion 42.
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The initial momentum of the white ball is p ,

After the collision ihe momentum of the

white half is pw and the momentum of the

black ball is p.. Arrows representing the

momentum of the white ball before and after

the collision are shown in Figure 736.

Figure 7,36 For question 42(a).

i a ) Copy t he d iagram, On it, draw a n a rrow

to represent the momentum of the black

ball after the collision,

(bj Explain the arrow you have drawn in fa),

(c) On your copy of the diagram, label the

angle 9.

id) I he collision is an elastic collision, and

the two balls have identical masses.

Deduce that the angle 9 between the

balls after the collision is 90®.

(e) In the case of an inelastic collision

between the two balls. Figure 736 Is

replaced by Figure 737. Copy this

diagram. On it, draw ari arrow to

represent the momentum of the black

ball after ihe collision in this case.

Figure 737 For question 42je'|.

43 A spring of natural length 0. 1 50 m and spring

constant 4.00 N m_1
is attached at point P

r as

shown in Figure 5*26, The other end of the

spring is attached to a ring that goes over a

friction less vertical pole, the mass of the ring

is 0.100 kg. The spring may be assumed to be

massless. Initially the ring is held horizontal so

that the length PA is 0,300 m. The ring is then

allowed to drop.

(a) Calculate (using g = 10.0 ms 2
Y

fi) the speed of the ring when it reaches

point B, a vertical distance of 0.400m

from point A;

tii) the magnitude of the force exerted on

the ring by the pole at point B;

(iii) ihe acceleration (magnitude and

direction) of the ring at B;

(iv) the largest distance below A to which

the ring falls (use your graphical

calculator);

tv) the maximum speed of the ring during

its fall and the distance fallen when

this happens (use your graphical

calculator).

fb) Using your graphical calculator, plot the

speed of the l ing as a function of distance

fallen from A,

(c) The ring will start moving upwards after

reaching its lowest point. Discuss whether

the ring will move higher than point A or

whether it will stop at A.
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Circular motion
Our discussion of motion so far has boon restricted to motton in a straight line, In this

chapter, we examine the more complicated motion of an object along a circular path,

Objectives

By the end of this chapter you should he able lu:

* u nderstand t ha t accde ra t to ti is prese n t whe n t lie mugn i f tide of the velocity,

or its direction, or both change;

understand that in motion on a circle with constant speed, there is

centripetal accrierazion of constant magnitude* a ( = y , directed at the

centre of the circle;

* recognise situations in which a force is acting in a direction toward the

centre 0/ a circle;

* solve problems involving applications of Newton's second law to motion

on a circle, L lvt = 7Jiaf =

Circular motion and centripetal

acceleration

follows til at

2ttR

We now examine the case of motion on a circle.

Consider the object in Figure S.l, which rotates

on a circle of radius K in the counter'-clockwise

direction, with constant speed r\

Let ! be the time taken to complete one full

revolution. We call J the period of the motion.

Since the speed is constant and the object

covers a distance of2jtR in a 1 ime of T s, it

Figure 8.1 An object moving on a circle of

radius R„

We may also note that die object sweeps out an

angle of 2tt radians in a time equal to the

period, so we define the angular speed of the

object by

angular speed
angle swept

lime taken

that is

2n

"=T
The units of angular speed are radians per

second or just s~ l

.

It is important to note right away that the

speed may be constant bui the velocity is not.

It keeps changing direction. (The velocity

vector is at a tangent to the circle - see

figure 3*24 Since the velocity changes, we

have acceleration.
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Figure 8.2 The velocity vector is tangent to the

circular path.

Wliat follows is a derivation of the expression For

acceleration in circular motion. You may want

to skip it and go directly to the result just

before the end of this section (p, 120).

The position vector at Lime 1
1
is given by n and

at a later time tz by the vector f?_. Note that

since we chose the origin of our coordinate

axes to be at the centre of the circle, the

displacement vector of the moving object

always has the same magnitude, equal to the

radius of the circle. Th us, what changes as the

object moves is the direction of the

displacement vector, not its magnitude. The

velocity of the object is defined as

where Ar is a vector representing the

difference f2 *- Ft, and the time difference

Af - la — fi is assumed to be as small as

possible. It is dear that the vector Af is the

vector from P to Q. Similarly, the speed of the

object is the distance travelled, which is the

length of the arc As divided by Af . Out

remember that the time interval Af = b -

must be taken to be as small as possible.

As this time difference becomes infinitesimal,

Ar becomes tangential to the circle at point P.

This means that the direction of the

velocity for motion on a circle has a

direction rhat is at a tangent ic the circle.

This is a general result. The direction of

velocity is always at a tangent to the path

(sec Figure 8.3).

Figure 8.3 The velocity vector is tangential to (he

path.

The magnitude of the velocity is (he magnitude

of Af divided by Af . The speed, on the other

hand, is Lhe ralio of As, the distance travelled,

lo Af. Thus, the magnitudes of velocity and

speed appear to be different. But recall again

that Af must be infinitesimal, which implies

that the difference in rhe length of As and that

of Af becomes negligible. Hi us. rhe magnitude

of velocity is the speed.

Similarly, for acceleration

Av
a = —

Af

where AF is a vector. Thus, we have

acceleration every rime the velocity vector

changes. This vector will change if:

* i ts magn i I tide changes;

* the direcrion cha nges;

* both magnitude and direction change.

For motion in a circle with constant speed, it is

the direction of rhe velocity vector that

changes. We must thus find the difference

Fq -- Vp. (Note that the magnitude of the

velocity vectors at P and Qare the same - they

equal the constant speed (

r of the moving

object.)

in Figure 8,4 the velocity vector at Qhas been

moved parallel to itself so that it starts at the

same point as the velocity vector at P. The

difference is thus as shown. The magnitude of

this vector can be found from simple

trigonometry. From (he si tie rule

Af _ v

sin# “ sin (f - §}
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f igure 8.4 Tlie velocity vector changes direction in

circular motion, hence we have acceleration*

Recall now that the points P arid Q^ane

separated only infinitesimally from each other

and so the angle & is very small. Thus* sinfl ** &

and sin(f |) ^ 1 (the angle must be expressed

in radians)* Further, ^ ^ and As = v’At.

Substituting, we find

vv At

This gives us the magnitude of the

acceleration vector for motion around a circle

of radius R with constant speed v. As we see,

the magnitude of the acceleration vector is

constant, if v is constant. But what about its

direction? As Af gets smaller and smaller, the

angle B gets smaller and smaller, which means

that the vector Av, which is in the direction

of acceleration, becomes perpendicular to v.

This means that the acceleration vector is

normal to the circle and directed towards the

centre of the circle. Ir is a centripetal

acceleration.

A body moving along u circle ot radius R

with speed v experiences centripetal

acceleration that has magnitude given by

a
( = ^ and is directed toward the centre

of the circle, (See Figure 3,5,)

figure 8.5 The centripetal acceleration vector is

normal to the velocity vector.

If the magnitude of the velocity changes, we

have tangential acceleration. This is a vector

directed along the velocity vector if the speed is

increasing and opposite to the velocity vector if

the speed is decreasing. The magnitude of the

tangential acceleration is given by

Av

where v is the speed and At is infinitesimally

small.

When the velocity direction and magnitude are

changing, we have both centripetal acceleration

and tangential acceleration. Tile total

acceleration is then the vector sum of I he

vectors representing these accelerations.

1 sample questions

Ql

A mass moves along a circle of radius 2.0 m with

constant speed, h makes one full revolution in

3,0 s, Whal is (he acceleration of the mass?

Answer

The acceleration is v*JR so we need to know v.

But since the mass covers a distance oi 2nR in a

lime T = 3,0 s* we must have

2ttK

2 x 3.14 x 2.0

3.0ms" 1

= 4.2ms
1

Hence a = 3.8 m s
J

,
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Q2 i I

The radrus of the earth is R == 6.4 x IQ* m, What

is the centripetal acceleration experienced by

someone on the equator?

Ansivur

A mass on the equator covers a distance of 2jtR in

a lime T = 1 day. Thus

v — 4.6 x N)
J ms-1

and so

a — 3,4 x 10
-i

' m s"
2

This is quite small compared with the acceleration

due to gravity,

Q3 ^hhiiiiiii i

A mass moves in a circle with constant speed in a

counter-clockwise direction, as in Figure 8,6a,

What is the direction or the velocity change when

the mass moves from A to 8?

Figure 8.6.

Answer

The velocity at A is vertical and at 8 it points to

the left. The change tn the velocity vector is

ve v\ and this difference of vectors is directed

as shown in Figure 8.6b.

Centripetal forces

If we know that a body moves in a circle, then

we know at once that a net force must be acting

on the body, since i t moves with acceleration. If

the speed is constant, the direction of the

accelei-niion is towards i be centre of the circle

and therefore that is also the direction of the

net force. It is a centripetal force. Consider a

car that moves on a circular level road of radius

r with constant speed v. Friction between the

wheels and the road provides the necessary

force directed towards the centre of the circle

that enables the car to take the turn. (See

Figu re 8.7.)

Figure 8.7 A car will skid outwards (he. will cover

a circle oflarger radius) if the friction force is

not large enough.

I wimple questions

Q4
A mass is tied to a string and moves with constant

speed in a horizontal circle. The string is tied to

the ceiling, at a point higher than the mass. Draw

the forces on the mass.

Answer

The common mistake here is to put a horizontal

force pointing toward the centre and call ii the

centripetal force. When you are asked to find

forces on a body, the list of tomes that are

available include the weight, reaction forces (if the

body touches another body), friction (if there is

friction), tension (if there are strings or springs),

resistance forces (if the body moves in air or a

fluid), electric forces (it electric charges are

involved), etc. Nowhere in this list is there an

entry tor a centripetal force.

Think of the weird centripetal as simply an

adjective that describes forces already acting on

the body, not as a new force. In this example, the

only forces on the mass are the weight and the

tension. If we decompose the tension into

horizontal and vertical components, we see that

the weight is equal and opposite to the vertical

component of the tension. This means that the

only force left on the body is the horizontal

component of the tension. We may now call this

force the centripetal force. But this is not a new
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force. It b simply the component of a force that is

already acting on the body. (See Figure 8.8.)

tv

Figure 8.8.

tv

TIill horizontal component of

the Ecn-sion is lhe net force on
lhe bntly . It points low^nl the

centre so we my call it a

eeutnpet.iE three, Hul il is

nothing monr than a component
at the tension force.

It is important to note that, since a centripetal

force is at right angles to the direction of

motion, the work done by the force is zero.

(Recall that W - F$ cos 9

,

and here the angle is

a right angle.)

It is a common mistake in circular motion

problems to include a force pushing Lhe body

away from the centre of the circle: a centrifugal

force, ft is important to stress that no such

force exists. A body in circular motion cannot

be in equilibrium and so no force pushing away

from the centre is required.

Q5^
A mass m is lied to a string and made to move in

a vertical circle of radius K with constant speed v.

Find the tension in the siring at the lowest and

highest points.

Answer

The forces are as shown in Figure 8,9. At the

lowesl point lhe net force is T, - mg and so

v z

f, - mg - m—
r

giving

r V 1

ft — nig + m -

r

At the highest point, the net force is nig 4- T> and so

v2

7j = m— — mg

This shows that the string goes slack unless v2 > gr,

Figure R.9 The tension in i he string is different

at different positions of the mass.

Supptementary material

Angular momentum

Consider a point mass m whir h rotates about

some axis with speed v as shown in Figure 8. 1 0.

Figure 8.10 A mass rotating counterclockwise

in a circle has an angular momentum
pointing out of the page.

We r Inline the magnitude of the angular

momentum of the mass m by

L = mvf

'.Angular momentum is a vector but we will not

make use of its vector nature here.) If lhe mass

moves along a path other than a circle, then the

angular momentum is given by

i — mvb

where b is the perpendicular distance of the axis

from the direction of velocity. In figure 8,11

lhe axis goes into the page through I

5
. Since

b= r sin ft it follows that t — mvr sin ft, where

ft is the angle between the velocity vector and

the vet tor from the axis to the position of the

mass, I he units of angular momentum are I s.
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Figure 8,11 A mass has angular momentmu
about an axis through P.

Example question

Q6
Find the angular momentum of two masses,

each of 2.0 kg, that are separated by S O m
and rotate about an axis along the

perpendicular bisector of the line joining them

with speed v= 7.5 m s"' tfsee Figure 8.12).

4 ;

Figure 8.12.

Answer

L — 2nwr = 7S l s.

1

A mass moves on a circular path ol radius

2.0

m at constant speed 4,0 m s
_1

(see

Figure EU31

(a) What is the magnitude and direction of

the average acceleration during a quarter

of a revolution (from A to R)?

(b) What is the centripetal acceleration oi the

mass?

Figure 8.13 For question l,-

2 A body of mass 1 ,00 kg is tied to a string and

rotates on a horizontal, friction I ess table,

(a) If the length of the string is 40.0 cm and

the speed of revolution is 2.0 m s find

the tension in the string.

(b) If the string breaks when the tension

exceeds 20.0 N, what is the largest speed

the mass can rotate at?

tc) If the breaking tension of the string is

20.0 N but you want the mass to rotate at

4.00 m s’ V what is the shortest length

string that can be used?

3 An astronaut rotates at the end of a test

machine whose arm has a length of 1 0,0 m,

as shown in Figure 8.14. If the acceleration

she experiences must not exceed

5g (g = 10 m s"'h what is the maximum

number of revolutions per minute of the arm?

^ . . —

Figure 8,14 For question 3,

4 A wheel of radius R rotates making f

revolutions per second. The quantity f is

known as the frequency of the motion. Show

that ] ft' is the time to complete one

revolution, called the period f of the motion.

Show that the centripetal acceleration of a

point at the rim of the wheel is

a — 4r? * R f
1

5 The earth (mass = 5.9ft x lO 2* kg) rotates

around the Sun in an orbit that is

approximately circular, with a radius of

1.5 x 1G' 1 m.

(a) Find the orbital speed of the earth around

the sun,

(b) Tind the centripetal acceleration

experienced by the earth,

[cl Tind the magnitude of the gravitational

force exerted on the earth by the sun.

6 (a) What is the angular speed of a mass that

completes a 3.5 m radius circle in 1.24 s?

fb) What is (he frequency of the motion?
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7 What is the centripetal acceleration oi a mass

that moves in a circle ol‘ radius 2.45 m making

3.5 revolutions per second?

8 What would be the length of the day if the

centripetal acceleration at the equator were

equal to the acceleration doe to gravity?

(g = 9.3 ms"3
.)

9 A loop-lti e-loop machine has radius R of

IS m (see Figure 8.15b

(a) What is the minimum speed at which a

cart must travel so that it will safely loop

the loop?

(b) What will the speed at the top be in this

case?

10 Calculate the centripetal force on the earth as

it rotates around t i>e sun. The mass of the

earth is about 6.0 x 10
?,1

kg. The earth orbits

the sun in a circular orbit of radius

1.5 x 10
11 m in one year.

11 What is the centripetal acceleration of a

point on the earth at SO'
1
latitude as a result

of the earth's rotation about its axis?

Express the answer as a traction of the

acceleration due to gravity. What angle to

the true vertical would a mass hanging at the

end of a string make? Take g to be exactly

9.8 m s
-:

.

12 A horizontal disc has a hole through its

centre. A string passes titrough the hole and

connects a mass m on top of the disc to a

bigger mass Af that hangs below the disc.

Initially the smaller mass is rotating on the

disc in a circle of radius r. What must the

speed of m be such that the big mass stands

still? (See Figure 8,16,}

Figure 8.16 For question 12.

13

A mass of 5,00 kg is tied to two strings of

equal length, which arc attached to a vertical

pole at points 2,0 m apart. As the pole rotates

about its axis, the strings make a right angle

with each other, as shown in Figure 8,1 7.

Figure 8.17 For question 13.

It lhe mass makes 2 revolutions per second, find:

(a) the tension in each string;

fb} the speed of revolution that makes the

lower string go slack,

fc) If the mass now rotates at half the speed

you found in part fb], find the angle the

top string makes with the vertical.

14

A mass moves counter-clockwise along a

vertical circle of radius 4,00 m. At positions A
and R r where the radii make an angle of 45*

with the horizontal (see Figure 0.1 8), the mass

has speed 4.0 m s'
1

. At A the speed of the

mass is increasing at a rate of 3.0 m s
1

whereas at B the speed is decreasing at a rate

of 3,0 m s
-2

. Thus, the acceleration of the mass

in each position consists of the centripetal

acceleration '.which is directed toward the

centre) and a tangential acceleration whose

magnitude is the rate of change of speed. Find

the magnitude and direction of the acceleration

vector of the mass at positions A and R.
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Figure 8.18 For question 14.

15

In an amusement park ride a cart of mass

300 kg and carrying four passengers each of

mass 60 kg is dropped from a vertical height

of 1 20 m along a friction less path that leads

into a loop-the-loop machine of radius 30 m.

The cart then enters a straight stretch from A

to C where friction brings it to rest after a

distance of 40 m. (See Figure 8.19.)

(a) Find the velocity of the cart at A.

(b) Find the reaction force from the seat of the

cart onto a passenger at B.

(c) What is the acceleration experienced by

the cart from A to C (assumed constant)?

16

A mass of 5.0 kg is attached to a string of

length 2.0 m which is initially horizontal. The

mass is then released. Figure 8.20 shows the

mass when the string is in a vertical position.

(a) Find the speed of the mass when the siring

is in the vertical position.

(b) Find the acceleration of the mass.

(c) Draw the forces on the mass.

(d) Find the tension in the string.

initial position of mass
!

1

i

t

Figure 8.20 For question 16.

17 A neutron star has a radius of 50.0 km and

completes one revolution every 25 ms.

Calculate the centripetal acceleration

experienced at the equator of the star.

18 In an amusement park a box is attached to a

rod of length 25 m and rotates in a vertical

circle. The park claims that the centripetal

acceleration felt by the occupants sitting

firmly in the box is Ag. How many revolutions

per minute does the machine make?

19 A marble rolls from the top of a big sphere as

shown in Figure 8.21 . What is the angle 9

when the marble is about to leave the sphere?

Assume a zero speed at the top.

Figure 8.21 For question 19.
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The law of gravitation

lhts chapter will introduce you to one of the fundamental laws of physics: Newton's law

of gravitation, Ihe law of gravitation makes it possible- to calculate the orbits of the planets

around Ihe son, and predicts the motion of comets, satellites and entire galaxies. Newton's

law ot gravitation was published in his monumental Phitosophiae Nutwotis prinapta

Mathematic®, on 5 July ififjfi. Newton's law of gravitation has had great success in dealing

with planetary motion.

Objectives

fiy the end of this chapter you should be able to:

- appreciate that there is an attractive force between any two point masses

that is directed along the line joining the two masses. F — G

* state the definition ofgravitojtionaf jield strength, tj = G V

.

Newton's law of gravitation

We have seen that Newton's second law implies

that, whenever a mass moves with, acceleration,

a force must be acting on it. An object falling

freely under gravity is accelerating at 0.8 in s
~

and thus experiences a net force in the

direction of ihe acceleration. 'Flits force is, as we

know, the weight of the mass. Similarly, a

planet that revolves around the sun also

experiences acceleration and thus a force is

acting on it. Newton hypothesized that the

force responsible for the falling apple is the

same as the force acting on a planet as it

revolves around the sun* The conventional

weight of a body is nothing more than the

gravitational force of attraction between that

body and the earth.

Newton proposed that the attractive force

of gravitation between two pufnt masses is

given by the formula

M\ Alj
F = G

.

where ;Vl
i
and AN are the masses of The

attracting bodies, r the separation between

thou and G a new constant of physics

called Newton's constant of universal

gravitation. It lias the value ri — 6.667 x

10 N m" kg \ The direction ofthe force

is along the line joining the two masses.

This formula applies to point masses, that is to

say masses which are very small (in comparison

with their separation}. In the case of objects

such as the sun. the earth, and so on. rbc

formula still applies since the separation of, say.

the sun and a planet is enormous compared

with the radii of the sun and the planet. In

addition, Newton proved that for bodies which

are spherical and ofuniform density one can

assume that the entire mass of the body is

concentrated at the centre - as if the body is a

point mass.

Figure 9.1 shows the gravitational force between

two masses. The gravitational force is always

attractive,
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Figure 9.1 The mass of the spherical body to the

left can be thought to be concentrated at the

centre.

Figure 9.2 The gravitational force due to a

spherical uniform mass is the same as that due

to an equal point mass concentrated at the

centre.

Therefore, we must have that

The force on each mass is the same. This follows

both from the formula as well as from Newton's

third law.

Example questions

Find the force between the sun and the earth.

Answer

The average distance between the earth and the

sun is R = 1.5 X 10" m. The mass of the earth is

5.98 X 1024
kg and that of the sun 1 .99 X 10w kg.

Thus

F = 3.5 x.1022 N

Q2
If the distance between two bodies is doubled,

what happens to the gravitational force between

them?

Answer

Since the force is inversely proportional to the

square of the separation, doubling the separation

reduces the force by a factor of 4.

We said that the force we ordinarily call

the weight of a mass (i.e. mg) is actually the

force of gravitational attraction between

the earth of mass A1C and the mass of the

body in question. The mass of the earth is

assumed to be concentrated at its centre and

thus the distance that goes in Newton’s

formula is the radius of the earth, Re (see

Figure 9.2).

McmGHf =W9

CMt

This is an extraordinary result. It relates the

acceleration of gravity to the mass and radius of

the earth. Thus, the acceleration due to gravity

on the surface ofJupiter is

C Alt

Example questions

Q3
Find the acceleration due to gravity (the

gravitational field strength) on a planet 10 times

as massive as the earth and with radius 20 times

as large.

Answer

From

CM

we find

C(IOA^)
g ~

<20 Re )
2

10CH
“ 400 R*

1 GMf
=
A0~Rf
1

“ 40^

Thus g = 0.25 m s
-2

.
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Q4
Find the accpleraiion due to gravity at a height of

300 km from the surface of the earth.

Answer

CM*
g ~

(Rr + h)

1

where Rt.

= 638 x 10’* m is Ihe radius of the

earth and h the height from the surface. We can

now pul the numbers in our calculator to

find g = 8.94 m s

['he order-oFmagnitude arithmetic without a

calculator is as follows:

CH
B ~ {Rt + h)

2

6.67 x 10 1T x 5.98 * 1024

“ (6.68 x 10h)
a

42

5

** 8 m s“-

Gravitational field strength
.

Physicists (and philosophers) since the time of

Newton, including Newton it ini self, wondered

how a mass ‘knows’ about the presence of

another mass nearby that will attract it. Hy the

nineteenth century, physicists had developed

the idea of a ‘field’, which was to provide the

answer to the question. A mass A1 is said to

create a gravitational /fold in the space around

it. This means that when another mass is

placed at some point near A L it ’feels" the

gravitational field in the form of a

gravitational force. (Similarly, an electric

charge will create around it an electric field

and another charge will react to this field l>y

having an electric force on it.)

We define gravitational field strength as follows.

:> The gravitational field strength at a certain

point is the Force per unit mass experienced

by a small point mass nr at that point. The

force experienced by a small paint mass m
placed at distance r fiom a mass VI is

So the gravitational field strength (fytn) of

the mass 1 1 is

The units of gravitational field strength arc

Nkg \

IfM stands for the mass of (he earth* then the

gravitational field strength is nothing more

than ( be acceleration due to gravity at distance

r from the centre of the earth.

The usefulness of the definition of the

gravitational field strength is that it tells us

something about the gravitational effects of a

given mass without actually having to put a

second mass somewhere and find the force

on it.

The gravitational field strength is a vector

quantity whose direction is given by the

direction of the force a point mass would

experience if placed at the point of interest.

The gravitational field strength around a

single point mass M is radial, which means

that it is the same lor all points equidistant

from the mass and is directed towards the

mass. The same is true outside a uniform

spherical mass. This is illustrated in

Figure 9.3,

litis is to be contrasted to the assumption of a

constant gravitational field strength, which

would result in Lhe situation illustrated in

Figure 9.4. The assumption of constant

acceleration of gravity (as* for example, when

we treated projectile motion) corresponds to

this case.
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Figure 93 The gravitational field around a point

(or spherical) mass is radial.

Figure 9.4 The gravitational field above a flat mass
is uniform.

Fxamplc questions

Q5
Two stars have the same density but star A has

double the radius of star B. Determine the ratio of

the gravitational field strength at the surface of

each star.

Answer

The volume of star A is 8 times that of star B since

the radius of A is double. Hence the mass of A is

8 times that of B. Thus

g* _ CMa//?^

gB
“ gm*/rI

= MkRI
Mb R2

a

1

= 8 x -
4

= 2

Qb
Show that the gravitational field strength at the

surface of a planet of density p has a magnitude

given by g =

Answer

We have

GM

Since

it follows that

G4ttpR'
S=

3 R2

AGnpR
"

3

1 What is the gravitational force between:

(a) the earth and the moon;

(b) the sun and Jupiter;

(c) a proton and an electron separated by

10' 10 m?

(Use the data in Appendices 1 and 3.)

2 A mass m is placed at the centre of a thin,

hollow, spherical shell of mass M and radius R

(see Figure 9.5a).

(a) What gravitational force does the mass m
experience?

(b) What gravitational force does m exert on M?

(c) A second mass m is now placed a distance

of 2R from the centre of the shell (see

Figure 9.5b). What gravitational force does

the mass inside the shell experience?

(d) What is the gravitational force experienced

by the mass outside the shell?
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Figure 9,5 For question 2,

T Stars A d net R have (he same mass and the

radius of star A is 9 times larger than the

radius of star B. Calculate the ratio of the

gravitational field strength on star A lo that

on star B,

4 Planet A has a mass that is twice as targe as

the mass of planet B and a radius that is twice

as large as the radius of planet R. Calculate

the ralio of the gravitational field strength on

planet A to that on planet B,

5 Stars A and B have the same density and star

A is 27 times more massive than star R.

Calculate the ratio of the gravitational field

strength on star A to that on star R,

u A star explodes and loses half its mass. Its

radius becomes half .as large. Find the new

gravitational field strength on the surface of

the star in terms of the original one.

7

f he mass of the moon is about 81 times less

than that of the earth. At what fraction of the

distance from the earth to the moon is the

gravitational field strength zero? (lake into

account the earth and the moon only.)

8

Point P is halfway between the centres of two

equal spherical masses that are separated by a

distance of 2 x 1
0‘ m (see Figure 9,6). What

is the gravitational field strength at:

(a) point P;

(b) point Q?

P

-o

3 k 10-kj:
3 x

to9 m

6 Q

Figure 9.G For question 8

9

Consider two masses. There is a point

somewhere on the line joining the masses

where the gravitational field strength is zero,

as shown in Figure 9.7. Therefore, if a third

mass is placed at that point, the net force on

the mass will be zero. If the mass is slightly

displaced away from the equilibrium position

to the left, will the net force on the mass be

directed to the left or the right

?

Figure 9,7 For question 9.
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Projectile motion
Galileo is credited with the discovery ol I he secrets of parabolic motion. He did

experiments with tailing bodies, from which he deduced the acceleration due to gravity

and its independence of the body's mass, and discovered that projectiles follow

parabolic paths. Examples ol paiabolic motion include the paths of a stone thrown into

the air at an angle, a bullet shot from a gun and water spiayed train a hose. The basic

fact here is that every object that falls freely under the action of the earth's gravity

experiences an acceleration g directed vertically down, in what follows, it is assumed

that the earth is Hal. this means that we only consider a small part of the earth's surface

so that it is approximately flat, in which case the acceleration due to gravity is pointing

normally to the horizontal ground.

Objectives

By the end of this chapter you should be able to:

• understand parabolic motion as a combination of two stmuitonams straight -

line motions, one horizontal and one vertical;

* understand thar in parabolic morion there is an acceleration in the vertical

direction (due to gravity) but none in the horizontal direction;

* derive expressions far maximum height (by setting vy — 0) and maximum
range

(

y

= 0) reached by imposing appropriate conditions on the equations;

• solve problems of parabolic motion;

* draw the velodty and acceleration vectors of the projectile ai various points

on its path;

• appreciate the convenience afforded by the law of crniservaticm of energy in

some parabolic motion problems.

Parabolic motion

Let us begin by looking at what happens when an

object is thrown horizontally from some height h

above the ground with some initial velocity.

Experience tells us that the object will follow a

curved path and will eventually fall to the

ground. What we want to know is how far the

object travels, how long it rakes to fall to the

ground, the precise shape of the curved path, etc.

Figure 10,1 shows the positions of two objects

every 0.2 si the first was eimply allowed to drop

from rest, tile other was Launched horizontally

with no vertical component of velocity. We see

that the displacements in the y fi.e. vertical]

direction are covered m the same rime.

How do we understand this fact? A simple way is

to make use of the concept of relative velocity.

Consider two bodies, one dropped from rest and

the other launched horizontally with velocity i .

From the point ofview of a stationary observer

on the ground, body B falls vertically whereas

body A follows a parabolic path. Consider now
the description of the same situation from [he
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Figure 10,1 A body dropped from rest and one

launched horizontally cover the same vertical

displacement in the same time.

point of view ofanother observer on the ground

who moves with velocity v(2 with respect to the

ground. From the point of view of this observer,

body A has velocity \'/2 and body B has velocity

-V/2, 'The motions of the two bodies are

therefore identical (except for direction). So this

observer will determine that the two bodies

reach the ground at the same time. Since time is

absolute in Newtonian physics, the two bodies

must reach the ground at the same time as far

as any other observer is concerned as welL {See

Figure 10,2.)

This means that the motion of the body

launched horizontally can be analysed quite

simply because we can separate lhe vertical

motion from the horizontal motion. E.et vq be

the initial velocity of the object in the horizontal

direction. Since there is no acceleration ill this

direction, the horizontal velocity component at

all times will be equal to i'o

v* - To

and the displacement in the horizontal

direction will be given by

x = I'o?

In ihe vertical direction, the object experiences

an acceleration g in the vertically down

direction. Thus, the velocity in the vertical

direction will be given by

Ty - -gt

Figure 102 The motions of line ball projected horizontally and the ball

dropped vertically from resi are identical from the point of view ofthe

moving observer. The two balls will thus reach the ground at the same time.
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(we are assuming that positive velocity means

the body moves upward; the acceleration due

to gravity is then negative, or £/) and the

displacement Es given by

y=-\gt2

The point oflaunch is assumed to be the origin,

as in Figure 10.3, so that the initial displacement

is zero,* = 0,y = 0,

alter lime t are

x — v0 t

= 1 2.0 x 4.0

= 4f5 m

and

y-
= “5 x 16

— —80 m

i nil in] tiurizonEiil velocity

x

Figure 10,3.

Example questions

Q1
An object is launched horizontally from a height of

20.0 rn above (he ground, as shown in Figure 1 0.4.

When will it hii the ground?

-20.0 m

Figure 10.4.

Answer

The objecl will hit the ground when v - -20,0 m
H

and thus from y
— — ygr we find —20 — -51 s

,

giving t
- 2.0 s. Mote that we do not need to

know the actual velocity of launch.

Q2
An object is launched horizontally with a velocity

of 1 2 m s '

. What is the vertical component of

velocity after 2.0 s? What are the coordinates of

the object after 4.0 s?

Answer

I he horizontal component of velocity is 1 2 ms"

at all times. From vY = gt
t
the vertical

component is v
y = -20 ms” 1

. The coordinates

Knowing the x and v coordinates as a function

of time allows us to find the shape oft he

curved path followed by an object launched

horizontally: from * — we solve for time

t — t and substituting in y = \gt l we find

which is the equation of a parabola.

launch at an arbitrary angle

In the previous section we studied the horizontal

launch of a projectile. In this section we will

study the more general case of launch at an

arbitrary angle. Figure 10.5 shows an object

thrown at an angle of ft =30 to the horizontal

with initial velocityvector vq. whose magnitude

is 20 m s \ and the path it follows through

the air.

The position of the object is shown every 0.2 s.

Note how the dots get closer together as the

object rises (the speed is decreasing) and how
they move apart on the way down (the speed is

increasing). It reaches a maximum height of

5.1 m and travels a horizontal distance of35 m.

As before, the easiest way to analyse what is

going on is to realize that the object is actually

undergoing two motions simultaneously - one

in the vertical direction and another in the

horizontal, thus, if the object begins at point 0
(sec Figure 10.6) at / = 0 and subsequently finds

itself at point P, Then we can say that during

this time the object adualiy moved a horizontal

displacement OX and a vertical displacement

OY. Note that the time taken to cover the
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Wni

*-* ,v/m

5 10 15 20 25 30 35

Figure 10.5 An object is launched at an arbitrary angle to the horizontal. The path

followed is parabolic

displacement OX is the same as the time taken

to cover OY, OX and GY are just the components

of the displacement vector of the mass at R

Figure 10.6 The position vector of a point P as an

object executes parabolic motion.

The point of doing things this way is Lhat we

have succeeded in reducing the motion in the

plane into two motions taking place at the

same time on straight lines. Since we know all

about straight-line motion, it means we also

know all about motion in a plane.

Let us then throw an object into the air with

velocity vector i\i (of magnitude ro) at an angle

& to the horixoni tab The suffix zero in Fg is to

remind us that Lhis is the in ilia! velocity of the

object- The component of initial velocity in i he

horizontal direction is simply e
#qcos#.

• At am r future lime, the horizontal velocity

component will be the same, that is

yx — i cos 0

since there is no acceleration horizontally

Ifwe cad the displacement in the

horizontal direction x, then after a time of

( s goes by

X — V(>f LOS -9

On the other hand, in the vertical direction

there is acceleration, namely the acceleration

due to gravity, g, (In our formulae, the

acceleration will be taken to be negative, A
positive velocity means that the mass is moving

up. On the way up. the velocity decreases and so

the acceleration is negative. On the way down,

the velocity is geti ing more and more negative

and so the acceleration must again be taken to

be negative,)

The initial velocity in the vertical direction

is t n sin 0. so the vertical velocity

component at any Lime t al ter launch is

given by

i'V — r,i sin <3 - gi

The displacement in the vertical direction,

v. after lime / seconds is given by

y = r li l sin 9 -
|
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Note that we arc dealing with displacements

here and not distances. The distance travelled is

the length of the arc of the parabola from 0 to

wherever the mass finds itself alter time t.

Setting # = 0 in these formulae gives the

formulae for a horizontal launch, as in the

previous section.

Unlike the velocity in the horizontal direction,

which slays the same, the vertical velocity is

changing. It begins with the value Co sin # at

time zero, starts decreasing, becomes zero, and

then keeps decreasing, becoming more and

more negative. At what point in time does the

vertical velocity component become zero?

Setting Vy = 0 we find

0 — Vo sin# -gt

v

o

sin #
=s f = —

9

The time when the vertical velocity becomes

zero is. of course, the time when the mass

attains its maximum height, WhaL is this

height? Going back to the equation for the

vertical component of displacement we find

that when

This is the formula for the maximum height

attained by the mass. You should not remember

it by heart but rather you should be able to

derive it.

What about the maximum displacement in the

horizontal direction (sometimes called the

range)? At this point the vertical component of

displacement is zero. Setting y = 0 in the

formula for y gives

0 — sin# — %gt
2

— t (vasin# -

and so J

1 — 0 and

^

2i'o sin 8

9

The first Lime l
- 0 is, of course. When the mass

first starts out. The second time is what we

want - the time in which the range is covered.

Therefore the range is

2v\ sin 0 cos 0

Vq sin 2$

9

Note, incidentally, that the lime it takes to cover

the range is twice the time needed to reach the

maximum height. This suggests that the motion

is symmetric about the highest point.

The maximum value of sin 2# is I and this

happens when 2# = 90° (i,e. $ — 45 ); in other

words, we obtain the maximum range with a

launch angle of 45 .This equation also says that

there are two different angles of launch that

give the same range for the same initial speed.

These two angles add up to a right angle (can

you see why?).

Example questions

Q3
A mass is launched with a speed of 10 m s

-1
at

(a) 30° to the horizontal;

(b) 0° to the horizontal;

(c) 90° to the horizontal.

Find the x- and y-componenls of the initial velocity

in each case.

Answer

(a) v* = vo cos $

= 10 x cos 30“

= R.&fa m s
-1

Vy — v0 sin 8

= 10 x sin 30°

= 5 ms" T

(b) vK = 10 ms' 1

v
y
** D m s"

1

(d — o

Vy = 10 mr 1

t = vo sin #

9

V is given by

ve
i
sin#

JW - Va Sin#
9

vl sin
2
8=
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Q4

Sketch graphs to show the variation with time of

the horizontal and vertical components of velocity

of the projectile of example question 3{a).

Answer

See Figure 10.7*

Ansivit

X = Vo* COS &

and so

_ 3 0

25.0 x cos 30*

= 0 .14 s

Q5 II

A mass is launched at 30^ to the horizontal with

initial speed 25.0 m s
-
\ What is the maximum

height obtained?

Answer

The vertical velocity is given by

v
y
= vo sin 6 - gt

and becomes zero at the highest point. Thus

vt\ sin 0
I = —

—

S

= 1*25 s

and so maximum height 7.32 m by substituting

in the formula for y.

Qfc —
After what time does the mass in the previous

example question move a horizontal distance of

3,0 m?

Q7
For the same mass as in example questions 5 and

6, when is the height of the mass 4.0 m?

Answer

Trom

y - v0 t sin & — Jgf
2

we find

4,0 = 25 1 x 0.5 - 5/*

and so y
— 4.00 m when t ^ 0.3tJ s and t = 2.t s.

There are two solutions here since the mass

attains the height of 4 m twice: on its way up and

on its way down.

Q3 IMiller
A projectile is launched horizontally from a height

of 45 m above the ground. As it hits the ground,

the velocity makes an angle of btF to the

horizontal. Find the initial velocity of launch.

Answer

rhe time it takes to hit the ground is found from

y— - \gt
7 {hem $ = 0 since the launch is

horizontal) and so

“45 - -5t 2

=S f = 3 s

Thus, when the projectile hits the ground

vy = 0 - 10 x 3

= -30 m s”
1

Hence

tan bG —

30
=s vA- =

tan 60"

^17 ms"
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The shape of the path

(The proof is not required for examination

purposes.) The Iasi thing that remains to be

done here is to figure out the shape of the path

the object follows in the air. We can do this very

easily by concentrating on the formulae for

displacement in the* and y directions:

x — vtf cos 9

y = sin 6? - ^gt 2

Using the first equation we solve for time to

find t =
'

— and substituting in the

expression fory we find

y=V05ine(^e)
n 9 „2

which is the equation of a parabola.

Use of energy conservation

hi some problems we are asked to find the speed

of a projectile at some point along its path. If

speed is all that is being asked for, a very simple

method using the law ofconservation of energy

can be used. Consider the following example. A
ball is launched atl2ms E

at an angle of 60* to

the horizontal. It lands on the roof of a building

5 m high (see Figure 10.8}. What is the speed of

the ball on landing?

Figure 10.8 A ball is launched at ground level and
lands on the roof of a building.

Let us use conservation ofenergy first. At

launch, the total energy of the mass is

E = \mv 2 and on landing it is t * = |mu2 + mgh.

Equating the rwo results in

2
mtT + rntjh = l

r
mv2

=>u2 = v2 - 2(fit

This gives

u2 = 144 - 2 x 10 x 5

= 44

=>u = 6.63 ms" 1

Another method of solution uses Lhe equations of

projectile motion and is much more complicated.

Wc must find t he vertical component of velocity

when the vertical displacement of the ball is 5 m:

we usey — v$t sin£ \§\
?
to find the time

when the vertical displacement becomes 5 m.

The result is found from:

5 = 12/ sin 60 - 5f
a

=> 5f
2

10.3921 + 5 = 0

The roots are 0.756 s and 1,322 s. At these times,

the vertical velocity component is

Vy — vo sin# -gt

— 12 sin 60 10/

= ±2.83 ms"'

The speed on landing is thus given by

u = ^vj + v}

= J2.SV + 6'

= 6.63 m s~
1

The- advantage of the energy conservation

method is dear.

Effect of air resistance forces

Figure 10.9 shows Uie effect of air resist ance

on the path of a projectile launched, wi th

speed 200 ms 1

at 60'
' to the horizontal. The

path in black dots corresponds to the case of

zero air resistance. (The position is shown

every 0.8 s.) A similar projectile launched with

the same velocity but with an air resistance

force follows the path in open circles. Shown
here is the case of a resistance three of

magnitude proportional to the speed and

directed opposite to the velocity. We see that

with air resistance:
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* the path is no longer parabolic

- the maximum height and range are less

than without air resistance;

* the angle at which the projectile impacts

the ground is steeper.

v/m

NOG

I20U

(000
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400

200

0 500 LOGO 1500 2CXX) 2500 3000 3500

Figure KL9 The motion of a projectile without air

resistance (black dots), and with a resistance

force directed opposite to the velocity and of

magnitude proportional to the speed (open

circles).
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An arrow is shot horizonta lly towards point O,

which is at a distance of 20.0 m. it li its’ point

P 0.10 s later. (See Figure 10,10.)

(a) What is the distance OP?

(by What was the arrow's initial velocity?

Figure 10.10 For question l.

2

A ball rolls off a table with a horizontal speed

2.0 m s"
1

. If the table is 1 .3 m high, how far

from the table w ill the ball .land?

3 A ball is kicked horizontally with a speed of

5*0 m s
1 from the root of a house l m high.

(a) When will the ball hit (he ground?

(b) What will the speed of the ball be fust

before hitting the ground?

4 An object is launched horizontally with a

speed of 8.0 m s
1

from a point 20 m from the

ground,

ia) How long will il lake the object to land on

the ground?

(b) What is the speed of (he object 1 s after

launch?

(c) What angle does the velocity make with

the horizontal 1 s after launch?

td) With what velocity does the object hit The

ground?

5 Two objects are thrown horizontally with the

same speed [4.0 ms ’) from heights ot 4.0 in

and 3.0 m r
as shown in Figure 10,11 . What

distance will separate the two objects when

both land on the ground?

8.0 m

o

0—
4,0 m

* e

Figure 10.11 For question 5.

8 With what speed should the object at 4.0 m
height in Figure 10,11 be launched it it is to

land at the same point as the object launched

from 8,0 m at 4.0 m s
r

?

7 A plane flying at a constant speed of 50,0 m s
1

and a constant height of 200 m drops a package

of emergency supplies to a group of hikers. If

the package is released just as the plane flies

over a huge fir tree, find at what distance from

the tree the package will land.

8 The longest distance an athlete can throw the

discus is L How high would the same athlete

be able to throw the discus vertically?

[Assume., unrealistically, that the speed of
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throwing is the same in both cases and ignore

air resistance.)

9

En a loop-lhe-loop cart, as shown in Figure

1 0,1 2, a passenger drops their keys when

at the highest point. The cart is moving at

6ms and is 6 m from the ground. Where

will the keys Hand?

Figure 10,12 For question 9.

10 For an object thrown at an angle oi 40° to

the horizontal at a speed of 20 m s
s

, draw

graphs of:

(a) horizontal velocity against time;

(b) vertical velocity against time;

(c) acceleration against time,

11 What is the highest point reached by an

object thrown with speed -1.0 m s' at 40° to

the horizontal?

12 A stone is thrown with initial speed 6.0 ms-1

at 35° to the horizontal. What is the direction

of the velocity vector 1 s later?

13 An object is thrown wiih speed 20,0 m s"
1

at

an angle of 50“ to Ihe horizontal. Draw graphs

lo show the variation with time of;

fa) the horizontal displacement;

(b) the vertical displacement.

14 An object of mass 4.0 kg Is thrown with speed

20.0 m s“ at an angle of 30^ to the

horizontal. Draw graphs to show the variation

with time of:

(a) 1 he gravitational potential energy of the

body;

(b) the kinetic energy of the body.

15 A cruel hunter takes aim horizontally ai a

monkey that is hanging from the branch of a

tree, as shown in Figure 10.13, The monkey

lets go of the branch as soon as the hunter

pulls the trigger. Treating the monkey and the

Figure 10.13 For question 15,

bullet as (joint particles, determine if the

bullet will hit the monkey.

16

A ball is launched horizontally from a height

of 20 m above ground on earth and follows

the path shown in Figure 10.14. Air resistance

and other frictional forces are neglected.

The position ol the ball is shown every 0.20 s.

(a) Determine the horizontal component of

velocity of the ball.

(b) Draw l he net force on the ball at t = 1 s,

{d the hall is now launched under identical

conditions on the surface of a planet

where the acceleration due to gravity is

20 ms'-. Draw the position of the ball on

Figure 10.14 at rime intervals of 0.20 s,

ytm

6 5 tt) 15 20

Figure 10,14 For question 16,

17

A ball is launcher! from the surface of a

planet, Air resistance and other frictional

forces are neglected. The position ol" the ball
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is shown every 0.20 s in figure 10,15. Use

this diagram to determine:

the components of die initial velocity of

the bad;

(bj [he angle to the horizontal the ball was

launched al;

(c) the acceleration due to gravity on lhis

planet.

(d) Draw !wo arrows on Figure 1 0.1 5 to

represent the velocity and acceleration

vectors of the ball at t = 1 s,

(e) I he bad is now launched under identical

conditions from the surface of a different

planet where ihe acceleration due (o

gravity is twice as large. Draw the path of

the ball on Figure 1 0,1 5.

ytm

Figure 10,15 For question 16.

IB A soccer ball is kicked so lhat it has a range

of 50 m and reaches a maximum height of

1 2 m. What velocity (magnitude anti

direction) did the ball have as it left the

footballer's foot?

19

A stone is thrown with a speed of 20.0 m s
1

at an angle of to the horizontal from the

edge of a cliff 60.0 m above the surface of the

sea.

(a) Calculate the velocity with which the

Slone hits the sea.

(b) Discuss qualitatively the effect of air

resistance on your answers to (a).20

A projectile is launched with speed v0 at the

foot of an inclined plane at an angle of $ to

the horizontal, as shown in Figure 1 0. 1 6,

The inclined plane makes a smaller angle 0

with the horizontal. Show thai the projectile

will land a distance d up the plane given by

2 Vp cost* slnt# - 0)

gcos ;! 0

Figure 10.16 For question 20.

21

A ball is kicked with a velocity of 5,0 m s
!

up an inclined plane that makes an angle of

30° to the horizontal. The ball's velocity

makes an angle of 25° to the base of the

incline. (See Figure 10.17.) What is the

shape of its path? Explain. Find how high on

the incline the ball will get.

Figure 10.17 For question 21.

22

The maximum height reached by a projectile

is 20 m. The direction of the velocity 1 ,0 $

after launch is 20"; find the speed of launch.



CHAPTER AHL - Mechanics

Motion in a

gravitational field

Newton's law of gravitation makes it possible to calculate the orbits o! planets, comets,

satellites and entire galaxies, the details of the motion of the planets were discovered by

observation by Kepler, whose three laws can be seen to be a direct consequence of the

gravitational law of attraction and Newton's laws of mechanics. Kepler's laws weie

published in 1619 in a book called the Hurtnony of the World, nearly 70 years before

Newton published his work, in ancient frrnes, Ptolorny constructed an involved system in

which the sun and the planets orbited the earth in perfectly circular paths. When

observalions did not agree with the assumed circular paths, Ptolemy and his successors

asserted that planets move along additional smaller circular paths a I the same time that

they complete the orbit. This elaborate theory of epicycles has no foundation in physical

principles and is a good example of attempts to explain physical phenomena without an

understanding of the underlying principles. The Ptolemaic world view prevailed for

centuries until Copernicus, early in the sixteenth century, asserted that the sun was at the

centre of the motion of the planers in the solar system Newton's law of gravitation has

had great success in dealing with planetary motion but cannot account Ini some small

irregularities, such as the precession of the orbit ol Mercury and |he bending of light rieai

very massive bodies, in 1915, Einstein introduced the general theory of relativity which

replaced Newton's theory of gravity and resolved the difficulties of Ihe Newtonian theory.

Objectives

By the end of this chapter you should be able to:

* state the definitions of gravitational potential energy, = - Ci^y- , and

gravitational potential, V — —G y ;

* understand that rhe work done as a mass or is moved across two points

with gravitatfomiZ potential difference A t is It' = mA V:

* understand the meaning of escape velocity, and solve related problems

using the equation tor escape speed from a l>ody of mass M and radius R :

- y « >

* solve problems of orbital motion using the equation for orbital speed at a
j

distance r from a body of mass At y = ^1—;
u n derst a ml I be term weightkssness.
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Gravitational potential energy

Consider a mass Vi placed somewhere in space,

and a second mass m that is a distance from

,'V1 . The two masses have gravitational potential

energy, which is stored in their gravitational

field. This energy is there because work had to

be clone in order to move one of the masses, say

m, from a position very far away (infinity) to the

position near the other mass, [See Figure 11.1.)

The work I hat was done by the agent moving

the mass went into potential energy.

infinitely

Figure 11,1 Work is being done in bringing the

small mass from infinity to a given position

away from the big mass. This work is stored as

potential energy.

Supplementary material

The gravitational force is not constant bul

decreases as the separation of ibe masses

increases, so we cannot straightforwardly

compute the work done. Using calculus, the

total work done in moving the mass from infinity

to R is

f GMmW=j—df

W = w

w= -

GMm
r

CMm
R~

jf

x

& Ibis work is energy that is stored in the

gravitational field of the two masses and is

called the gravitational potential energy of

tiie two maSSes when they are separated by

a distance R:

GMm

A satellite's total energy as it orbits the earth is

rhe sum of its kinetic and gravitational

potential energies:

£ = \nw2 GMm
T

This expression simp lilies if we use Newton’s

law of gravitation and the second law of

mechanics

_ Mm y-
G —r - m—

r i r

2 G M
=> \r - —
= t k =

r

GMm
2r

so that

£ =
G Mm
2

r

or

£ = rrw
2

Figure 11,2 shows the kinetic energy E* = ,

potential energy Ep = - Jr” and total energy

E — Qjdm of a mass of 1 kg in orbit around

the earth, as a function of distance from the

earth s centre. This distance is measured in

terms of the earth's radius ft.

cnergy/MJ

r/ft

Figure 11,2 Graphs of the kinetic, potential and

total energy of a mass of 1 'kg in circular orbit

around the earth.

Related to the concept of gravitational potent Eat

energy is that of gravitational potential, V. The

gravitational potent ialis a field, because it is

defined at every point in space, but unlike the

gravitational field strength, it is a sm (nr quantity.
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* llie gravitational potential at a point P in

the gravitational Held is the work done per

unit mass in bringing a small point mass m
from infinity to point P. If the work done

is W, then the gravitational potential is

the ratio of the work done to the mass m,

that is

m

t he gravitational jsotenttal due to a single

mass M a distance r from the centre of

M is

The units of gravitational potential are

If we knowr that a Enass, or an arrangement of

masses, produces a gravitational potential V at

some point in space, then putting a mass m at

that point means that the gravitational

potential energy of the mass will be t
fl
- mV,

If a mass m is positioned at a point in a

gravitational field where the gravitational

potential is V\ and is Lhen moved to another

point where the gravitational potential is Vo,

then the work that is done on the mass is

W = m(V2 - V
} )

= mAV

V/imjfcjH 2 4 6 8
0-

-I

-2

-4

Figure 11JL

Answer

(a) On the surface of rhe plane! r = R. or

r/R — l
, and from the graph V =

-5 x IQ* j kg
1

, Hence

Fp,= mV
— 800 x t-5 x I0

fc

)

= ^4 x IQ
q

J

{b> When [fie distance from the surface is four

planet radii, r/R = 5 and the potential [here is

V = -T x TO* J kg"
1

. Hence
W= mAV
= 800 x (“t x 10* + 5 x J0

b
)

= 3,2 x 1 Q* J

Q2
Figure 11.4 shows the varialion of the

gravitational potential due to a planet and its

moon with distance r from the centre of the

planet. The cenlre-tocenlre distance between Ihe

planet and the moon is d. The planet's centre is at

r - 0 and the centre of the moon is at r = d.

Example questions

Q1
The graph in Figure 1 1 .3 shows the variation of

the gravitational potential due to a plane! with

distance r , Using the graph, estimate:

(a) the gravitational potential energy of an 800 kg

spacecraft that is at rest on the surface of the

planet;

(b) the work done to move this spacecraft from

the surface of the planer to a distance of four

pJanet radii from the surface of the planer.

VWJkg- 1 0.2 0.4 0.6 0.8 1.0

Figure U.4,

r/d
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What is the minimum energy required so that a

500 kg probe at rest on the planer's surface will

arrive on the moon?

Answer

The probe will arrive at the moon provided it has

enough energy to get to the peak of the curve.

Once there, the moon will pull it in. On the

surface of the planet V = -390 * 10
h

I
kg'

1

, At

the peak the potential is V — -40 x IGb
J
kg

-1
.

Hence

IV = mi V

= 500 x (-40 x 10* + 390 x 1 0%
= 1.75 x IQ" I

Escape velocity

The total energy of a mass m moving near a

large, stationary mass M is

L A 1m

r

where v is the speed of the mass when at a

distance r from A1. (If Al is also free to move,

then the total energy would have to include a

term JjAfu2 , where u is be the speed ofM. This

complicates things so we assume that M is held

fixed,) Tire only force acting on m is the

gravitational force of attraction between VJ and

m. Suppose that the mass m is launched with a

speed i'o away from. AT Wilt m escape from the

pull of VI and move very far away from it? To

move very far away means that the distance

between AT and m is so large that it is

practically infinite. Then the law of energy

conservation states that

, GMm r ,

i ~ “n— --

Hie left-hand side of this equation represents

the total energy F (kinetic plus potential) of the

mass m at the point of launch, a distance K

from the centre of A1 . and the right-hand side is

the total energy of the mass at infinity, where

the potential energy is zero. Thus, if rhe mass m

is to escape from the pull of VI . it must have a

total energy that is either zero or positive. If

F — 0, then the mass m makes it to infinity and

just about stops there, =0, If £ > 0. then m
not only gets to infinity but is also moving

there with speed given by the expression

above. If, on the other hand, £ < Q, then the

mass cannot make it to infinity; it is forever

trapped by the pull of AT So

- £ > 0: mass escapes and never returns;

* £ < 0: mass moves out a certain distance hut

returns - mass is trapped;

* F = 0: the critical case separating the other

two - mass just barely escapes.

This is a general result: whenever the total

energy of a mass is negative, that mass is

trapped by the attraction of whatever is

causing the total energy to be negative. Here it

is gravity that is responsible. Later on we will

see that the total energy of the electron in its

orbit around the atomic nucleus is also

negative. There it is the electrical force that is

responsible for £ < 0, The quarks inside

protons also have £ < 0, The strong nuclear

force is the reason for that.

Hack to gravitation again. What must the

smallest launch velocity be for a mass to escape

the pull of the earth?

- From the expression above we find that

vhe smallest v is that for which r-v 0

(i,e. E = 0), In this case

l

r rtJS
,/

v

C aim

R~
}2GM

V R

Tins is the minimum velocity that a mass

launched from the surface of the earth

mu si have in order to reach infinity and

stop 1 here. This is called the escape

velocity, l ^,. ,
from the earth. Note chat

the escape velocity is independent of the

mass of the body escaping.
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Using the fact that y = ~l'- we see that the

escape velocity can be rewritten as

fw — \/‘2g

where y is the acceleration due to gravity at the

surface of the earth. The numerical value of

this escape velocity is about 11.2 km s

The orderof-magm tilde arithmetic without a

calculator is as follows:

equal to or less than [he value above, nothing

can escape from the star. It is a black hole. The

interesting thing about this formula is that it

correctly gives the radius of the black hole even

though Newton's law of gravitation, which we

used, docs not apply I When dealing with very

massive objects, Newton's law has to be replaced

by Einstein's Jaw of gravitation. Surprisingly,

though, the answer is the same. This radius is

called the Schwarzschild radius of the star,

v =
2GAI

R

'2 x 6.67 x 10“ 13 x 538 x 1024

6 .38 x 10
b

2 x 7 x 6 x 10 7

= v/2~x?x 10"

= v
,/

j

140 x 106

^ 12 x 10
J m s“

In practice, in order to escape, a mass must

overcome not only t lie pull of the earth but also

the pull of the sun and the big planets. This

means that the escape velocity from the earth is

somewhat larger than 11.2 km s
_l

. This

discussion does not apply to powered objects

such as rockets; it applies only to objects

launched from the earth like cannon balls. In

other words, it applies to ballistic motion.

Txartiple questions

Q i

The inevitable example! What must the radius of

a star of mass M be such that the escape velocity

from the’ star is equal to the speed of light, c?

Answer

Using

IlGM
V =

V

with v - c, we find

Since nothing can exceed the speed of light, the

result above states that if the radius of the star is

Q4
Compute the Schwa rzschi Id radium of the earth

and the sun.

Answer

For the sun

2GM

2 x 6,6? x IQ-11 x 2 x IQ™=—
; tt — m
(3 x IQ Ji

)

*s 3 x 1 0
1 m

Similarly, for the earth R0 = 6,86 mm. This shows

that both the earth and the sun are far from being

black holes!

Orbital motion

The law of gravitation combined with

Newton's second law of mechanics allows an

understanding of the motion of planets

around t he sun as well as the motion of

satellites around the earth, 'Hie motion of an

object that is attracted and bound to a much
heavier mass is, according to the law oT

gravitation, necessarily an ellipse or a circle.

This follows because the law of gravitation is

an inverse square law: f = No other

form of the law of gravitation (except for a

Hooke's law type force, f = kr) would lead to

closed orbits as observed lor the planets.

Elliptical orbits with the sun at the focus of

the ellipse Is what Kepler deduced [Kepler's

first law) by analysing the observations made
by Tycho Brahe. Newton’s law of gravitation

and his second law of mechanics provide a
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theoretical understanding of Kepler’s

con cl usions.

Orbital speed

Consider a planet of mass tii in a circular orbit of

radius r around the sun, as shown in Figure 11,5,

The force on the planet is the gravitational force

between the mass of the sun and the mass of the

planeL, that is

c _ GMm

Equating the force with the product of mass

times acceleration (the acceleration here is

centripetal) we get

GAfm v 2—-— = m—

r

This formula gives the velocity of the planet

when it is in an orbit of radius r. For satellites,

M stands for the mass of the earth, and this

formula shows that the closer the satellite is la

Lhe earth, Lhe larger its speed has to be

(Figure 11.6 shows this relationship as a graph).

v/kEti 5
1

Figure 11.6 Hie speed of a satellite in circular

orbit around the earth. The distances are from

lhe earl h's centre in terms of the earth's radius

Note that the speed does not depend on l he

satellite's mass.

Example questions

Q5
Evaluate the speed of a satellite in orbit at a

height of 500 km from the earth's surface and a

satellite lhal just grazes the surface of the earth.

(Take the radius of the earth to be 6.38 x 10h m,)

Answer

The speed is given by

j _ GM
r

6.67 x 10- ,T x 5-98 X I014

6.88 x tOh

v = 7.6 x 10^ m s
_1

For a gracing orbit, using the same method

v = 7.9 x 10
3 ms 1

QU
This problem is known as lhe 'satellite paradox'.

A satellite in a low orbit wilt experience a small

frictional force (due to the atmosphere) in a

direction opposite to the satellite's velocity.

(a) Explain why the satellite will move into a

lower orbit closer to the earth's surface,

(b) Deduce lhat (he speed of the satellite will

increase.

(c) Explain how a resistant# force actuafty

increases the speed of the satellite (this is the

origin of i tie 'paradox').

Answer

(a) Since there is a frictional force act E rig. the

satellite's total energy wilt be reduced. The total

energy of a satellite of mass m in a circular

orbit of radius r around the earth of mass M is

GMmE=~—
A reduced total energy thus means a smaller

radius, i.e. the satellite comes closer to the

earth by spiralling inwards,

(b) The speed of the satellite in a circular orbit is

given by
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So we see that, as the satellite comes closer to

earth, its speed increases.

(c) The resolution of the 'paradox' rests on the

fact that, as the satellite begins to spiral

towards the earth, its velocity is no longer at

right angles to the force of gravity (which is

directed towards the centre of the earth).

Therefore the forces on the satellite in the

direction of the velocity are not just the

frictional force (opposite to the velocity) but

also the component of the gravitational force

(see Figure 1 1 .7), Thus,

Applied to planets (now /VI stands for the

mass of the sun), this law states that the

period of a planet around the sun is

proportional to the 3/2 power of the orbit

radius: this is simply Kepler’s third law of

planetary motion.

For elliptical orbits. R should be replaced by the

semi-major axis of the ellipse or (approximately)

by the average distance of the planet from the

sun.

. CMm .

F sin<9 =s—-— sin#
r2

A detailed analysis shows that the magnitude

of this component is approximately double

that of the frictional force. Hence, the satellite

increases its speed even though a frictional

force opposes the motion because the

tangential net force on the satellite is, in fact,

in the direction of the velocity.

Supplementary material

Kepler's second law states that planets sweep

out equal areas in equal times. This law also

follows from Newton's law of gravitation and

Newton's laws of mechanics.

Weightlessness

Consider an astronaut of mass

m in a spacecraft in orbit

around the earth a distance r

from the earth’s centre (see

Figure 11.8).

The forces on the astronaut are

the reaction force N from the

floor and his weight IV (i.e. the

gravitational force from the

earth). The net force on the

astronaut is

Period of motion
If the time taken for one revolution of the

satellite or planet is T , then we must have

v = “|
r

. So, substituting in the formula for

speed we find

Figure 11 .8 .
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and so

But the speed of the astronaut is given by

v
2 = which implies that jY = O.Thus, the

astronaut experiences no reaction forces from

the floor and so ‘feels' weightless.

Looked at in a simpler way, the astronaut is

falling freely but so is rhe spacecraft, hence there

are no reaction forces. At a distance of300 km
from the earth's surface, gravity is not

negligible. There is a force of gravity on the

astronaut but no reaction force from the

spacecraft floor.

Eqmpotential surfaces

As we have seen, the gravitational potential at a

distance r from the centre of a spherical

uniform mass A1 is given by

r

We may therefore consider a ll the points in

space that have the same potential.

From the formula above, it follows that those

points are all at the same distance from the

centre of the mass, and so Lie on a sphere

whose centre is the same as that of the

spherical mass. A two-dimensional

representation of these surfaces of constant

potential is given in Figure 11.9, They are

called equipment ial surfaces.

s- An L'Ljulpck^.' wJ surface consists or (hose

points that have the same potential.

Similarly, we may construct the equipotential

surfaces due to more than one mass. Figure

11,10 shows the equipotential surfaces due to

two equal masses centred at the points with

Figure 11.9 Equipotential surfaces due to one
spherical mass at the origin of the axes. The
difference in potential between any two
adjacent surfaces is the same.

coordinates (—0.5,0) and (4-0.5, 0), 'flic shape of

the surfaces is no longer spherical, (Very far

from both masses, the equipotential surfaces

tend to become spherical because, from far

away, it looks as if we have one body of mass

equal to twice the individual masses.)

Figure 11.10 The equipotential surfaces due to two
equal masses.
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Figu re 11.11 shows the equ ipolen t i a 3 su rfaces

for two unequal masses (the mass on the right

is double the other).

T !
'i—1—i—i—r—i—i

—

p—<—I—P

—

i—i—i—4—i—r—i—i—|—

r

J i i fe i I b s i i I i i b i I i i i i I L

1.0 -0.5 0 0.5 !,0

Figure 11.11 The equi potential surfaces due ro (wo
unequal masses.

There is a connection between the

gravitational potential and the gravitational

field, which is explained in the following

paragraphs. This mathematical connection

also translates to a relation between

equ (potential surfaces and gravitational Held

lines as we will soon see.

Consider two equi potential surfaces a distance

Ar apart, let AV be the potential difference

between the two surfaces. The situation is

shown in Figure 11.12, We want to move the

ffl 0

Figure 11.12 A point mass m is to be moved from

one equi 1X3 tential surface to the other.

point mass m from one equi potential surface to

the other.

We know that this requires an amount t)f work

W given by

W = m& V

But we may also calculate the work from W ~

force x distance. The force on the point mass is

the gravitational force f = mq. where g is the

magnitude of the gravitational field strength at

the position of the mass m. Assuming that the

two surfaces are very close to each other means

that g will not change by much as we move

from one surface to the other, and so we may

take g to be constant. Then the work done is

also given by

W = (mq)Ar

liquating the two expressions for work done

gives

AV

This gives the magnitude of the gravitational

field as the rate of change with distance of the

gravitational potential.

A more careful treatment, based on calculus,

gives the more precise result:

d V

Tills means that the gravitational field is the

negative derivative of the gravitational

potential with respect to distance. The minus

sign is not important for our purposes here.

Consider again Figure 11.9, Recall that adjacen t

cquiporential surfaces have the same potential

difference, and notice that as we move away

From the mass the surfaces arc further apart.

Using

AV

implies that the magnitude of the gravitational

field strength is decreasing (since AV is the
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same and Ar is getting larger}. The following is

also true,

Ifwe have a graph showing the variation

witli distance of the gravitational

potential, the slope (gradient) of the graph

is the magnitude of the gravitational field

strength.

A itother implication of this relation is that

equi potential surfaces and gravitational field

lines are normal (perpendicular) to each other.

We already know this for the case ofa single

mass: the field lines are radial lines and the

equipotential surfaces are spheres temred at

the mass. The two are norma] to each other, as

shown in Figure 11.13.

Held line

The point, though, is that this is generally

true for all shapes of field lines and

equipotential surfaces. This means that

knowing one set of lines or surfaces, we can

find the other.

Supplementary material

The binary star system

[This section is not required for examination

purposes but will be useful to those who study

the astrophysics option.)

Two stars can orbit around each other in wbaE

is called a binary star system. The orbit or

each star can be an ellipse but we will

consider here the much simpler case of

circular orbits. Consider two stars of mass

M] and They attract each other witli the

gravitational force

>b

where tl is the separation of their centres of

mass (see figure 11.14).

Figure 11.14 The two stars in the binary star

system attract each other.

The centre of mass of the two stars is not acted

upon by any external forces and is thus moving

in a straight Hire with constant speed. Without

Toss of generality, we may consider the speed to

he zero, in which case it follows that the two

masses orbit the common centre of mass. Taking

the orbits to lx- circular, the orbit radii (i,e. the

distances of each mass from the centre of mass]

are given by

„ M i<*
ft i
=

M| + M 2

R 2 = !

M
i -f- M >

See figures 11 « 1 5 and 11,16.

mass.
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Figure 11.16 The orbits of the two stars.

The speeds of rotation can be found from

M
[
M2.

v
“

ft£j
—

cP

=> v? = C

R
!

M-
:
K t

Ai| Afj

cP

=> v> = G

=

M, W;.

(P

and thus

n .
iVf > M j f/

1

d2 Mi 4- A4«

c; AT t

" d(M, 4 JVIi)

» -JW| M|d
f

~ — C— -

d2 M\ + M2

c ..VI

,

difMj 4 Mj)

The total energy of the binary star system is

given by

£ = -Mivf 4 -M ? vi - G
2

1

2

1 CM,1= - Mi —t
2 d(M T + Mj)

M
|
M 2

d

1_ GMf ^MiM2

+
2
Wj

dtMi 4 M 2 )

” iT~

1 GM,M,
/

Mt t
Mi

2 d \ ( M i 4 M 2 )

+
(M i t M.)

that is

£
1 CM, 41i

2 d

If the binary star system loses energy, for

example because of gravitational radiation, then

the energy decreases and thus the separation of

the two stars, d
t
decreases as well. This means

that each star now moves faster and the

rotational period decreases. This decrease in

the rotational period of a binary star system has

been observed and is indirect evidence for the

existence of gravity waves.

1 Show by applying Newton's law of gravitation

and the second law of mechanics that a

satellite (or planet) in a circular orbit of radius

R around the earth for the sun) has a period

(i.e. time to complete one revolution) given by

The common period of rotation is therefore

found from

4V ,

4t j d 1

“ G(Mi 4 M.o

This shows that if one mass is much larger than

the other, then the formula for T reduces to the

familiar one from Kepler's third law.

2 _
GM

where M is the mass of the attracting body

(earth or sun). This is Kepler's third low.

2 Show that a satellite orbiting the earth (mass

M) in a circular orbit of radius r and angular

velocity at satisfies

, GM
r =—

:t What is the speed of a satellite that orbits (he

earth at a height of 500 km? How long does it

take to go around the earth once?
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4 A satellite1 that always looks down at the same

spot on the earth's surface is called a

geosynchronous satellite, l int! the distance of

this satellite from the surface of the earth.

Could the satellite be looking down at any

point on the surface of the earth?

5 (a) What is file gravitational potential energy

stored in the gravitational field between the

earth and the moon?

(b) What is the earth's gravitational potential

a I the position of the moon?

(c) Find the speed with which the moon orbits

the earth, (Use the data in Appendix 3 J

6 A spacecraft of mass 30 000 kg leaves the

earth on its way to the moon. Hot the

spacecraft's potential energy as a function of

its distance from the earth's centre.

7 fa) What is ihe gravitational potential at a

distance from the earth's centre equal to

5 earth radii?

(b) What is the gravitational potential energy

of a 500 kg satellite placed at a distance

from the earth's centre equal to 5 earth

radii?

8 Figure 11.17 shows cross-sections of two satellite

orbits around the earth. (To be in orbit means

that only gravity is acting on the satellite;)

Discuss whether either of these orbits is possible.

9

In the text it was calculated that the acceleration

due to gravity at a height of 300 km above ihe

earth's surface is far from negligible, yet

astronauts orbiting in the space shuttle at such

a height feel weightless. Explain why.

1(1 Earlier in the topic of mechanics we used the

expression mgjh for (he gravitational potential

energy of a mass m. This expression is only

approximate. Show, by using U = - -----

.

which is the correct expression, ilvil the

difference in gravitational potential energy of

a mass on the surface of the earth and at a

height h from the earth's surface is indeed mgh

provided h is small compared with the radius

of the earth. (Use the binomial expansion.)

1 T Figure n .78 shows the variation of the

gravitational force with distance. What does

the shaded area represent?

Figure 1 1,18 For question 11.

12 Figure 11 .19 shows the variation with distance

of the gravitational potential (in lerajoules per

kilogram) due to a planet whose radius is

2.0 x Tip m,

(a) Calculate the mass of the planet.

(b) Show that the escape speed from the surface

of the planet is vw = 4-2 V
f
where V is lire

gravitational potential on the planer's

surface.

(c) Use the graph to determine the escape

speed from this planet,

(d) How much energy is required to move a

rocket of mass T 500 kg from the surface of

the planet to a distance of 1 ,0 x 10 b m
from the centre?

(e) A probe is released from rest at a distance

from the planet's cent re of 0,50 x tO
11

' m
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and allowed to crash onto the planet's

surface. With what speed will the probe hit

the surface?

Figure 11.19 For question 12.

1 3 Figure 1 1 .20 shows the variation with distance

from the centre of the planet of the

gravitational potential due to the planet and

its moon. The planet's centre is at r = 0 and

the centre of the moon is at r = L The units

of separation are arbitrary. At the point where

r = 0.75 the gravitational field is zero,

[a) Determine the ratio of the mass of the

planet to that of the moon.

(b) With what speed must a probe be launched

from the surface of (he planet in order to

arrive on the surface of the moon?

vm teg-* 0.2 n.4 o.6 o.s i

-i

_2

-1

-4

-5

-7

Figure 11.2<1 For question 13.

14 Prove that the total energy of the earth (mass

m) as it orbits the sun (mass Ml is F - {mv*

or f = - where r is the radius of the

earth's circular orbit. Calculate this energy

numerically.

15 Figure II. it shows two identical satellites in

circular orbits. Which satellite has the larger:

(a) kinetic energy;

(b) potential energy;

(c) total, energy?

It? Show that the total energy of a satellite of

mass m in orbit around the earth (mass M) at a

distance from the Earth's centre of 5 earth

radii is given by f s - ~3.

17 The total energy of a satellite during launch

from the earth's surface is f - -
,
where

R is the radius of the earth. It eventually settles

into a circular orbit; calculate the radius of

that orbit.

1 8 What is the escape velocity from the earth if

the launch takes place not on the surface of

the earth but from a space station orbiting

the earth at a height equal to ft,.? You must

find the velocity of launch as measured by

an observer on the space station. The

launch takes place in the direction of

motion of the space station.

T9 A satellite is in a circular orbit around the

earth. The satellite turns on its engines so that

a small force is exerted on the satellite in the

direction of the velocity. The engines are on

tor a very short time and the satellite now

finds itself in a new circular orbit.

(aj State and explain whether the new orbit is

closer to or further away from the earth.
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lb) Hence explain why the speed of the

satellite will decrease,

te] IE. appears that a force, acting in the

direction of the velocity, has- actually

reduced the speed. How do you explain

this observation?

20

figure 1 1.22 shows a planet orbiting the suit

counter-clockwise, at two positions - A and B.

AJso shown is the gravitational force acting on

the planet at each position. By decomposing

the force into components normal and

tangential to the path (dotted lines), explain

why it is only the tangential component that

tioes work. Hence explain why the planet wilt

accelerate from A to P but will slow down

from P to B.

21

Figure 1 1 ,23 shows a planet orbiting the sun.

Explain why at points A and P of the orbit the

potential energy of the planet assumes its

minimum and maximum values, and

determine which is which. Hence determine

at what point in the orbit the planet has the

highest speed.

22

The diagrams in Figure 1 1 .24 are not drawn to

scale and show, separately, the earth and the

moon, and the earth anti the sun, A point

mass m is placed at point A and then at point

B. The force experienced by the mass a l A

due to the moon is and at B it is F âan .

Similarly the forces at A and B due to the sun

are f * and F*.

{a) Using data from Appendix 3, calculate Ihe

ratio ~
7
”

’t" -

hurt um

lb) The tides on ihc earth have to do with the

difference between [he forces on opposite

sides of the earth. Using your answer in

{a), suggest whether (he sun or the moon

has the dominant role for tides on earth.

IT Show that the escape speed from the surface

of a planet of radius R can be written as

K-y- = V2jfS* where g is the gravitational field

strength on the planer's surface.

24 Consider two particles of mass m and 16m
separated by a distance d
(a) Deduce that at point P, a distance 7 from

the particle with mass m, the gravitational

field strength is zero.

{b} Determine the value of the gravitational

potential at P.

25 fa) Deduce that a satellite orbiting a planet of

mass Min a circular orbit of radius r has a

period of revolution given by T = ^ "^7 -

fb) A gracing orbit is one in which the orbit

radius is approximately equal to the radius

R nf the planet. Deduce that the period ofFigure 11.23 For question 21.
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revolution in a grazing orbit is given by

7 - y
1^, where p is the density of (he

planet.

(cj The period of a grazing orbit around (he

earth is 85 minutes and around Lhe planet

Jupiter it is 169 minutes. Deduce the

ratio
Ptofm

2b (a] The acceleration of free fall at the surface

of a planet is g and the radius of the planet

is f?. Deduce that the period of a satellite in

a very low orbit is given by 7 =

(b) Given that g
= 4.5 ms"2 and R =

3.4 x 1

0

b m, deduce (hat the orbital period

of the low orbit is about 91 minutes.

(c) A spacecraft in orbit around this planet has a

period of 140 minutes. Deduce the height of

the spacecraft from the surface of the planet.

27 Two stars of equal mass M orbit a common
centre as shown in Figure 11 .25. The radius

of the orbit of each star is R, Assume that

each of the stars has a mass equal to 1 .5

solar masses (solar mass = 2X 10 ,tu
kg) and

that the initial Separation of the stars is

2.0 X 1
0^ m.

Figure 11.25 For question 27.

(a) State the magnitude of lhe force on each

star in terms of M, ti and C.

(b) Deduce that the period of revolution of

each star is given by the expression

CM +

(c) Evaluate the period numerically.

(d) Calculate that the total energy of the two

stars is given by

_ CM 1

4 R

(e) The two-star system loses energy as a result

of emitting gravitational radiation. Deduce

that the stars will move closer to each

other.

(f) (h Explain why the fractional loss of

energy per unit time may be calculated

from the expression

A£/£ _ 3 A 7/7

At 2 At

where is lhe fractional decrease in

period per unit time.

fit) The orbital period decreases at a rate of

A 7 = 72 ps yr . Estimate the fractional

energy loss per year.

{gj The two stars will collapse into each

other when A£ £. Estimate the

lifetime, in years, of this binary star

system.

28 Figure It .26 shows equtpotential surfaces due

to two spherical masses.

I
1 -

I

—

~

1 • 1
I

“ ”~
1

T
T

—1.0 -0.5 0 0 5 1.0

Figure 11.26 For question 28.

(a) Using the diagram, explain how it can be

deduced that the masses are unequal.

(b) Copy the diagram and draw in [he

gravitational field lines due to the two

masses.

(c) Explain why the equ [potential surfaces

are spherical very far from the [wo

masses.
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29 Figure 11 .27 shows the variation with distance

r from the centre of a planet of the combined

gravitational potential due to the planet (of

v/io fi Jkg-'

mass M) and its moon (of mass m) along the

line joining the planet and the moon. The

horizontal axis is labelled where d h the

centre-to-centre separation of the planet and

the moon,

(a) The distance d is equal to 4,8 X 10s m. Use

the graph to calculate the magnitude of the

gravitational field strength at the point

where
j
— 0,20.

(b} Explain the physical significance of the

point where — 0.75,

(c) Using the graph, calculate the ratio
jjj.

figure 11,27 For question 29.
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Thermal concepts
This chapter is an introduction to thermal physics. It introduces the concepts of

temperature, heat, internal energy and thermal equilibrium.

Temperature

Temperature is the intuitive concept of

‘hotness’ or ‘coldness’ of a substance. To

measure the temperature of a body we need to

find a property of the body that changes as the

'
hotness ‘ changes. Consider a thin tube filled with

mercury - as it becomes hotter, the length of

mercury increases (see Figure 1.1). The length of

die mercury column then becomes a measure

of the temperature of the mercury in the tube.

(Other properties such as electrical resistance,

voltage and pressure may be used, depending

on the kind of thermometer to be constructed.)

I I I cold

I I |
hotter

Figure 1.1 As the mercury column gets hotter, its

length increases. This can be used to define a

temperature scale on a thermometer.

In 1742. Andreas Celsius created the temperature

scale that is commonly used today and is known

by his name. In the Celsius scale a value of zero

degrees is assigned to the freezing point of

water and a value ofone hundred degrees is

assigned to the boiling point of water. A
thermometer employing the Celsius scale can be

made by first placing a glass tube containing

mercury in a mixture of ice and water and

labelling the length of the mercury as 0. then

placing it in boiling water and labelling the

new length as 100. Finally, the range from zero

to one hundred degrees is subdivided into equal

intervals. The degree of the Celsius scale is

denoted by C. (It is a curious historical note

that Celsius himself actually assigned 0 5C to

the boiling point of water and 100 C to the

freezing point.)

A thermometer like the one just described

actually measures the temperature of the

mercury it contains. To measure the
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temperature of ano I her body we must bring the

thermometer into thermal contact with the body

of interest. If a thermometer originally at room

temperature is placed in a hot cop of coffee, the

length of the mercury column (he. the reading

of the thermometer) will go up and eventually

will settle to a constant value. Similarly, if the

thermometer is placed in a cup containing ice

water, the reading will start going down until,

eventually, a constant reading is obtained.

While the thermometer reading is changing,

there is a thermal interaction between the two

bodies (the thermometer and the coffee, say).

When the reading settles at a constant value,

the two bodies [thermometer and coffee) are in

thermal equilibrium,. When thermal equilibrium

is reached, the temperature of the two bodies

is the same. Thus, the reading on the

thermometer is also the temperature of the

body.

Thermal equilibrium can exist between more

than two bodies. Consider three bodies. A, B

and C, Suppose that Cis in thermal equilibrium

with both A and B. 'This implies that A and B

have the same temperature as C They therefore

also have the same temperature as one another

and hence arc in thermal equilibrium with one

another [see Figure 1.2),

Figure 1.2 Body A and body B arc each in thermal

equilibrium with body C. Therefore they arc in

thermal equilibrium with each other and hence

have the same temperature, -

The absolute temperature scale [to be

discussed in more detail in later chapters) is

defined in terms oT the conventional Celsius

scale through

7 (in kelvin) = T [in degrees Celsius) + 273

The lowest possible temperature on the absolute

scale is zero kelvin. 0 K, It is not possible to

achieve a lower temperature. On the Celsius

scale the lowest possible temperature is,

therefore, -272 C.

Heat as energy

It was not until the nineteenth century that

heat' was recognized as a form of energy. Up

to the it it was regarded as a kind of fluid

that moved from place to place, A historic

experiment by Joule demonstrated the

equivalence of heat and energy.

[n the previous section, we mentioned that

two bodies that are in Thermal contact and

have different temperatures will have a

thermal interaction. This interaction involves

heat.

- Heat is energy that is transferred from

one body and into another as a result of a

difference in temperature.

Thus, when a hot object is brought in con tael

with a colder body, heat will be transferred to

the colder body and increase its temperature.

We say that the colder body has been 'heated'.

Now, all substances consist of molecules and*

whether in the solid, liquid or gas phase, the

molecules are in constant motion. They

therefore have kinetic energy. In a gas the

molecules move randomly throughout the

entire volume of the gas. In a solid the motion

of the molecules is on a very much smaller

scale - the molecules simply vibrate about their

equilibrium positions. This requires kinetic
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energy as well. In addition, there are forces

between molecules (inrermolecular forces,

which are electrical in nature)* For gases these

forces are very small (under reasonable

conditions they are almost negligible). But they

are substantial tor solids, Increasing the average

separation of two molecules of a solid requires

work to bo done. This work goes into potential

energy associated with intermolecular forces.

(The case of liquids is intermediate between

gases and solids*)

We thus define the internal energy of a

substance as follows:

> Internal energy is the total kinetic energy

of the molecules of a substance, plus any

potential energy associated with forces

between the molecules.

Thus, the heat that is transferred from a hot to

a cold body increases the internal energy of the

cold body (and decreases the internal energy of

the hot body by the same amount). So the term
H

heat‘ refers to energy associated with the

thermal interaction of two or more systems due

to a difference of temperature.

Similarly, if we place a large number oflead

pellets in a box and shake the box vigorously,

the temperature of the lead pellets will go up.

The lead pellets will be ‘heated' and their

internal energy increases. But there is no heat

exchanged here. The internal energy of the

pellets increases because of the work that we

perform in shaking I he box.

So the internal energy of a system can change

as a result of heat added or taken out and as a

result ofwork performed. Internal energy* heat

and work are thus three different concepts*

What they have in common is that they are all

measured in joules. Temperature is yet another

different concept. One of the big discoveries of

nineteenth-century physics was the relation

between temperature and kinetic energy of

molecules.

The absolute temperature is a measure of

the average kinetic energy of the molecules

of a substance. The average kinetic energy

of the molecules is directly proportional to

the absolute temperature in kclvin.

We therefore have a relationship between a

microscopic concept (the average kinetic energy

of molecules) and a macroscopic concept

(temperature).

Note that sometimes the term ‘thermal energy

‘

is also used. Some books use thermal energy to

mean heat as we defined it and others to mean
internal energy. The term thermal energy' will

mostly be avoided in this book but when it is

used it will mean internal energy*

The atomic model of matter

Ordinary matter can be found in three forms or

phases: solid* liquid and gaseous. The solid

phase is characterized by high density and the

molecules are at fixed positions. In the liquid

phase, the density is lower and the molecules

are further apart. Unlike the solid phase*

molecules are free to move about, thus the

distance between them is not fixed. In the gas

phase, the molecules experience little

resistance to motion and move freely about -

I he average distance between molecules is large.

This is illustrated in Figure 1.3.

In all three cases there are forces acting

between the molecules of the substance. These

intermolecular forces are strongest in the solid

phase and weakest (almost negligible) in the gas

phase. In the solid phase they hfc responsible

(a)sp]k1 (to) liquid {cl gas

Figure 1,3 Typical arrangements of molecules in a

solid, a liquid and a gas.

o o

o

Q o
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far keeping the molecules in their fixed

positions (solids have fixed shapes) and are the

reason why large forces are needed to compress

or stretch solids.

If we consider a solid at low temperature, the

kinetic energy of each molecule is quite

small compared with the energy required to

move any two molecules a large distance

apart. The average distance between

molecules does not change and so the solid

stays a solid. As the temperatuFc is increased,

the average kinetic energy of the molecules

increases and becomes comparable to the

energy required for separation. When this

happens, the molecules abandon their fixed

positions and move apart. The solid begins to

melt - it turns into a liquid. This

phenomenon is called a phase transition. If the

temperature is increased further, the

molecules may have enough energy lo move

so far apart from each other that the

inrermolecular forces are no longer

significant. The liquid turns into a gas.

The Avogadro constant

One mole of any substance is that quantity of

the substance whose mass in grams is

numerically equal to (he substance's molar

mass, i.i. The mole is the SI unit for quantity.

The molar mass of hydrogen gas (Hi) is

2 g mol
-1 and so one mole of hydrogen has a

mass of 2 g; one mole of oxygen (02 , molar

mass 32 g mol ') has a mass of 32 g, and so

on*

One mole ofany substance contains the

same number of molecules as in 12 grams

of carbon- 12. This number is known as the

Avogadro constant and its numerical value

is

N* --6,02 x T0
;r

niolecules mol

It follows, therefore, that the number of

moles of a substance can be found by

dividing the iota! number of molecules in

the substance by the Avogadro constant

N

Equivalently, the mass m t in grams, of a

substance can be expressed in terms of Lite

number of moles n, as

m =

Example question

Q1
How many grams are there in a quantity of

oxygen gas containing 1.20 x 10-' molecules?

Answer

The number of moles is

1.20 x \0n
= 19.93 mol

ft.02 x 10?1

Since the molar mass is 32 g mol 1

the mass is

1 9*93 x 32 = 638 g = 0.635 kg

1 Give definitions of:

(a) temperature;

(b) heat;

(c) internal energy.

2 A hot body is brought into contact with a

colder body until their temperatures are the

same. Assume that no other bodies are

around. Is the beat lost by one body equal

to the heat gained by the other? Is the

tempera Lu re drop of one body equal to the

temperature increase of the other?

3 A body at a given uniform temperature of

300 K and internal energy fix t0 L
'

J
is split

into two equal halves.

(a) Has any heat been exchanged?

(b) What is the temperature of each half?

(c) What is I lie Internal energy of each half?

4 The volume of 1 mol of hydrogen gas (molar

mass 2 g mol ) at sip (standard temperature

and pressure) is 22.4 L,
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(a) Find out how much volume corresponds

to each molecule of hydrogen.

(b) Consider now 1 mol of lead (molar mass

207 g mol -1
, density 1 1 .3 x 1

0

3 kg m -3
).

How much volume corresponds to each

molecule of lead?

(c) Find the ratio of these volumes (hydrogen

to lead).

(d) Hence determine that the order of

magnitude of the ratio

separation of hydrogen molecules

separation of lead atoms

is 10.

5 The density of aluminium is 2.7 g cm * and its

molar mass is 27 g mol"'.

(a) Find the mass of an atom of aluminium.

(b) Find the number of aluminium atoms per

cubic metre.

6 The density of copper is 8.96 g cm ‘ and its

molar mass is 64 g mol -1
.

(a) Find the mass of an atom of copper.

(b) Find the number of copper atoms per

cubic metre.
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Thermal properties

This chapter is an introduction to the bask principles of calorimetry and to experimental

methods used in measuring specific heal capacities and latent heals.

Objectives

By the end of this chapter you should he able to:

* sut te the ba s i c dcfi mtions of cal orimet ry, such as spedjic Jten t capaci ty

and specific latent heats ofJksKm and vaporization;

* undemand why tempera Lure stays constant during a phase change;

* outline methods tor determining specific and latent heats

expertmen rally;

* solve calorimetry problems using G = meA7 and G = ml;

* state the factors that affect the rate of evaporation and distinguish

evaporation from boiling;

- appreciate Boltzmanns equation, the fundamental relationship between the

absolute temperature and the average kinetic energy of the molecules.

Specific heat capacity

When thermal energy is provided to a body, the

temperature ofthe body will, in general, increase.

> The amoo nt of thermal energy needed to

raise the temperature ofa mass ofone

kilogram of a substance by one kelvin is

called the .specific hear capacity, t, of the

material. To raise the temperature of a mass

m by AT kelvins, the amount of thermal

energy required is therefore

Q = rm A 7*

iassuming that r is temperature

independent). Thu units of specific heat

capacity are J kg
1 K h

As Table 2.1 shows, different substances have

different values of specific heat capacity.

Consider, for example, iron and silver. The

thermal energy required to raise the

temperature of 1 kg of iron by 1 K is 470 J,

whereas the energy required to raise the

temperature of 1 kg of silver by 1 K is only 23-1 j T

which is about half. On die other hand, it is

known that the thermal energy required to

raise the temperature of 1 mol of Iron and

1 mol of silver by 1 K is about the same. This can

Substance Cfjkg 'K 1

Aluminium 910

Lead 130

Iron 470

Cdpper 390

Silver 2M

Water 4200

Hthanol 2430

Ice 2200

Marble 880

Table 2.1 Specilic heat capacities.
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be understood in terms of the molecular

picture of matter as follows.

A given amount of thermal energy provided to

1 mol of any substance will be divided among
the same number of molecules (since t mol has

Avogadro s number or molecules) and so. on

average, the kinetic energy of each molecule

will increase by the same amount. This shows

up macro£copically as the same increase in

temperature. The reason that different

materials show different temperature increases

when the same amount of thermal energy is

provided ro 1 kg of each material (i.e. they have

different specific heat capacities) is that 1 kg of

each material contains a different number of

molecules.

The product of mass limes specific heat capacity

defines the heat capacity of a body, C;

C = me

Heat capacity is the amount of thermal energy

required to change the temperature of one

kilogram by one kelvin, The concept of heat

capacity is useful when a body consists of a

number of parts of different specific heat

capacities, such as, for example, a metal tank

containing water. If the tank has mass M and

specific heaL capacity c and the water has mass

m and specific heat capacity c\ then the heat

capacity of the water lank is

C — Air +mf

Knowing the heat capacity of the water tank

allows us to say that, if a quantity of thermal

energy 0 is given to the water tank, then the

rise in temperature AT will be found from

Q=CAT

Unlike specific heat capacity, which depends on

the substance, heat capacity only depends on

the particular body in question.

E xample question

Q1 'Jsmim i

When a car brakes, an amount of thermal energy

equal to 1 1 2 500 | is generated in the brake

drums. If the mass of the brake drums is 2d kg

and (heir specific heat capacity is 460.5 | kg

K“\ what is the change in their temperature?

Answer

From Q — mcAT we find

me
132500

" 28 x 460.5-

= 8.7 °C

Thermal equilibrium

It is everyday experience that thermal energy

flows from hoi bodies into cold bodies (see

Figure 2.1). When a cold and a hot body are

placed in contact, thermal energy will flow

until the temperature of both bodies is the

same. (In fact, temperature can he defined as

that property which is common to the two

bodies in this case.) This state of affairs is called

thermal equilibrium. The amount of thermal

energy lost by the hot body is equal ro the

amount of thermal energy gained by the cold

body.

tint mid

Tlsitt - 4 thennnj

energy

Figure 2.1 In an isolated system thermal energy
always Hows from the hotter body to the colder.

1 \nmplc question;

Q2 r~rrrrrr n -’-’-v | g s

;

in'

A piece of iron of mass 200 g and temperature

3U0 C is dropped into 1 .00 kg of water of

temperature 20 C. What will be the eventual

temperature of [he water? (Take c for iron as

470 J kg
1 K 1 and for water as 4200 f kg

-1
K~h)

Answer

Lei T be the final unknown temperature. The iron

will also be at this temperature, so

amount of thermal energy lost by the iron

= - n
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and

amount of thermal energy gained by water

— CwiiLT 1

! T 20)

Conservation of energy demands that

thermal energy bst - thermal energy gained, so

m.KjflOjfonOOQ — T} — *- vr-.au* l T — 20)

=>f = 26.1 °C^26*C

Note how the large specific heal capacity of water

results in a small increase in the temperature of

water compared with the huge drop in the

temperature of the iron.

Change of state

Ordinary matter can exist as a solid, a liquid or

a gas. These three are called states of matter.

Hearing can turn ice into water and water into

steam. Ice will turn into water if the temperature

of the ice is its melting temperature: 0 C,

Similarly, to turn wraler into steam the

temperature must be 100
J
C. This means that

ifwe are given a piece of ice at a temperature

of, say, -10 C to melt it we must first raise its

temperature from — 10 C to zero.

Once at the melting point, any additional

thermal energy supplied docs not

increase the temperature. Rather, this

thermal energy is used to overcome the

forces between the water molecules in

the ice: that is, to provide the work

necessary to separate the molecules and

bring the solid to the liquid phase at the

same temperature.

After all of the ice has turned into water, we

have water at a temperature of 0 C. Any

additional thermal energy supplied will

increase the temperature of the water. When
the temperature reaches 1Q0 C, any additional

thermal energy supplied is used to turn water

into steam at the same temperature of 100 C.

That is, the thermal energy is used to do the

work necessary to move the molecules further

apart. After all of the water has turned into

steam* the temperature begins to increase

again. We thus see that when the stale of

matter is changing, the temperature does not

change.

'Hie T hernia] energy required to melt a unit

mass of material at its melting point is

called the specific latent o/Jhsfon, i n and

the thermal energy required to vaporize a

unit mass at its boiling point is called the

spcrijlr fitted hm qfyoporfratfon, t v . Thus to

melt or vaporize a quantity ofmass m, wc

require a quantity of thermal energy

O — mh and 0 = ml %

respectively, The specific latent heats have

units ofJ kg \

Table 2.2 shows values of the specific latent

heats of fusion and vaporization for various

substances.

The term latent heat [without the ‘specific" in

front) is used to denote the thermal energy

necessary to change the phase of es. substance

irrespective of mass.

Specific latent heat of Melting Specific latent heat of hulling

Substance fusion/kj kg 1

temperature/
c C vaporization/kj kg 1 tenperaturefC

Water 334.4 0 2257 too

Ethanol 108,9 -114 840 7S,3

Aluminium 395 660 1054 S 2467

Lead 23 327 849,7 1740

Copper 205 1078 256? 5190

iron 275 1540 6285 2300

Table 2,2 latent heals of fusion and vaporization together with the melting and boiling temperatures.
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Figure 2.2 shows how the temperature of 0.5 kg

ofa hypothetical substance changes as thermal

energy is provided to iL

Figure 2.2 When thermal! energy is provided to a

solid substance, the temperature increases,

except when the phase is changing.

We may deduce the following from Figure 2.2.

First, that the melting and boiling poinLs are,

respectively, -10 C and 130 C. The specific

latent heat of fusion is found from

Q — mLf

50 kJ

G.1kg

= 100 k.1 kg

and the specific latent heat of vaporization is

found from

Q = mt v

f Q
==> L v — —m

Trgr- — 200 kJ kg'*
0.5 kg

s

If thermal energy is supplied at a constant rate

to a given mass of a solid, then its temperature

as a function of time might be as shown in

Figure 23.

Figure 23 Graph of temperature as a function of

time when a substance is heated ai a constant rate.

The temperatures corresponding to the

horizontal parts are the melting and boiling

temperatures.

Knowledge ofthe rate of thermal energy supply

and the actual time over which melting and

boiling lake place enables us to determine the

specific latent heats. (See Example questions 4

and 5 below.)

Example questions

Q3
An ice cube of mass 25.0 g and temperature

—
1 0,0

DC is dropped into a glass of water of mass

300,0 g and temperature 20.0 X. What is the

temperature eventually? (Specific heat capacity of

ice = 2200 I kg
-1

K~
c

;
latent heal of fusion of

ice - 334 k) kg \J

The specific heat capacity in the solid phase is

found from

Q - mcAf

Q
=>c = —

—

rnAT

50 kJ

“
0.5 kg x 70 K

^ 1 .43 y kg"
1

K- 1

In the liquid it is c = 0.71 kJ kg
-1

K~' and in the

vapour it is r — 2,66 kJ kg" 1 K l
.

Answer

Lei ill is final temperature be T\ Ignoring thermal

energy lost by the glass itself, water will coo!

down by losing thermal energy. Tins thermal

energy will be taken up by the ice to:

(a) increase ils temperature from - 10 T to 0

the thermal energy required being

25 x I0 j x 2200 x 10;

fb) melt the ice cube into water at D
D
C, the thermal

energy required being 25 x 10 _J x 334 x 10 ';

(c) increase ihe temperature of the former ice

cube from 0 "C to the final temperature T.
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Thus

0.3 *4200 x (20-n = (25 x I0 _i x 2200 x 1 0)

+ (25x JO"
3 x 334 x 10 s

)

+ (25 x 1 CT 3 x 4200) x 1

Solving for T gives T = 1 1 .9 C,

Q4
[ bermal energy is provided at a constant rate of

B33 J s"
1

to I kg of copper at the melting

temperature. If it lakes 4 minutes to completely melt

the copper, find I he Eaten! heat of fusion of copper.

Answer

The thermal energy needed to melt 1 kg of

copper is it the specific latent heat of fusion.

In 4 minutes the heat supplied is

&!i 3x60 x4 = 200 k| . so / r
= 200 k] kg'\

QS
Look back at Figure 2,3 and determine the

relative sizes of the specific latent heats and

specific heat capacities. Recall that thermal

energy is provided at a constant rate.

Answer

To compare the specific heats in the solid,

liquid and vapour phases remember that

AQ-s me AT and so

AQ A T— = me—

*

A l Af

_ {AQ/AIj

m(AT/At)

Since the rate of thermal energy supplied is

constant, il follows that the phase in which the rate

of increase of temperature is the largest has the

smutfctt specific heat capacity. Clearly the

transition that lasts the longest also has the largest

specific latent heat.

Measuring specific heats

The speri/ic heat capacity of a solid or liquid can

be measured using an electrical method that

directly measures the amount of thermal

energy flow into a body. The liquid or solid is

placed inside a calorimeter of,known heal

capacity, C and its mass and initial

temperature recorded. The calorimeter is

insulated and an electrical heating element is

inserted through a small opening at the top

into the liquid or into a hole drilled in the

solid (see Figure 2.4). The healing element is

connected to a source of potential difference

and the voltage across il is recorded, as is the

current through the element, A thermometer

is also inserted into a hole drilled in the solid.

If the material to be measured is liquid, then a

similar arrangement can he used, stirring the

liquid every time a temperature measurement

is made.

fn::iiniL;

detiie.m

CT'TJ

suffer thermometer

Figure 2.4 Apparatus for measuring the specific

heat capacity of a solid (left) and a liquid (right).

The current is switched on at / = 0 and allowed

to run until the temperature is increased by 40

to 50 X. The temperature is recorded at regular

intervals of about a minute. If the maximum
temperature reached after time f is T.„ then

the energy supplied by the battery to the

liquid is

energy supplied = Y 17

where l is the current in the heater and V the

voltage across it. The thermal energy absorbed

by the liquid and the calorimeter is

energy absorbed = mc{TmdX T ) + CiT^ - J )

Equating the two quant i ties of energy allows us

to determine c.

Another method, the method of mixtures,

measures the specific heat capacity as follows.

A hot solid ofknown initial temperature is put

in an insulated calorimeter, of known heat
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capacity and initial temperature, which

contains a liquid such as water. The final

temperature of the water is recorded after

thermal equilibrium has been reached. Thus*

consider a mass of 0.400 kg of a solid at 80 °C

that is put in a 100 g copper calorimeter

containing 800 g ofwater at 20 !5

C. The final

temperature ofthe water is measured to be

22 °d From these values, we may deduce the

specific heat capacity of the solid as follows.

Amount of thermal energy lost by the solid:

0.400 kc x (80 — 22) = 23,2c J

Amount ofthermal energy gained by the

calorimeter and the water:

0 100 x 390 x (22-20)

4- 0.800 x 4200 x (22 20) = 6798 J

Equating the two we find

c = 293Jkgf'K-'

Measuring specific latent heats

To measure the specific latent heat of fusion of

ice, a simple method (the method of mixtures)

is to put a quantity of ice at 0 °C (the ice is in a

mixture with water at 0
D
C) into a calorimeter

containing water at a Tew degrees above room

temperature. (The ice is blotted dry before being

thrown into the calorimeter. Its mass can be

determined by weighing the calorimeter at the

end of the experiment.) Thus* suppose that 25 g

of ice at 0
DC is placed in an aluminium

calorimeter of mass 250 g containing 300 g of

water at 24 °C. The temperature of the water is

measured at regular intervals of time until the

temperature reaches a minimum value.

Suppose that this temperature is 17
D
C, Tire

calorimeter and water lost thermal energy*

which the ice received. So

Thermal energy lost by calorimeter and water:

0.250 x 910 x (24 - 17)

+ 0300 x 4198 x (24 - 17) = KHOBJ

Thermal energy received by ice:

0.025 x /. + 0 025 x 4198 x 17

— 0.025 x i + 178-4

Equating the two gives

1784 F 0.025 x / = 10408

=> 1^340 kJ kg
-1

To measure the specific latent heat of

vaporization ofwater we can use an electrical

method. Water is heated in a double container

(as shown in Figure 2 5) with an electric heater.

o

-

Figure 2.5 Steam condenses in the outer

container and the water is collected in a beaker.

Steam can leave the inner container through a

small hole and collects in the outer container*

where it condenses into water. This water can

be allowed to drip into a beaker, which can then

be weighed to determine the mass of water that

has been boiled away. If the experiment lasted

for time 1 and the voltage and current in the

heater were measured as V and f T respectively,

the energy supplied was Vit. lfm is the mass of

water that boiled away, the thermal energy it

received was mL v . Equating the two expressions

allows us to determine the specific Latent heat

of vaporization.

Evaporation _
The molecules ofa gas move about with a

distribution of speeds. The same is true for the

molecules of a liquid. The faster molecules are
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the most energetic and if they find themselves at

the surface of the liquid they may escape from

the liquid, This phenomenon is known as

cvwponihoft. Mote that unlike boiling (where

molecules from anywhere within the volume

occupied by the liquid can escape) only surface

molecules participate in evaporation. This means

that the average kinetic energy of the molecules

that stay behind is reduced, which in turn means

that the temperature of the liquid is reduced,

since temperature is a measure of the average

kinetic energy of the molecules of the substance.

The rate of evaporation Ithat is, the nu mber of

molecules escaping the liquid per second)

increases as the surface area and temperature

of the liquid are increased. If the liquid is

placed in an enclosed volume, then the

molecules that escape collect over the liquid

and their pressure is called vapour pressure.

The vapour pressure increases as more

molecules escape and equilibrium is reached

when as many molecules escape as fall back

into the liquid. Thus, if a stream of air is

directed at the vapour over the liquid, hence

pushing away the evaporated molecules, the

rate of evaporation will increase.

The kinetic theory of gases

The properties of gases can be understood in

terms of a simple but effective mechanical

model. The gas consists ofa very large number

of molecules moving randomly about with a

range ofspeeds and colliding with each other

and the container wails. We can make a model

of this by making certain assumptions and

seeing what these lead to. The basic assumptions

of the kinetic theory of gases are:

1 A gas consists of a large number of molecules.

2 Molecules move with a range of speeds,

3 Hie volume ofthe molecules is negligible

compared with the volume of the gas itself.

4 The collisions of the molecules wiLh each other

and the container walls are elastic,

5 Molecules exert no forces on each other or Lite

container except when in contact.

6 The duration of collisions is very small

compared with the time between collisions.

7 Hie molecules obey Newton s laws of

mechanics.

Some of these assumptions are illustrated in

Figure 2.6,

V
Figure 2.6 The molecules move randomly in the

volume of the container with a range of speeds.

Using these assumptions together with the laws

of mechanics and the equation of state allows

the derivation of one of Lhc most important

formulae in physics, namely the Boltzmann

equation

\mv •' = |fcT

Here the speed v is defined by

~j_ (v't + vj + • -
• + i-q

N

So a is the square root of the average of the

squfim of the speeds of rite molecules of rhe gas (the

average of the velocity vectors of all the

molecules is zero since they move randomly in

all directions). We call v the root mean square

speed or rats speed. (It must be realized that v

is not the average speed of the molecules - but

it is numerically dose to the average, so we are

usually excused for calling v the average

molecular speed even if it is not technically

correct.)

Appearing in this equation is a new constant

of physics, the Boltzmann constant k. the

value of wrhich is k = \ .38 x 10 ^ j K”
3

(it is

the ratio of the gas constant tf to the Avogadro

constant).
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The meaning of this important relation is

that

average kinetic energy of molecules

x absolute temperature

that is, the absolute temperature is a

measure of the average kinetic energy of the

molecules of a substance.

Example questions

Qb——— him
Four molecules have speeds of 3DQ m s

350 ms \ 3S0 m s
1 and 500 m ^

1

. Find the

average speed and the root mean square speed.

Answer

,
300 + 350 -F 330 + 500

average speed = —— m $

= 332.5 in
s" 1

£= 1 300? + 3 50? + 380? + 500? .

V v l =J m % = 339-5 ms

Q7 -

--- '

If (he root mean square molecular speed is

doubled, what is the new temperature?

Answer

From the Boltzmann equation i! follows at once

that the temperature is four limes as big.

Molecular explanation of pressure

The pressure ofa gas origin ates from the

collisions of the molecules with the walls of its

container. At every collision, each molecule has

its momentum changed and so a force acts from

the wall onto the molecule. By Newton’s third

law, the molecule exerts an equal and opposite

force on the wall. The total force due to all the

colliding molecules divided by the area over

which the force acts gives the pressure ofthe gas.

Pressure is the normal force per unit area.

The pressure in a gas results from the

collisions of the gas molecules with the

walls of its container [and not from collisions

between molecules).

From the molecular point of view, we may
identify two factors that affect the pressure of

the gas. The first is the average molecular speed

(the higher the speed, the larger the change in

momentum of the molecules and so the higher

the force - see Figure 2.7).

Ap - -2mv

Figure 2.7 A molecule exerts a force on the

container wall because its momentum p
changes with every collision.

the second factor is Lhe frequency of collisions.

The more frequent the collisions, the higher the

pressure. Thus, in providing molecular

explanations for pressure it is sufficient to

remember that roughly

F <x speed x frequency of collisions

As an application of this, consider a gas that has

been heated under constant volume, lhe

molecules are moving faster on average

(increased temperature) and the frequency with

which the collisions take place also increases

(the time between collisions is reduced since

molecules are moving faster). For both reasons

(speed and frequency) the pressure then goes up.

By contrast, if a gas is compressed isotherm ally,

the average speed stays the same. Bus the

distance molecules have to travel between

collisions with the walls is reduced (since the

volume is reduced) and so the frequency of

collisions increases. Hence the pressure

increases (because of frequency only).

I sample questions

QW -------
=
-•

A gas is compressed slowly by a piston. Explain

why lhe temperature of the gas will stay the same.
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Answer

If a gas is compressed slowly, the speed with

which the molecules rebound off the piston is the

same as that before the collision with the piston.

Hence, the average kinetic energy of the

molecules stays I lie same. Since the average

kinetic energy is proportional to the absolute

temperature of the gas, the temperature will stay

die same.

Q9
A gas is compressed rapidly by a piston (see

Figure 2.8). Explain why (he temperature of the

gas will increase.

Figure 2.8.

Answer

The rapid movement of the piston means that

molecules will rebound off the piston with an

increased speed. Hence the average kinetic

energy of the molecules wifi increase, and since

the average kinetic energy is proportional to the

absolute temperature of the gas, the temperature

will increase as well.

Q1U ti-rcr::; -T?TT«Kftr.-:r .. Eii-nur:

i

A gas expands isotherm ally. Explain from a

molecular point of view why the pressure

decreases.

Answer

The volume of the gas expands, which means

that, on average, molecules have a larger distance

to travel between successive collisions with the

walls. Thus, the collisions are less frequent than

before and so the pressure decreases.

Q11

A gas is heated at constant pressure. Explain why

the volume must increase as well.

Answer

The temperature increases and so the molecules

move (aster, on average. From P at speed x

frequency, we deduce (hat the frequency of

collisions must decrease it the pressure is to slay

the same. This can happen if the volume of the

gas increases so that molecules have a longer

distance to travel in between collisions.

In the questions that follow, you may need to use

the specific heat capacities shown in Table 2.1 on

page 163 and (he latent heats shown in Table 2.2

on page 1 65

.

( Define what is meant by specific heal

capacity of a substance. Consider two metals

that have different specific heal capacities.

The thermal energy required to increase (he

temperature of 1 mol of aluminium and

f mol of copper by the same amount are

about the same. Yet the specific heat

capacities of the two metals are very

different. Suggest a reason for this.

2 A body of mass 0, 1 50 kg has its temperature

increased by 5.00 °C when 385 ]
of thermal

energy is provided to it. What is the body's

specific hear capacity?

3 A radiator made out of iron has a mass of

45,0 kg and is filled with 23.0 kg of water,

(a) What Is the heat capacity of (he water-

filled radiator?

(b) If thermal energy is provided to the radiator

at the rale of 450 W, how long wilt it take

for the temperature to increase by 20.0 "C?

4 A car of mass 1 360 kg descends from a hill of

height 86 m at a constant speed of 20 km h b

Assuming that all the potent ial energy of the

cargoes into heating the brakes, find the rise

in the temperature of the brakes, (Take the

heat capacity of the brakes to be 1 6 k] K 1

and ignore any thermal energy losses to the

surroundings.)
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5 The water in an iron pipe has frozen to ice

at -4.8 X. The heat capacity of the pipe is

7,1 k| K
_1

, The volume of tee in the pipe is

12,3 L Whal is the combined heat capacity

of the pipe and ice? To melt the ice, a

heater of power output 4,99 kW is

connected to the pipe. How long will it

take for the ice to melt? (Density of ice —

0,929 kg L specific heat capacity of ice

= 2,20 kj kg 1 K 'r latent heal of fusion of

ice = 334 k| kg
-1

.)

6 I low much ice al - 10 X must be dropped

into a cup containing 300 g of water at 20 X
in order for ihe temperature of the water to be

reduced to 1 0 X? The cup itself has a mass of

1 50 g and is made out of aluminium. Assume

that no thermal energy is lost to the

surroundings.

7 The surface of a pond of area 20 m2
is

covered by ice of uniform thickness 6cm.

The temperature of the ice is ”5 X. How
much thermal energy rs required to melt this

amount of ice into water al 0 X? (Take the

density of ice to be 900 kg in \)

S A frozen pond, of surface area 50,0 nr, is

covered by a sheet of ice of thickness 15 cm.

if the pond receives solar radiation of intensity

342 W m J

r
find out what fraction of the ice

will be turned into water in 6,0 h. (Take the

ice temperature to be 0.0 X and the latent

heat of fusion of ice as 334 kj kg'
1

. Take the

density of ice to be 900 kg rrf U

9

Radiation from the sun falls on the frozen

surface of a pond a l a rale of 600 W nrA If

the ice temperature is 0 X, find how long it

will take to me ft a 1,0 cm thick layer of ice.

(Take the density of ice to be 900 kg m J
,)

What assumption have you made in reaching

your answer?

10

[a) How much thermal energy is required to

waim T,Q kg ice initially al - 10 X to ice

at 0 X?
{b) How much thermal energy is required to

melt the ice at 0 X.

(c) How much thermal energy is required to

further Increase the temperature of the

water from 0 X to 10 X.,

(d) In which stage {warming the ice, melting

the ice, warming the water) is the thermal

energy requirement largest?

11 Ice at 0 X is added to t L of water al 20 X
r

cooling it down to 1 0 X. How much ice was

added?

12 A quantity of 1 00 g of ice al 0 X and 50 g

steam at 1 00X are added to a container that

has 1 50 g water at 30 X. Whal is ihe final

temperature in the container? Ignore the

container itself in your calculations,

13 A calorimeter of mass 90 g and specific heal

capacity 400.0 J kg"' K_1
contains 300.0 g

of a liquid al 1 5,0 X. An electric heater rated

al 20,0 W warms the liquid to 1 9.0 X in

3,0 min. Assuming there are no thermal

energy losses to the surroundings, find the

specific heal capacity of ibe liquid.

1 4 A calorimeter of heat capacity 25 I K"'

contains 1 40 g of a liquid; an immersion

heater is used to provide thermal energy at a

rate of 40 W for a total time of 4.0 min. The

temperaiure of the liquid increases by 15.8 X.

Calculate the specific heal capacity of ihe

liquid. State an assumption made in reaching

this resell.

15 A hair dryer consists of a coil that warms air

and a fan that blows the warm air out. The coil

generates Ihermal energy at a rate of 600 W.

Take the density of air to be 1 ,25 kg nrr
3 and

its specific heat capacity to be 990 J kg
-1 K-1 ,

The dryer lakes air from a room at 20 X and

delivers it at a temperature of 60 X.

(a) What mass of air flows through the dryer

per second?

fb) Whal volume of air flows per second?

16 An auditorium of size 40 rn x 20 m X 8 m
has 600 people in it. i he temperature of the

air is initially 27 X. It takes 29 I of thermal

energy to raise the temperature of 1 mol of

air by l K and Ihe molar mass of air is about

29 g moIX Take the density of air to be

constant al 1,25 kg nr \

(a) How many moles of air are there in the

auditorium?

(b) Assuming that each person gives off

thermal eneigy at a rate of 80 W, calculate
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how fast the temperature in the auditorium

is rising. Assume that the auditorium is

closed so that cooler air does not enter.

17 b) Discuss the factors that affect the

evaporation rate of a liquid.

(b) Explain, in terms of molecular behaviour,

why cooling takes place its a result of

evaporation,

(c) Give one practical application of the

cooling effect of evaporation.

IS A container of fixed volume is tilled wrlh an

ideal gas at 0.00
e
C. The total kinetic energy

of the molecules in the container is L An

identical container has twice the mass of gas

in it and the total kinetic energy of those

molecules is 2 E Find the temperature of the

second container.

19 A container is filled with a mixture of

nitrogen and oxygen. What is the ratio of

the rms speed of oxygen molecules to that

of nitrogen molecules? (Molar mass of

oxygen = 32 g mol molar mass of

nitrogen = 28 g moh’J

20 By what factor does the rms speed of neon

molecules increase if their temperature

increases by a factor of 4?
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Ideal gases
A gas is a collection of a very large number of molecules. We call the gas ideal if the

molecules do not exert any forces on each other. Many real gases show behaviour dial

is a very dose approximation of ideal gas behaviour. As a result of collisions between the

molecules and the wails of the container of the gas, pressure develops. The pressure,

volume, temperature and the number of moles in the gas are related through the ideal

gas law. Application of the laws of mechanics to the motion of the molecules leads to

the connection between the average, kinetic energy of molecules and the absolute

temperature of the gas.

Objectives

By Ihe end of this chapter you should be able to:

* state the definition of pressure: p — L\

* understand that an ideal gas is a gas in which the molecules do not exert

/orces on mrii other except when colliding: an ideal gas obeys the law

PV = nH T al rill pressures, temperatures and volumes;

* understand the ideal gas law and solve problems using ir: ^-77 — 77
*

;

appreciate that pressure in a gas develops as a result of collisions between

the molecules and the walls of the container in which the momentum of

molecu I es cha nges.

Pressure

Pressure is defined as the normal force to an

area per unit area. The pressure on the small

circular area A in Figure 3.1 is thus given by Lhe

expression

A

The unit of pressure is newton per square

metre, N m ~ 7
\ also known as pascal. Pa. Another

commonly used non-Sl unit is the atmosphere,

aim, which equals 1 .013 x 10
1

Pa,

Figure 3.1 Pressure is the force normal lo an area

divided by that area.

I \ample question

Q1 LI'; 'ti l
^ ^ ir.nifnj

Two hollow- cubes of side 0.25 cm with one Taco

missing ore placed together at the missing lace

(see Figure 3.2), The air inside the solid formed is

pumped out, What force is necessary to separate

the cubes?'
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Figure 3*2 What force is necessary to separate the

cubes?

Answer

The pressure inside ihe solid is zero and outside n

equals atmospheric pressure, KOI 3 X 10’ Pa.

Thus, the force is

F = PA

= 1,013 x )Q x [Q.25f

= 6,33 x I0 1 N

Answer

A quantity of b g of hydrogen gas corresponds to

3 mol, since the molar mass of hydrogen gas is

2 g mol b Thus, there are 3 x N\ molecules or

1.81 X HI 3 *.

Q3 mm wk o. i in i wm i mu
Make a rough estimate of die number of water

molecules in an ordinary glass of water

Answer

A glass contains about 0.3 L of water, which has a

mass of about 300 g, Since the molar mass of watei

is 1 0 g mol iE follows I hai the glass contains

300 _
-—

- 3 7 mol
10

or 1

0

J5 molecules.

Gases

It is convenient to use the number of moles, u,

of the gas rather than the mass itself to specify

the quantity of a gas. Recall that 1 mol of any

substance contains the same number of

molecules, the Avogadm constant

,Va = 6.02 x 10
23 molecules mol

1

and that the number of moles of a gas can be

found by dividing the total number of

molecules by the Avogadru constant

N

The size of molecules varies from substance lo

substance, but the typical order of magnitude

of molecular size is in the range From 10
s m

to 10
10 m,

the parameters P , V, T and n are related to each

other. The equation relating them is called the

equation of state. Our objective is to discover the

equation ol slaLe for a gas. To do this a number

ofsimple experiments can be performed as

described in the following sections.

Example questions

How many molecules are there in 6 g of

hydrogen gas?

The Boyle-Mariotte law

The equipment shown in Figure 3.3 can lie used

lo investigate the relationship between pressure

and volume of a fixed quantity of gas that is

kept at constant temperature.

Figure 3.3 Apparatus for verifying the

Boyle-Mariotte law.

It consists of a syringe inside which a quantity

of air is trapped. The pressure inside the syringe

fi e. the pressure of the air) can be increased by

adding weights to the piston as shown. Ily

varying the weights on the piston and

recording the changes in the volume of the gas.
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the pressu re-volume relationship can be

established.
The volume-temperature law

The results of a typical experiment are shown

in Figure 3.4.

Figure 3.4 The relationship between pressure and
volume at constant temperature. The points on
iht? curves have the same temperature.

We can deduce that ai constant

temperature and with a constant quantity

of gas, pressure is inversely proportion a]

to volume, that is

PV = constant

as illustrated in Figure 3*5, This is called

l he Boyle-Mariotte law. (The plot of

pressure versus volume is a hyperbola, as

in Figure 3.4.)

The dependence of volume on temperature of a

fixed quantity of gas kept at constant pressure

can be investigated with the apparatus shown

in Figure 3.6. This was how it was first done by

Charles and Gay-Lussac. The gas is surrounded

by water that is heated from below* As it

expands, the pressure is kept constant by

adjusting the amount of mercury in the tube so

that Jt slays the same. The constant gas pressure

is thus the sum of atmospheric pressure plus

the amount pgh.

Figure 3.6 Apparatus for verifying the

volume-temperature law.

f':

/>,v
,
= p2v2

Figure 3.5 The Boy!e-Mari otic law*

The hyperbola in the pressure-vo Iume diagram

is also known as an isothermal curve or

isotherm: the temperature at any point on the

curve is constant*

txample question

Q4 I—gWUMHIlHlumillltH
The pressure of a gas is 2 atm and its volume

0,9 L. If (he pressure is increased to 6 atm at

constant temperature, what is the new volume?

Answer

From P
E
V, — P2 Vj we have 2 x 0.9 - 6 X V

from which V — 0.3 L.

It is found that the volume increases uniformly

with temperature. If this same experiment is

repeated with a different quantity oi gas, or a

gas at a different constant pressure, the result

is the same. In each case, the straight-line graph

of volume versus temperature is different. But

the striking fact is that when each straight line

\s extended backwards it always crosses the

temperature axis at - 273,15
5C as in Figure 3.7*

intersect t he temperature axis aL the same point.
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This suggests that there exists a minimum

possible temperature* namely -273.15 C. Thus*

we can devise a new temperature scale, in

which the minimum possible temperature

occurs at zero. This scale is called the Kelvin

scale, and the relationship between the Celsius

and Kelvin scales is

T (in kelvin) — T (in degrees Celsius > + 273, 15

(We usually approximate 273.15 to 273.)

i When the temperature is expressed in

kelvin, this experiment implies rhat at

constant pressure

l- — constant

When the temperature in a graph of volume

versus temperature is expressed in kelvin, tlie

straight line passes through the origin, as in

Figure 3.8.

Figure 3,8 If temperature is expressed in kelvin,

the graph goes through the origin.

The volume-temperature law is illustrated in

Figure 3.9,

P, u
change lo

V, V*

7,
' T7

''i

h
P, n

Figure 3.9 The volume-temperature law.

Example question

A gas expands at constant pressure from an

original volume of 2 1. at 22 C to a volume of

A L. What is the new temperature?

Answer

From

— = constant
T

it follows that

2 4

295
~~

T

and so

I
= 590 K or 317 °C

Note that we converted the original temperature

into kelvin.

The pressure-temperature law

What remains now is to investigate the

dependence of pressure on temperature of a

fixed quantity of gas in a fixed volume. This can

be done with Lhe apparatus shown in Figure 3.10.

Figure 3-10 Apparatus for verifying the

relationship between pressure and temperature.

The gas container is surrounded by water whose

temperature can be changed and a pressure
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gauge measures the pressure of the gas. We find

that pressure increases uniformly with

increasing temperature. Tlie graph ofpressure

versus temperature is a straight line that, when
extended backwards, again intersects the

temperature axis at 273.15 X, as in Figure 3.11,

Figure 3.11 The graphs of pressure versus

temperature when extended backwards intersect

The temperature axis at the same point.

When the temperature in a graph of pressure

versus temperature is expressed in kelvin, the

straight line passes through the origin, as in

Figure 3.12.

Figure 3.12 If temperature is expressed in kelvin,

the graph goes through the origin.

This is more evidence in favour of the existence

of an absolute temperature scale.

This experiment implies that ar consta til

volume

P
- = conslanl

Hie pressure-tempera tune law is illustrated in

Figure 3,13,

'
3

I

V. rr f , to

T
change: io

r,

P.
_ Pi

r, t:

Figure 3.13 The pressure-temperature law.

Isample question

Qb •

A gas in a container of fixed volume is heated

from a temperature of 20 X and pressure 3 aim to

a temperature of 05 X, What is (he new pressure?

Answer

From

P— — constant
T

we have

3 _ P

293
~~

35B

and 50

P = 3,6? aim

The equation of state

Ifwe combine the results of the three preceding

experiments . we see that what we have

discovered is rhai

PV
—jj— = constant

What is the value of the constant? To determine

that, we repeat all of the preceding experiments,

this time using different quantities of tile gas.

We discover that the constant in the last

equation is proportional to the number of moles

n of the gas in question:

PV
* t—- =. n x constant
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We can now measure the pressure, temperature,

volume and number of moles for a large

number ofdfjflfemtf gases and calculate tile

value of We find that this constant has

the same value for all gases - ii is a universal

constant. We call this the gas constant R. It has

the numerical value

R = 8.31 J K" 1 mol" 1

Thus. UnaUy. the equation of state is

P V - fin 1

i Remember that temperature must always

be in kelvin.)

A gas that obeys this law at all temperatures,

pressures and volumes is said to be an ideal

gas. Real gases obey this law only for a range

of temperatures, pressures and volumes. The

equation of stale can be illustrated as in

Figure 3,14,

change to

W\
=
Wi

u \T\ hjT±

Figure 3.14 The equation of state.

f\, V;

t; lr !

P,_. l\

tt2 , 7;

1 varnple questions

How many moles of gas are there in a gas oi

temperature 300 K r
volume 0.02 in ' and pressure

2 X 10* Pa?

Answer

PV
n ~

~RT

2 x 10 s x 0.02

8,31 x 300

= 1 ,60 nlol

Q li

A container of hydrogen of volume 0.1 m'1 and

temperature 25 °C contains 3,20 x 10’’

molecules. What is the pressure in the container?

Answer

The number oi moles present is

3,20 x 1

0

23

rT

^ 0.53

So

RnT
p =—

8.31: X 0.5.3 X 298

oTt

^ t.3 x 10*

N

m"2

A gas of volume 2 L pressure 3 atm and

temperature 300 K expands to a volume oi 3 L

and a pressure of 4 arm. Wbal is The new

temperature of the gas?

Answer

PV—

-

s£ constant

50

3x2 3

300
= 4 *

T

giving

r = 600 K

Q10 awMPBHifmiigmuu»w ii i « ifi

Figure 3J5 shows two isothermal curves for The

same quantity of gas. Which is at the higher

temperature?

V

Figure 3,15,
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Answer

Draw a vertical line that intersects the two

isotherms at points A and B, Since B is at higher

pressure than A and both have the same volume,

it follows from
f

r

' — constant that B is at the higher

temperature,

Q11

figure 3,16 shows two curves obtained in an

experiment to investigate the dependence of

pressure on temperature at constant volume.

Which straight line corresponds to the larger

volume? (Both curves correspond to the same

number of moles.)

Answer

Draw a vertical line which intersects the two

straight lines at points C and D. Since 0 has

higher pressure than C and both have the same

temperature, it follows from PV — constant that C
is at higher volume,

Q12
Figure 3.1 7 shows how the pressure of a fixed

quantity of gas depends on temperature in kelvin.

As the temperature increases, rs the volume of the

gas changing?

Answer

If the volume is kept constant, a graph of pressure

versus temperature will give a straight line going

Ihrough the origin. Hence., in this problem, the

volume must be changing.

Q13
Is the volume increasing or decreasing in Example

question 12?

Answer

Draw the dotted tines through the origin and going

through points A and B, as shown in Figure 3.18,

These are isochoric lines, which means the

volume is constant along each one. Also, draw a

horizontal line from A to C as shown. Points A and

C have the same pressure. Since C is at higher

temperature, it must also be at higher volume.

Hence point B also has a higher volume than A,

The gas is therefore expanding.

Q14 mm
If the tern perot ure of a gas Is increased by a factor

of 4 and the density remains the same, what is the

new pressure of the gas?

Answer

Since the density slays the same, the volume stays

t lie same. Using y
— constant we deduce that the

pressure must increase by a factor of 4.
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1 A volume of 2.00 L of a gas is healed from

201) X to 80.0 °C at constant pressure. What

is the new volume?

2 A sealed bottle contains air at 22,0 X and a

pressure of 1 2,0 atm. If the temperature is raised

to 1 20.0 X, what will the new pressure be?

3 A gas is kept at a pressure of 4.00 atm and a

temperature of 30.0 X When the pressure is

reduced to 3.00 atm and the temperature

raised lo 40.0 X
t
the volume is measured to

be 0.45 L. Wliai was ihe original volume of

the gas?

4 An air bubble exhaled by a diver doubles in

radius by she time it gets to the surface of the

water. Assuming that the air in she bubble

stays constant in temperas ure, find by what

factor the pressure of the bubble is reduced.

5 12.0 kg of helium is required to fill a bottle of

volume 5.00 l. at a temperature of 20.0 X.
What pressure will the helium have?

6 What mass of carbon dioxide is required to fill

a tank of volume 1 2.0 L at a temperature of

20.0 X anti a pressure of 4.00 atm?

7 A flask of volume 300,0 ml contains air at a

pressure of 5.00 X 10
' Pa, and a temperature

of 27.0 X, If the flask loses molecules at a

mte of 3.00 X 1

0

1 " per second, after how
much lime will i lie pressure in the flask be

reduced to half its original value? {Assume

that the temperature of the air remains

constant during this time.}

8 The point in Figure 3.19 represents the state nf

a fixed quantity of ideal gas in a container

with a movable piston. 1 lie temperature of the

r

>
v

gas in the slate shown is 600 K, Copy the

diagram. Indicate on it the point representing

the new state of the gas after the following

separate changes.

la} The volume doubles at constant

temperature,

lb) The volume doubles at constant pressure,

(c) The pressure halves at constant volume.

*1 The point in Figure 3,20 shows the state of a

fixed quantity of ideal gas kept at a

temperature of 300 K. The slate of the gas

changes and is represented by the dolled

route in the pressure-volume diagram. The

gas is eventually returned to its original state.

(a) Find the temperature of the gas at lhe

corners of the rectangle on the pressure-

volume diagram,

{bl At what point on the dotted path is the

internal energy of the gas greatest?

10 Two ideal gases are kept at the same

temperature in two containers separated by a

valve as shown in Figure .121, What will the

pressure be when ihe valve is opened? {The

temperature stays Ihe same.)

Figure 3.19 For question 8. -

Figure 3.21 For question 10.
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11 figure 3,22 shows a cylinder in a vacuum,

which has a movable, in cl ion I ess piston a I

the top, An ideal gas is kept in the cylinder.

The pi slon is at a distance oi 0.500 m from the

bottom of the cylinder and the volume of the

cylinder is 0.050 m\ The weight on top oi

the cylinder has a mass of 10.0 kg. ! he

temperature oi the gas is 19,0 X.

Figure 3,22 For question 11.

(a} What is the pressure of the gas?

Eb) How many molecules are there in the gas?

Ec) If the temperature is increased to 1 52.0 X,
what is (he new volume of the gas?

12 The molar mass of a gas is 28 g mol \ A

container has 2.00 mol of this gas at 0.00 X
and a pressure of 1 .00 atm. What are the mass

and volume of the gas?

13 A container with a volume of 1.25 m J
is

filled with hydrogen gas at pressure 2,35 atm

and temperature 25,0 C.

(a) How many molecules are there?

The container has a safety valve that opens

releasing hydrogen whenever the pressure

exceeds 2.50 atm. The container is now

healed and ihen cooled down again. When
the temperature has fallen to 21.0 C the

pressure is 2.05 atm,

Eb) How many molecules escaped?

(c) What was the highest temperature the

hydrogen achieved during heating?

14

A container with a volume of 1 .07 ru' is filled

with a monatomic gas. Hie temperature is

140 C and the pressure 1.47 atm,

(a) What will the pressure be if the

temperature becomes 215 C?

(hi If the temperature of the gas falls below

1 40 C a number of the atoms in the gas

will join together to form diatomic

molecules. When the temperature falls to

46,0 C, the pressure is measured to be

only 0,760 atm, 1 low many moles of the

diatomic molecules are there at 46,0 C?

15 A balloon has a volume of 404 m arid is

filled with helium of mass 70.0 kg. If the

temperature inside the balloon is 1 7.0 X, find

the pressure inside the balloon.

16 A flask has a volume of 5,0 x IQ
-4 m J and

contains air at a temperature of 300 K and a

pressure oi 150 kPa.

(a) Find the number of moles of air in the flask.

(b) Find the number of molecules in the flask,

(d Find the mass of air in the flask. You may

lake the molar mass of air to be 29 g mol

"

1

.

17 The molar mass of helium is 4,00 g mol
-1

,

(a) Calculate the volume of 1 mol oi helium

at stp (T = 273 K
r
P = 1 atm),

(b) What is the density of helium at stp?

Ed What is the density of oxygen gas at stp

(the molar mass is 32 g mol

18 (a) By finding the volume of 1 mol of helium

(molar mass 4 g mol ') at sip, 1 mol of

water (molar mass 1 8 g mol 1

r density

1 .0 x 10
3
kg nr 1

} and 1 mol of uranium

(molar mass 236 g mol '

„
density

18.7 X IQ 3 kg nr X find what volume

corresponds to each molecule.

(hi Assuming this volume to be a cube, find

the size of the side of l his cube for each of

the three cases,

1c) How does this size compare with the

actual size of each molecule?

19 The density of an ideal gas is 1,35 kg in
J

.

If the temperature in kelvin and the pressure are

both doubled, find the new density of the gas.
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Thermodynamics
Thermodynamics deals with lhe conditions under which thermal energy can be

transformed into mechanical work. The first law of ihennodynamics states that the

amount of thermal energy given to a system is used to increase that system's internal

energy and to do work. The second law invokes limitations to how much thermal

energy can actually be transformed into mechanical work.

Objectives

By the end of this chapter you should be able to:

* understand the meaning of interned energy;

* calculate work when a gas expands or compresses using SW = P £V ;

* state the relationship between changes in Lhe internal energy, the work

done and the thermal energy supplied through the jlrsi tow of

thermodynamics, AU =; Q - W;
* define the terms adiabatic, isothermal, rsebark and fsochorit and! show these

on a prcssurc-volume diagram;

* understand what is meant by frrevmUtility and d isorrier;

* understand that entropy is a measure of disorder;

* state the second law 0/ thermodynamics:

* understand the meaning of energy degradahmt.

Internal energy

In Chapter 3.1 we defined the internal energy of

a gas as the total kinetic energy of the molecules

of the gas plus the potential energy associated

with the intermolecular forces. Ifthe gas is ideal,

the intermolecular forces are assumed to be

strictly zero, and if the gas is also monatomic, all

Lhe internal energy of the gas comes from the

random kinetic energy of the atoms of the gas

(a non-monatomic gas would also have energy

due to the rotation and vibration of the atoms

within the molecule). The average kinetic energy

of the molecules is given by

[
j, - fytw

1 = |U

It follows that the internal energy EJ ofan

ideal monatomic gas with .V atoms is given

by jV£ *. that is

U - f
iVfcf

or. equivalently^

U = $nftl - \P V

where 11 is the number of moles. The change

in mffirtial energy due to a change in

temperature is thus given by

All - \nRAT
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Wc can use any version of This formula that is

convenient for a particular problem. As is seen

from this formula, the internal energy of a

fixed number of moles of an ideal gas depends

only on temperature and not on the nature of

the gas, its volume or other variables. In a

classic experiment. Joule allowed a gas to

expand freely from container A into container B

as shown in Figure 4. 1.

Figure 4.1 Joule s experiment in which internal

energy is shown to depend only on temperature.

When the valve separating the two containers is

opened, The gas fills the entire volume available

to it. 'Hie containers arc well insulated so no

thermal energy enters or leaves the system,

joule tried to observe a temperature difference

as the gas expanded and found none. Despite its

increased volume and reduced pressure, the

internal energy stayed the same. Actually, in a

real gas a small drop in temperature is

expected, since the molecules must do a certain

amount of work against the attracting

intennolecular forces which, although very

small, are not exactly zero. With more accurate

measurements than those available to Joule,

this temperature drop can be detected.

(In the case of polyatomic molecules, the

internal energy includes additional

contributions. A polyatomic molecule can

rotate as well as vibrate and these motions

require energy. The energy associated with

these motions must be included in the internal

energy of the gas.)

Fxample question

Q1
A ilask contains a gas at a temperature of TOO K. If

line flask h taken aboard a last-moving aeroplane.

will the temperature of the gas increase as a result

of the molecules moving faster?

Answer

No. The temperature of die gas depends on the

random motion of the molecules and not on any

additional uniform motion imposed on ihe gas as

a result of the motion of the container.

Systems

In thermodynamics we often deal with systems,

which simply means the complete set of objects

under consideration. Thus, a gas in a container

is a system, as is a certain mass of ice in a glass,

A system can be large - for example, it can be

the entire earth. Perhaps we may even consider

the entire universe as a system. A system can be

open or dosed: mass can enter and leave an open

system but not a closed system. An isolated

system is one in which no energy in any form

enters or leaves. If all the parameters defining

the system are given, we speak of the system

being in a particular state. For example, an ideal

gas is specified if its pressure, volume and

temperature are specified. Any processes that

change the state of a system are called

thermodynamic processes. Hi us, heating a gas may

result in changed pressure, temperature or

volume and is thus a thermodynamic process.

Doing work on the gas by compressing it is also

a thermodynamic process.

It is important to realize that internal energy is

a property of the particular state of the system

under consideration, and for this reason

internal energy is called a state function. Thus,

if two gases originally in different states are

brought to the same state (i.e. same pressure,

volume and temperature), they will have the

same internal energy irrespective of what the

original state was and how the gas was brought

to that final state. By contrast, thermal energy

and work arc not state functions. We cannot

speak of the thermal energy content of a system

or of its work content. Thermal energy and

work are related to changes in the state of the

system not to the state itself.
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Work done on or by a gas

Imagine that we are given a quantity of a gas in

a container with a frictionless, movable piston

and that the gas is compressed slightly by

exerting a force on the piston from the outside,

as in Figure 4.2,

dunjig ihe

compression the

pressure ofthe

gas can be

considered

constant

Figure 4,2 When the piston is pti sired in by a

small amount, work is being done tin the gas.

If the pressure in the gas initially is P, and the

cross-sectional area of \ he piston is A, then the

force with which one must push is PA. If the

piston moves an infinitesimal distance Ss

,

the

work done is

&W = FSs

= PASs

rather simple case where work done can be

easily calculated. This is the expansion or

compression of a gas at constant pressure. In

this case, the work done is

W = P{V2 - V
t )

where [V% - lb) is the total change in volume

and need not be small.

Example question

Q2 —nil i r—iWfT—BBMim

I

A gas is compressed at constant pressure

2.GU x 10' Pa from a volume of 2.00 m l

to a

volume of 0.500 nr
1

. What is the work done? if

the temperature initially was 40 °C what is the

final temperature of [lie gas?

Answer

Since the compression lakes place under constant

pressure, the work done is

P x change in volume ^ 2,00 x 10* Pa x 1.50 nr
1

»' 3.00 x 10"
J

The final temperature is found from

V— = constant

that is

Kill /15s is the amount by which the volume of

the gas has been reduced. S V.

^ I letter the {small
J
work done is

&W = P<5T

Note that, as soon as the piston is moved, the

pressure in rlie gas will, in general, change. This

is why it is necessary to give the expression for

work done in the form of infinitesimal

quantities, as above. To find the work done

under a large change of volume one must use

calculus to integrate the expression given

above; the pressure, and hence the force that

must be exerted, is not constant. We will not be

concerned with this here. There is, however, one

2 0.5

313 T

giving

I = 70.25 K = -195 C.

The work done has a simple interpretation on a

pressure-volume diagram: in Figure 4.3, the

volume of a gas changes by an infinitesimal

amount SV, and the work done is thus PSV.

This is approximately equal to the area of the

strip whose width is SV and height P0 , where Po

is the pressure of the gas as given by the graph

during the change. Even though V changes as

well during the change ofvolume* we can

consider it to have the constant value given by

Py on the graph.
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; - I he total work done when the gas expands

by an arbitrary amount is then the area

under the graph in the pressure-veinme

diagram.

Figure 4.3 (aj Even though the pressure is not

constant, the work done can be calculated for an

infinitesimal volume change by considering that

for such a small change the pressure is constant.

(b| For a change in volume that is not small, the

work done is (bund from the area under the

curve in the pressure-volume diagram.

The pressure-voInm e diagrams in Figure 4.4

show an arbitrary series ofchanges on an ideal

gas that begin and end in the slate A (diagram (c)J.

The gas expands from A to H and thus the work

done by the gas is the area between the Curve

and the V axis from A to B |diagram (a}). From H

to A, the gas is being compressed so the work is

being done by an outside agent. That work

equals the area between the curve and the 1 axis

(diagram ib)).

, File net work done is the work done by the

gas minus ihe work done on the gas. It

equals the area enclosed by the closed loop.

Figure 4.4 For a closed loop in a pressure-volume

diagram 4 the work done is the area of the loop.

A number of interesting processes can be

identified on a pressure-volume diagram, A

process in which the gas expands or contracts

at constant pressure is called an isofcaric process.

On a pressure-volume diagram it is represented

by a horizontal straight line (Figure 4.5a). A
process in which the volume or the gas stays

fixed is called isochoric and is represented by a

vertical line (Figure 4.5b).

isoburie

{at

V

isochoric

+
V

Figure 4.5 lsobaric. isochoric. isothermal and

adiabatic processes.
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Since pressure is fixed in an isobaric process,

the work done is easy to calculate, W — PAV
More that In an isochoric process no work is

done on or by the gas.

Apart from isothermal processes, which we met

earlier, the last process of interest is called

adiabatic and is a process during which the gas

docs not absorb or give out any thermal energy,

so Q = 0 (figure 4.5c, d). We have also drawn an

isotherm ro show that the adiabatic curve is

steeper than an isotherm going through the

same point. In general, an isothermal process

takes place slowly and the system must be in

thermal equilibrium with its surroundings; an

adiabatic process takes place very fast and The

system is not in thermal equilibrium with its

surroundings (see Figure 4.6), To help understand

the difference between adiabatic and isothermal

processes belter, we will introduce the first law of

thermodynamics here.

isuthi: mi ul

cylinder no

l

insulated

adiabatic

fast, cylinder

wi'lt in.su hied

Figure 4.6 Isothermal and adiabatic systems.

The first law of thermodynamics

When a small amount of thermal encpgy

bQ is given to a gas, the gas wiU absorb that

energy and use it to increase its internal

energy and/or to do work by expanding.

Conservation ofenergy demands that

w =m- SW

where 6U is the small change in internal

energy and is the small aiwium of

work done. In this formula, the convention

is that a positive £0 denotes thermal

energy absorbed by the gas while a

negative stands for (hernial energy' lost

by the gas. Similarly, a positive bW stands

for walk done by the gas (the gas is

expanding) and negative £1V work done on

the gas (the gas is being compressed). A
positive SU thus represents an increase

in the temperature and a negative &U

represents a decrease in the temperature.

If the amounts ofthermal energy and

work are not small, then

AO = (1 - W

where Q is the thermal energy and W the

work done.

This formula is known as the first law of

thermodynamics and is a consequence of the

law of const1 rvation of energy. This Jaw also

incorporates what we stated earlier: namely

that internal energy is a state function whereas

thermal energy and work are not.

Lxiimple questions

Q3
A gas in a container with a piston expands

isothermal ly (Le, the temperature stays constant).

If thermal energy Q — Iff' I is given to the gas,

what is the work done by the gas?

Answer

The pressure is not kept constant during the

expansion, so we cannot use the formula we

derived for work done. But since T = constant, it

follows that Ab - 0 and since

/S.U =i Q - W
we must have

VV- Q
So, the work done by the gas in this case is equal

to the thermal energy supplied to it: Hf J.

Q4 tmmmmmmmmmmmmmmmmmmmmam
A gas expands adiabatically (i.e. it does not

receive or lose thermal energy). Will its

temperature increase or decrease?
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Answer

Again using the first law with SQ = 0 we find

= -8W

The gas expands and so it is the gas that does the

work, that is

o

Therefore

SU < 0

That is, the internal energy and thus temperature

decrease. Similarly, if the gas is compressed

adiabatically, the temperature will increase.

This explains why the adiabatic curve starling

from a point on the pressure -volume diagram is

steeper than the isothermal curve starling from

that same point (see Figure 4,7). Consider an

adiabatic and an isothermal process, both

starting from the same point and bringing the gas

to the same (expanded) final volume. Since the

adiabatic process will reduce ihe temperature

and the isothermal process will not, it follows

that the pressure of the final slate after the

adiabatic expansion will be lower than the

pressure of the state reached by the isothermal

expansion. Hence, lhe adiabatic is steeper.

Figure 4.7,

Q5
A monatomic gas is kept at constant pressure

3.00 x !G
1r

Pa, initial volume 0,100 m J and

temperature TOO K. If the gas is compressed at

constant pressure down to a volume of 0,080 m\
find:

(a) the work done on the gas;

(b) the thermal energy taken out of the gas.

Answer

la) The work done is

3,00 x 10
b x 0,020 = f>,00 x !G\|

(b) From the first law

Q= AU+W
so to find the thermal energy taken out we

must first find the change in the internal

energy of the gas. Since

U = | NkT or U = ±PV

it follows that

AU -
|
NkA T

or (which is more convenient here)

A U = i{PV)^ -

Thus

AU = -9.00 x 10*
|

Finally

Q- —9.00 x 10* - 0.00 x 10*

= -1.5 x I0* J

(Note that AU was taken as negative since the

temperature dropped.) The negative sign in Q
means that this thermal energy was removed

from the gas.

The second law of

thermodynamics

Tli ere are many processes in thermodynamics

that are consistent with the first law but are

nonetheless impossible. A few of these processes

involve:

* the spontaneous (he. without the action of

another agent) transfer of thermal energy from

a cold body to a hotter body;

* the air in a room suddenly occupying just one

half of the room and leaving the other half

empty;

a glass ofwater at room temperature suddenly

freezing, causing l he temperature of the

loom to rise.
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These processes do not happen because they are

forbidden by a very special law of physics - the

second law of thermodynamics.

Order arid disorder

To begin our discussion of this law. consider a

1 kg mass moving at 10 m s
1

. Friction brings it

to rest and so the initial kinetic energy of 50 J

has been lost. Suppose that all of this energy

went into the internal energy of the body. This

means that the molecules now vibrate about

their equilibrium positions faster than before.

The original kinetic energy of the ball was

associated with the ordered motion of the body

as a whole. Every molecule of the body moved

forward with the same component of velocity in

addition to the random or disordered motion

associated with the vibrations of the atoms, {See

Figure 4,84

Figure 4.8 The ordered mechanical energy of the

ball has been converted into disordered

internal energy

The mechanical (i.e. kinetic) energy of the ball

was totally converted into disordered energy as a

result of friction. There is an irreversibility in

this conversion of energy. The ball that has been

brought to rest by friction is not expected to

convert part of this disordered motion into

ordered motion and start accelerating back

towards the direction it came from. The original

kinetic energy cannot be recovered from the

internal energy of the ball, because this energy

cannot be recovered, we say that it has been

degraded, Nothing; in the laws of physics we

have seen so far actually prevents the ball from

accelerating backwards. What does prevent it is

the second law of thermodynamics.

Tiie second law of thermodynamics deals

with the limitations imposed on heat

engines, devices whose aim is to convert

thermal energy (disordered energy') into

mechanical energy {ordered energy).

Reversibility

Let us continue with a discussion on

reversibility and irreversibility, concepts that, as

we will soon see, are intimately related to the

second law of thermodynamics. All natural

processes are irreversible - they lead towards

states of increased disorder. An irreversible

process captured on film would look absurd if

the film were to be run backwards. A glass of

water looks ordered just before it slips from

your hand and falls to the floor, breaking into

many pieces. Capturing this on Him and then

running it in reverse would sho%v the pieces of

glass and drops of water assembling themselves

into an unbroken glass hill of water It looks

like thermodynamics is related to Lhe arrow of

time - the direction in which natural processes

take place, A reversible process for a system

consisting of a large number of molecules is

reversible only as an idealized approximation.

We may formally define a process as irreversible

if it is impossible to reverse the process by an

infinitesimal change in Lhe conditions under

which the change lakes place, Titus, a hot body

at 50 yC placed in contact with a colder body at

20 *C results in thermal energy flowing from

the hot to the cold body. This process is

irreversible since it is not possible to reverse the

flow of thermal energy by small changes in the

temperatures of the two bodies. On the other

hand, if the two bodies have temperatures that

differ by an infinitesimal amount f
then a small

change in the temperature of one body would

reverse the flow of thermal energy. Similarly,

consider a gas expanding isuthermally.
r

lhe

piston is moving out at infinitesimal constant

speed and at all Limes we have thermal and

mechanical equilibrium. The temperature of

the gas is the same as that of its surroundings

and the pressure exerted on the piston by the

gas is matched by an equal pressure from the
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outside. An infinitesimal change in these

conditions might involve slightly increasing the

outside pressure so that the gas will now start

compressing. The outside pressure will, of

course, increase only morncnlardy so that the

expansion is reversed and when that happens

the two pressures will again be made the same.

The process just described is a reversible

process.

Irreversibility can be quantified. There exists a

quantity called entropy which, like internal

energy, is a state Junction: that is, once lhe state

of the system is specified, so is its entropy.

Entropy depends only on the state of the system

and not on how it got there.

t> The defi ni t ion of cha in en l ropy i s

This gives the small change in the entropy

lT a system when a small quantity of

thermal energy is given to or removed

from tliesystem at a temperature T (in

kelvin}. The unit ofentropy is J K \

If thermal energy is given to the system,

6Q > 0 and entropy increases. If thermal

energy is removed. HQ < 0 and entropy

decreases. For a reversible process that returns

the system to its original stale, S5 = 0. One
such example is the isothermal expansion

of a gas and the subsequent isothermal

compression back to the initial stale. Since the

expansion and compression are isothermal,

leaving the temperature constant, we may
write

during expansion and

during compression. (Hie gas receives thermal

energy upon expanding and discards thermal

energy upon compressing - use
r
lhe first law of

thermodynamics.) The nei entropy change is

thus zero. Since natural processes arc

irreversible, we may claim that these processes

increase the entropy of the system under

consideration and those theoretical processes

that are reversible leave the entropy of l he

system unchanged. (In general, we need

calculus to evaluate the entropy changes in a

system since the formula above is valid for

small amounts, 6Q f that do not change i be

temperature. Care must also be taken to

evaluate the change in entropy along reversible

paths connecting the initial and final states of

the system - we will not spend any time on

these technical problems here.)

lot us apply the expression for 65 given above

to the case of the flow of thermal energy

between a hoi body A and a cold body B. If a

very small quantity of thermal energy HQ. flows

from the hot to the cold body, the total entropy

change of the two bodies is

-> £5 > 0

(the temperature of each body is assumed

unchanged during this infinites i mat exchange

of thermal energy) and in fact thermal energy

will flow from the hot body into the cold one

(Figure 4.9a). The opposite (Figure 4,9b) docs not

hot told hoi «id

(3 i here entropy (t>) here entropy tLecncasc*. -

increases hence Lhi-s does nut

happen

Figure 4.9 (a) When thermal energy flows from a

lint to a cold body, the entropy of the universe

increases, (b) If the reverse were to Jaappen
without any performance ofwork, the entropy
would decrease, violating t he second law.
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happen because it corresponds to a decrease in

the entropy of rhe system:

<5.S < 0

Similarly* when thermal energy is given to a

solid at its melting temperature, the solid will

use that thermal energy to turn into a liquid at

the same temperature. The entropy formula

again shows that the entropy increases as the

solid absorbs the latent heat of fusion. The

same is also true for vaporization.

This allows us to slate the second law of

thermodynamics in its general form;

'The entropy ofan isolated system never

decreases.

A number of equivalent statements of the

second law also exist. If one of these statements

is accepted, the others can he proved from it.

The statement due to Clausius is:

** It is impossible for thermal energy to

(spontaneously} flow (Tom a cold to a hot

object.

The statement of the second law from Kelvin

and Planck is that:

H is impossible fora heat engine working

in [i cycle to absorb thermal energy and

perform an equal amount of work.

Equivalence of the different statements

of the second law

A device that converts thermal energy (heat)

into mechanical energy (work) is called a heat

engine. Consider an engine working between a

hot and a cold reservoir, as shown in Figure

4. in. The engine is enclosed in the dotted line

and in fact consists of two heat engines. The

first engine (lefL) converts all the thermal

energy extracted from the hot reservoir into

mechanical energy without rejecting any

thermal energy into the colder reservoir. This

engine thus violates the second law of

thermodynamics in its Kelvin-Planck form, if

this mechanical energy is then fed into the

second heat engine, we see that the net result

of the combined engine (in The dotted line) is to

transfer thermal energy from a cold to a hotter

reservoir without the performance of work. And

this violates the Clausius formulation of the

law. By arguing in this way it can be shown that

all the formulations of the second law are

equivalent to each other.

hoi reservoir

L'uEd r«aem*r

Tigure4.lt] A heat engine that transfers thermal

energy from a cold to a warmer reservoir

without the performance of work is impossible.

An example of a heat engine

Consider now a heat engine whose working

substance is an ideal, monatomic gas and is

represented on a pressure-volume diagram by

the cycle shown in Figure 4.1 1.

/Vatm

0.10 0.40

—
V/irb

Figure 4.11 A cycle on a pressure volume diagram,

consisting of two tsobaric and two isochoric

processes.
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We are given that the pressure at A {the

starting point of the cycle) is 4.0 atm. the

volume is 0.10 m 5

anti the temperature is 800

K. The volume at B is 0.40 m^ and the pressure

at C is 2.0 atm. We are asked to find the

temperatures at poinis R, C and D, the

amount of thermal energy given to and taken

from the gas. the internal energy changes and

work done along each leg of the cycle. Finally

we want to calculate the efficiency of this

engine.

The temperatures are easily found by use of

the gas law. P V ^ ftrri . Comparing A and B wc

see that (use the ideal gas law) since the

volume increases by a factor of 4 at constant

pressure, the temperature at R must be

4 x ROD K = 3200 K. Comparing B with C we

find the LemperaLurc at C to be 3200 x | K =
1600 K, That at D is half of that at A, namely

400 K.

From the data at point A we can find the

number of moles of the gas, namely

PV
n^—

4 x 10
5 x 0.10

8,31 x B00

= 6.0 mol

{note rhat we converted atmospheres to pascal).

Tliis can be used to find the internal energy

changes:

along AB, AU = 'RnAT — 180 kJ

along BC, AU — - 120 kJ

along CD, AU = -90 kJ

along DA AU =3pkJ

There is no work done along CB or DA, since the

volume stays the same along these legs.

Along AB the gas docs work

WAh = PAV = 4.0 x 10
s x 0.3 j = 120 kJ

Along CD the work is done on the gas

WCD = -2 x 10
s x 0.30 J = -60kJ

To find the thermal energy taken in or out we will

use the first law. Q = AU + IF. along each leg:

along AB, Q = 180 kJ + 120 kJ = 300 kJ

along BC, Q = -120kJ

along CD, Q = -90 kJ - 60 Li = - 1 50 LI

along DA, Q = 50 kJ

(Positive Q means thermal energy is given to

the gas, negative O implies thermal energy

taken out of the gas.)

The net thermal energy given to the gas is

300 kJ - 120 Id - 150 kJ + 30 LI = 60kJ

The net work done by the gas is

120 kJ — 60 U = 60 kJ

as it should be: the net work done is equal to

the net thermal energy into the gas. It also

equals the area of the loop, as you can check.

The efficiency of this engine is the ratio of the

net work done to the amount of thermal energy

into the engine, that is

60 U
330 kJ

= 0.18

(Tire highest and lowest temperatures achieved

during this cycle ate 3200 K and 400 K.)

More on the second law

The second law of thermodynamics leads, as we

have seen, to an increase in the entropy in the

un iverse, a state of increased disorder. Many

processes that are possible under the first law

(he, the law of energy conservation) do not

happen because they would violate the second

law. For example, a glass of water at 0 °C has

never been observed to freeze into ice by giving

thermal energy into the warm surroundings,

making them even warmer. To say that this

violates the second law does not imply that

such a process is impossible - only very

unlikely. The probability of this happening is

p ^ e A
’

J%Q

= e ET

= e"
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For 1 kg ofwater this is about e ll '
' - an

iufin ites imal tiumber,

life has evolved from less ordered to more

ordered species. This does not viola te the

second law. Although the entropy of any one

particular species has decreased, the metabolic

processes that have led to the growth of that

species involve a larger entropy increase, so the

overall entropy has increased.

Degradation of energy

Thermal energy flows, as we have seen, from

hot to cold bodies. The difference in

temperature between the mo bodies initially

offers us the opportunity to run a heat engine

between those two temperatures, extracting

useful mechanical work in the process. With

time, the t wo bodies will approach l he same

temperature and the opportunity for using

those two bodies to do work will be lost. Thus,

the flow of thermal energy from the hotter to

the colder body tends to equalize the two

temperatures and deprives us of the

opportunity to do work.

It is a consequence of the second law that

energy, while always being conserved,

becomes less useful r this is called energy

degradation.

The energy of the universe tends to move from

highly ordered, useful forms to disordered,

useless forms. If the second law is applied to the

universe as a whole, then since it has nowhere

to receive thermal energy from or give thermal

energy away to, its expansion is adiabatic.

Despite the small-scale non-uniformity ofthe

universe {planets, solar systems, stars, galaxies,

clusters of galaxies) we can still think of it on a

very large scale as an expanding gas. If so, then

by the firsL law of thermodynamics

AD - 0 - W < 0

anti so the temperature of the universe is

decreasing. The universe is filled with

electromagn etic rad iation
, prod need dun ng th e

original explosion {the big Bang) that created

the universe some 14 billion years ago. The

spectrum of this radiation (i.e. how much

energy is stored per interval of wavelength) is a

direct function of the ambient temperature

that this radiation finds itself in equilibrium

with. Today, measurements of this temperature

through the spectrum of the ambient radiation

give it a value of only 2.7 K. The temperature of

the universe, which originally was enormous, is

constantly decreasing as a result of the

expansion of the universe. If this expansion

continues, the temperature will keep

approaching absolute zero, leading to the 'heat

death of the universe'.

1 A gas Is compressed isothermally so that an

amount of work equal to 6500 ) is done on it.

How much heat is taken out or given to the

gas?

2 A gas expands at a constant pressure of 5.4 aliri

from a volume of 3.6 L to a volume of 4,3 L

(a) How much work does the gas do?

(b) If the initial temperature of the gas was

310 K, find the final temperature,

3 In an adiabatic expansion of an ideal gas

initially at 280 K, 2.2 l and 4.8 atm, an

amount of work of 350.0 J is done by the gas.

Find the final temperature of the gas,

4 An ideal gas is kept at constant pressure

6.00 x 1

0

& Pa, initial volume 0.200 nf and

temperature 300.0 K. If the gas expands at

constant pressure to a volume of 0,600 m\

find:

(a) the work done by the gas;

(h) the temperature of the gas at the new

volume;

Id the change in the internal energy of the gas;

(d) the thermal energy taken out of or put into

the gas,

5 Two moles of an ideal gas are kept in a

container with a movable piston at a pressure

of 5,0 x 101 Fa and a temperature of

300.0 K. The gas is heated so that the
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temperature is increased to 400,0 K without

changing the volume. Find:

(a) Ihe thermal energy that must be provided

to the gas;

(b) the new pressure of the gas;

(c) the change in the internal energy of the gas.

The gas is then allowed to expand at constant

pressure until the volume doubles.

(d) What is tiie new temperature of the gas?

fi Prove1
, using calculus, that the work done by

a gas at temperature T during an isothermal

expansion from a volume Vi to a volume V is

W= RnT In C—
j

(where n h the number of moles in the gas),

7 In an experiment in which a number of coins

are tossed, the entropy of a given outcome

may be defined by kin N
f
where N is the

number of ways a particular outcome may be

realized. Ten coins are thrown and [he

outcome is 5 heads and 5 tails. In a second

throwing the outcome is 3 heads and 7 tails.

ta> What is the change in entropy?

(b) Poes [his violate the second law of

[ hermodynami cs? txp Fa I n_

8 Find the change in entropy of 10.0 g of water

that boils into steam at 10C X, (Latent heal of

vaporization of water = 2257 kt kg
-1

.)

9

Find Ihe change in entropy of 1 0,0 g of water

that freezes into ice a I 0,0 X. (Latent heat of

fusion of ice — 334 .4 k| kg"".}

10 A gas is suddenly heated from A to B from a

pressure of 2.0 atm and temperature 300 K to

a pressure of 5,0 atm, The volume stays

constant at 2.0 L. From B the gas expands

isothermal |y to a volume of 5.0 L at C. The

gas then returns to its original state at A by

an isobanc compression at a pressure of

2.0 atm.

(a) Sketch these changes on a pressure-

volume diagram,

(b) Find the temperature of the gas at B,

(d Find the internal energy change and the

thermal energy given to or taken from the

gas from A to B,

[dj For the leg from C to A find ti) the work

done, (if) the change in internal energy

and (hi) the t hernia F energy given to or

taken from the gas.

11 Can you cool down your kitchen by leaving

the refrigerator door open? Explain your

answer,

12 in an isothermal expansion all the thermal

energy that is given to a gas is converted to

work as the gas expands. Why does tFirs nol

violate the second law?

1 3 Explain (in terms of entropy} why the

following processes are irreversible:

(a) the Md of a container of gas is opened and

the gas leaks out;

(b) two different liquids mix;

(c) an ice cube me! is in a warm room.
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Simple harmonic motion
Oscillations aie a very common phenormnon in all areas of physics. I hey are interesting

in their own right, but they are also needed to understand many diverse phenomena,

from sound to light, this chapter introduces a veiy special and important type ot

oscillatory motion., called simple harmonic motion (5HM), We discuss the case of free

oscillations in detail, and qualitatively discuss the effect of damping and of an external

periodic force on the oscillations.

Objectives

By the end of this chapter you should be able to:

recognize the occurrence of simple harmonic motion through the

defining relation, a — -arxi

* understand the terms amplitude. displacement, angularjrequency.freqmuy*

period and phase:

use the equations x = A cos(ojI + tp), v — —wA sin (to I + (/\h

and J =

* discuss the properties of simple harmonic motion from graphs;

* solve problems with kinetic energy and elastic potential energy- in simple

harmonic motion;

- understand that in simple harmonic motion there is a continuous

transformation of energy, from kinetic energy into elastic potential energy

and vice versa:

4 describe the effect of flumping on an oscillating system;

* understand the meaning of resonance and give examples of its

occurrence;

* discuss qualitatively the effect of a periodic external force on an oscillating

system.

Oscillations

A typical example of an oscillation is provided

by the simple pendulum, i.c. a mass attached to

a vertical string. When the mass is displaced

slightly sideways and then released, the mass

will begin to oscillate, fn an oscillation the

motion is repetitive* i,e. periodic, and the body

moves back and forth around an equilibrium

position, A characteristic of oscillatory motion

is the time Laken to complete one full

oscillation. This is the time taken to move from

one extreme position of the motion and back

to the same position. This is called the period

(see figure 1,1), We will mostly be interested

in those oscillations where the period stays

constant. Le, when successive oscillations take

the same time to complete. Many oscillations do

not share this property for example, the leaf of

a tree blowing in the wind oscillates, hut its

oscillations do not have a fixed period, and the

amount by which the leaf moves away from its
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Figure 1.1 A full oscillation lasts for one period. At the end of a time interval equal to one
period T

.

the system is in the same state as at the beginning of that time interval.

equilibrium position is not a regular function

of time.

Examples of oscillations include:

• the motion of a mass at the end of a horizontal

or vertical spring after the mass is displaced

away from its equilibrium position;

• the motion of a ball inside a bowl after it has

been displaced away from its equilibrium

position at the bottom of the bowl;

• the motion of a body floating in a liquid after

it has been pushed downwards and then

released;

• a tight guitar string that is set in motion by

plucking the string;

• the motion of a diving board as a diver

prepares to dive;

• the motion of an aeroplane wing;

• the motion of a tree branch or a skyscraper

under the action of the wind.

The examples mentioned above are all

mechanical, but there are of course other kinds

of oscillation, for example electrical.

A very special periodic oscillation is called

simple harmonic motion (SUM) and is the

main topic of this chapter. We shall consider

three examples of SHM in the main text, and

some others in the example questions.

Kinematics of simple

harmonic motion

A mass at the end of a horizontal spring

We consider first a particle of mass m that is

attached to a horizontal spring of spring

constant k (Figure 1.2). If the particle is moved a

distance A to the right and is then released,

oscillations will take place because the mass

will be pulled back towards the equilibrium

position by a restoring force, the tension in the

spring. The particle will perform oscillations

about its equilibrium position (the vertical

dotted line) between the extreme positions of

the second and last diagrams in Figure 1.2.

Consider the particle when it is in an arbitrary

position, as in the third diagram in Figure 1.2.

At that position, the extension of the spring is

x. The magnitude of the tension F in the spring

is therefore (by Hooke’s law) equal to F = kx.

where k is the spring constant. The tension

force is directed to the left. Assuming that

displacement (i.e. distance moved) to the right

of the equilibrium position is taken as positive,

then

ma = -kx

since the tension force is directed to the left

and so is taken as negative. This equation can
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Figure L2 The mass-spring system. The net force on the body is

proportional to the displacement and opposite to jr.

be rewritten as

k
a = —— A'

m

IFwe define or = £ we then have the generic

form:

a = —oAt

Therefore, in general, to check whether SUM
will take place, we must check that: (1) we have

a fixed equilibrium position: and (2) when the

particle is moved away from equilibrium, the

acceleration of the particle must be both

proportional to the amount of displacement

and in the opposite direction to iL

The constant w is known as the angular

frequency of the motion. Its unit is the inverse

second, s \ The equation a — —arx is the

defining relation for SHM, Thus we can say the

following:

Sim pie hamumic 1

1

\oi i o n ta kes p
i aee w hen

a particle that is disturbed away from its

jtxt'd equilibrium position experiences an

mnrelcmhon thnf fs proportional and opposite to

its displacement.

Supplementary material

SHM is defined by the relation a = -w'x, fn

calculus, Hie acceleration is written as a = ~r

and so the defining relation becomes

cFx

dt2
x

d2 x

dh
:
T oj x — 0

This is a second-order differential equation

whose general solution is

\ = A co$Uot + p)
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where A .'and 0 are constants. To chock that

x — A coshvf + 0iis a solution, we calculate both

and

fix
-j- = —Aa) + <p)
dr

(j
2X—- — — Aar cosUot -J- 0)

al-

so that

,d2 v

b arx — -/W COS<cti( b tp)

of2

+ of \A cos(oj( 4-0)] = 0

The meaning of the constants A and 0 the

following:

The maximum value of (he cosine function is

1 r and so the maximum value of x is A. Thus

A is the amplitude of the motion,, the

maximum displacement.

* The value of 0 determines the displacement

at t = 0. At t = 0 we have dial x = A cos tp.

If tp = 0, then at I - 0 we have x = A
If ^ — \jz

r
then at t = 0 we have

x — A cos — 0, and so on. The angle tp is

called the phase nf the motion.

Given two oscillations with phases 0, and
<ft2 ,

the difference |0 5
- <p2 \

is called the phase

difference between the two oscillations.

[he velocity is given by

£ - - AtesinfcdJ + 0). Given that

x — A costwi + 0), we know from

mathematics that this is a periodic function with

period T given by

The perirxl is the time to complete one lull

oscillation. We have the important result that the

period in SHM depends only on a) and not on

the amplitude or the phase.

The treatment above implies that,

whenever we have a we can

deduce that the displacement x, velocity v

and period T of the SUM that rakes place

are given by

x - A cosp«f + <p)

v — <vA sinfwf + 0)

where A the amplitude, is the maximum

displacement, and tp, the phase angle,

determines the initial displacement. Ii is

a characteristic of SHM that the period is

independent of the amplitude A and the

phase 0, We will mostly be working with

situations where the phase angle is zero,

in which case

x = A cospa i

[ - —rwd sinunjO

t he typical behaviour of the displacement;

velocity atrd acceleration as functions of time

when 0 = 0 is shown in Figures 1.3 and 1.4.

We can sec how the Lhree graphs are related

without using calculus as follows. We
must recall that the gradient of the

displacement time graph gives the velocity, and

the gradient of the velocity-time graph gives

the acceleration. Let us begin with the graph

showing l lie variation with time / of the

displacement x. We must examine how the

gradient of this graph changes as time goes on.

At f = 0, the gradient is zero, and so at I =0
the velocity v is z.ero as well.

Prom t — 0 to / = 7 f 4* the gradient is negative,

so the velocity is negative, i te gradient assumes

its most negative value at / = / /4 + which means

Lhat at this time the velocity is most negative.

(The gradient is decreasing in this interval, so

Lhe velocity is decreasing as well.)

From t c= F/4 to f = If2, the gradient of the

displacement graph is negative and becomes

zero at / = T /2. The velocity is therefore

negative in this interval and becomes zero at

t = T /2. (The gradient is increasing in this

interval because it is getting less negative, so

the velocity is increasing.)

From f =T/2 to / — 3T /4, the gradient is

positive and reaches its most positive value at
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displacement .1

Figure 1.3 Graphs showing the variation with time

of the displacement velocity and acceleration in

SHM,

Figure 1.4 The variation of displacement, velocity

and acceleration in SI IM on the same axes.

zero at l — f

,

(In this interval, the gradient is

decreasing anti so is the velocity.)

In this way we begin to build tip the graph

showing the variation with time f of the velocity

r. Having established the velocity time graph,

we may repeat the process above lo determine

the graph showing the variation with time of

the acceleration ti. This is left as an exercise.

Example questions

Note: In this chapter, all calculations performed

with the tale ula tor must be done with the

calculator in radian mode.

Qi^-1^

"

A particle undergoes SHM with an amplitude of

4.0 mm and angular frequency of 2,0 s"
1

. Ai

( — 0, the displacement is
4

;.|
mm. Write down the

equation giving the displacement for this motion.

Answer

We use x = A cosfsuf + 0), with u>
— 2.0 s

1 and

A = 4.0 mm. So we have

t — 37/4, The velocity In this interval is

therefore positive and has a maximum value at

t 37 /4. (Tire gradient is increasing in this

interval and so is the velocity.)

From l = 3f /4 to t — 77 the gradient is positive

but decreases to zero at I = / . In this interval

the velocity is therefore positive and becomes

x — 4.0 cos(2.0f 4- 0)

where I is in seconds and x is in millimetres. At

1 = 0 we have

4.0
^4.0 cos 0

s/2

which implies

1

co$0 = =.

Jl
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or

ji

I lence rhe equation is

x — 4,0 cos^2.G; 4-

Q2
A panicle undergoes SHM with an amplitude of

&.00 cm and an angular frequency of 0.250 s' . At

l = 0, the velocity is 1.24 cm 5

(a] Write down the equations giving the

displacement and velocity for .this motion.

(h) Calculate the initial displacement.

(c) Calculate the first time at which the particle is

at x = 2.00 cm and x = -2.(30 cm.

Answer

(a) We have that x = A cos(orf + 0) and therefore

V = —toA sin(£jf + 0), At f — 0 we therefore

deduce that

1.24 = -0250 x fi.QG sin0

which gives

0 = - 0,669 rad

Hence the displacement is

x = 8,00 ccs(Q*2 SOt 0.669)

and the velocity is

v = -ZOO sin (0.2501 - 0*669)

(b) At t — 0j we have

x = 5,00 cos( 0,669} = 6,25 cm

fc) From

2.00 = 0,00 co$(0,250t - 0,669}

wo find

cos(0.250t - 0.669) = 0,25

and thus

0.25 0* - 0.669 = cos '(0.25) = 1 .32

which gives

t = 7.95 s

From

-2.00 = 6.00 cos (0.250 f - 0.669)

we find

cos(0,250f - 0 669) = - 0.25

and thus

0,250; - 0.669 = cos"

1

(-0.25) = 1.82

which gives

t = 9.97 s

It is convenient also to define the frequency/

of the motion. This is defined as the number

of oscillations per second. Since we have

one oscillation in a time equal to the period F,

the number of oscillations per second is j

and so

The unit of frequency is the inverse second,

which is called the hertz (Hz). It follows from

F = — that
re?

m — 2Tti

A particle in a bowl
We consider now a particle of mass m that is

placed inside a spherical bowl of radius r\ as

shown in Figure L5. The first diagram shows

Lhe particle at its equilibrium position E at die

bottom of the bowl. In the second diagram

the particle is shown displaced away from

equilibrium. The particle will be leL go from

that position P. In the absence of friction, the

particle will perform oscillations about the

equilibrium position. Will these oscillations

be simple harmonic? To answer this question,

we must relate ibe acceleration to the

displacement.

*
E \

Figure 1,5 A particle in a bowl. The equilibrium

position E is at the bottom of the bowl. The
particle is released horn P.
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The forces on the particle are its weight mg and

the reaction force Ji from the bowl, as shown in

Figure 1*5. The displacement of the particle is

the length of the arc joining points E and P, i.c.

x —r@ w where 6 is as shown in the diagram. The

force trying to bring the particle back towards

the equilibrium position is found by taking

components of the weight along The dashed set

of axes shown in Figure 1,6,

sin (|)
sa

J
in that case. Then, approximately,

and so

where in this case r*r — f.
So we will have SHM

but only for very small amplitudes. For small

oscillations the period is then

V
\
\

\
\

figure t.6 The forces on the particle in a bowl.

The force trying to bring the mass back is the

component mrj sin #:

F — mo — -mq sin 9

which implies that

a s —cj sen 9

Bringing in the displacement we see that

a = “Cf sin

The acceleration is opposite to the displacement

Jr, but it is not proportional to it. We will have

oscillations, but they will not be simple

harmonic.

Let us now assume that the amount of

displacement x is actually quite small compared

to the radius of the bow! r T Then f is a small

number and we know that

7 — 2tt

The simple pendulum
We consider next a mass m that is attached to a

vertical string of length L that hangs from the

ceiling. The first diagram in Figure 1.7 shows

the equilibrium position of the mass. In the

second diagram, the particle is displaced away

from the vertical and is then released.

Figure 1.7 The equilibrium post lion of the

pendulum, and the forces on the mass when the

pendulum is displaced.

The force pushing the particle back towards the

equilibrium position is mq sin# and so we have

mu = -mg sin# => a = -g sin#

The displacement is x = I. where 7 and # arc

as shown in Figure 1.7. and so
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Again, the acceleration is not proportional to the

displacement, x. But ifx is small compared to

L, then sin (*
) ^ j

and so

(b) Using the propagation of errors as in Chapter 1

,

we have ~
at _ i

]

~Y~. from this we find

= i x 4.00% = 2.00%. Hence

* 9
a = -g

T = -
T
x

„ 2.00
AT — x

2.00
T m x 1 .00 = 0.02 s

that is.

a = - iox with 2 9“ "r
For small oscillations the period of the

pendulum is then

liquid

100 100

The new period is then T = 1 .02 s.

When a body is immersed in a liquid of density p

it experiences an upward force called the

upthrust, which is given by

where Vnvr is the volume of the body immersed

in the liquid. A rectangular body is floating in a

liquid of density p as shown

in Figure 1 .8. The body is

pushed downwards by a

distance A and is then

released. Show that the

body will perform simple

harmonic oscillations, and

find the period of the

motion.

original position

Figure 1.8 (a) A rectangular body floating in a liquid, with depth d
immersed, (b) The body after it has been pushed down by a distance A.

Example questions

Q3
(a) Calculate the length of a pendulum that has a

period equal to 1 .00 s.

(b) Calculate the percentage increase in the

period of a pendulum when the length is

increased by 4.00%. What is the new period?

Answer

(a) From the text, the period of the pendulum is

given by T = 2n J
£
and so

Hi
4tt

2

1 .002 x 9.81

Answer

The diagram in Figure 1.9

shows the body after it has

moved up a bit, so that it is

now a distance x below its

original equilibrium

position.

original position

L =

4^ J

= 0.248 m

liquid

Figure 1.9 The floating body after it has moved
back up a bit from its maximum displacement.



4,1 Simple harmonic motion 203

The forces on the body are its weight mg

downwards and the upthrust LF upwards. The

upthrust is given by

U = PgVmm = pgs {d + x)

where S’ is the base area of the body. The net

force is upwards and equals

Fm = U- mg - pgS £ d + x) - mg

At the equilibrium position x = 0., we have that

pgSd = mg

Substituting this value of mg in the net force, we

find

- pgS (d f x)-pgSd= pgSx

I he net force on the body is upwards, i,e*

opposite to the displacement x. We therefore

have that

ma = ~pg$x

and so

m

i.e. the oscillations are simple harmonic, with

to
2 — The period of the oscillations is

therefore

T =

Q5
The graph in Figure 1. 10 shows the variation

with displacement x or the acceleration a of a

body.

la) Explain how it may be deduced that the body

executes SHM.

(b) Use the graph to determine the period of

oscillations.

(c) Determine the maximum speed of the body

during the oscillations.

Answer

(a) Hie graph is a straight line through the origin

with negative slope, and so fits the defining

relation for SI TM, a — Vx, where -to
2

is the

slope of the graph.

tr/iii $ ”

Figure 1.10 Graph showing lire variation with time

of the acceleration of a body performing SHM.

fb) from the graph we find that the slope is

-ip
1 = -0.25

ms_:

cm

ay = 0.25
ms'2

lQ--m

to
7 ™ 25 s

2

id = 5.0 s
-T

The period is thus T — ^ s ^ 1.3 s.

(c) The amplitude of the motion is A= 6,0 cm.

The maximum speed is

Vbhk = ioA — 5.0 x 6.0 x 10" 2 = 0,30m s'
1

Qb

The graph in Figure T.l I shows the displacement

of a particle from a fixed equilibrium position.

(a) Use the graph to determine; £1} the period of the

motion, (ii) the maximum velocity of ihe particle

during an oscillation, and (iii) the maximum

acceleration experienced by the particle,

fh) On a copy of the diagram, mark; (i) a point

where the velocity is zero (label this with the

letter Z), (ii) a point where the velocity is

positive and has the largest magnitude (label

this with the letter V), and (iii) a point where

the acceleration is positive and has the largest

magnitude (label this with the Idler Ah
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.r/cm

Figme 1,11 Graph showing the variation with

time of the displacement of a particle

performing SHM.

Answer

la) (i) The period is read off the graph as

7 - 0.20 s. Since 7 ^ — we have thatV

2jt .

w = — = 31.4 ss 31 S
_1

(ii) I he maximum velocity is then

Vn-,*K — tnA = 31.4 x 2.0 x 10 — 0.63 m s'

(Hi) The maximum acceleration is found from

afnjl = -a}
1 A ~ 31 A 1 x 2.0 x 1G" 7 - 20 m s"

7

fb} (i) The velocity is zero at any point where Hie

displacement is at a maximum or a

minimum.

(ii) for example at t — 0.1 5 s..

(iil) For example at t = 0.10 s or f = 0.30 s.

Q7
A body of mass m is placed on a horizontal plate

lhal undergoes vertical SHM (Figure 1.12). The

Figure 1.12 A particle on a horizontal plate

executing SHM.

amplitude of the motion is A and the frequency

Is f.

(a) Derive an expression for Ihe reaction force on

the panicle from the plate when The particle Is

al its highest point,

(b) Using the expression in (a), deduce thas the

particle will lose contact with the plate if the

frequency is higher than v
Ap4^

Answer

(a) A l the highest point x = A we have a = -co
J
A,

so

R - mg = ma = -mu^A

and substituting m = 2ni gives

R - mg — -m(2irf)
2A

— -4ir
2
f
2mA

R = mg- 4jr
2
f
2mA

{b) The particle will lose contact wilh Ihe plate

when R < 0, Le. when

Wg-4w*f JmA < 0

mg < 4?rf 2mA

4x I
f
2mA > mg

f > ' -J—~
V 4jt’A

Energy in simple harmonic

motion

Consider again a mass at the end of a horizontal

spring. Let the extension of the spring be x at a

particular instant of time, and let ihe velocity of

the mass be V at that time. The elastic potential

energy stored in the spring is

E
p
-^kx 2

and the kinetic energy of the mass is

t k = \mv2

These are shown separately in Figure 1.13. and

on the same axes in Figure 1.14.
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potential energy kinetic -energy

Figure 1,13 Graphs showing the variation with

displacement of the potential energy and

kinetic energy of a mass on a spring.

energy

i k

total ejiergy

V u
--, /

\

\
*\ ^/potential

\ / energy
\ (

i

\ /' ' t

Y V
/-,

- \ / \
\
\ / \ kind tc

/ \
/ X y \energy

X
X

/

Figure 1*14 Graphs showing the variation with

displacement of the potential energy and

kinetic energy of a mass on a spring. 'The total

energy is a horizontal straight line.

The total energy of the system is then

f “ Up + E* = + \mv 2

In the absence of frictional and other resistance

forces, this total energy is conserved, and so

E = i kx2 + |mv2 = constant

If the mass is released Irom rest when the

extension is the amplitude of the motion A, then

jkx2 + ^tnv2 — ^kA 2

Solving for the velocity v we find

Vm±MjA*-X*
v m

We need both signs since the mass passes any

one position twice, once going to the right

(positive velocity) and once going to the left

(negative velocity).

Recalling that for this motion os — we see

that

y = ±«

The maximum velocity is achieved when x = 0.

i.e. as the mass moves past its equilibrium

position. The value of the maximum velocity is

then

At the extremes of the motion, x — ± A. and so

V — as we expect.

At x = zb A the system has elastic potential

energy only, and at x — 0 it has kinetic energy

only. At intermediate points the system has

both forms of energy: elastic potential energy

and kinetic energy. During an oscillation, we

therefore have transformations from one form

of energy to another.

Example questions

The graph in Figure 1.15 shows the variation with

the square of the displacement (x
1

-) of the potential

Ef/mi

Figure 1.15 Graph showing the variation with the

square of the displacement of the potential

energy ofa particle in SHM
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energy of a particle of mass 40 g that is executing

SHM. Using the graph, determine:

(a) the period oi oscillation;

(h) the maximum speed of the particle during an

oscillation.

Answer

(a) The maximum potential energy is

H= jmtyft2
. From [he graph [he maximum

potential energy is 80.0 mj (30 x 10
1

j) and

the amplitude is 2.00 cm (2.00 x 10"’ m). Thus

2 x 80 x IQ’1

" 0.040 x (2.00 X 10 -y

= 1

O

4
s“

3

= 100 s
-1

(b) The maximum speed is found from

v,™ = a>A = 100 x 2.00 x TCT2 = 2.00 m s"
1

Q9 1 1 — —-- 1

The graph rn Figure 1.16 shows the variation with

displacement oi the kinetic, energy of a particle of

mass 0,40 kg performing SHM. Use the graph to

determine:

(a) the total energy of the particle;

(bj ilie maximum speed of the particle;

(c) the amplitude of the motion;

kinetic energy/rrU

i/em

Figure Lift Graph showing the variation with
displacement of the kinetic energy of a particle.

(d) the potential energy when the displacement is

2.0 cm;

(e) the period of the motion.

Answer

(a) The total energy is equal to the maximum
kinetic energy, he. 80 m).

(b) The maximum speed is found from

-'rNV
rr.tt
— C r

V* = 2£,

m

Vm.i »
— / 2 x 80
“

V o.

x 1G- J

40

vin ,v - 0.63 ms 1

(cl The amplitude is 4,0 cm,

(df When x = 2.0 cm, the kinetic energy is 60 ml

and so the potential energy is 20 mj.

{el The maximum potential energy is 80 ml and

equals ^kA’. I lence

= £1W

2

1

A ;

2 x 80 x 1G J

(4.o x ifPy

k=* 100 Nm~ J

and lhen

m

k =

k =

100

0.40

ft* ^ \/250

= 1581 r 1

and so ihe period is T = ~ = 0.40 s.

Q10 **»*^*^ .. -
- : •

A particle of mass 0.50 kg undergoes 5HM with

angular frequency m — 9.0 s and amplitude

3.0 cm. Tor this particle, determine:

(a) the maximum velocity;

(b) the velocity and acceleration when the

particle has displacement 1 ,5 cm and moves
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towards the equilibrium position from its

initial position at x = 3-0 cm;

(c} the total energy of the motion.

Answer

(a I The maximum velocity is given by

Viru* — Ct>/\

^9.0 x 3.0 x 10"*

= 0.27 m s“

'

(b) At x = 1.5 cm, the velocity is

v - ±w V'

A

r-^ = ±9.0 * 1

0“3

= ±0.23 ms-1

We must choose the negative sign since the

particle is moving to the left, so

v = -0.23 ms'. The acceleration is

a = —orx

= -9,0 J x IS x 10"*

= —1.2 m s
_j:

(cl The total energy is

r = i«»i.

= i(0.5U)0.27 !

= 1

8

mj

Damping

The SHM described above is unrealistic in that

we have completely ignored frictional and other

resistance forces. The effect of these forces on

an oscillating system is that the oscillations will

eventually stop and the energy of the system

wilt be dissipated mainly as thermal energy to

the environment and the system itself.

Oscillations taking place in the presence of

resistance forces are called damped

oscillations. The behaviour of the system

depends on the degree ofdamping. We may

distinguish three distinct cases: under-damping,

critical damping and over-damping.

Under-damping
Whenever the resistance forces are small, the

system will continue to oscillate but with a

frequency that is somewhat smaller than that

in the absence of damping. The amplitude

gradually decreases until it approaches zero

and the oscillations stop. The amplitude

decreases exponentially. Typical examples of

under-damped SHM are shown in Figure 1.17.

The case represented by (b) corresponds to

heavier damping than (a) and the oscillations

die out faster. Note that the period of

oscillation in the case of the heavier damping

(b) is larger than that in the case of lighter

damping (a).

jr/cm

Figure 1.17 Graphs showing the variation with

lime of the displacement of a particle in

damped SHM The curve in fb) corresponds to

heavier damping than in la), and has a slightly

longer period.
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Critical damping
In this case the amount of damping is large

enough that the system returns to its

equilibrium state as fast as possible without

perform ing oscillations, A typical ease of

critical damping is shown in Figure LIS.

.i/em

Figure MS Critical damping. The displacement
goes to zero without oscillations.

Over-damping
In this case the degree of damping is so great that

the system returns to equilibrium without

oscillations (as in the case of critical damping) but

much slower than in the case of critical damping,

'[he system shown in Figure 1.18 ifover-damped

would behave as the upper curve in Figure L19.

xfcm

Figure 1.19 A system that is over-damped. The
displacement goes to zero slower than in the

case of critical damping,

Forced oscillations and resonance

We will now examine qualitatively the effect of

an externally applied force F on a system that

is free to oscillate with frequency fa- The force

F will be assumed to vary periodically with

time with a frequency (the driving frequency)

fn, for example as F — Fq cds(2jt fpf }. The

question is how the oscillating system will

respond to the presence of the external driving

force. The oscillations rhat take place in this

case arc called forced oscillations.

In general, some Lime after the external force is

applied, the system will switch to oscillations

with a frequency equal to the driving frequency

fo- However, the amplitude of the oscillations

will depend on the relation between ft

^

and fa.

and the amount of damping. We might expect

that, because the system wants Lo oscillate at its

own natural frequency, when the external force

has the same frequency as the natural

frequency, large oscillations will take place. On
the other hand, at very low frequencies, fn ^ 0,

and so F = Fq C0s(2jt fi>0 53 Fd, i.e. it is constant,

A constant force applied to a spring, for

example, will extend the spring by a constant

amount.

A detailed analysis produces the graph in

Figure 1.20 showing how the amplitude of

oscillation of a system with natural frequency

f(i varies as it is subjected to a periodic force of

frequency fD , The degree of damping increases

as we move from the top curve down.

A

Figure 1.20 Graph showing the variation with
driving frequency of the amplitude of forced

SHM when the system is driven by an external

periodic force.



4.1 Simple harmonic motion 209

The general features of l he graph in Figure 1,20

are as follows:

For a small degree of damping, the peak of Lite

curve occurs at the natural frequency of the

system, fo.

* The lower the degree of damping, the higher

and narrower the curve,

* As the amount of damping increases, the peak

shifts to Lower frequencies,

* Ai very low frequencies, the amplitude is

essentially constant.

[f fp is very different from the amplitude of

oscillation will be small. On Lhe other hand, if

fn is approximately the same as f$, and the

degree of damping is small, the resulting driven

oscillations will haw large amplitude. The

largest amplitude is obtained when fD is equal

to to. in which case we say that the system Esin

resonance.

*- The state in which the frequency of the

externally applied periodic force equals the

a&fura! frequency of Lhc system is called

resfinurict1 . This results in oscillations with

large amplitude.

Resonance can be disastrous: we do not want

an aeroplane wing to resonate; nor is it good

for a building to be set into resonance by an

earthquake. Resonance can be irritating; if the

car in which you drive is set into resonance E>y

bumps on the road or a poorly tuned engine.

But resonance can also be a good thing:

resonance is used by a microwave oven to

warm food; and your radio uses resonance to

tune into one specific station and not another.

Anot her useful example of electrical

resonance is the quartz oscillator, a crystal

made out of quartz that can be made to

vibrate at a specific frequency. The resonant

frequency of the quartz oscillator depends on

how iL is cut from the original crystal. These

crystals are used as the timing device in

electronic watches and tnany other devices in

electronics. They are cheap and keep their

characteristics with time. The operation of the

quartz oscillator uses a phenomenon called

piezoelectricity in which an electrical signal

applied to the crystal forces the crystal to

vibrate. In turn, the mechanical vibration is

fed back as another electrical signal at the

crystal’s resonant frequency.

1 Slate what is meant by oscillation and simple

harmonic motion.

2 State two ways in which an 5HM oscillation is

different from a general oscillation,

3 A ball goes back and forth along a horizontal

floor bouncing oh two vertical walls. Is the

motion an example o t an oscillation? II yes, is

lhe oscillation simple harmonic?

4 A ball tiounces vertically oh the floor. Is the

motion oi the ball an example of an oscillation?

If yes, Is the oscillation simple harmonic?

5 Explain how you would use a spring of known

spring constant to measure the mass of a body

when in a spacecraft in outer space,

6 Explain why (he oscillations of a pendulum

are, in general, not simple harmonic. What

condition must be satisfied for the oscillations

to become approximately simple harmonic?

7 Show explicitly that, if x = A cosfrut + &), the

period of lhe motion is given by T — ^7

independently of A and

8 The displacement of a particle executing SHM
is given by y — S.Qcos (21), where y is in

millimetres and t is in seconds. Calculate:

{a) the initial displacement of the particle;

(fa) the displacement at t = 1.2 s;

(c) the lime at which the displacement lirs-t

becomes -2.0 mm;

(d) the displacement when the velocity of the

particle is 6,0 mm s"\

9 (a) Write down an equation for the

displacement of a particle undergoing

SHM with an amplitude equal to 8.0 cm
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and a frequency oi 3 4 H*, assuming l ha

l

at I = 0 the displacement is 8,0 cm and

the panicle is at rest,

(b) Find the displacement, velocity and

acceleration of this particle at a time of

0.025 s.

Ill A point on a guitar string oscillates in SHM
with an amplitude of 5.0mm and a frequency

of 460 Hz. Determine the maximum velocity

and acceleration of this point.

1

1

A guitar string,, whose two ends are fixed

so that they cannot move, oscillates as

shown in Figure 1,21.

Figure 1 ,21 For question 11.

The vertical displacement of a point on

the string a distance x from the left end is

given hy y= 6.0 cos(1040*0 sin (?rx),

where y is in millimetres, x is in metres

and t is in seconds. Use this expression

to:

{a.) deduce that alt points on the string

execute SHM with a common

frequency and common phase, and

determine the common frequency?

(b) deduce that different points on the

string have different amplitudes;

Ec) determine the maximum amplitude of

oscillation;

id) calculate the length L of the string;

(e) calculate the amplitude of oscillation

of the point on the string where

x = 1

1

.

1

2

A body performs SHM along a horizontal

straight line between the extremes shown by

the dashed lines in Figure T.22.

ut| Li i librium

position

4

AH CD
Figure 122 For question 12.

The arrows represent the direction of motion

of the body. The Ixxly is shown in four

positions, A r B, C and D. Copy the diagram

and, in each position, draw arrows to

represent the direction and relative magnitude

of (a) (he acceleration of the body, and Eh) the

net force on the body.

13

The piston (of mass 0,25 kg) of a car engine

has a stroke (i.e. distance between

extreme positions) of 9,0 cm and operates at

4500 rev min" 1

,
as shown in Figure 1,23.

(a) Calculate the acceleration of the piston at

maximum displacement,

(b) Calculate the velocity as the piston moves

past its equilibrium point.

(o) What is the net force exerted on the piston

at maximum displacement?
14

The graph in Figure 1,24 shows the variation

with time t of the velocity v of a particle

executing SHM.
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1

I'.fclt'L !i
1

(a) Using (he graph, estimate the area

between the curve and ihe time axis from

0.10 s to 0 30 s.

(b) State what this area represents.

(c) I fence write down an equation giving the

displacement of the particle as a function

of lime.

15 The graph in Figure 1.25 shows ihe variation

wi!h lime f of the displacement x of a particle

executing 5HM t

Draw a graph to show Ihe variation with

displacement x of the acceleration a of the

particle (put numbers on the axes).

16 The graph in Figure 1.26 shows the variation

with displacement \ of the acceleration a of a

body of mass 0. I 50 kg,

(a) Use the graph to explain why ihe motion

of the body is SHM. Determine the

following:

(b) the period of the motion;

fc) the maximum velocity of ihe body during

an oscillation;

(d) ihe maximum net force exerted on ihe

body;

(e) the tola I energy of the body.

^
2

17 A body of mass 0.120 kg is placed on a

horizontal plate. The plate oscillates

vertically in SHM making five oscillations

per second.

(a) Determine ihe largest possible amplitude

of oscillations such that ihe body never

loses contact with the plate,

(b) Calculate the normal reaction force on the

body at the lowest poirsl of the oscillations

when she amplitude has the value found

in (a)*

10 A passenger on a cruise ship in rough seas

stands on a set of 'weighing scales . The

reading R of the scales {in kilograms) as a

function of time is shown in Figure 1,27.
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*'4

Use the graph to determine:

(a) the mass oi the passenger;

(b) the amplitude of the waves in the sea.

muES^m
1 9 This is a very unrealistic hut interesting

'thought experiment' involving SHM. Imagine

boring a straight tunnel! from one place (A) on

the surface of the earth to another place (Ei)

diametrically opposite, and then releasing a

ball of mass m at point A (Figure 1 .26). To

answer the following questions, you need to

know that gravitation implies that, when the

ball is at the position shown in Figure 1 .28, it

experiences a forte of gravitation from the

mass inside the dotted circle only. Further,

this mass inside the dotted rircle may he

considered to be concentrated at the centre

of the earth. Assume that the density of the

earth is uniform.

1 igure 1 .28 For tj u est ion ] y

.

(a) Denoting the mass of the earth by M
and its radius by ft, derive an

expression for the mass inside the

dolled circle (of radius \).

(b) Derive an expression for the

gravitational force on the hall when at

the position shown in Figure 1 ,2H
r
a

distance x from the centre.

(c) Hence deduce that the motion of the

hall is simple harmonic.

(d) Determine the period of the motion.

(e) Evaluate this period using

M = 6.0 x 1

0

24
kg.

R = 6.4 x 10
tm and

C = 6,67 x 10- IT N kg
-2 m2

.

(f ) Compa re t he pe r i on I of t h is mot io n

with the period of rotation of a satellite

around the earth in a circular orbit of

radius R.

20 A particle of mass m is attached to the middle

of a horizontal string ot constant tension f.

The length of the string is L . The tension tn the

string is so large that the string is essentially

horizontal at the equilibrium position. The

particle is displaced vertically by a small

distance A and is then released (Figure 1 ,29).

Figure 1.29 For question 20.

(a) Deduce that the net force on the particle

at the position shown is 2 Tsintf.

(b) Hence deduce that the particle's

acceleration is given by a ^ where

x is the vertical distance of the particle

from the horizontal line.

(c) Determine the period of oscillations of (his

particle.

21 A body is suspended vertically at the end of a

spring that is attached to the ceiling of an

elevator {Figure 1,30). The elevator moves

with constant acceleration. Discuss
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Figure I 30 For question 23

qualitatively line effect, if any, of the

acceleration on the period of oscillations of

the mass when the acceleration is (a) upwards

and (b) downwards.

22

A particle undergoes SHM with angular

frequency w, i he initial displacement is a:

and the initial velocity is vM . Deduce that

an expression for the amplitude of this

motion is

23

A block is attached to a spring and

performs SUM along a horizontal straight

line. A piece of putty is dropped vertically

so that it sticks to the block when it lands

on it {figure 1,30.

Discuss qualitatively the effects of this, if

any, on the amplitude and the period of

oscillation in the following two separate-

cases in which the putty lands on the block:

{a) when the block moves past its

equilibrium position;

(b) when the block is momentarily at rest

at maximum displacement.

24 A body of mass 1 .R0 kg executes SHM such

that its displacement from equilibrium is given

by x — 0.360 cos (6.800, where x is in metres

and i is in seconds. Determine;

ia) the amplitude, frequency and period of the

oscillations;

(b) the total energy of the body:

(t) the kinetic energy and the elastic potential

energy of the body when the displacement

is 0.1 25 m.

25 A body of mass 2.0 kg is connected to two

springs, each of spring constant k = 1 20 N rrr
1

[Figure 1.32).

[a) When (he springs are connected as in

Figure 1 32(a), calculate the period of the

oscillations of this mass when it is

displaced from Us equilibrium position

and then released.

(b) When the springs are connected instead as

in Figure 1 .32(b), would the period change?

(a)

Figure 132 For question 25,

26

A woman bungee-jumper of mass 60 kg is

attached to an elastic rope of natural length

1 5 m, the rope behaves like a spring of spring

constant k = 22.0 N m" 1

. The other end of the

spring Is attached to a high bridge, I he

woman jumps front the bridge.

(a) Determine how far below the bridge she

falls, before she instantaneously comes to

rest.

{b) Calculate her acceleration at the position

you found in (a),

(c) Explain why she will perform SHM, and

find the period of oscillations.

(d) The woman will eventually come to rest at

a specific distance below the bridge.

Calculate this distance.
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(e) Explain whether her oscillations are under-

damped,, critically damped or over-

damped.

(0 The mechanical energy of the woman alter

she comes to rest is less than the woman's

total mechanical energy just before she

jumped. Explain whal happened to the

lost" mechanical energy.

27 Slate what is meant by under damping, critical

damping and over-damping tn the context of

SHM oscillations.

28 Si ale two examples of osci Haling systems

where damping is desirable and two examples

where it is undesirable.

29 The graph in Figure 1.33 shows the variation

with time t of the displacement x of a panicle

undergoing SHM that is under-damped.

(a) By making measurements on the diagram,

determine whether the ratio of successive

amplitudes stays constant

(b) The amount of energy stored in the

oscillation is proportional to the square of

the amplitude. Determine, for these

oscillations, the amouni of energy lost in

one oscillation as a percentage of the

energy stored in Ihe previous oscillation.

tc) On the same axes, draw a graph lo show

the changes, if any, to the variation of

displacement if the amount of damping

were to increase (but still keep the

osc i 1 1 ations under-danipedl

30 The graph in Figure 1 .34 shows the variation

with time f of the displacement x of a panicle

performing critically damped SHM, On the

t

Figure 133 For question 29.
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same axes, draw sketc h graphs to show the

variation of the displacement when the same

system is (a) under-damped and (b) over-

damped. (Note: no numbers are required on

the axes.)

31 The shock absorbers of a car protect the

passengers by absorbing the impact felt by the

car when going over bumps on the road. Should

the shock absorbers be under- damped, critically

damped or over-damped? Discuss your answer.

32 Slate one advantage and one disadvantage of

over-damped car shock absorbers.

33 A particle performs SHM. Draw sketch graphs

on the same axes Ino numbers are required)

lo show the variation with time t of the

amplitude A of the motion for (a) no damping,

(b) light damping and (O heavy damping,

34

A particle oi mass ro is attached to a

horizontal spring of spring constant k and

executes SHM of amplitude A.

(a) State the angular frequency of

oscillations of the particle,

(b) Deduce that the velocity and

displacement of the particle satisfy the

relation

v z x 1

to 2 A 2 + aT
“

(c) Sketch a graph to show the variation

with displacement x of the velocity v

of the particle. Your graph must

represent one full ost illation.

(d) The area of the ellipse f s* 1 is

given by 7T,}h. Determine the area of

the graph you have drawn in (c).

(e) The mass is now subject to light

damping. Suggest how the graph in (c)

changes.

35 Distinguish between tree oscillations and

forced oscillations,

36 State what you understand by the term

'resonance'. Give one example of resonance.

37 It is said that soldiers mart hing over a bridge

will break their step. What might be a reason

for this?

36 A body of mass m is attached to a spring of

spring constant k and unstretched length I ,

The other end of the spring is attached to a

frictionless horizontal table. I he spring is free to

rotate as shown in Figure L35. The body moves

along a circle on the table with frequency l

(a) State the natural frequency of the

spring-mass system.

{b) Calculate the extension of the spring.

{c) Comment on your answer lo (b) when the

frequency of rotation becomes equal to

the natural frequency you slated in {a),

fd) How is the difficulty discovered in (c)

resolved?

Figure 1.35 For question 38.
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Travelling-wave characteristics

Ihis chapter introduces a new and special kind of motion: wave motion. There are two

large classes of waves: mechanical and electromagnetic waves. Waves can be further

classified into transverse and longitudinal waves.

What is a wave?
Waves arc a very special kind of motion that

differs significantly from the motion we have

studied in earlier chapters. To understand the

difference, and to appreciate this new kind of

motion, let us look at what we have learned in a

somewhat different way. If a stone is thrown at a

window and the window breaks, this is because

the stone transferred its kinetic energy from the

point at which it was thrown onto the window.

The stone exerted a force on the window (transfer

of momentum) and broke it. A wave is also a way

of transferring energy and momentum from one

place to another but without the actual large-scale

motion of a material body. For example, light (a

kind of wave) from the sun arrives on earth

having travelled a large distance in a vacuum,

and upon arrival warms up the earth. A soprano

singing can break a crystal glass because energy

and momentum have been transferred through

air by a sound wave.

Light is an example of a wave that does not

need a medium in which to travel. It can travel

in a vacuum as well as in solids (e.g. glass) or

liquids (e.g. water). Light is part of a large

family of waves called electromagnetic waves.

Sound, along with water waves, string waves,

etc., belongs to a family called mechanical waves.

These do require a medium for their

propagation. Sound, for example, cannot travel

in a vacuum. Sound can travel in solids and

liquids as well as, of course, in gases. Similarly,

water waves travel, not surprisingly, in water.

How do we describe a wave? A wave is always

associated with a disturbance of some kind. A rope

held tight is horizontal when no wave is

travelling on it. By moving one end up and

down, we create a disturbance and individual

points on the rope are now higher or lower than

their original undisturbed positions. In the case

of sound, the density of air becomes successively

higher or lower when a sound wave travels
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(lirough the air compared with when there is no

sound wave. (The case of light is a L>il more

complicated and we will not discuss it here.)

to- A wave is a disturbance thaL travels in a

medium (which can be a vacuum in the

case of electromagnetic waves)

transferring energy and momentum from

one place to another. The direction of

energy transfer is the direction of

propagation of the wave.

Note that in all the examples we have talked

about, there is no large-scale motion of the

medium. Points on a rope oscillate up and

down, and molecules in air move back and

forth along the direction of a sound wave that

is travelling through I he air. This is local, small-

scale motion; the material of the medium does

not itself travel large distances.

Transverse and longitudinal

waves

In addition to the division into mechanical and

electromagnetic, waves can be further divided

into two classes. The first class is called

transverse and consists of those waves in which

the disturbance is at right angles to die direction

of propagation ofthe wave, A typical example is

a wave on a string: the direction of propagation

is along the string but the disturbance is at

right angles to the string (see Figure 2.1).

Electromagnetic waves are also transverse.

The second class is called longitudinal and

consists of those waves ill which the disturbance

is along the direction of propagation of the wave.

A typical example is sound: if we imagine that a

sound wave is moving from left to right in a

thin tube, the disturbance is the motion of air

molecules back and IbrLli along the tube. In

Figure 2.2 the dots represent molecules of air.

lit the top picture the molecules are equally

spaced, representing the gas in its equilibrium

state, As the wave passes through the gas, I be

Figure 2.1 A transverse wave on a string travelling

to the right. At the early time of the top picture,

the parts of the string marked are at their

maximum displacement above and belowr the

equilibrium position of the string. Some time

later the left part has moved up and the right

part dowrn - their motion is at right angles to

the direction of motion of the wave.

• • • f y A A # 9
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Figure 22, In a longitudinal wave, molecules

execute simple harmonic motion along the

direction of propagation of the wave.

molecules move to the right or left. As they do

so they create regions of higher than norma!

density (compressions) and regions of lower

than normal density {rarefactions). For

convenience we have marked one molecule grey

to indicate that molecules execute simple

harmonic oscillations about their equilibrium

positions (dotted line for the grey molecule).

Figure 2.2 shows the compressions and

rarefactions that occur in the medium in which

the wave moves.

| compressions f t rarefaclions f

Figure 23 The motion of the molecules causes

compressions and rarefactions in the medium
in which the wave moves.
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Wave pulses

To help us lo understand waves we will start

with a simple case, that ofa wave pulse. Ifyou

tie one end of a rope to a wall and move the

other end sharply up and then back down to its

starting position, you will produce a wave pulse

that will travel along the rope, M looks like

Figure 2A (this is idealized to a triangular

pulse - the real pulse would be curved):

Figure 2.4 The pulse is moving to the right. The
disturbance is norma t to the d irection of

motion.

Ifyour hand is first moved down below the rope

then back up to the starting point, continues up

above the rope and finally back down to the

starting point, the pulse will look like Figure 2-5,

Figure 2.5 A full pulse travelling to the right

It Lakes a certain time for this disturbance to

move along the rope [i.e. Ibr this wave pulse to

reach another point in the rope). The wave

pulse travels with a certain speed down the

rope. In the case of the wave pulse on the rope,

the speed of the pulse is determined not by the

way in which the pulse was created (big or

small pulse, wide or narrow) nor by how fast or

slow your hand moved the rope; rather, it is

determined by fhe tension T in [he rope and

the mass per unit length f.t
= ™ of the rope.

Although not required for examination

purposes, it is good to know the following:

l he speed of Lhe pulse on the siring is

given by

i =

The speed of rhe wave is determined by

the properties of the medium and not by

how the wave is created.

The greater rhe tension in the medium, the

greater the speed of the wave produced. You can

convince yourself that the speed is greater

when rhe tension is greater by creating pulses

on a slinky, which can be kept at various

tensions by having it stretched by different

amounts. You will then also see that v is

independent of the shape ofthe pulse you

produce and of how fast you produced it.

Tire statement that the speed of the pulse is

independent ofthe amplitude is true provided

the amplitude is not too big. If fhe amplitude is

big, then the string is more stretched and thus

the tension is greater, implying a greater pulse

speed. Not too big an amplitude means not big

compared with the length of the string*

Travelling waves

In the previous section we saw how a single

pulse can be produced on a stretched rope. We
can create a travelling wave ifwe now produce

one pulse after another. If, in addition, the

agent forcing the rope up and down executes

simple harmonic motion, then the wave will

look like a sine wave (also called a harmonic

wave) - see Figure 2.6 (top).

If the sequence of pulses produced are square

pulses, then, the wave generated is a travelling

square wave - sec Figure 2.6 (bottom).
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Figure 2,6 A periodic sine wave and a periodic

square wave.

Harmonic waves are very important because

any periodic disturbance can be expressed as a

sum (superposition) of a number of harmonic

waves. Hi is is a general theorem in

mathematics known as Fourier's theorem.

After a second full period, a second full wave

will be produced (see Figure 2,8). The original

full wave has moved forward a distance equal to

the wavelength.

Figure 2.8 Two full waves are produced in

sequence by the oscillating tuning fork.

l hi bus follows that, since the wave moves

fo rwa i'd a Ji stance equ al to a waveiengt

h

in a time equal to one period, the speed

of the wave is given by

J.

Harmonk waves
A si mple way of producing harmonic waves is to

attach one end ofa rope to a tuning fork, as

shown in Figure 2,7, If the tuning fork is then

made to oscillate one full wave will be

produced on the rope after a time equal to the

period of the tun ing fork.

Since one full wave is produced in a time of T s,

it follows that the number of full waves

produced in 1 s is 1 /7\ This is the frequency.

P The number of ful! waves produced in 1 s

is called the frequency of the wave,

f — , .The unit of frequency is the

inverse second, which is given thuspedal

name hertz; (Hz), In terms of frequency

the wave speed is thus

V ^ A f

i=T

one rut] wave

Figure 2,7 A full wave is produced in a time equal

to one period.

i- The length of a full wave is called the

wavelength, a, and the time needed to

produce one lull wave for the duration of

a full wave) is the period, f „

Waves can be represented graphically. This is a

bit complicated because a wave depends on

distance (where along the wave are we
looking?) as well as lime (at what time are we

looking at the wave?). First we have to decide

how we will quantify the disturbance' of Uie

wave. For a wave on a string the obvious

choice is to measure the height of a poinl on

the string above or below the undisturbed

position of the string. The disturbance here is

thus the displacement of a point on the string

and is measured in units of length. We
normally denote this displacement byy.
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which will be a function of distance |.v) and

time {/).

In Lhe case of sound, the disturbance may be

associated with the density of the medium
through which sound propagates. We may then

define the difference yp — p — as Lhe

displacement ofdensity Ip) relative to the

equilibrium density of the medium when no

sound is present in It (p$)> The displacement

here has units of density and is also a function

of position and time. In the case of sound, we

could equally well define displacement as the

difference _y> = p - p<\ T which is the difference

between the pressure of the medium when

sound is present and the equilibrium pressure

when no sound is present. Displacement would

then have units of pressure.

This discussion can be generalized to all waves.

All waves have a displacement that is the

difference of some quantity and the

equilibrium value of thaL quantity when no

wave is present. The displacement of any wave

is a function of position and time. We may
therefore represent waves in graphs of

displacement versus position (distance) and

graphs of displacement versus time.

Let us consider a wave propagating along a

string from left to right lhe left end of the

string is represented by x = 0 m and any other

point on the string is specified by giving its

corresponding x coordinate (see figure 2,9),

figure 2,10 A graph of displacement versus

position tells us the disturbance of any point on
the string at h specific moment in time.

Graphs showing the variation of

displacement with position enable us to

determine the wavelength of the wave as

the distance from peak to next peak (or

the length of a full wave).

This graph also tells us that at the point on the

string that is 0.5 m from the string’s left end

the displacement is zero at some point in time.

At that same point in time at a point 1.125 m
from the left end the displacement is 0,6 cm,

etc. Thus, a graph of displacement versus

position is like a photograph of the string taken

at a particular time. If we take a second

photograph of the string some time later, the

string will look different because the wave has

moved in Lhe meantime. It might look like

Figure 2.11.

string

l
1

1 1 b 1 1 1 1-

0 12 3 4 5 6 7 8 x/m

Figure 2.9.

As the wave propagates along the string, we
would like to know the displacement at each

point on lhe string at a spedjic point in time. Tim
h given by a graph of displacement versus

position - Figure 2,Kb

The first important piece of information from

such a graph is the wavelength.

v/cm

Figure 2.11 A graph of the disturbance of any
point on the string at a later moment in Lime.

Note that every point has a different

disturbance from that shown in Figure 2.10.
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We see that the displacement at c — Q m that

was zero in the first photograph is not zero

now* it is about 0.5 cm. Ike displacement at a

particular point on the string changes as time

goes on and thus we can graph it as a function

oftime.

Figure 2.12 shows how the displacement of a

particular point on the string (the point A'
-- 0 m

to be precise) varies as time goes on. This is a

graph that shows the variation of displacement

with time.

y/'em

aft

0,4

0.2

0

-0.2

—0.4

-0.6

period

Figure 2.12 A graph ofdisplacement versus time

tells us the disturbance of a specific point on
the string as time goes on.

t> Graphs showing rhe variation of

displacement with time enable us to

determine the period ofthe wave as the

time from peak to next peak (or the

duration of a full wave).

From these graphs we can deduce the following

information about the wave. From arty graph we

see that the maximum displacement of the

wave is 0 6 cm. The wavelength of the wave can

be determined by looking ai a displacement-

position graph. From Figure 2.10 it thus follows

that X ±= 0.5 rm To find the period we must look

at a displacement-time graph. From Figure 2.12 we

find J =4.0 ms. Hence, the frequency is 250 Hz

and the speed of rhe wave is 125 ms '. (Note

that by comparing Figures 2,10 and 2.11 we see

that the wave moved forward a distance of

0.1 m. Since the speed of the wave is 125 m s“' T

it follows lhal the photograph of Figure 2,11

was taken 0. 1/125 s = 0.8 ms later than chat of

Figure 2.10.)

Consider now the wave of Figure 2,13. We
deduce that ihc disturbance is a pressure

measured in kPa. However, in this graph the

experimenter has not plotted the difference

of pressure and the equilibrium value of

the pressure. We may then deduce that the

pressure in the medium when no wave

travels through (the equilibrium pressure) is

4.0 kPa. We may also deduce that the

maximum displacement (the amplitude} is

0.5 kPa. The wavelength is 4.0 m and in the

absence of a displacement-time graph we can

say nothing about the period or frequency,

and hence speed, of this wave. On the other

hand, if we are given the additional

information that this is a sound wave of

speed 340 ms t

, then we deduce that the

frequency is S5 Hz and so the period is

11.8 ms.

A/kPrt

3

2.5

x/m

O 2 4 ty 8

Figure 2,13 A wave in which the disturbance is

about a non-zero value.

The wave of Figure 2.14 is an electromagnetic

wave in which the displacement is the electric

field measured in volts per metre. The amplitude

is 0.2 V m _1
and the period is 5 x IQ-15 s. Hie

frequency is thus 3.33 x 10
14

Hz, If we are told

further that ihis wave moves in a vacuum
then we know that the speed of such a wave
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jE/V nr 1

Figure 2,14 An electromagnetic wave as a function

of time.

is 3 x 1D
: m s

3 and so the wavelength is

9.0 x 10” 7 m.

Tile wavelength (which we defined to he

the length ofone hill wave) is also equal to

the distance between successive crests or

successive troughs in a displacement-

position graph,

lhe period (which we defined to be the

duration of one full wave) is also equal to

the time between successive crests or

successive troughs in a displacenieot-

time graph.

The wavelength and frequency are two of the

characteristics of a wave. A third characteristic

is amplitude,

The amplitude of a wave is defined to be

the maximum displacement of the wave

away from the position when no wave is

present.

The amplitude of a wave is a measure of the

energy the wave carries. In general, the energy

carried is proportional to the square of the

amplitude, which means that {all other things

being equal) a water wave of amplitude 2.0 m
carries four rimes as much energy as a water

wave of amplitude 1.0 m.

In the first diagram of Figure 2,15 the

amplitude of the wave is 2.0 cm. In the second

it is 2.0 cm as well. The doited line at 4.0 cm
shows the equilibrium position, when no wave

is present. The 4,0 cm might represent the

height of a bit of water in a container. When
no waves are present on the surface of the

water, all points on the surface are 4,0 cm
from the bottom of the container When a

small water wave is established in the

container, the distance ofvarious points on

the surface varies as shown in rhe diagram. As

the amplitude is the maximum displacement

away from the equilibrium position, it is thus

2.0 cm.

v

V

Figure 2.15 Diagrams showing the amplitude,

crests and troughs of" a travelling wave. In the

second case, the equilibrium value is not at

zero.

k Points on the wave with maximum
displacement are called crests while those

at minimum displacement are called

troughs.
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The diagrams in Figure 2,16 show the

variation of displacement with position at

various times. We see the meaning of the term

travelling wave. The crests of the wave move

forward.

Figure 2,16 A sequence of pictures taken every

0,5 ms showing a travelling harmonic wave.

Note how the peaks move forward. We have

marked a point on the string to show that in

a transverse wave points on the string move
perpendicularly to the direction of the wave.

After a full period (T = 3.0 ms] a picture ofthe

tope looks like it did at the beginning

(I - 0 ms), which is what allowed us to

determine the period of the wave in the first

place. The speed of the wave is 33.3 m s
1

(found by dividmg the wavelength by the

period
|
and the frequency is 333 Hz*

1 sample quest ions

Q1 T7I77-

A radio station emits at a frequency of 90.8 MHz.

What is the wavelength of the waves emitted?

Answer

The waves emitted are electromagnetic waves and

move at the speed of light (3 X 1

Q

J

' m s
-,

)„

Therefore, from v = A /' we find A = 3.3 m,

Q2
A sound wave of frequency 450 Hz is emitted

from A anri travels towards 8, a distance of 1 50 m
away. Take the speed of sound to be 341 ms -1

.

How many wavelengths fit in the distance from A

to 13?

Answer

The wavelength is

341
A — m

450

= 0.7.511 m

Thus the number of wavelengths that fit in the

distance 150 m is

0,75B

— 198 wavelengths (approximately

I

Q3 - -

The noise of thunder is heard 3 s after the flash of

lightning. Flow far away is the place where

lightning struck? (Take lhe speed of sound to be

340 m s"M

Answer

Light travels so fast that we can assume that

lightning struck exactly when we see the flash of

light. If thunder is heard 3 s later, it means that it

look 3 s for sound to t over the unknown distance,

d. Thus

d — vt

== 340 x 3 m
= 1020 m
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Q4
Water wave crests in a lake are 5,0 m apart and

pass by cm anchored boat every 2,0 s. Wlial is the

speed ot the water waves?

Answer

= 2,5 ms 1

A toothed wheel has 300 teeth on its

circumference. It rotates at 30 rpm (revolutions f>er

minute), A piece of cardboard is placed such that

it is hit by the teeth of the wheel as the wheel

rotates. What is the frequency of the sound

produced?

Answer

in I min the cardboard will be hit by a tooth

30 x 300 = 9000 times, which is 150 times in

1 s. The frequency of the sound is thus 150 Hz.

QG
A railing consists of thin vertical rods a distance of

2 cm apart. A boy runs past the railing at a speed

of 3 m s“' dragging a stick against the rods. What

is the frequency of the sound produced?

Answer

In 1 s the boy moves a distance of 3 m
P
or past

300/2 - 1 50 rods. The frequency of the sound is

thus 150 Hz.

Wavefronts

Imagine a wave propagating in some direction,

for example, water waves approaching the shore

(see Figure 2.17).

The direction of the waves is horizon ra I, so If

we imagine vertical planes going through the

crests, the planes will be normal to the

direction of the wave. These planes are called

wavefronts: ami lines at right angles to them

are called rays.

> A wflve/rtmf is a surface through crests and

normal to the direction ofpropagation of

the wave. Lines in the direction of

propagation of the wave (and hence

normal to the wavefronts) are called rnys.

(Sec Figure 2 .IS.)

wavefront

Figure 2.18 Surfaces through crests and normal to

the direction ofenergy propagation ofthe wave
arc called wavefronts or wavecrests. Rays are

mathematical lines perpendicular Lo the

wavefronts in the direction of propagation of

the wave.

(A wavefront is properly defined through the

concept ofphase. All points on a wavefront have

Lhe same phase. This will be discussed in

Option G3.)

On the other hand, if we consider the surfaces

going through crests of water waves caused by a

stone dropped in the water, we would find that

in this case the wavefronts are cylindrical

surfaces (see Figure 2,19).
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Figure 2.1D Example of cylindrical wavefronts. The

cylinders go through the crests and are normal to

tin1 plane of the paper. The rays are radial lines.

Example question

A stone dropped in still water creates circular

ripples that move away from the point of impact

The initial height of Ihe ripple is about 2.4 cm

and the wavelength is 0.5 m. Draw a sketch of

Ihe displacement of the ripples as a fund ion of

ihe distance from the point of impact.

Answer

The energy carried by ihe wave is distributed

along the (circular) wavefronts. As the wave

moves away from Ihe point of impact, ihe length

of the wavefront increases and so the energy per

unil wavefront length decreases, thus, the

amplitude has to decrease as well. So we get the

graph shown in I igure 2.20.

v/ltui

lire wavefronts of light waves leaving a point

source (a very small lamp) would be spherical.

We can thus speak of plane, cylindrical and

spherical waves, according to the shape of the

wavefronts. Note that cylindrical and spherical

waves tend to become plane waves very far away

from their source.

1 In football stadiums fans often create a 'wave'

by standing up and sitting down again. What

determines the speed of the
J

wave'f

2 A number of dominoes are stood next to each

other along a straight line. A small push is

given to the first domino and one by one the

dominoes fall over. How is this an example of

wave motion? How can the speed of the wave

pulse be increased? Design an experiment in

which this problem can be investigated.

3 What is the wavelength that corresponds to a

sound frequency of:

(a) 25h Hz;

(b) 25 kHz?

Take the speed of sound to be 330 m s '.

4 By making suitably labelled diagrams explain

the terms:

(a) wavelength;

(b) period;

(d amplitude;

(d) crest;

(e) trough.

5 The tension in a sleet wire of length O.iJOO m
and mass 1 50.0 g is 1 20.0 N, What is the

speed of transverse waves on this string?

(Use v = yj.)

f> A string has a length of 20.0 rn and is kepi at a

tension of 50.0 N. Its mass is 400.0 g. A

transverse wave of frequency 15.0 travels

on this string,

(a) What is its wavelength?

{b) If the same wave is created on the same

kind of Siring (same mass per unit length

and same tension) but of double the

length, what will the wavelength of the

wave be? (Use vs
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7 A stone is dropped on a still pond al ; - 0.

The wave reaches a leaf floating on the pond

a di stance of 3.00 m away. The leaf then

begins to oscillate according to the graph

shown in Figure 2.21

.

(at Find the speed of the water waves.

(b) Find the period and frequency of the

wave.

(c) Find the wavelength and amplitude of the

wave.

y/crti

ft A sound wave of frequency 500 Hz travels

from air into water. The speed of sound in air

is 330 m s
1 and in water 1490 m s' \ What

is the wavelength of the wave in:

fa) air;

fb) water?

9 The speed of ocean waves approaching the

sin ore is given by the formula v — \fgh, where

h is the depth of the water. It is assumed here

that the wavelength of the waves is much

larger than the depth {otherwise a different

expression gives the wave speed). What is the

speed of water waves near the shore where

the depth is 1 ,0 m? Assuming that the depth of

the water decreases uniformly, make a graph

of the water wave speed as a function of

depth from a depth of 1,0 m to a depth of

0,30 rn,

t(> (a) Explain, in (he context of wave motion,

what you understand by the term

displacement.

(b) Using your answer in {a), explain the

difference between longitudinal and

transverse waves.

fct A rock thrown onto the still surface of a

pond creates circular ripples moving away

from the point of impact. Why is more

than one ripple created?

(d) Why does the amplitude decrease as the

ripple moves away from the centre?

11 A ship sends a sonar pulse of frequency

30 kHz and duration T .0 ms towards a

submarine and receives a reflection of the

pulse 3.2 s later. The speed of sound in water

is 1500 m s" . Find the distance of the

submarine from (he ship., the wavelength of

the pulse and the number of full waves

emitted in the pulse.

12 figure 2.22 shows three points on a string on

which a transverse wave propagates to the

right. Indicate how these three points will

move in the next instant of lime,

13

How would your answers change if the wave

in question 1 2 were moving to the left?

14- Figure 2.23 shows a piece of cork floating on

the surface of water when a wave travels

through the water. On the same diagram draw

the position of the cork half a wave period later.
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15 Figure 2,24 shows the same wave at two

different times. The wave I ravels to the right

and the bottom diagram represents the wave

0.2 s after the time illustrated in the top

diagram. For this wave determine:

(a) the amplitude;

(by the wavelength;

(c) the speed;

(d) the frequency,

(e) Can the graph be used to determine

whether the wave is transverse or

longitudinal?

>vfcm

wfcni

(a) Draw this wave a very small interval of

time later,

(ta) Indicate on the diagram the wavelength of

this wave.

Figure 2.25 For question 16.

17 Indicate on Figure 2.26 a compression, a

rarefaction and the wavelength. Draw the

picture of this wave half a period later.

Figure 2.26 For question 17.

18 By drawing suitable diagrams, explain the

difference between transverse and longitudinal

waves.

1*1 In the context of wave motion explain, with

the aid of a diagram, the terms:

la) wavefront;

(b) ray.

20 An earthquake creates waves that travel in (he

earth's crust; these can be detected by seismic

stations. Fxplain why three seismic stations

must be used to determine the position of the

earthquake. Describe two differences in the

signals recorded by three seismic stations,

assuming they are at different distances from

the centre of the earthquake.

16 Figure 2.25 is a picture of a longitudinal wave

travelling towards the right taken at a s peer tic

time. The density of the lines is proportional

to the density in the medium the wave travels

through.
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Wave phenomena I:

reflection and refraction

This chapter introduces the principle of superposition, which allows us to find the wave

disturbance when two or more waves arrive at the same point in space at the same

time. Two basic wave phenomena, reflection and refraction, are discussed. We also

introduce Huygens' principle, which determines the evolution of a wavefront and

explains reflection and refraction.

The^principle of superposition

Suppose that two pulses are produced in the same

rope and are travelling towards each other from

opposite ends. Something truly amazing happens

when the two pulses meet. Figure 3.1 shows what

happens in a sequence of pictures. For simplicity

we have drawn idealized square pulses.

The disturbance gets bigger when the two pulses

meet but subsequently the two pulses simply ‘go

through each other as if nothing had

happened. You should contrast this with what

happens in the ordinary kind of motion: when
two balls collide they bounce off each other.

What happens when two (or more) pulses meet

at some point in space is described by the

principle of superposition, which states that

the displacement at that point is the algebraic

sum of the individual displacements. As we can

see in Figure 3.1, when the two pulses meet, the

displacement is quite large: it is. in fact, the

sum of the displacements of the two pulses.

Note the word ‘algebraic’. This means that if

one pulse is ‘up’ and the other is ‘down’, then

the resulting displacement is the difference of

the individual ones.

Mathematically, the principle of

superposition states that ify, andy2 are the

individual displacements, then at the point

where the two meet the total displacement

has the value

v +y2
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*

(a) Hie pulses are approaching each other.

(b) The pulses are beginning to overlap.

(c) The overlap is complete; the pulses are oil top

of each other.

id) The pulses move through each other.

Figure 3J The superposition of two positive pulses.

Let us look at Figures 3,1b and c in detail. In

Figure 3.1b the two pulses are partially

overlapping - Figure 3.2 shows both of them

separately (the pulse moving toward the right is

drawn in black and the one moving to the left

in grey). There are five regions to consider. In

region a. both pulses are zero. In region b. the

black pulse is non-zero and the grey is zero. In

region c, both arc nan-zero. In region d. the

black is zero and the grey is not. In region e,

both are zero. The shape of the resulting pulse

is simply the sum ofthe two pulses. Thus, in

region a. we get zero. In region b, we get the

height of just the black pulse. In region c, we

get a pulse whose height is the sum of the

heights of the black and grey pulses. In region

d, the height equals the height ofjust the grey

pulse. In region e, we gel zero.

In Figure 3.1c we have three regions to consider

jsee Figure 33), In a and c, both pulses are zero.

—j

able

Figure 3.2 The situation in Figure 3.1b analysed.

so the resulting pulse is also zero. In region b,

both are non -zero and the resulting pulse is the

sum of the individual pulse heights.

Figure 3.3 The situation in Figure 3,1c analysed

If the two pulses are like the ones shown in the

sequence in Figure 3.4, the resulting pulse when

the two meet is momentarily zero. The situation

in Figure 3.4b is analysed in Figure 3.5.

*

—

(aj Positive and negative pulses are approaching

each other.

(b)The positive and negative pulses momentarily

cancel each other out when they totally overlap.

M

(cj The positive and negative pulses move through

each other.

Figure 3 4 The superposition of a positive and a

negative pulse.

Figure 3.5 The situation in Figure 3.4b analysed.
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At that instant when there is complete

cancellation of the two pulses, the tope looks

flat hut it is moving as shown in Figure 3,6,

min

Figure 3.G Marts of the rope are moving when the

two pulses cancel each other out.

You should be able to convince yourself that when

the rope looks like the first diagram in Figure 3,7

it is because the individual pulses are only

partially overlapping, as in the second diagram.

n_r
h

Figure 3.7.

Rejection of pulses

What happens when a pulse created in a rope

with one end fixed approaches that fixed end?

Consider The pulse of Figure 3,8. The instant

the pulse hits the fixed end. the rope attempts

to move the fixed end upward: that is, it exerts

an upward force on the fixed end. By Newton's

third law, the wall will then exert an equal hut

opposite force on the rope. This means that a

displacement will he created in the rope that

will be negative and will starL moving towards

the left.

Figure 3,S A pulse reflecting from a fixed end is

inverted.

The pulse has been reflected by the wall and

has bee it inverted. We can understand this in a

different, more abstract* way as follows. The

fixed end of the rope must remain fixed at all

times. Imagine a pulse travelling along an

imaginary rope that is an extension of the real

rope into the wall. This imaginary pulse is

moving from right to left. Using the principle of

superposition, we ask: what is the shape of the

imaginary pulse in order that when the real

and imaginary pulses meet, the end of the rope

(that tied to the wall) always stays fixed? The

answer is a pulse that is identical to the real

pulse but is inverted (see Figure 3,9), It is as if

the real and imaginary pulses exchange places

upon reflection.

Figure 3,9 The real and imaginary pulses meet,

keeping the end of the rope fixed*

If the end of the rope is not fixed but free to

move (imagine that the end of the rope is now

tied LO a ring that can slide up and down a

vertical pole), the situation is different (see

Figure 3.10). Here the reflected pulse is the

same as the original pulse. There is a change of

direction but no inversion here. Can you see

why?

tndtfcnl

Figure 3.10 A pulse reflecting from a free end is

not inverted.
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Reflection and refraction

of waves

This section deals with the wave phenomena of

reflection and refraction as they apply to waves,

especially light. The study of light has played a

crucial role in the history of science. Newton

discovered that ordinary white light is

composed of different colours when he let

sunlight go through a prism and saw the

colou rs of the rainbow emerging from the ot her

side. The wave nature of light was pur forward

by the Dutch physicist Christiaan Huygens in

his book A Treatise on light published in 169G. A
bitter controversy between Huygens and

Newton (Newton had postulated a particle

theory of light) ended in Huygens' favour.

The law of reflection

The law of reflection states the following:

> The angle of incidence r (angle between

the ray and the norma! to the reflecting

surface: at the point of incidence 1 is equal

to i he angle of reflection r (angle between

the normal and the reflected ray],

Fhe reflected and incident rays and Hie

normal to the surface lie on the same

plane, called the plane of incidence.

(See Figure 3.11.J

Reflection can be demonstrated experimentally

in a variety of ways. For light, this is most easily

done by placing two pins in front of a mirror

and then looking at the mirror from such a

position that the image of one pin is behind the

image of the other. Two additional pins are

then placed along the line of sight of the first

two pins. If one Line is drawn joining the first

pair of pins and a second line joining the other

two, it w ill be found that the two lines intersect

at a point on the surface of the mirror such

Lhat the normal to the mirror at that point

bisects the angle between the original lines.

incident normal reflected

cnl

(b)

Figure 3.11 (a) Reflection at a plane !
flat

I
surface.

|b) The position ofan image seen in a plane mirror.

This shows that the angle of incidence -i is

equal to the angle of reflection er. This is

illustrated in Figure 3.12.

iimtg-c of pin F

a

JltCigC iff pin 1
a

mirror

0 IJwm: EWo pill's urc dfi

I

f"n - 0 iln! Fine joining lire

0 iwo image pins / \
D

Figure 3.12 Demonstration of reflection for light.

In the case of sound, a source of sound can be

directed at a solid surface and the reflected

sound picked up by a microphone connected to

an oscilloscope. The microphone is moved until

it is in the position that gives the maximum
reading on the oscilloscope. When this position
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is recorded, it is again found that the angle of

incidence equals the angle of reflection. This is

illustrated in Figure 3,13.

[null speaker niitPnphofic

oscilloscope

isigrtitl generator

figure 3.13 Demonstration of reflection for sound.

Reflection Lakes place when the reflecting

surface is sufficiently smooth. This means that

the wavelength of the incident wave has lo be

larger than the size of any irregularities of the

surface.

Refraction

Light travels with a velocity of 5 x IQ* m s~
l

in

a vacuum. In all other media, the velocity of

lighL is smaller. The difference in the speed of

propagation of light in different media is

responsible for an effect called refraction. (In

fact, any wave whose speed of propagation is

different in different media will experience the

same effect.) When a ray of light travelling in a

given medium, say air, strikes an interface with

another medium, say the surface ofwater in a

pond, it will change direction as it enters the

second medium.

Usually, when a ray of light strikes an interface

between two media, there is both reflection and

refraction (see Figure 3.14).

figure 3.14 A ray of light incident on the interface

of two media partly reflects and partly refracts.

In the case of light only, we usually define a

quantity called the index of refraction of a

given medium as

c
n = —

fm

where r is the speed of light in vacuum and Cm

is the speed of light in the medium in question.

In terms of the index of refraction, SnelTs

law for light then reads

rr
i
sin - n? sin ^

(see Figure 3.14),

Since the speed of light is always largest in a

vacuum, the index of refraction is always larger

than one. By definition, the index of refraction

of a vacuum (and approximately of air) is one.

Thus, if we are given the index of refraction of a

medium we can find the speed oflight in Lhat

medium. For example, in a glass with n — 1.5,

ihe speed of light is

> Referring to Figure 3 .14, it can be shown that

sin *J, win (h

c, Cl

This is known as SnelTs law (see also page

236). This law relates lhe sines of the angles

of incidence and refraction to the speed of

the wave in the two media, r
,
and c ..

“ n„ 1.5

The index of refraction depends slightly on

wavelength, so rays with ihe same angle of

incidence bm of different wavelength are

refracted by different angles. This phenomenon

is called dispersion.
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Example questions

Q1

Light of wavelength 680 nm in air enters water

making an angle of 40° with the normal. Find the

angle of refraction and the wavelength of light in

water. The index of refraction of water is 1 .33.

Answer

By straightforward application of Snell's law we

find

1 x sin 40" = 1 .33 x sin#

=> 6 = 28.9®

The wavelength in air is 680 nm, so the frequency

in air is

3.00 x 10 8

1 ~
680 x 10-’

= 4.41 x 10
14 Hz

The frequency cannot change as the wave moves

into the second medium. Imagine an observer

right at the interface of the two media. The

frequency can be found from the number of

wavefronts that cross the interface per second.

This number is the same for both media. Since the

speed of light in water is

3.00 x 10*
cl, =

1 .33

= 2.26 x 10“ ms* 1

it follows that the wavelength in water is

2.26 x 108

X “
4.41 x 10u

= 512 nm

Q2

The paths of rays of red and blue light passing

through a glass prism are as shown in Figure 3.1 5.

What can be deduced about the index of

refraction of glass for red and blue light?

Answer

Considering the first refraction when the rays first

enter the glass, we see that blue makes a smaller

angle of refraction (draw the normal at the point

of incidence to see that this is so). Hence its index

of refraction must be larger.

Refraction for other waves
We have talked at length about refraction of

light. Refraction, of course, is a phenomenon

that applies to all waves. It happens whenever

the wave changes its speed when going from

one medium to another. For example, water

waves will move more slowly when they enter a

region of shallow water. Since the frequency is

always unchanged, this means that the water

waves will have a shorter wavelength in the

shallow water (see Figure 3.16).

wavelength decreases shallow water,

slow wave

Figure 3.16 Water waves travel more slowly in

shallow water. Thus refraction takes place when
a water wave travels in water of variable depth.

It is a common observation that water waves

approach the shore almost always parallel to the

shoreline, even though when they were first

created their direction was arbitrary. This is

because as the waves approach the shore they

refract into a medium of lower wave speed

(shallow water). Thus, the direction of motion

of the wave bends toward the normal, so the

waves tend to become parallel to the shore

(see Figure 3.17).
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shore

Figure 3.17 Wavefronts approaching the shore

where the water is shallow slow down and so

refract parallel to the shore,

A sound wave directed at a balloon filled with

hydrogen will change its direction (i.e. refract)

because the speed of sound in hydrogen is

different from the speed of sound in air. The

same is true when sound enters a liquid from,

say. air. The speed of sound is greater in

liquids than in gases, so sound entering a

liquid will increase its wavelength. Finally,

sound travels even faster in solids, metals,

rock, etc. Typically, the speed of sound in a

solid is a few thousand metres per second,

compared with a few hundred metres per

second in gases. The speed in liquids is in

between. Tabic 3,1 gives the speed of sound in

various media.

.Medium speeil/rtt s"
]

Air (0 *q 331

Air (100 *CJ 366

Helium (0 Q 972

Oxygen {0 "Q 332

Water H80

Sea warm 1530

Mercury 1454

A turnsmum 5100

Table 3.1 J he speed of sound in various media.

Supplementarv material
I

Huygens' principle

(1 luygens' principle is not on the 1BO

examination syllabus. Ll is included here for

completeness and because it is needed later,)

How dues a wavefront propagate in space?

Huygens' idea was to consider every single point

on the wavefront of the wave as itself a source of

waves. This is now known as Huygens' principle,

- Every point on the wavefront emits a

spherical wavelet or secondary wave, of die

same velocity and wavelength as the

original wave. The wavelet is assumed to 1kj

emitted in the forward direction only. The

amplitude of the wavelet is maximum in

the forward direction and decreases

rapid ly away from that direction. The new
wavefront is then the surface that is

tangent to all the wavelets.

We can easily see that a plane or circular

wavefront moving undisturbed forward easily

obeys this construction (see figure 3.18). The

same is true for a spherical wave.

vAj*

Figure 3, IS Each point on the old wavefronts

acts as a source of spherical wavelets in the

forward direction. The new wavefront
touches all these wavelets.

I he test comes when the wavefront encounters

an obstacle of some kind or another. As we will

soon see, the principle allows us to understand

the phenomena of reflection and refraction.

Reflection

Huygens' principle allows us to theoretically

understand the law of reflection in the following

way. Consider a wave that is incident on a plane

surface. Figure 3, 19 shows two incident

wavefronts, t\ and t? II he firsi wavefront to touch
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Figure 3.19 Huygens' construction applied to

iv flection.

*
wavefronts

out

the surface is h and it touches at point A. iz

touches later, say a period 7" later, at B. We have

drawn a wavelet centred al A, All points on this

wavelet have Ijeen emitted one period after those

on and the same is true for point B. Thus, there

must he a wavefront that contains both point B

and a point on the wavelet. This wavefront is

found by drawing a tangent from B to the

wavelet. We call this the reflected wavefront R ,

.

It is then dear from simple geometry that the

angle of incidence Id) equals the angle of

reflection Ur ): lengths AD and TB are equal since

they both represent a wavelength. Thus, triangles

APB and AEB .ire equal, being right-angled and

having two equal sides. Hence iEAB ( = d)

equals ^DBA 1= r ); that is, the angle of

reflection equals the angle of incidence.

Notice that the angle of incidence is defined as

the angle between the normal to the surface and

the incident ray. This angle is exactly the same

as the angle between The surface and the

incident wavefront. The same is true for the

angle of reflection.

Figure 3.20 shows the effects of various barriers

on waves in a ripple tank.

Refraction

The law of refraction is a consequence of

Huygens' principle as follows. E igure X2 1 shows

a wavefront <ABJ that has hit the interface at A, A

previous wavefront (CD) has already hit the

interface at C at a time equal to one period earlier.

(Since we are plotting wavefronts one wavelength

apart it means tlial wavefront CD hit the interface

a time equal to one wave period earlier.)

I Tgure 3.20 Waves in a ripple tank, [n] Waves

reflected from a 45° barrier. Their

wavelength slays the same, (b) Straight

(plane) waves approach a concave barrier.

The reflected waves are focused to a point,

(c) Plane waves approach a convex barrier.

The reflected waves spread out.

medium k

,
[ficd luivi 2

Figure 3.21 Huygens' construction applied to

refraction.
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Notice again that the angles of incidence and

refraction are equal to the angles between the

surface and the incident and refracted

wavefronts, respectively.

At time l = 0, say, which is the time wavefront

CD hits the interface, point C will emit a wavelet

as shown. The radius of this wavelet is the

wavelength in medium 2. Assuming that the

wave is slower in medium 2, it follows that

the wavelength will be smaller than the

wavelength in medium 1 . To find the new

wavefront we must draw a tangent from A to this

wavelet. Hence, the refracted wavefront is R\ as

shown in Figure 3.21. From trigonometry

DA
sm = tfAC

• * CE
= AC

But DA is the wavelength in medium 1 and CE

the wavelength in medium 2, so it follows that

sin0, _ _ c,

sin 02 *2
~~ c2

where the last equality holds since the

frequency is the same in both media. This is

Snell's law.

Figure 3.22 shows refraction of water waves in a

ripple tank as the waves move from deep to

shallower water. In shallower water the waves

have a lower speed.

Figure 3.22 Refraction of water waves at a

‘step’.

The fact that the law of refraction (Snell's law) is

a consequence of a principle of wave motion

(Huygens' principle) is strong evidence that light

is indeed a kind of a wave.

1 Two pulses of equal width and height are

travelling in opposite directions on the same

string as shown in Figure 3.23. When the

pulses completely overlap, what is the shape

of the string?

Figure 3.23 For question 1.

2 Two pulses of equal width and height are

travelling in opposite directions on the same

siring as shown in Figure 3.24. When the

pulses completely overlap, what is the shape

of the string?

Figure 3.24 For question 2.

3 The wave pulses shown in Figure 3.25 travel

at 1 cm s
-

’ and both have width 2 cm. The

heights are indicated on the diagram. In each

case, draw the shape of the resulting pulse

according to the principle of superposition at

times t = 0.5 s, I = 1 .0 s and t = 1 .5 s. Take

f = 0 s to be the time when the pulses are

about to meet each other.

heigh! - t uni!

Figure 3.25 For question 3.
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Two waves are simultaneously generated on a

string as shown in Figure 3,26. Draw the

actual shape of the string.

Figure 3.26 For question 4.

Figure 3,28, Draw the path of this ray

assuming that the glass has an index of

refraction equal to 1,420 and the plastic has

an index of refraction of 1,350.

5 Red light of wavelength 6,8 x 1 0 m enters

glass with an index of refraction of t .583 from

air, with an angle of incidence of 38*, Find:

(a) the angle of refraction;

(b) the speed of light in the glass;

(c) the wavelength of light in the glass,

6 Light of frequency 6.0 x 1

0

1

4

Hz is emitted

from point A and is directed toward point B a

distance of 3.0 m away.

(a) I low long will it take light to get to R?

(b) How many waves fit in the space between

A and B?

7 A ray of light is incident on a rectangular

block of glass of index of refraction 1 ,450 at

an angle of 40°, as shown fn Figure 3,27, If

the thickness of the block is 4,00 cm, find the

amount d by which the ray is deviated.

R A ray of light enters glass from air at an

angle of incidence equal tO‘45°, as shown in

9 A ray of tight moving in air parallel to the base

of a glass prism of angles 45 e
f
45* and 9G ft

enters the prism, as shown in Figure 3,29.

Investigate the path of the ray as it enters the

glass. The index of refraction of glass is 1.50.

Figure 3.29 For question 9.

TO The speed of sound in air Is 340 m s
1 and in

water it is 1 500 ms 1

. At what angle must a

beam of sound waves hit the air-water

interface so that no sound gets transmitted

into the water?

II A pulse with the shape shown in Figure 3.30

travels on a string at 40 m s~ towards a fixed

end. Taking / — 0 s to be when the front of the

pulse first arrives at the fixed end, draw the

shape of the string at: l = l .0 ms; f = 1,5 ms;

1 = 2,0 ms; i = 2.5 ms; f = 3.0 ms; I — 4 ms.

*

1 2 cm

Figure 330 For question 11,
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Wave phenomena II:

diffraction and interference

this chapter introduces two ol Lhe fundamental wave phenomena, diffraction and

interference, these phenomena are so characteristic of wave behaviour that anything

showing these phenomena can be defined to be a wave.

Objectives

By ihe end of this chapter you should be able to:

# understand that diffraction is the spreading of a wave through an

opening or past an obstacle;

* appreciate that significant dij^frartion takes place only if the wavelength is

comparaMc to or bigger than the size of the opening;

decide if diffraction for a given wave will lake place in a given situation:

* understand that, as a result of superposition, when two identical waves

arrive at the same place they will experience constructive interference if the

crest of one matches the crest of the other, or destructive inter/erencc if the

crest of one matches the trough of the other;

# appreciate the significance of the path difference in the phenomenon of

interference.

Diffraction

The spreading of a wave as it goes past an

obstacle or through an aperture is called

diffraction. Let us consider a plane wave of

wavelength X propagating towards an aperture

of size a.

What will the wavefronts look like after the

wave has gone through the aperture? As we

will see. the value of the wavelength in

relation to the aperture size will be crucial in

determining what answer we get.

Let us first assume that the wavelength is very

small compared with a (see f igure 4,1),

1 wjiviiicnjMh small compared with aperture

in s w;i vc here

JL

|

no wave ben;

figure 4.1 When the wavelength is smalt

compared with the opening of the aperture, the

amount of diffraction b negligible.
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That part of the wave that is blocked by the

screen does not propagate through and only the

pan which is free to go through does so. If the

wave in question is light, this picture says that

light goes through the opening, so that if we

put a screen beyond the aperture we will see

Ugh l on an area of the screen identical to the

opening and darkness around it. Light travels in

straight lines and does nor bend as it goes

through the aperture. There is no diffraction.

On the other hand* if the wavelength is

comparable to or bigger than ri* the new

wavefronts are curved and the wave spreads

around the edges of the opening (see figure 4.2).

Figure 42 When the wavelength is comparable to

the opening of the aperture* diffraction takes

place.

If we put a screen some distance away from the

aperture, we would see light in places where we

would not expect any, such as at points A and B.

This is the phenomenon of diffraction.

Diffraction takes place whenever a wave

whose wavelength is comparable to or

bigger than the size of an aperture or an

obstacle attempts to move through or past

the aperture or obstacle.

(Note That here ‘comparable to
r

can mean

that the wavelength is a few times smaller

than the aperture size.)

Supplementary material

Application of Huygens' principle helps

k> understand she phenomenon of diffraction. If

the aperture size is very small, it is as if only one

point on the wavefront will act as a source of

waves and these will he circular: thas is, the wave

will spread. It the aperture is large, then marly

points on the wavefront will act as sources of

secondary waves and these will lend to be planar:

that is, there will not be appreciable diffraction,

(It must he realized, though, that Huygens'

principle works in (he same way for small and

large wavelengths, so the principle by itself would

give the same answer in both cases. It is a refined

and much more sophisticated principle, the

Huygens-Fresnel principle, that gives the correct

wavefronts past the aperture?. Jhh print ip to is,

however, beyond the scofne of this book,)

Diffraction explains why we can hear, but not

see. around corners. For example, a person

talking in the next room can be heard through

the open door because sound diffracts around

t he opening of the door - the wavelength of

sound for speech is roughly the same as the

door size. On the other hand, light does not

diffract around the door since ils wavelength is

much smaller than the door size.

Other examples of diffraction are shown in

Figures 4.3 and 4.4, Figure 4.3 shows diffraction

around an obstacle.

Figure 4.3 Diffract ion ulsu cakes place when a

wave moves pasi an obstacle.
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If the wavelength is much smaller than the

obstacle size, no diffraction takes place, as seen

in Figure 4.4a, Diffraction does takes place if

the wavelength is comparable to the obstacle

size as seen in Figure 4,4b,

Cu) (b)

Figure 4.4 (a) If the wavelength is much smaller

than the obstacle, no diffraction takes place and
a shadow of the object is formed, (b) If the

wavelength is comparable to the obstacle size,

diffraction takes place and the wave appears far

from the object in the region where the shadow
was expected.

I nterference

The most characteristic property of waves is

their ability to interfere and diffract. The

fact that light exhibits these phenomena is

evidence that light is a wave. Interference is

the result of superposition of two waves. We
have met this principle of superposition in t he

previous chapter where we applied it mainly to

individual pulses. Interference for light was

demonstrated in 1801 by Thomas Young, an

English scholar who also came close to

decipher!ng hie roglyphics.

Let us be specific by considering two sources Si

and S2 . Waves from the two sources meet at some

point, say P, some distance away (see Figure 4.5),

Suppose that at time t = 0 both sources emit

identical waves (same amplitude A, wavelength

A and frequency f ). The wave from S
(
will take

a certain lime to arrive at P. From Figure 4.6. we

read off this time as 2 s. Hie wave from the

second source will take longer. Suppose that Et

takes 4 s (see Figure 4,7).

P
m

-+ +

p-* -

- +-

d
|

cj\

Figure 4.5 Interference from two sources. In the

top diagram the waves arrive at F from the two

sources and travel different distances in getting

there. In [he bottom diagram there is really only

one source but the point P receives two waves.

The first comes from the source S directly and
l he second wave is first reflected off the screen

and then travels to P.

wave from S
a

* f/S

Figure 4.6 The first wave arrives at F 2 s after

emission from the source.

wave from Si

0.5

-0.5

-I

2 4 1 l0
\

1 21

' 1 *

14
** th

Figure 4.7 The second wave arrives at P 4 s after

emission.
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We sec That, even though the waves arc identical

at emission, when they arrive at the observation

point P. the crest of one matches the trough of

the other Thus, when they are added, according

to the principle of superposition the resulting

wave will be zero. We have a case of destructive

interference: the two waves have cancelled each

other out. If the two waves are sound waves, it

means that at point P we hear no sound at all.

Suppose that we now change the distances of

the two sources from P and the two waves

arrive at P as shown in Figures 1.8 and 4,9.

wave from S
(

emission .

wave from Si

Figure 4.9 The second wave arrives at P 6 s after

emission.

The arrival time from the first source is still 2 a

but That from the second source is 6 s. Now the

crests of one wave match the crests of the other.

Thus, when we add them, we obtain a wave

with double the amplitude of the individual

waves (from G s on), as shown in Figure 4.10.

sum of two wjtves

Figure 4.10 The sum of the waves from 6 s on

(when both waves are present) has an amplitude

that is double that of the individual waves.

This is a case of constructive interference. If the

waves are sound waves, we would hear a very

loud sound at point P. (Since loudness is

proportional to the energy carried by the

wave, and energy is proportional to the square

of the amplitude, the loudness would be jour

times as great as the loudness of one wave

alone.)

Note thaL the period of the individual waves is

4 s. In the first case of destruclive interference

the difference in arrival times was 2 s. In the

case of constructive interference the difference

in arrival Limes was 4 s. You must be able to

convince yourself that, wc would get destructive

interference also when the difference in arrival

times is 6 s. 10 s. 14 s, and so on (i.e. half-

integral multiples of the period). Similarly, we

would get constructive interference for

differences in arrival times of 0s,4s (as in the

example), 8 s, 12 s. and so on (l.e. integral

multiples of the period).

What is the general rule? If the distance from

Si to P is d\ and the distance from 5 j to P is

(as shown in Figure 4.5), then the time of arrival
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of the first wave is d,/i\ where i is the wave
velocity. Similarly, the wave from S2 will arrive

at P after a time d?Jv. The difference in arrival

times is thus

v v

There are two extreme eases: in case (i), the

difference —
-|

J
is an Integral multiple of the

period T of the wave. Then Lhe cresLs of rhe

wave from Si match the crests of the wave

from Sz The resultant wave has therefore the

maximum possible amplitude. Twice rhe

amplitude of one of t lie waves. In case (ii}, the

difference -!i - J

{- is a multiple of the

period. Then the maxima of one wave match
the minima of rhe other, the two waves cancel

each other out completely. The wave observed

is zero. In case fi) we have constructive

interference, and in case (if) we have

cl estractive in te rference

.

The condition for const ruetive interference is

d] d>
= FI {

V V

=? d
}
- ri2 = a /"

i

'

but T v = a so

dj — (f — ft?.

rr 0, ±h ±2, ±3, ...

that is, the pcilfi difference must be an

integral multiple of Lhe wavelength.

Tlie condition for destructive interference is

ds — d'i “ ( rr + 1 J
k

rr =0. ±1 T i.2. ±3,.. .’.

As we already mentioned, if the wave is a sound

wave, points of constructive interference are

points of high intensity of sound. Points of

destructive interference are points of no sound
at all. If the wave involved is light, and then

constructive interference means bright light,

and destructive interference means points of

darkness.

* If the path difference is anything oilier

than an integral or half-integral multiple

of the wavelength, then the resultant

amplitude of the wave at P will be some

value be iween zero and 2>1
, where 1 is the

amplitude ofone of the waves.

Example question

Qt -
.

Waves leaving two sources arrive at point P. Point

P is 12 m from the first Source and 1 6,5 m from

the second. The waves have a wavelength of J m.

What is observed a| P?

Answer

The path difference is 4.5 m. II equals

{ 1 +I)x3tn: that is, it is a half-integral multiple

ot the wavelength. We thus have destructive

interference.

1 Planar waves of wavelength 1 .0 cm approach

an aperture whose opening is also 1 .0 cm.

Draw lhe wavefronts of this wave as they

emerge through live aperture.

2 Repeat question I for waves of wavelength

1 mm approaching an aperture of size 20 cm,

3 In the corridor shown in Figure 4,11 an

observer at point P can hear someone at

point Q but cannot see them. What physical

phenomena may account for this? How
could P see Q?

figure 4.11 Fur question 3,
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Two loudspeaker are connected to the same

audio oscillator. An observer walks along

the straight line joining the speakers (see

figure 4.12}* At a point M halfway between

the speakers he hears a loud sound. By the

time ho gels to point P a distance of 2.00 m
from M he hears no sound at all. Explain

how I his is possible. Find the largest possible

wavelength of sound emitter I by the

loudspeakers.

Figure 4.12 For question 4.

5

A radio station, R, emits radio waves of

wavelength 1 600 m which reach a house, H,

directly and after reflecting from a mountain,

m, behind the house (see Figure 4.13). If the

reception at the house is very poor, what is

the shortest possible distance between the

house and llu- mountain?

Figure 4.13 For question 5.

6

A car moves along a road that joins the twin

antennas of a radio station that is broadcasting

at a frequency of 90.0 MHz (see Figure 4, 1 4),

When in position A, the reception is good but

it drops to almost zero at position B. What is

the minimum distance AB?

Figure 4,14 For question 6.

7

Two sources emit identical sound waves with

a frequency of ti5G Hz.

(a) An observer is B.2 m from the first source

and 9.0 m irom the second. Describe and

explain what this observer hears.

(b) A second oltserver 0,1 m from the first

source and fi.7 m from the second. Describe

and explain what this observer hears.

(Take the speed of sound to be 340 m s
L

.)

S In the context of wave motion, slate what

you understand by the term superposition.

Illustrate constructive and destructive

interference by suitable diagrams*
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SL Option A - Sight and wave phenomena

The Doppler effect

This chapter looks at the Doppler effect, the change in Irequency of a wave when there

is relative motion between the source and the observer. The Dopplei effect is a

fundamental wave phenomenon witii many applications. This chapter discusses this

phenomenon quantitatively. The phenomenon applies to all waves but sound waves only

are considered here.

drawing appropriate diagrams for a moving source or a moving observer;

* derive the Doppler/orrmrln fora moving source fc =
f
and a moving

observer = /,(! + and use these in solving problems;

* qualitatively explain the Doppler effect by suitable wavefront diagrams.

frequency that isdlJOfemit from the emitted

frequency* This is a phenomenon of everyday life.

For example, if an approaching car creates a high-

pitched sound, as it goes past us and recedes the

frequency of the sound becomes lower.

fly the end of this chapter you should be able to:

* understand the Doppler effect in a qualitative way and explain it by

Objectives

wavefronts (Figure 5.1). Suppose For simplicity

t hat the source emits a wave of frequency f

that travels with speed r, This means that t

wavefronts are emitted per second. An observer

who is also stationary will dearly receive t

wavefronts every second as well, so there is no

Doppler effect.

Consider a source ofwaves and an observer who
receives them. If tile re is relative motion

between the observer and the source (i.e. the

source or the observer, or both, move) them in

general, the observer will receive the wave at a

!
- The Doppler effect is the change in the

frequency of a wave received by an observer,

compared with the frequency with which it

was emitted. The effect takes place whenever

there is mol ion between the emitter and

receiver.

Figure 5.1 The wavefronts emitted by a stationary

source are concentric. The common centre is the

position of the source.

We can understand the Doppler effect in

terms of wavefront diagrams. Consider first a

stationary source of waves emitting circular

Now consider a stationary observer and a source

of sound that moves with speed \\ (<r) towards

the observer [Figure 5,2), The source emits sound

of a single frequency fs as measured by an
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Figure 5,2 A source is approaching the stationary

observer with speed v, r

observer moving along with the source. {In

what follows c stands for the speed of the wave,

i,e. here for the speed of sound in still air and

later on for the speed of light in a vacuum.)

In a time equal to one second, the source will

therefore emit /*, wavefronts. In that same time

interval, the source will move a distance equal

Lo vt towards the stationary observer (Figure 53).

- towards stationary observer

source emus
first wavefront

c

V, c-\\

M r

A wavefronts in

ihw distance

source emits

Iasi wavefront
firs! wavefront ls now here

Figure 53 Determining l he Doppler frequency.

Therefore, these wavefronts are within a

distance off - t
r

s , and so the stationary observer

will measure a wavelength (separation of

wavefronts) equal to

The frequency measured by the stationary

observer is therefore

R - vjffi

Dividing through by c gives

t _ h source moving towards

I — ^ observer

As the source approaches, the stationary

observer thus measures a higher frequency than

that emitted by the source.

A similar calculation for the case of the source

moving away from the stationary observer

gives

f ^ source moving
"o'™

| |

-

J + f away from observer

In the case of a stationary source and a moving

observer we may argue as follows. First let us

consider the case of the observer moving

towards the source. The observer who moves

with speed vQ with respect lo the source may
claim that he is at rest and that it is the source

that approaches him with speed va . The

observer will then measure a higher wave

speed, equal to t + vD . We are now back to the

case of a moving source, and so the frequency

measured by the observer is

h_
y.o

C + V[j

h(C + Vq)

- C+Vo-Vc

fdc i >)

c

Dividing through by c gives

observer moving

towards source
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Similarly, if the observer moves away from the

source we get

application is to measure the speed of How of

blood cells in an artery

observer moving away

from source

Notice carefully that, in the case of (he moving

source and the stationary observer, the

wavelength measured by the observer. AOT is

different from that measured by the source.

Consider the case of a source moving Cowards

the observer:

laample questions

Qt

A sound wave of frequency 300 Hz is emitted

towards an approaching car. The wave is reflected

from the car and is then received back at (he

emitter at a frequency of 315 I lz, What is Ihe

velocity of the car? (Take the speed of sound to be

340 m $

f

because

Answer

The car is approaching the emitter so ihe

frequency it receives is

t\ = 300 x
340 + u

340
E

I

L

where u is the unknown car speed, 1 he car now

a cl s as an emitter of a wave of this frequency f it'd,

and the original emitter wilt act as the new

receiver. Thus, the frequency received (315 Hz) is

(car is approaching)

However, in the case of the moving observer

(towards the source for example):

_ r + Va
Ap —

- r

C +

h/P + ^f)

C
=

z
x0 = A5

and is the same as that measured by the source.

This is why in defining the Doppler effect we

refer to the change in /rajurrrrry measured by

the observer and not the change in wavelength.

Hie Doppler effect has many applications. One

of the most common ts to determine the speed

of moving objects from cars on a highway [as

the next Example question shows). Another

315 - ^300 x
340 + u \

340 )
*

340

340 -u

from which we find u — 8,29 ms",

Q2
A train with a 500 Hz siren on is moving at a

comlant speed of 8-0 ms in ,1 straight line. An

observer is in front of the train and off its Sine of

motion. What frequencies does the observer hear?

(Take the speed of sound lo be 340 m s
1 J

Answer

What counts is she velocity of the train along she

line of sight between the train and the observer.

When the train is very far away (Figure 5.4) H

essentially comes straight towards Ihe observer
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and so the frequency received is equations take a simple form:

4~
c— ^

-500 x
340

340 - 8

510 Hz

When the train is again very tar away to the right,

the train is moving away from the observer and

the frequency received wilt be

Af — - f for light. only

In this formula v is the speed of the source or

the observer, c is the speed of light and f and A

stand for the frequency and wavelength

emitted.
r

lTten Af gives the change in the

observed frequency (and AX the change in the

observed wavelength).

fa — 4
c + V,

= 500 X
340

340 + fl

490 Hz

As i he train approaches, we take components of

l he train's velocity vector in the direction along

the line of sight and the direction normal to il {see

Figure 5,4).

As is seen from the diagram, the component along

the fine of sight is decreasing as the train gels

closer to the observer. I hus, the observer will

measure a decreasing frequency. It starts at 510 Hz

and falls to 500 Hz when the train is at position E

As the train moves past P to the right, the observer

will hear sound of decreasing frequency starting at

500 Hz and ending at 490 Hz,

I hus, ihe ohserver hears frequencies in the range

of 510 Hz to 490 Hz, as shown in Figure 5,5.

Example question

Q3 I— illWIWlll 1

1

Hi
—

Hydrogen atoms in a distant galaxy emit light of

wavelength 658 nm. The light received on earth is

measured to have a wavelength of 689 nm. State

whether the galaxy is approaching the earth or

moving away, and calculate the speed of the

galaxy.

Answer

The received wavelength is longer than that emitted,

anti so l he galaxy is moving away from earth.

The emitted frequency is

r

3,00

x ] 0*

" 658 x 10-*

= 4*56 x tO 1 * Hz

and ihe received frequency is

f/H?

The Doppler effect also applies to light, but the

equations giving the frequency observed are

more complicated. However, in the case in

which the speed, of the source or the observer is

small compared to the speed of.light, the

3,00

x 1
0*

“ 689 x 10 5

= 4,35 x 1

0

|J Hz

giving a shift of A / = 0.21 x 10M Hz. Hence (ho

speed is found as follows:

, v . cAf
Af = - f =* v ^ —7

-
c f

3.00

x 10* x 0.21 x 101J

~
4456 x TO14

v = 1 .4 x 1 O’ m s
'

1
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Take the speed of sound to be 343 ms 1

in all lht L

problems that follow.

1 A source of sound is directed at an

approaching car. The sound is reflected by

the car and is received back at the source.

Carefully explain what changes in frequency

the observer at the source will delect.

2 Light from a nearby galaxy is emitted at a

wavelength of 657 nm and is observed on

earth at a wavelength of 654 n in. What can

we deduce about the motion of this galaxy?

3 Explain, with the help of diagrams, the

Doppler effect. Show dearly the cases of a

source that (a} moves towards and fb) goes

away from a stationary observer as well the

case of a moving observer,

4 A source approaches a stationary' observer

at 40 in s'
1

emitting sound of frequency

500 1

1

2 . What frequency does the observer

measure?

5 A source is moving away from a stationary

observer at 32 m s'
1

emitting sound of

frequency 480 Hz, What frequency does the

observer measure?

6 A sound wave of frequency 512 Hz is emitted

by a stationary source toward an observer

who is moving away at 12 m s'
1

. What

frequency does the observer measure?

7 A sound wave of frequency 628 Hz is

emitted by a stationary source toward an

observer who is approaching at 25 m s
-1

.

What frequency does Ihe observer

measure?

8 A sound wave of frequency 500 Hz is

emitted by a stationary source toward a

receding observer. The signal is reflected by

[he observer and received by the source,

where lhe frequency is measured and found

to be 48G Hz, What is the speed of the

observer?

9 A sound wave of frequency 500 Hz is

emitted by a moving source toward a

stationary observer. The signal is reflected by

the observer and received by the source*

where the frequency is measured and

found to be 512 Hz. What is the speed of

the source?

10

A disc rotates about its axis with constant

angular velocity. A point on the rim moves

wilh a speed of 7,5 m s
_l

. Sound of

frequency 5P0.0 Hz is emitted from a source

on the circumference of the disc in

directions parallel to the source's velocity

as shown in Figure 5,6, and is received by

an observer very far away from the disc.

What frequencies does the observer

measure?

Figure 5.6 For question 10.

11

Consider the general case when both lhe

source and the observer move. Let v* be the

velocity of the source and vQ that of the

observer. In the frame of reference in which the

observer is at rest, the waves appear to move

with velocity c+ vu and the source appears to

move with velocity v* + v0 . Thus, show' that the

frequency received by the observer is

P<3 “ P 1

c - Vi

1 2 Consider a source moving away from a

stationary observer wilh speed v. The source

emits waves of speed c and wavelength k^

Explain why the observer will measure a longer

wavelength for the waves received and show

that the shift in wavelength Ak = k^ - k

^

obeys *- =

13 A source of sound emits waves of frequency t

towards an object moving away from the

source. The waves are reflected by the object

and are received bEick at the source. The

speed of the object Is w
(a) Deduce that the frequency of [he reflected

waves as measured by an observer at the
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source is given by

(b)tf * is small, it car be shown in

in a l h empties that

Deduce that the magnitude of the

frequency shift measured by the observer at

i lie source becomes

c

(d Ultrasound of frequency 5,000 MMz
reflected from red blood cells moving in an

artery is found to show a frequency shift of

2

A

kHz. The speed of ultrasound in blood

is 1500 ms' 1

,

(0 Estimate the speed of the blood cells.

(ii) In practice, a range of frequency shifts is

observed. Explain this observation*

14 The sun rotates about its axis with a period

that may he assumed to be constant at 27

days. The radius of the sun is 7,00 x 1
0* m.

Discuss the shifts in frequency of light emitted

from the sun's equator and received on earth.

Assume that Ihe sun emits monochromatic

tight of wavelength 5.00 x 10 7 m.

15 The human ear can detect frequencies in the

range of about 20 Hz to 20 kHz. A source of

sound moves towards and then away from a

stationary observer. Describe qualitatively the

changes, if any, in the frequency of sound

heard by the observer when the source emits

(a) sound of a single frequency 500Hz:

tb) sound with frequency in the range 500Hz

to 1000Hz;

{cl all frequencies covering the entire audible

range of the observer.

16 In a binary star system, two stars orbit a

common point and move so that they are

always in diametrically opposite positions.

Light from both stars reaches an observer on

earth. Assume that both stars emit light of

wavelength 6.58 x Kb 7 m, *

(a) When the stars are in the position shown in

Figure 5.7 , the observer on earth measures

a wavelength of light of 6.58 x 10 m
from both stars. Explain why there is no

Doppler shift in this case*

\

star A A
j

star R0T J

\ /
'

v .*

Figure S.7 For question 16(a)*

towards earth—

tb) When the stars arc in the position shown in

Figure 5.8, the earth observer measures

two wavelengths in the received light.,

6.50 x 10 ’
in and 6.76 x 10

7 m.

Determine the speed of each of the stars.

scir B

towftrds e&rth

Figure 5.8 For question 16(b).

1

7

A source of sound emits waves of frequency

B50 Hz in all directions as it approaches and

then recedes from an observer close to its

path. The power of the sound emitted is

constant.

(a) Draw a sketch graph <no numbers required)

to show the variation with time of the

intensify of the sound heard by the

observer.

The observer is 4,0 m away from the line of

motion of the source. The source moves ai a
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constant speed of 12 m s~\ and its initial

position is 24 m away, as shown in Figure 5.9.

(b) Draw a detailed graph to show the

variation with time of the frequency of the

sound heard by the observer.

(c) How does your graph in (b) change if

the source is moving with constant

acceleration? (Assume that the acceleration

is 2.0 m s"
2

, the initial position is the same

(24 m away) and the initial velocity is

10 m s'
1

.) Draw a detailed graph and

explain the shape you have drawn.

12 ms-'

4
source 24 m

Figure 5.9 For question 17.

18 Sound of frequency 530 Hz is emitted by a

stationary source. An observer approaching

the source at high speed receives the sound

and measures a frequency of 580 Hz.

4.0 m

observer

(a) Determine the speed of the observer.

(b) Calculate the wavelength of the sound as

measured by

(i) the source;

(ii) the observer.

Take the speed of sound in still air to be

340 m s‘‘.

19 (a) The shift in frequency due to a source of

light moving at speed vand emitting light

of frequency f is given by

A f = -f
c

Using the approximation (valid if
J

is small)

show that the shift in wavelength is given by

v
AA = -X

c

where X is the emitted wavelength.

(b) Calculate the speed of a galaxy emitting

light of wavelength 5.48 x 10 m which

when received on earth is measured to

have a wavelength of 5.65 x 10~ 7 m.
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SL Option A - Sight and wave phenomena

Standing waves
A special wave is formed when two ordinary identical waves travelling in opposite

directions meet, the result is a standing (stationary) wave: a wave in which the ties is

do not move.

Objectives

Gy the end of this chapler you should be able to:

* slate the differences between a standing wave and a frawiling wave;

* describe how a srartdmg wave U formed:

* draw the various harmonics on strings and tubes and find the wavelength in

terms of tire string or tube length;

- slate the meaning of the terms fundum eraml and harmonics;

* state the meaning of the term resonance:

* solve problems with standing waves.

Standing waves on strings

and tubes

i- When two waves of the same speed and

wavelength and equal or almost equal

amplitudes travelling in opposite directions

meet, a standing wave is formed. This

interesting wave E$ Hie result of the

stipe imposition of the two waves travelling in

opposite directions.

The main difference between a standing wave

and a travelling wave is that in the former no

energy or momentum is transferred. A standing

wave is characterized by having a number of

points at which the displacement is always zero.

These arc called nodes. (In a travelling wave,

there ate no points where the displacement is

always zero,) The points at which the

displacement is a maximum are called

anti nodes. (Note that the nodes always have

zero displacement whereas the a tin nodes are at

maximum displacement for an instant of time

only.) In Figure 6.1 a siring of length i lias been

plucked in the middle and is about to be

released.

Figure 6.1 A standing wave on a string with both

ends fixed. The string is held in ibis position

and then released, A standing wave like this

with a single antinode is known as a

fundamental standing wave.

Successive pictures of the string will then look

like Figure 6.2: the end points of the string

remain fixed at all times (nodes) but the rest

of the string oscillates. The middle point is

the point on the string with the largest

displacement (an tinode). The string will return

to its original position after a time equal to the

period of the wave. In the absence of friction.
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Figure 6.2 Positions of lhe string at various time

intervals alter being released. The dark circles

show the positions of the nodes. The dotted line

shows the position of the antinode.

this oscillation will continue forever. When the

string is in ils original position ff = 0) all the

energy of the wave is in the form of potential

energy of l he stretched string. When the string

assumes its undisturbed position, all the energy

is in the form of kinetic energy. At all other

positions the energy of the string consists of

both potential and kinetic energy. Note that the

crest of this wave {i.e, the anti node) does not

move to the right or left as a crest does in a

travelling wave.

Hie standing wave depicted above has a specific

wavelength. Note that we have fitted half a full

wave on the length of the string. This moans that

=*X = 2L

Tlie wave with K — 2

1

is not the only standing

wave that can exist on this string, however.

Figure 6.3 shows the next standing wave. Note

L

Figure 6.3 A standing wave with three nodes and
two anti nodes. A standing wave like this is

known as the second harmonic.

that the only constraint we have is that the

ends of the siring are nodes. Here, we haw
fitted one full wave on the string. Thus, X = L.

This standing wave has three nodes and two

aminodes

.

An infinity of standing waves can thus exisL on

the siring by "fitting’ waves with the constraint

that the ends are nodes, 'lire next standing wave

is shown in Figure 6,4.

Figure 6,4 A standing wave with four nodes and
three antinodes. A standing wave like this is

known as the third harmonic.

For the third harmonic, we have fitted one and

a half full waves on the string. Thus,

2 /.

=*-T
In general, we find That the waveLengths satisfy

A = — t IT as 1,2* 5,4, ...
n

The wave with wavelength corresponding to

Ji = 1 is called the fundamental mode of the

string or the first harmonic. All other modes

are called higher harmonics, So, for example,

the mode withn - 5 is the third harmonic. The

fundamental mode has the largest wavelength

and thus the smallest frequency (f = ~, where

c is Lhe speed of the wave),

If f, i
is the fundamental's frequency, then

all other harmonics have frequencies that

are integral multiples of f
:
,.

Note that the distance between two

successive nodes is half a wavelength. The

same is true for successive antinodes. The

distance between a node and lhe next

anti node is a quarter of a wavelength.
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Figure 6.5 shows that particles between two

conseen live nodes move in the same direction.

Particles between the adjacent pair of nodes

move in the opposite direction.

Figure 6.5 All points between two consecutive

nodes are in phase: that is to say, they move in

the same direct ion. They differ in phase by ISO

with those between the next pair of nodes,

which are moving in the opposite way.

If one end of the string is free and the other

fixed, then the free end must be an antinode

and the fixed end a node. The allowed

wavelengths are then

X = — , n = 1,3,5..,.
n

(Here fj is an odd integer.) Examples of these

standing waves are shown in Figures 6.6-68,

You must convince yourself that the wavelengths

of these harmonics arc indeed those given by

the formula X = ^ . n = 1, 3. 5, , .

.

Figure 6.6 The fundamental standing wave on a

string with one end fixed and the other free.

When both ends are free, the condition is

21
X- — , n = U3,4, (1

n

The situation here is entirely analogous to that

with both ends fixed with the roles of node and

antinode interchanged (see Figure 6.9),

Figure 6,9 Standing waves on a siring with both

ends free are similar to those for both ends

fixed except that nodes and antinodes are

interchanged. The fundamenial and second

harmonic are shown here.

We have discussed standing waves exclusively in

terms of waves on a siring whose ends are fixed

or free. Exactly the same results apply to sound

standing waves formed in a pipe (such as a

musical instrument) whose ends are open

(corresponding to free string ends) or closed

(corresponding to fixed siring ends) - see

Figure 6.10, Nodes exist at closed ends and

antinodes at open ends.

(a) left end (mouth) is (b) left end (mouth) is

open, right end is dosed open, right end h open

Figure 6.10 (a) A pipe with one end closed and one

open, (b) A pipe with both ends open.
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Supplementary materia!

Nodes in this case correspond to points in the

pipe where ihc air molecules are not moving

whereas antinodes correspond to points where

the air molecules move with maximum
displacement (see Figure 6. I'D. Ihese are called

displacement nodes and antmodes. Note,

however, that at a displacement node the

pressure of the gas varies the most {i.e. we have

a pressure aml node), and at a displacement

antinode the pressure variation is zero (Le* we
have a pressure node).

Figure 6.11 Air molecules in Che pipe vibrate the

most at am inodes and not at all at nodes.

You don't need to memorize the formulae for

wavelength in terms of string or tube length.

Rather, you should note that in all cases the

distance between successive nodes or antinodes

is half a wavelength and that the distance

between a node and ihe next antinode is a

quarter of a wavelengt h. This should allow you

to figure out what kind of standing wave you

can fit in the particular case you are examining.

We see from these formulae t hat, as the length

of the tube becomes smaller, the allowed

wavelengths also get smaller, which means that

the corresponding frequencies get larger. This is

seen when you put a bottle under a tap and

start to fill it with water. The falling water

excites a standing wave in the bottle whose

length of air column is getting smaller as the

bottle fills. This means that the frequency of

the sound emitted by the bottle becomes high

pitched, as we know from experience.

F xiimpie questions

Q1 l— .-_±- .:..;T”’ rrrr
A standing wave is set up on a string kept under

tension T . What must be done to ihe tension in

order to double the fundamental frequency of Ihe

wave?

Answer

Since i — p and Ihe wavelength is fixed in terms

oi the length of the siring X — 21 , we can double

f by doubling the velocity of the wave. This

means that the tension most increase by 4.

Q2 ligra ~
~~

i~iti

What is ihe ratio of the frequencies of the

fundamental to the second harmonic for a

standing wave set Lip on a string, both ends of

which are kepi fixed?

Answer

The frequencies are

v
,

r0 - — and t, =
v

T

hence

f,
' 2

A tube has one end open and ihe other closed.

What is the ratio of the wavelengths of the

fundamental to the second harmonic?

Answer

The fundamental and second harmonic have

wavelengths

4 L
An = 4£ pnd k t

— —
hence

A i

A standing wave is set up in a tube with both

ends open. The frequency of the fundamental is

300 Hz. What is i lie length of the lube? Take the

speed of sound to be 340 m s V

Answer

The wavelength is

340
rrr m j= l.lJm
3DU

The fundamental's wavelength is equal to 21 and

so L — 0,57 m.
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Resonance and the speed

of sound

When a vibrating tuning fork is brought near to

the end of a long tube partially filled with water,

a buzzing sound may be heard from the lube.

When that happens, addition of more water in

the tube will ruin the effect. This is an example

of resonance. The tuning fork will excite the air

in the tube and forte it to vibrate with a

frequency equal to the tuning fork's frequency.

The amplitude of this standing wave will be

appreciable, though, only if the frequency or the

standing wave that the tube can support is equal

to the tuning fork's frequency. When these two

frequencies live the same, we hear the buzzing

sound from the tube. Pouring more water in the

tube changes the frequency of the tube and so

the amplitude is now very small - no sound is

heard from the tube.

This actually provides a simple method for

measuring the speed of sound in air A set of

tuning forks of known frequencies are each

sounded over a column of air in a long tube

partially filled with water The height of The

column of water is adjusted (by pouring water in

or out} until resonance is obtained (i.c. the tube

emits a sound}. The corresponding height of the

air column and the frequency are recorded and

this is repeated with the other tuning Forks. The

standing wave inside the tube must have a

wavelength such that k = 4i T where L is the

length of the air column. But k = where f is

the corresponding frequency, which equals the

known frequency or the tuning fork. Thus, v,

which is the speed of sound, can be determined

by repeating this procedure for various different

tuning forks and then plotting L vet's us 1 ff.

One must get a straight line with slope r/4.

Supplementary material

This discussion ignores end corrections. End

corrections are necessary in practice because

the standing wave may have a wavelength that

does not satisfy
;

= l but rather
\
- i + e.

where e is a constant depending on the diameter

of the lube. In an experiment to measure the

speed of sound by resonance the end correction

must be included.

Resonance is a general phenomenon. It occurs

whenever a system that is capable of oscillation

or vibration is subjected to an external

disturbance with a frequency equal to the

natural frequency of the system itself. In that

case, the system oscillates with a large

amplitude. If the frequencies do not match, the

system still vibrates but the amplitude is very

small. Clearly, resonance can be a dangerous

phenomenon, A system that is set into vibration

by something external and develops large

amplitudes may eventually break or fall apart.

Aeroplane wings, engines, bridges, tall

buildings, etc,, must all be protected against

resonance from external vibrations due to

wind, other vibrating objects, etc. Soldiers

always break their step when walking over a

bridge, in ease the force that they exert on the

bridge starts uncontrollable oscillations of the

bridge. An earthquake may set a building into

oscillation if the frequency of the longitudinal

wave created by the earthquake is equal to the

natural frequency of vibration of the building.

Tills frequency is ”, where c is the speed of

sound in the structure of the building and / is

its height. (See Figures 6.12-6,14.)

Figure 6,12 The Tacoma Narrows bridge collapsed

in 1940. a victim of resonant failure.
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Figure 6.13 A building will be made to oscillate in

a standing wave mode if the frequency of the

earthquake wave matches the natural frequency
of oscillation of the building.

Figure 6.14 The severe earthquake that struck

northern Turkey in August 1999 released vast

amounts of energy. Hundreds of buildings

toppled and tens of thousands ofpeople were
killed.

1 Describe what is mean! by a standing wave.

In what ways docs a standing wave differ from

a travelling wave!

2 How is a standing wave formed?

3 In the context of standing waves describe

what Is meant by:

la) node;

(b) anti node,

4 Describe how you would arrange for a string

that is kept under tension, with both ends

fixed, to vibrate in its second harmonic mode.

Draw the shape of the string when it is

vibrating in its second harmonic mode.

5 Explain what is meant by resonance and give

two examples where it occurs,

6 Car drivers occasionally experience a ‘shaking

steering wheel' when travelling at a particular

speed. The shaking disappears at lower or

higher speeds. Suggest a reason for this

observation,

7 A string is held under tension, with both ends

fixed, and has a fundamental frequency of

250 Hz. If the tension is doubled, what wilt

the new frequency of the fundamental

mode be?

B A string has both ends fixed. What is the ratio

of the frequencies of the first to the second

harmonic?

9

The fundamental mode on a string with both

ends fixed is 500 Hz. What will die frequency

become if the tension in the string is increased

by 20%?

10 The wave velocity of a transverse? wave on a

string of length 0,500 m is 225 m s
_
\

(a) What is the fundamental frequency of a

standing wave on this string if both ends

are kept fixer! ?

(b) While this string is vibrating in the

fundamental harmonic, what is the

wavelength of sound produced in air?

(Take the speed of sound in air to be 33t) m s \)

1 1 Figure 6.15 shows a lube wilh one end open

and the other closed. Draw the standing wave

representing the third harmonic standing wave

in this lube.

Figure 6.15 For question 11.

1

2

A glass tube is closed at one end. The air

column it contains has a length that can be

varied between 0.50 m and 1 .50 m. If a

tuning fork of frequency 306 Hz is sounded at

the top of the tube, at which lengths of the air
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column would resonance occur? IT,ike the

speed of sound (o be 330 m s "J

13 A glass tube with one end open and the other

closed is used in a resonance experiment rr>

determine Ihe speed of sound, A tuning fork

of frequency 427 Hz is used and resonance

is observed for air column lengths equal to

17,4 cm and 55.0 cm.

(a) What speed of sound does this experiment

give?

(b) What Is the end correction for this lube?

14 A Lube with both ends open has two

consecutive harmonics of frequency 300 Hz

and 360 Hz.

(a) What is the length of the lube?

(b) What are the harmonics?

{Take the speed of sound to be 330 ms' 1

.)

1 5 A string of length 0.50 m is kept under a tension

of 90.0 M and vibrates in its fundamental mode.

The mass of the string is 3.0 g.

(a) What is the frequency of the sound emitted?

(Take the speed of sound to be 330 m s
_l

.)

(b) The same string now vibrates in water.

What is the wavelength of the sound

emitted? {Take the speed of sound in water

to be 1 500 m s
"

1

.)

16 A container of water of length 1 2 cm is placed

on top of a vibration generator {figure 6. 1 6),

When the generator is turned on, the water in

the container sloshes back and forth.

When the frequency is adjusted to about

0.75 Hz, Ihe water actually spills out of the

container,

(a) Suggest a reason for this.

(hi Estimate the speed of water waves in the

container.

17 Do the following experiment at home, lake a

styrofoam cup (top diameter approximately

8 cm) and fill it with cold coffee or tea. Now-

drag it slowly over a surface that is neither too

smooth nor too rough, for example a kitchen

counter.

(a) Observe and explain what you see on the

surface of the liquid as the speed at which

you drag the cup is varied.

(I.)] Knowing that the speed of water waves in

the cup is about 1Sms_l
f
estimate the

frequency that makes the water vibrate,

fc) Is this frequency related to the speed of

the cup?

18 Consider a string with lioth ends fixed.

A standing wave in the second harmonic

mode is established on the siring, as

shown in Figure 6.17, The speed of the wave

is 180 m s \

(a) Explain the meaning of wave speed in the

context of standing waves,

(b) Consider the vibrations of two points on

the string, Panri Q. The displacement

of point P is given by the equation y
-

5.0 cos (45irrtj where y is in mrn and f

is in seconds. Calculate the length of the

string.

(c) State the phase difference between the

oscillation of point P and that of point Q.

Hence write down the equation giving the

displacement of point Q,

19

A sound wave of wavelength 1.7 m passes

through air, where the speed of sound is

330 m s
-1

, Assume that a molecule of air

has mass 4.B x 1Q _ih kg and that, as a result

of the sound wave, it oscillates with an

amplitude of 4.0 x 10 m. Calculate the

maximum kinetic, energy of the molecule due

to its oscillations.
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20 A string with both ends fixed vibrates in the

third harmonic mode, as shown in Figure

6.1 8. The length of the string is 6.0 m and the

speed of the wave is 1 20 m

(a) Calculate the wavelength of the wave on

the string.

(b) The amplitude of oscillation of point P is

4.0 mm. Explain why the displacement of

point P is given by the equation

y = 4.0 cos(60,Tf), where y is in

millimetres and t is in seconds.

(c) The amplitude of oscillation of points

Q and R is 2.0 mm. State the equation

giving the displacement of (i) point Q and

(ii) point R.

(d) Calculate the average speed of (i) point

P and (ii) point Q from to t — 0 to t =
where 7 is the period of the wave.

(e) Calculate the maximum speed of (i) point

P and (ii) point Q.
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Diffraction

in previous chapters, we saw i he behaviour of light in the geometrical approximation,

which is when the important phenomena of diffraction and interference are neglected

so that we tan treat light propagation along straight lines, this chapter deals in detail

with the problem of single-slit diffraction and the effect of slit width in the interference

pattern.

Objectives

By the end of this chapter you should he able to:

* understand diffraction and draw the dfjfjfructftm patterns from a rectangular

slit, a sharp edge, a thin tube and a circular aperture;

* appreciate that the/rrst minimum in single-slit diffraction pasta slit of

width b is approximately at an angle $ = J:

* draw the in tensity pattern! for a single slit of finite width and for two sifts of

negligible width;

* show the effect of slit width on the intensity pattern of two slits.

Diffraction

Diffraction, as we have seen earlier, is the

spreading of a wave as it goes past an obstacle

or through an aperture.

Let us consider a plane wave of wavelength a

propagating toward the right, where an

aperture of size b is waiting, Whal will the

wavefronts look like after the wave has gone

through the aperture? Tire answer is not so

straightforward. As we will see, the value of the

wavelength In relation to tine aperture size will

be crucial in determining what answer we get.

In the first case let us assume that the

wavelength is very, very small compared with b

(see Figure 7,1 ).

That part of the wave which is blocked by the

screen does not propagate through and only

that part which is free to go through does so.

IT the wave in question is light, this picture says

wavelength nhuiII cunip&rcJ with aperture

n?.> wave litre

... or here

Figure 7.1 When the wavelength is small compared

with the size ofthe opening of the aperture, the

amount of diffraction is negligible.

that light goes through the opening, so that if

we put a screen beyond the aperture we will see

light on an area of the screen identical to the

opening and darkness around it. Light travels

in straight lines and does not bend as it goes

through the aperture. There is no diffraction.

On the other hand, if the wavelength is

comparable to or bigger than I?, the new
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wavefronts are curved and tile wave manages

to go around the edges (see Figure 7.2).

(lie wave is

ipanding

Figure 7.2 When the wavelength is comparable to

the opening ofthe aperture, diffraction lakes

place.

ff we put a screen some distance away from

the aperture, we would see light in places

where we would not expect any, such as points

A and B, for example. This is the phenomenon
of diffraction. It takes place whenever a wave

whose wavelength is comparable to or bigger

than the size of an aperture or an obstacle

attempts to move through or past the aperture

or obstacle, (Note that litre 'comparable to
1

means that the wavelength can be a few rimes

smaller than the aperture size,)

Figure 7.3 Diffraction also lakes place when a

wave moves pasl an obstacle.

Diffraction does takes place iT the wavelength is

comparable to the obstacle size, as seen in

Figure 7.4(b),

Figure 7,5 shows interference patterns due

to fa |
a single slit, (b) two slits, (c) a sharp

edge, (d) a circular aperture and (e) a thin

cylindrical tube. Notice the wide central

maximum in (a) and the secondary maxima in

(b). In (c) the pattern consists of bright and
dark strips and in fd) of bright and dark rings.

In (e) notice the presence of a bright fringe

right behind the tube.

Diffraction explains how we can

hear, but not sec, around corners.

For example, a person talking in the

next room can be heard through the

open door because sound diffracts

around the opening of the door; the

wavelength of sound for speech is

roughly the same as the door size.

On the other hand, light does not

diffract around the door since its

wavelengt h is much smaller than

the door size.

Other examples of diffraction are

shown in Figures 7,3~7.5,

If the wavelength is much smaller

than tile obstacle size, no diffraction

takes place, as seen in Figure 7.4(a).

Figure 7.4 (a) If the wavelength is much smaller

than the obstacle, no diffraction takes place and
a shadow of I he object is formed, (b) If the

wavelength is comparable to the obstacle size,

diffraction takes place and the wave appears far

from [lie object in the region where the shadow
was expected.
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Figure 7.5 (a) Single-rectangular-slit diffraction pattern, (b) Double-slit diffraction

pattern* (c) Sharp-edge diffraction pattern. Note that light extends on the inside of
the sharp edge, (d) Diffraction pattern front a circular aperture* (e) Diffraction

pattern due ei> a very thin tube with sharp edges. Note that there is light even

directly behind the tube.

Single-slit diffraction

When a wave of wavelength X falls on an

aperture whose opening size is b, an important

wave phenomenon called diffraction takes

place. As we saw earlier:

Diffract ion is appreciable ifthe wavelength

is of the same order of magnitude as the

opening or bigger.

1 > b

Diffraction is negligible, however, if die

wavelength is much smaller than the

opening size.

X « b

To investigate this phenomenon wc use Huygens’

principle (see pp, 234-6) and say that every point

on the waveIron L that hits the slit will act as a

source of secondary coherent radiation. Then

what we see at a point P on a screen a large

b

V

1
A,

Aj

lo screen

As

B,

Bj

Figure 7.6 In the case of finite slit width each

point on the wavefront entering the slit acts as a

source ofwaves according to Huygens’ principle

and so interference will in general, result on a

screen some distance away.

distance away will be the result of the interference

of the waves arriving at P from each of the points

on The wavefront. Figure 7.6 shows ID such points

labelled A !r A2t A3+ At, A5 and B1( B2 , B^ B,
t
and B5 .
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Wc choose the Bs in such a way that they are

symmetrically placed relative to the As.

Ali these points are on the same wavefront and

therefore are coherent, hut, in general, the

wave from A, will travel a different distance in

order to get to P than the wave from B
3
(see

Figure 7.7}. This path difference will, as in our

discussion of interference, result in a phase

difference between these two waves at R

Figure 7,7 Diagram used to calculate the path

difference. The path difference equals the

distance 13 L
C] , Lines A,P and BjF are

approximately parallel since P is far away. Thus,

triangle AjBjCi is approximately right angled

and angle BjAjCi equals 9 . The path difference is

the length

If the path difference is half a wavelength* the

two waves arrive at P with a 180 phase

difference, so the maxima of one wave match the

minima of the other. The result is destructive

interference, or no wave at P. But remember, we

still have to co insider the other points, not just A,

and B
t

. What about A2 and Bj? Triangles A
s
BijCj

and are equal since they are right angled,

that is A|B
t ^ A2B2 and -BiAtQ = .'BaAaQi (see

Figure 7,8), Thus* wc see that whatever phase

difference exists at P from Ai and Hi, the same

will be true for A3 and B2 , and so on.

Thus, if we get zero wave aL F from the first

pair, we will get the same from. the second as

Figure 7.8 Triangles A,CtB t and A2C2 B2 are equal.

well. Continuing this argument we see that all

the points on the wavefront will result in

complete destructive interference if the first

pair results in destructive interference. To get

destructive interference, the path difference must

be a half-integral multiple of the wavelength. The

path difference between waves arriving at P from

A
|

and B, is
|
sintf (see Figure 7.6) and so this

means that if

^ b sin 0 = 7.

we get a minimum at P. If we split the aperture

into four equal pieces instead of two and repeat

this argument, we will find that the condition

for destructive interference is also

=>-ftsin 9 = 2k

In general, in interference from a single slit

we get interference at points P if

ft sin $ “ n). fp — 1 . 2, 3, ...

This equation gives the angle 9 at which

minima are observed on a screen behind

rhe aperture of size ft on which light of

wavelengt h l falls. Since rhe angle f) is
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typically .small, we may approximate

sin fr w a (if the angle is in radians) and so

tlie first minimum is observed at an angle

If s he slit is circular, then the formula

almve becomes

8 flp
1 .22 -

b

In practice, it makes no difference which

one is used as both are approximate

expressions anyway.

The maxima of the pattern are approximately

halfway between m inima. This equation is very

important in understanding the phenomenon

of diffraction so let us take a closer look.

The first minimum (n = h occurs at to sin ft = k.

If the wavelength is comparable to or bigger

than b. appreciable diffraction will take place, as

we said earlier. Kow do we see this from this

formula? If A. > to, then sin 0 > 1 (i.e.to does not

exist). The wave has spread so much around the

aperture, the central maximum is so wide, that

the first minimum does not exist. (Remember

that diffraction is the spreading of the wave

around the aperture, not necessarily the

existence of interference maxima and minima.)

If now Lhc wavelength is comparable fob, then

again appreciable diffraction takes place and a

number of minima and the intervening maxima

are visible (comparable means that the wavelength

can be a bit less than to). If, on the other hand,

k to, then from 8 ^ iL follows that 0 is

approximately zero. In other words, the wave

goes through the aperture along a straight line

represented by 8 = 0, There is no wave at any

point P on the screen for which & is not zero.

This means that the passage of the wave leaves

a shadow of the aperture on the screen. There is

no spreading of the wave and hence no

diffraction, as we expected.

lire intensity of light observed on a screen some

distance from Ihe slit is shown in Figure 7.9(a) for

the case b = 2

k

and in Figure 7.9(b) for b = 3a

(the vertical units are arbitrary).

O’)

Figure 7,9 The single-slit intensity pattern tor (a) a

slit of size b — 2k, and (b) a slit of size to ^ 3a.

Note that the narrower slit fa) has a wider

central maximum.

The effect of slit width

At this point it is worth reminding you that in

our previous discussion of the Young two-slit

interference experiment, we never talked about

the size of the slit width, only the separation d of

rhe two slits entered in the formula. This is

because we assumed that the slit width was much

smaller than the wavelength. As we discussed

above, in Lhis case (A. $> to) there is no interference

pattern from points within the individual slit. The

wave just spreads past the slit. Hie interference

pattern we got on the screen in that case was file

interference of the two waves after each had

spread through each slit. Thus, in this limiting

case, if one of file two slits were covered, the

interference pattern would disappear.
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On the other hand, the case of two slits whose

widths cannot be so neglected will result in a

more complicated pattern on the screen. Hi is

pattern will be the combined effect of (a) the

interference pattern from one slit alone and

(b) the interference from waves coming from

different slits, Let us consider the intensity

pattern for two very narrow slits separated by

d = 161 shown in figure 7.10.

f igure 7.10 The two-slit interference intensity

pattern for slits of negligible width separated by

d = 16JL

'Hie intensity pattern fora single slit of width

b = 3a was shown in Figure 7.9(b).

Finally, the intensity pattern for two slits

separated by tJ = 161 as before, but whose

width is not negligible, b = 3^ T is shown in

Figure 7.11.

We have shown the single-slit pattern again,

which is in fact the envelope curve for the

two-slit pattern. The position of the maxima is

the same as in the case of the narrow slits but

the effect of the slit width is to modulate the

intensity by the single-slit diffraction pattern.

Missing orders

If the slit width is ignored in a Young-type two-

slit interference pattern, we observe a number of

equally bright maxima, as in Figure 7,10. If the

slit width is not ignored, this intensity pattern

will be modulated by the diffraction effects of

the slits. It sometimes happens that the first

diffraction minimum in the one-slit diffraction

pattern coincides with one of the maxima in the

two-slit Interference pattern. If that happens, the

maximum will be reduced to a point of zero

Figure 7,11 The modulated two-slit intensity pattern when t he slit width is nol

negligible. Shown here is the case for b = and <J — 16X. The heavy curve is the

one-slit diffraction curve fora slit width off? — 5X,
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/

Figure 7.12 The fourth maximum in the two-slit pattern is missing because it

coincides with the first diffraction minimum of the one-sht pattern, We can

conclude that d = 4b.

Intensity and we then speak of a missing order.

Suppose that the first diffraction minimum
occurs at an angle 8. Then b sin# = I x A.

Suppose that the nth maximum of the two-slit

pattern coincides with the first diffraction

minimum. Then d sin 8 = nk. Combining the two

equations we see that

d sinf? = nk
=> d = nb

b sin 8 — X

that is. the slit separation is n times the slit

widLh where n is the missing order. Figure 7.12

is an example of this where the missing order Is

ri = 4.

1 A single slit of width 1,50 fini is illuminated

with light of wavelength 500,0 nm. Find the

angular width of the central maximum.

2 Microwaves of wavelength 2.80 cm fall on a

slit and the central maximum at a distance of

3 .0 m from the slit is found to have a half-

width (i.e. distance from middle of central

maximum to first minimum) of 0.67 m. Find

the width of the slit.

3 I he intensity pattern for single-slit diffraction

is shown in Figure 7,13. (The vertical units are

arbitrary.)

Figure 7.13 For question 3.
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(a) Find the width of the slit in terms of the

wavelength used.

(b) On a copy of the diagram, draw the

intensity pattern for two such slits placed

parallel to each other and separated by a

distance equal to 10 wavelengths. How
many interference maxima fall within the

central diffraction maximum?

4 From the information in Figure 7.14,

determine the wavelength used to obtain the

single-slit diffraction pattern shown. The

4 »

1.40 m

Figure 7.14 For question 4.

screen is 0.60 m from the slit and the slit

width is 2.30 cm. What kind of wave is most

likely being used?
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Resolution

This short chapter deals in detail with the limits to resolution imposed by diffraction;

Objectives

liy the ond of this chapter you should be able to:

1 understand what is meant by resolution.'

* apply the Rayleigh criterion.

The Rayleigh criterion

In the previous chapter, we discussed in some

detail the diffraction of a wave through a slit

of linear size h. One application of diffraction

is in the problem of the resolut ion of the images

of two objects that are close to each other.

Light from a distant star will, upon passing

t hrough a lens, diffract around the circular

aperture of (he lens. The image of a star is an

extended disc wit h diffraction rings around it.

Two distant objects that are very dose to each

other will, in general, produce diffraction

patterns that will merge with each other, making

it difficult to distinguish the pattern as one

belonging to two separate objects (see figure £U).

Figure 8.1 Diffraction limits our ability to

distinguish two separate sources, 3n the first

diagram the diffraction patterns have merged.

Rayleigh suggested that a useful criterion fol-

dedding whether ihe two objects can be

resolved is that the central maximum of one of

the sources is formed at the position of the first

minimum in the diffraction pattern of the

other (see Figure 8.2),

t

Figure 8.2 The Rayleigh criterion states that

two sources are just resolved if the central

maximum of the diffraction pattern of one

source falls on the first minimum of the

other.
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Figure S3 shows two unresolved and two well-

resolved sources.

Recoil thill the first minimum in the

diffraction pattern through a circular aperture

of size h is formed at an angle 0 given by

ft- t .22 £
D

and for a square aperture of side b by

k

Ei i hen follows that the two objects can be

resolved it their angular separation is larger than

the 6 given by the diffraction formulae above.

/

fbj

Figure S3 (a) Two unresolved sources. (b| Two well-

resolvedsources* *

In Figure 8.4 the two objects are separated by a

distances and their distance from the observer

is d. Their angular separation ft is given by

ft =s/d in radians.

Figure 8.4 To sec the two objects as distinct we
need a lens that can resolve the angle ft.

Example questions,

Q1

The camera of a spy satellite orbiting at 200 km

has a diameter of 35 cm. What is the smallest

distance this camera can resolve on the surface of

the earth? (Assume a wavelength of 500 nmj

Answer

Using Rayleigh's criterion and a wavelength of

5.0 x to m, we find thatthe distance s that can

be resolved is given by s = rv where

1.22 x5x tit7
ft SB — —

035
& 1 .74 x Hr* rad

=> s = rS

= 2 x 10* x 1.74 x 10
_& m

= 034 m

Q2
The headlights of a car are 2 m apart. The pupil of

the human eye has a diameter of about 2 mm.

Suppose that light of wavelength 500 nm is being

used. What is the maximum distance at which the

two headlights are seen as distinct?

Answer

The resolution of the eye is

1*22x5 x 10 7

0 ^5

2 x 10- 3

*3 3 x 10
4
rad

s^ r ~
0

2~
3 x t0-4

s: 0.67 x to
4

700 m

The car should be no more than this distance

away.

Q3 II iIimiiiii—
1 he pupil of the human eye has a diameter of

about 2 mm and the distance between the pupil

and the back of the eye (the retina) where the

image is formed is about 20 mm. Suppose the eye

uses light of wavelength 500 nm. Use this

information to estimate the distance between the

receptors in the eye,
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Answer

The angular separation, B
t of two objects that

can be resolved is, from the answer lo Example

question 2 above, 3x10" rad. From Figure 0,3

this Is also the angular separation between two

receptors on the retina. Thus, the linear

separation of the two receptors must be smaller

than about

l = rd

= 20 x ICT* x 3 x l(

T

4

= 6 x 10” 6
rn

As we have seen, the Rayleigh criterion states

that two objects are just resolvable as distinct

objects if their angular separation is not

smaller than ihe angle & given by

6 = 1.22r
b

In the case of a microscope, the object is placed

a distance from the lens (see Figure 8.6) equal to

the focal length f of the lens, and so

s = fO

Then the condition for resolution on the object

becomes

In practice, f ^ b, i.c, these two lengths arc of

the same order qf magnitude, and this means that

s & k

(In writing down this formula we neglect the

facLOr of 1.22 because Lhe expression above is

Figure 8,6 The Rayleigh resolution criterion applied

to a microscope used to view a wrv small object.

only meant to be understood at the level of

orders of magnitude.) Hus states rbc very

important gtmcral result that:

;> To resolve a small object of size.';, the

wavelength K of light used must be of the

same order of magnitude as s or smaller.

This illustrates, for example, the operating

principle of the electron microscope. To "sec
1

, i.e.

resolve, a small object of size, say, 0,01 nm.

waves of roughly this wavelength must be used.

This means that visible light cannot be used. On

the other hand, according to de Broglie,

electrons have a wave nature and so they are

used in an electron microscope. If the electrons

are accelerated to, say, 10"' V. their kinetic energy

will be £ it
— W eV = L6 x 10-M j. Using

we find a momentum p of

Figure 8.5 Tire point here is that if the two receptors had a separation larger than 6 the two

images would fall on the same receptor and would then appear as one.
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p = /2mJE k

= 1/2 X 9.1 X 10 5t X 1.6 * 10^
- 1.71 X 10“ 22 Ns

and hence a dc Broglie wavelength of

h
X = -

P

6.63 x 10-J4

“
1,71 x 10

-^

= 4 x lO
-12 m

This is small enough to resolve the size of

0.01 nni. An extension of this genera! principle

of resolution therefore implies that, to resolve

the structure of elementary particles, where

separations as small as 10 ' m are involved, one

must use a wavelength of this order ofmagnitude.

If electrons are used, the energy required for the

electron is in excess of 1Q00 GeV. This means

that particle physics requires accelerators!

1 Could a telescope with an objective lens of

diameter 20 cm resolve two objects a distance

of 10 km away separated by I rmi {Assume

we are using a wavelength of 600 nm.l

2 The headlights of a car are separated by a

distance of 1,4 m. At what distance would these

be resolved as two separate sources by a lens of

diameter 5 cm if a wavelength of 500 nni is

Ijeing used? What effect would decreasing the

wavelength used have on the distance you just

found?

j Assume that the pupil of the human eye has a

diameter of 4.0 mm and receives light of

wavelength 5.0 x 10
7

m.

fa) Calculate the smallest angular separation

that can be resolved by the eye at this

wavelength,

(b) What is the least distance between

features on the moon fa distance of

18x1 0" m away) that can be resolved?

4 The Jodmll Bank radio telescope has a

diameter of 76 m. Assume ihai it receives

electromagnetic waves of wavelength 21 cm.

fill Calculate the smallest angular separation

thai can be resolved by this telescope,

(b) Determine whether this telescope can

resolve the two Stars of a binary star

system that are separated by a distance of

3,6 x 10

1

m and are 8,8 x 10 ,fr m from

eaith (assume a wavelength of 21 cm).

5 The A redbo radio telescope has a diameter

of 200 m. Assume that it receives

electromagnetic waves of wavelength 8.0 cm.

Determine if this radio telescope will see the

Andromeda galaxy (a distance of 2.5 x 10
ri

light years away! as a point source of light or

an extended object. Take the diameter of

Andromeda to be 2,2 x 10'' light years.

6 A spacecraft is returning to earth after a long

mission far from earth. At what distance from

earth will an astronaut In the spacecraft first

see the earth and the moon as distinc t objects

with a naked eye? Take the separation of the

earth and the moon to he 3,8 x 10* rn
r
and

assume a pupil diameter of 4.5 mm and light

of wavelength 5,5 x 10
} m.

7 The Hubble Space Telescope has a mirror of

diameter 2.4 m.

(a) Estimate the resolution of the telescope

assuming lhal it operates ai a wavelength

of 5.5 x 10
-

' m.

(b) Suggest why the Hubble Space Telescope

has an advantage over earth-based

telescopes of similar mirror diameter.
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Polarization

This chapter introduces polarization, a property of transverse waves. A wave is polarized

if the displacement of the wave always ties in the same plane, This chapter discusses

how a wave can be polarized and introduces Malus's law for die intensity of light

Iransmitted through a polarizer. We also discuss Brewster's law and close with a few

applications of polarized light.

Objectives

By the end of this chapter you should be able to:

explain the meaning of the term polarization;

4 understand how light can be polarized;

* state and apply Mabry's law:

* state and apply Brewster's law;

* understand the terms optica! activity and optirally active substances;

outline some applications of polarized light, including the structure and

operation of liquid crystal displays.

What is polarization?

fight (like all other transverse waves) has the

important property of polarization. Before

discussing the case of light, let us look at a

simpler mechanical wave, a wave on a string.

Figure 9.1 shows a siting that is made to oscillate

so that a transverse wave propagates along the

string. In Figure 9.1 fa) the string is always in the

same vertical plane. In Figure 9.1(b) the string is

always in a horizontal plane. Tile string waves

here are said to be plane polarized because in each

case the string is always in a fixed plane.

Now imagine a vertically polarized string wave.

If an obstacle with a vertical slit is placed in the

path of this wave (see Figure 9,2}, the wave will

simply go through the slit unimpeded. However,

if the obstacle has a horizontal slit, the wave

will be stopped, and no wave will be

transmitted beyond the obstacle.

wive on wave on

a soring a siring

(a) (M

Figure 9.1 A string wave that is (a) vertically

polarized and (b) horizontally polarized.

Like all other electromagnetic waves, light is a

transverse wave in which an electric field and a

magnetic field at right angles to each other

propagate along a direction that is normal to

both fields. For the discussion of the
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(«) (b)

Figure 9.2 A vertical string wave passes through a

vertical slit fa) , .

.

but not through a horizontal

slit (b)>

polarization of light, it is sufficient to

concentrate only on tile electric field in the

electromagnetic wave and to ignore the

magnetic Held.

An electromagnetic wave is said to be plane

polarized if the electric field always lies in the

same plane, as the wave propagates. Thus in

Figure 9.3(a) the wave is plane polarized, but in

Figure 9.3(b) the wave is unpolarized. In both

cases the wave is propagating along the direction

into the plane of the page.

(a) (b)

Figure 9.3 Fleet tie field vectors of (a) polarized

and (b) unpolarized light. Both waves are

propagating into the plane ofthe page.

Most of the light around us. for example light

from the sun or a light bulb, is tinpolarized

light. Unpolarized light can be polarized by

letting it go through a polarizer, A polarizer is

a sheet of material with a molecular structure

that only allows a specific orientation of the

electric Held to go through (sec Figure 9.4). The
most common polarizer is a plastic called

Polaroid invented by Edwin l^nd, a 19-year-old

undergraduate at Harvard, in 1928. Thus a sheet

of Polaroid with a vertical transmission axis

Figure 9.4 This polarizer only allows components
of electric fields parallel to the vertical

transmission axis to go through. Vertically

polarized light is transmitted through this

polarizer.

(this means only vertical electric fields can go

through) placed in the path of unpolarized

light will transmit only vertically polarized

lighL, In diagrams, the transmission axis of the

polarizer is indicated with a line.

Malus's law

Thu

s

t consider an electromagnetic wave whose

electric field to makes an angle 9 with the

transmission axis of a polarizer. We may resolve

the electric field into a component along the

transmission axis and a component at right

angles to it. Only the component along the axis

will go through {see Figure 9,5),

polarizer wlUi

this i vertical

component is !
transmission a* is

Figure 9,5 This polarizer has a vertical

transmission axis. Therefore, only the

component of the electric field a Icing ibe

vertical axis will be transmitted.
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This component of the electric field along the

transmission axis is

£ = £ 0 cos 0

The transmitted intensity I is proportional to

the square of the electric field. So we have that

I = Ju cos
51 &

where f0 is Lhc incident intensity. This is MaLus’s

law. named after the Frenchman Etienne Malus.

who studied this effect in 1808, The polarizer

reduces the intensity of the transmitted light.

We see that when ihe electric field is along the

transmission axis {0 — 0) then ! Jq. and when

the electric field is at right angles to the

transmission axis {0 = 90'
) then J = 0.

Example question

Ql

Vertically polarized lighi of intensity f„ is incident

on a polarizer that has its transmission axis at

& — 30 to the vertical, The transmitted light is

then incident on a second polarizer whose axis 1$

at 0 = 60 to the vertical. Calculate the [actor by

which the transmitted intensity is reduced.

Answer

After passing through the first ixiUmzer the

intensity of light is

, , 3/q
l = fo cos" 9 — h cos" 30 —

4

The second polarizer has its transmission axis at

0 = 30 to ihe first polarizer, and so Ihe final

transmitted light has intensity

The intensity is tints reduced by a factor of ^

.

Polarizers and analysers

A polarizer can be used to produce polarized

light. It can also be used to determine if light is

polarized. A polarizer used for this purpose is

called an analyser. Unpolarized light passing

through a polarizer (analyser) will have its

intensity reduced by the same amount (by 50% in

fact - see below) no matter what Lhe orientation

of the polarizer (analyser). Polarized Eight, on the

other hand, will have its intensity reduced by an

amount that depends on the orientation of the

polarizer (analyser).

When unpolarized light is incident on a

polarizer, the transmitted light will have its

intensity reduced (since part ofthe light will be

blocked by the polarizer). We can calculate the

hie tor by which the intensity is reduced as

follows. We think of the incident unpolarized

light as having two electric fields, ofequal

magnitude, in directions along and normal to

the transmission axis of the polarizer. The

incident intensity is then proportional to

E 2 + E 2 = 2t L
\ where £ is the magnitude of

either the vertical or the horizontal electric

field component. One of these components will

be blocked, and so the transmitted intensity will

be proportional to just £
J

. Thus the intensity is

reduced by a factor of 2 or 50% (Figure 9.6),

intensity !n

Figure 9.0 Unpolarized light has its intensity

reduced by a factor of 2 after passing through a

polarizer (analyser).

Supplcmcn fury run ferial

For the more mathematically minded, the

transmitted intensity will be, using Malus's law,

1 = I0 cor But each component of the

incident unpolarized light will make a different

angle & with the transmission axis. Since we

have a very large number of randomly chosen

angles 0, we must find the average value of

cosAl). This is just and so the transmitted

intensity is half of lhe incident intensity.
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When two polarizers arc placed with their

transmission axes at right angles to each other,

no light emerges from the second polarizer

(Figure 9.7).

Figure 9,7 No light gets transmitted by an

arrangement of two polarizers at right angles

to each other.

plane of incidence

Polarizat ion by reflection

Polarized light can be obtained not only by

passing light through a polarizer but also by

reflection. When unpolarized

nuiiglu here light reflects off a non-metallic

surface, the reflected ray is

partially polarized (Figure 9,8 f,

The glare' from reflections off

the sea is partially polarized, and

can be reduced by wearing

Polaroid sunglasses (which have

polarizing plastic lenses). The

plane of polarization is parallel to

the reflecting surface. Partially

polarized light in this case means

that the reflected light has

various components of electric

field of unequal magnitude. The

component with the greatest

magnitude is found in the plane

parallel to the surface, and so the

light is said to be partially

polarized in this plane.

The two diagrams in Figure 9.8 can be combined

into one, as shown in Figure 9.9. In this

diagram, a dot indicates an electric field into or

ou t of the page, and a double-headed arrow an

electric ficid along the plane of incidence.

The degree to which the reflected ray is

polarized depends cm the angle of incidence.

Consider an unpolarized light ray incident

plane of incidence

lb) reflecting surface

Figure 9.8 Partial polarization by reflection.

(a) There is a small electric field component
in the plane of incidence, (b) There is a larger

electric field component in the plane parallel

to the reflecting surface, as shown in this edge

view.

Figure 9.9 A double-headed arrow represents an

electric field in the plane of incidence. A dot

represents an electric field into or out of the

page (i.e. polarizations parallel to the rellcciing

surface).
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on <1 partly reflecting norwnetallic surface

(which is transparent lo some extent, so that

some light is transmitted). There exists a

particular angle of incidence* called the

polarizing angle or Brewster angle, for which

the reflected ray is 100% polarized along a

plane parallel to the reflecting surface (see

Figure 9.10).

cotnpkicly

Figure 9.10 When the angle of incidence equals

the Brewster angle (polarizing angle). I he

reflected ray is totally polarized in a plane

parallel lo the reflecting surface. Notice that the

refracted ray is partially polarized*

In 1812, Sir David Brewster (who also invented

the kaleidoscope) found experimentally that,

when the reflected ray is 100% polarized, the

angle between the reflected ray and I he refracted ray

is 90\

The Brewster angle is determined by the

refractive indices of the two media separated by

the partly reflecting surface. I*et the refractive

index in the medium from which the ray is

incident be tq and the refractive index of the

medium the ray is entering he tig. Then, the

angle of incidence is % and the angle of

refraction is 90 - #b. Applying Snell's law

we find:

n, sinf?B = hi si of90 — 0a)

= Jtj COS tfu

ih
tan Wb — -

ft,

w Brewster's law states that

tariff = —
fji

In particular, ifthe ray is incident from air

C/ii = I ), then tan = n2,

fxample question

Q2^
Calc lj! ate the Brewster angle for light incident on

the surface of water. The refractive index of water

is 1.33*

Answer

Applying tan^ ^ we find

1.33
tan £?a — —^

6“a
— tan ‘

1 .33 — 53.

1

The angle of refraction 0r for an angle of incidence

equal to the Brewster angle % is expected to lie

90 - ft# = 36.9 * Indeed, from Snell's law

rj
t
sln^g — n± sin#r

1*00 x sin 53*1 = 1.33 x sic 9,

sin#
r
= 0.001

Bt = 36,9

Optical activity

Consider two polarizers (analysers) whose

transmission axes arc at right angles to each

other, as shown in Figure 9,11* No light is

expected to be transmitted through the second

polarizer (analyser). However* if we place certain

sugar solutions between the two polarizers

(analysers)* light does get transmitted.

lids is because the sugar solution has rotated

the plane of polarization of the light entering

it. so that this light, entering the second

polarizer (analyser), has a component of electric

field along the second transmission axis.

* The rotation of Lhc plane ofpelarizat ion is

called optical activity and materials showing

this phenomenon are said to be apiutiHy active.
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some

lie.hi here

unpotarized

incident rny

Figure 9.11 No light would normally pass through the two polarizers at

right angles to each other. The presence of the sugar solution rotates the

plane of polarization, so that light does gel through.

Tire phenomenon of optical activity was first

studied by the French physicist Dominique

Arago in 1811. The phenomenon is exhibited by

very many substances, such as organic

compounds, notably sugar solutions, tartaric

acid and turpentine, as well as many
substances in crystal form* such as quartz. The

angle by which the plane of polarization

rotates depends on the distance travelled

within the material and the wavelength of

light used. In quartz, the angle rotates by

approximately 22 c
for every millimetre

travelled by yellow light. It is an interesting

fact that some substances will rotate the plane

of polarization clockwise (as we face the source

of light) and others in an anticlockwise sense.

Tliis has fascinating applications in biology

and biochemistry.

in the simple arrangement of Figure 9.11, the

angle by which the plane of polarization

rotates can easily be measured simply by

rotating the second polarizer (analyser) until

no light gets transmitted. The angle by which

the polarizer [analyser) must be turned is equal

lo the angle of rotation by the optically active

substance.

Practical

applications of

polarization

Stress analysis

It has been discovered (by

Sir David Brewster in 1816)

that ccrLam materials that

are not normally optically

active become so if

subjected to stresses. The

degree to which the

substance becomes optically

active is proportional to the

stress. A complicated

pattern will be seen when a

piece of plastic
,
under

stress, is placed in between

two polarizers at right

angles to each other (Figure 9.12). Examination of

the pattern reveals information about how the

stress varies in the material. You can sometimes

sec patterns ofcoloured light on the windshield

ofa car if the glass has not been properly

installed and is under stFcss,

Figure 9.12 Plastic under stress.
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Measuring solution concentrations

The amount of rotation of the plane of

polarization in a sugar solution depends on the

concentration of the solution. An early

application of polarization has been to measure

concentrations in solutions by measuring the

angle of rotation of the polarization plane.

Liquid crystal displays

A more modern application is in liquid crystal

displays (LCDs), These can be seen on

calculators, watches and the elegant, thin, flat

computer and TV screens available today.

An LCD consists of a surface of tiny rectangles

called pixels {picture elements). Each pixel has

liquid crystals in between lwo glass plates. Tire

liquid crystals are relatively long, thin

molecules that attract each other rather

weakly. The first glass plate has very thin (the

order of magnitude is 1 nm) slits or scratches

along its surface so that the long, rod- 1 ike

molecules align themselves with the slits. The

other glass plate has similar slits but is

rotated by 90 with respect to the first. Thus if

the molecules next to the first glass plate are,

say. vertical, those in contact with the other

plate will be horizontal, The molecules in

between will therefore, because of the forces

between them, slowly change orientation

from vertical to horizontal (see Figure 9.13|.

Figure 9,13 The liquid crystal molecules are long

and attract each other weakly. Here they form
a line ihai gradually twists as we move into

the plane of the page. The orientation of

the molecules eventually becomes horizontal

at the back plate.

Suppose now that a polarizer with its axis

vertical is placed in front of the top glass plate.

The transmitted light will be vertically

polarized. As the light moves from molecule to

molecule, its plane of polarization changes so as

to be aligned with the orientation of the

molecules. By the time the light reaches the

back plate, the plane of polarization has located

by 90*. If a second polarizer is placed behind the

back plate with an axis of transmission at 90*

with respect to the first polarizer, the light will

simply go through and the pixel will be bright.

However, if a potential difference is established

between the two glass plates, the molecules will

tend to align their long axes with the electric

field. The light reaching the back polarizer will

therefore not be able logo through since it will

still be vertically polarized. Tie pixel will then

be dark (Figure 9.14).

7
Figure 9,14 The number 7 on a calculator LCD is

formed from dark pixels to which a voltage has

been applied. The rest of the pixels are bright.

Tie idea, then, is to apply a voltage to certain

pixels so they will appear black against the

bright background of those pixels where no

voltage is applied. The background can be made
to look bright by placing a mirror there to

reflect the light that went through the bottom

polarizer (Figure 9,15).

Figure 9.15 In the absence of a voltage beLween
the plates, the light has its plane of polarization

rotated, so il can transmit through the lower

polarizer, With a voltage, the light is blocked.
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Colour can be introduced into LCDs by using

green, ted and blue filters on sub-pixels.

Depending on the relative brightness of the

individual sub-pixels, various other colours can

be perceived. Computer and TV LCD screens are

substantially more sophisticated than the

description given above, but live basic principle

is the same.

1 (a) State what is meant by polarized light.

(h) State two methods by which light can be

polarized.

2 Explain why only transverse waves can be

polarized.

J Light is incident on an analyser, l he

transmitted intensity is measured as the

orientation of the analyser is changed. In each

of the following three outcomes, determine

whether the incident light is polarized,

partially polarized or completely unpolarized,

explaining your answers.

U) The intensity of the transmitted light is the

same no matter what the orientation of the

analyser.

(b) 1 he intensity of the transmitted light varies

depending on the orientation of the

analyser. At a particular orientation, the

transmitted intensity is zero,

(c) The transmitted intensity varies as the

orientation varies, but it never becomes

zero.

4 fa) Slate Malus's law,

(b) Polarized light is incident on a polarizer

whose transmission axis makes an angle of

25° with the direction of the electric field

of the incident light . Calculate the fraction

of the incident light intensity that gets

transmitted through the polarizer.

5 Polarized light is incident on a polarizer whose

transmission axis makes an angle B with the

direction of the electric Held of the incident

light. Sketch a graph to show the variation with

angle & of the transmitted intensity of light,

ft Depolarized light of intensity lu is incident on

a polarizer. Calculate, in terms of fMf the

intensity of light transmitted through the

polarizer,

7 Un polarized light of intensity lQ is incident on

a polarizer. The transmitted light is incident on

a second polarizer whose transmission axis is

at 60 to that of the first. Calculate, in terms of

In, the intensity of light transmitted through the

second polarizer,

8 Unpolarized light of intensity I
(>

is incident on

a po larizer. A number o f at her polarizers will

be placed in line with the first so that the final

transmitted intensity is El" each polarizer

has its transmission axis rotated by 10 with

respect lo the previous one, how many

additional polarizers are required?

9 Light is Incident on two analysers whose

transmission axes are at right angles to each

other. No light gets transmitted. Determine

whether it can be deduced if the incident light

is polarized or not.

1 CJ Unpolarized light is incident on two polarizers

whose transmission axes are parallel to each

other. Calculate the angle by which one of

them must be rotated so that the transmitted

intensity is half of the intensity incident on the

second polarizer.

11 Unpolarized light is incident on two

polarizers. The angle between the transmission

axes of the two polarizers is 50°. What fraction

ot the incident intensity gets transmitted?

1 2 Two polarizers have their transmission axes at

righl angles to each other,

( a ) E x p la i n why no I

i

ght will get t ransm itted

through the second polarizer,

(b) A third polarizer is inserted in between the

first two, its transmission axis is at 4 .>
3
to

the other two. Determine whether any

light will be transmitted by this

arrangement of three polarizers.

(d If the third polarizer were placed in front

of the first rather than in between the two,

would your answer to (b) change?

13 (a) Slate what is meant by the term Brewster

angie (polarizing angle),

(b) Calculate the Brewster (polarizing) angle

for light incident on a liquid ol refractive

index 1 ,40.
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(c) Calculate the angle of refraction for a ray

of light incident on the liquid with an

angle of incidence equal to the value you

found in (b).

14 Calculate the Brewster (polarising) angle for

light that Is

(a) incident on a water -air surface from air;

(b) incident on a water-air surface from water.

Take the refractive index tor water to be 1.33.

13 A fisherman is fishing in a lake. Explain why it

would be easier for him to see fish in the lake

if he was wearing Polaroid sunglasses,

16 Describe the advantage of Polaroid over

ordinary sunglasses.

17 You stand next to a lake on a bright morning

with one sheet of Polaroid glass. You don't

know The orientation of its transmission axis.

Suggest how you can determine it. (You may

not use other Polaroid sheets with known

transmission axes.)

18

State what is meant by

(a) optical activity;

(b) an optically active substance.

J 9 Stale two factors that affect the angle of

rotation of the plane of polarization by an

optically active substance.

20 Plan an experiment that will allow you to

measure the concentration of a sugar solution.

Whal do you need to have? What

measurements must you make? How will the

concentration of an unknown sugar solution

be deduced?

21 Slate practical appJ i call ons of pola ri zation

.

'll Outline the operation of liquid crystal displays.
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Electric charge
Electricity is the study of electric charge, of which there are two kinds' positive and

negative. Electric charge is 3 quantity that is conserved; like total energy, electric charge

cannot be created or destroyed. It is believed that the total charge of the universe is

zero - there is exactly as much positive charge as there is negative. Another important

property of electric charge is that it is quantized, which means the charge on a body is

always an integral multiple of a bask unit. Bask investigations into the nature and

interactions of electric charge were carried out in the 1780s by Charles Coulomb, who

discovered the law for the forte be Iween electric charges. Ingenious experiments In

electrostatic induction and many othei aspects of electricity were performed by Michael

Faraday in the nineteenth teriluiy.

By the end of this chapter you should he able to:

appreciate that there is a force between uJectric charges and that vector

methods must lie used to find the net force on a given charge:

* describe the methods of charging byjrirtion and dectrostafic rrjdicctfuJ'P] and

outline their differences;

und erstand the u se of th e electroscope

;

* understand that charge resides on the outside surface ofa conductor -

the net charge inside a conductor is zero;

* use the formula for the electric force between point chargers (Coulomb’s law)

r 1 QiQz
F = — or

4nre0 r 2
F =k

ChQ:

Properties of electric charge

Negative charge resides on particles called

electrons (and on many others - but we will

only deal with electrons here). Positive charge

resides on protons (and others), which exist in

the nuclei of atoms. Electrons are much lighter

than nuclei and so it is much easier foF

electrons to move than nuclei. This means that

in solid bodies the motion of electric charge is

brought about by the motion of electrons, but

in liquids and especially in gases positive ions

can also transport charge. As we will see later,

the electron carries the smallest unit of electric

charge. (Quarks, particles found in protons and

neutrons, carry charges that are 1/3 or 2/3 of

the electron charge. These particles cannot be

observed as tree particles so the electron can

still he thought of as the carrier of the smallest

unit of charge.) Electric charge is measured in a

unit called the coulomb (C). and the electron's

Charge is (negative) 1 .6 x IQ C. Materials can

be classified into two large classes. The first

class is conductors, which are materials that
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contain many free electrons inside them (free

electrons are those that do not belong to one

particular atom). The second class is insu 2a tors,

which do not have many such free electrons.

This means that in an electric field (explained

later) the free electrons of a conductor will

begin to move parallel ro the electric field

whereas no motion takes place in an insulator,

lit is d is line Lion between conductors anti

insulators is not completely clear-cut. There also

exist materials called semiconductors, which have

intermediate properties.

^ A very important property of electric

charge is that it is conserved. The total

charge ofan isolated system cannot

change.

Example question

Qt

Two separated, identical conducting spheres are

charged with charges of 4 ^.C and -

1

2 jiC,

respectively. It the spheres are allowed to touch

and then separated again, what will be the charge

on each sphere?

Answer

The net charge on the two spheres is i? (iC.

When the spheres are allowed to touch they will

end up with the same charge since they are

identical. When they separate, each will therefore

have a charge of --4 tiC.

The electric force

Simple experiments allow us to deduce that

there is a force between electric charges. Ill is is

the electric force. The details of this force were

discovered by Coulomb and Hemy Cavendish

and are presented later in this chapter. For our

purposes in this section it will be sufficient to

know that the force is attractive between

charges ofopposite sign and repulsive for

charges of similar sign.

Charging by friction

When a glass rod is rubbed with silk, it will

develop a positive charge. This is because

frictional forces between the silk and the glass

remove electrons from the glass rod and deposit

them on the silk. This method is called charging

by Jtfctfon.

Charging by induction

Suppose that a charged rod is brought near to,

but does not touch, a conductor that rests on

an insulating stand. Let us assume that the

charge on the rod is negative. Then, electrons

in the conductor nearest the charged rod

will be repelled towards the other side of

the conductor. This means that the side of

the conductor nearest the rod will have a

positive charge and the side furthest from it a

negative charge. Note that since the conductor

was originally electrically neutral, ir remains

so: the negative and positive charges on the

sides of the conductor are equal. This is

illustrated in Figure 1,1,

Figure l,t A negatively charged rod brought near

to an insulated conductor forces electrons in

the conductor to the side Furthest from the rod.

Now imagine that, with the charged rod sLill

nearby, yon touch the conductor with your

finger. What happens is that the electrons will

flow to the earth through your body, leaving

Lhe conductor with a surplus of positive net

charge (see Figure 1.2). If the charged rod is now

removed, this positive charge will distribute

itself on the surface of the conductor and we

are left with a charged conductor. This method

of charging is called elcctrastatic induction. We
have induced charge on a body without actually

touching that body with a charged object.
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.

electrons

Figure 1.2 If the conductor is earthed, electrons

from tlte conductor flow into the earth, leaving

the conductor positively charged.

The induced charge In this case was positive,

which is opposite to the charge of the rharghig body.

This is always the case. Suppose, for example,

that the external charge was positive. Then

electrons would move towards this external

charge, leaving a positive charge behind. By

touching Lhe conductor, we allow electrons from

the earth to move up ro rlie conductor ami

neutralize this positive charge, leaving the

conductor with a net negative charge. You may

wonder what determines which way the

electrons will move. (In our example here,

ekeirons moved toward the earth the first time,

and on to the body from the earth the second

Figure 13 A negatively charged rod brought near

two touching conductors will induce equal and
opposite charges when the conductors are

separated (in the presence of the rod).

Figure 1,4 A negatively charged rod placed near the

ball ofthe electroscope forces electrons from the

bat! down to the foil, causing it to diverge.

time). Electrons always move in a direction

that will increase their potential. The

concept of a potential is something we will

meet later and, when we do, this point will

be clarified.

Here is another example of electrostatic

induction. A charged body is brought near

to two touching conducting spheres, each

resting on insulating stands, as shown on the

left of Figure 1.3,

if the external charge is negative, then

electrons in the left sphere will be pushed

away, leaving a positive charge on the left

sphere. If we now separate the iwo spheres, as

on the right of Figure L3, we will find that the

left sphere has a net positive charge while l lie

light sphere has a net negative charge. Again,

the amount of positive charge on one body

equals the amount of negative charge on the

other, as required by the law of conservation of

charge.

The electroscope

The electroscope ts a simple and useful device

tor investigating electrostatic properties. A
metallic rod with a

metallic sphere on the

top end is inserted

Lh rough a piece of

plastic into a glass cage

(the cage may also be

conducting, in which

case it is earthed). The

lower end of the rod has

a strip of aluminium foil

attached to it so it can

move (in the original

instruments a gold leaf

was used instead). Figure

1.4 illustrates how an

electroscope is used.

When an electric charge

is placed near to (but not

touching) the balk the

foil diverges. Let us

assume that i he charge is
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negative. This negative charge pushes electrons

away from the ball. These electrons collect at

the lower end of the rod and on the foil, and so

the repulsive electric force between the similar

charges causes the foil to diverge, (Note: If the

cage had been made of a conducting material, a

positive charge would be induced on the inside

surface of the cage.)

The metal ball of the electroscope is thus left

with a positive charge. Note that the net charge

on the electroscope is still zero (conservation of

charge). If we remove the external charge, the

electrons will mow back up to the ball, cancel

the positive charge there and the foil will

collapse completely.

If, when the foil is diverged, we keep the

external charge nearby and then touch the ball

of the electroscope, the foil will again collapse

(Figure 1,5a). What happens is that the electrons

from Lhc foil and the lower end of the

electroscope flow to the earth, leaving the

electroscope with a net positive charge. It is

important ft? observe that even though the electroscope

is now charged* the JfoO is collapsed. Therefore, the

electrascope does nor measure the amount of

charge on it. Rather, it measures its electric

potential, relative to the zero potential of the

earth. The concept of potential will be

introduced in the next chapter. When the

electroscope is connected to the earth, it has

(a) (b)

Figure 1.5 If the electroscope is earthed (a) and

the rod then removed (b), the electroscope slays

positively charged, A positively charged rod

would res uli in a negatively charged

electroscope.

the earth's potential (i.e, zero) and so the foil is

collapsed.

Why did the electrons move to the earth'? This

is because electrons always tend to move to a

place of higher potential. The earth is at zero

potential whereas the electrons on the lower

end of the rod and the aluminium leaf are at

some negative potential. Tims, by moving to the

earth, the electrons increase their potential.

After earthing the electroscope, the rod can be

moved away. Hie electroscope foil again

diverges and stays raised (Figure 1,5b). This is

because now there is a positive charge

everywhere in the electroscope and so the foil is

pushed away from the electroscope rod.

Equivalently, the electroscope is now at a

positive potential, higher than the potential of

the earth. Note that the original external

charge was negative. Charging the electroscope

in this way always results in a charge opposite

to the external one. It is another example of

electrostatic induction.

Actually, we can test the sign of the charge of a

charged electroscope in the following way.

Suppose that we have charged our electroscope

with an external negative charge as described

above. Now bring the negative external charge

dose to the ball of the electroscope again. This

negative charge will push electrons towards the

lower end of the rod and the aluminium leaf.

But these already have positive charge on

them. The arrival of these extra electrons

will reduce the amount of positive charge

— on the rod and leaf and will therefore

cause the leaf ro diverge less. On the

other hand, ifwe bring a positive charge

close to this positively charged

electroscope, then electrons will be

attracted to the top, leaving the lower end

of the rod and the leaf even more

positive, thus causing the leaf to diverge

even further. Thus, the general rule for

testing the sign of an unknown charge is

to first charge the electroscope with a

known charge, (You need that much to

begin with.) Il\en bring the unknown
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charge near to the ball of the electroscope. If

Lhe leaf diverges more, the unknown charge is

of the same sign as Lite charge on the

electroscope (which, remember, is opposite to

the external charge that charged it). If the leaf

collapses, then the unknown charge is opposite

to that of the electroscope. (See, however, the

first question at the end. of the chapter.)

Electrostatic experiments

In static electricity, the charge that is deposited

on a conductor always stays on the onfsidc

surface of the conductor. The net charge inside

any conductor is zero. This amazing result was

deduced experimentally by Benjamin Franklin,

and later by Michael Faraday, in the following

simple but ingenious experiment (see Figure

1.6). A metal sphere, on which an amount of

Figure 1,6 A positively charged sphere is lowered

into a conducting bucket. Negative charge is

induced in the interior of the bucket and an

equal amount of positive charge is induced on
the outside.

charge was placed, was lowered into an

ordinary metal bucket. The outside of the

bucket was connected to an electroscope. With

the sphere inside the bucket, the electroscope

leaf d iverged

.

The charge on the sphere (assumed positive)

attracted electrons to the inside surface of the

bucket, leaving the outside surface of the

bucket (and hence also the electroscope) with a

positive charge, which caused the leaf to

diverge. The sphere was then allowed to move

inside the bucket but the amount of divergence

of the electroscope leaf never changed. The

sphere was then allowed to touch the inside of

the bucket (Figure 1,7a), ft was then taken out

(Figure 1,7b) and connected to a second

electroscope (Figure 1.7c).

The second electroscope's leaf did noL diverge,

indicating that the sphere was not charged:

the sphere's positive charge was cancelled by

the negative charge of the inside of the bucket.

But the charge on the outside of the bucket

did not change, since the leaf of the first

electroscope did not change its divergence.

Thus, the amount of charge on the sphere

must have been exactly equal and opposite

to the cha rge on tire inside of the bucket. ITitr

(mourn of net dicirge inside the bucket was thus

zero nil along.

This is a general result: in static situations

[he net charge Inside a conductor is zero.

Figure 1.7 If the sphere is allowed to couch the interior of the bucket, its positive charge

is completely cancelled by the negative charge in the bucket's interior. The sphere is

completely neutral, as can be checked by connecting it to another electroscope.
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Coulomb's law for the electric

force

Tile electric force between two electric charges,

Qi and Q2 , was investigated by Coulomb and,

independently, by Cavendish, They discovered

that this force is inversely proportional to the

square of the separation of the charges and is

proportional to the product of the two charges.

It is attractive for opposite-sign charges and

repulsive for similar-sign charges.

In equation form. Coulomb's JaW states

that the electric force between two point

charges Q , and Q is given by

l

1 flaQ.i

4jrp0 r
1

where r is the separation of the two

changes fsee Figure l.S). The two charges

ate assumed to be point charges.

* — , »

Q * * Q
Figure l.S The force between two point electric

charges is given by Coulomb's law. Shown here

is I he case of opposite charges.

We may call the factor simply k, so that

Coulomb's law reads

Tire numerical value of the factor
4

_' or fc is

8.99 x I0
U
N ni

2 C - (we will often approximate

the 8.99 to 9). The constant s0 is called the

electric permittivity of a vacuum and

fD = B85 x TO"
12 C2 N 1 m J

. The index zero in

signifies that we are considering the rwo

charges to lie in a vacuum. If the charges are in

a medium, such as plastic or water, then we

must use the value of t appropriate to that

medium in the formula above. Air has roughly

rhe same value of / as a vacuum. Note that this

law is very similar to Newton's law of

gravitation. Both forces are proportional to

products of masses or charges and both are

inversely proportional to the square of the

separation. This means that many problems

in electricity have the same solution as

corresponding problems in gravitation; the big

difference is, of course, that there are rwo kinds

of electric charge but only one kind of mass.

Also, the gravitational force is always attractive

whereas the electrical force can be either

attractive or repulsive.

1 vample questions

Q2
Two charges, cj, = 4 pC and eft = 6 /*C T are placed

along a straight line separated by a distance of

2 cm, Hnd the force exerted on each charge.

Answer

This is a straightforward application of the formula

F — — We find that
q.TFtl

9 x 1 O'" x 4 x 6 x t0“12

F — — N
4 x 10“'

= 540 N

This is the force that q, exerts on q-, and vice-

versa.

Q3
At what distance from q, of example question 2

would a third positive charge experience no net

forced

Answer

Let that distance be x, A positive charge Q at that

point would experience a force from q- equal to

F
i
= — and n force in the opposite direction

from q7 equal to F2 = — where d = 2 cm

is the distance between q {
and q_. (see figure 1 ,9).

Fi Q
tfl

4
t
° ^

r

Figure 1.9.

Charge Q will experience no net force when

f, - Fu so

J qi Q _
1 q, Q

4a-E0 x* 4 JT
t*

0 (d - x)
7
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that is (substituting q, = 4 and q, = 6)

4 (d - xy = bx1

=> x
2

4- 4dx — 2d‘ = 0

=> x = —2d dt v^4cf J + 2d 2

= -2d±d>/6

The two values of x are x - 0.90 cm and

x = -8.90 cm. The second value is meaningless,

so x = 0.90 cm.

Q4—

—

Three charges q, = 2 /*C, q: = 2 /iC and

q,
=• -3 /iC are at the vertices of an equilateral

triangle, of side 3 cm. Find the net force on q,.

Answer

q, experiences a force F: from q: and a force F 3

from q,. Finding the magnitudes of Ft and F 3 is

easy: F3 = 40 N and F, = GO N. To find the net

force (see Figure 1 .10) we take horizontal and

vertical components of the forces.

Figure 1.10.

F,

Then

Fj* = F3 cos 60

= 20 N

Fir -=s F t sin 60'

= 34.64 N

Fj, = F, cos 60

= 30 N

F, r = F } sin 60
r

= 51 .96 N

Thus, the net force in the x-direction is 50 N and

that in the y-direction 17.32 N down. The

magnitude of the net force is therefore 52.9 N

making an angle of 19.1 with the horizontal, as

shown on the right of Figure 1.10.

Q5
Two equal charges q are suspended from strings as

shown in Figure 1.11. Show that tan# =

Answer

Equilibrium demands that

T cos 0 = mg

cos 0

and that

7 sin 0 = F

me
=» F = —— sinf?

COS0

= mg tan 0

F^ tan 0 = —
mg

The electric force F is given by Coulomb's law as

and so

tan 0 =
kq l

mgr 2

Q ('

Two identical conducting spheres are kept a

certain distance r apart. One sphere has a positive

charge Qon its surface and the other is neutral.

The spheres are allowed to touch and are then

separated. Write down an expression for the

electric force between the spheres. One of the

spheres is discharged. The spheres are then

allowed to touch and then are separated again.

Write down an expression for the electric force

between the spheres now.
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Answer

Afler lot ichi ng each sphere has a charge Q/2 and

so Ihe force is

F = i;

i Q/2)iQ/2)

After discharging one of the spheres and then

allowing the spheres to touch again, the

charge on each sphere will be Qf4, The force

is (hen

f = ^.
(Q/4KQ/4)

that is, one quarter of the original force

.

1 A positively charged electroscope is found to

diverge even further when a body of unknown

charge is brought near to (but does rot (ouch)

the electroscope. What sign does this charge

have? A second body brought into the vicinity

of the electroscope makes the electroscope

leaf diverge less, if this body is known to be

charged, what h ihe sign of the charge? How
would the leaf of the positively charged

electroscope read ii the body were neutral?

2 When a flame is brought near a charged

electroscope, the foil collapses. How h this

explained?

3 Three identical conducting spheres have

charges of +3 C, -2C and -7 C, If all three

are allowed to touch and are then separated,

what will be the charge on each sphere?

4 fa) What is the force between two charges of

2,0 pC and 4,Q^t separated by 5,0 cm?

(b) What does the force become if the

separation is doubled?

5 Three charges are placed on a straight line as

shown in Figure 1,12. Find the net force on

the middle charge.

4.0 gC -2,0 pC 3,0 gC
* M- I

G O D
4,0 cm 2.0 cm

Figure 1.12 For question 5,

fi (a) In the previous question, where should the

middle charge be placed so that it is in

equilibrium?

(b) Is this a position of stable or unstable

equilibrium?

7

Find die force (magnitude and direction) on

(he charge Q in Figure 1.13 where Q - 3 pC.

3 cm
O Q

2Q

Figure 1.13 For question 7,

8

Four equal charges Q - -5 iiC are placed at

(he vertices of a square of side 1 2 cm, as in

Figure 1,14. Find (he force on the charge at

the top right vertex.

o -—-ip

O* - -

Figure 1.14 For question 3.

9

Two plastic spheres each of mass 100.0 mg

are suspended from very fine insulating strings

of length 85 cm. When equal charges are

placed on the spheres, the spheres repel anti

arc in equilibrium when 1 0 cm apart.

(a) What is the charge on each sphere?

lh) I low many electron charges does this

correspond to?

10

A small pfaslic sphere is suspended from a

fine insulating thread near, but not touching,

the sphere of a Van de Graaff generator that is
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being charged. Il is observed that the plastic

sphere is slowly attracted toward the Van dc

Graaff sphere and eventually touches it, at

which point it is violently repelled. Carefully

explain these observations.

1 1 Consider two people, each of mass 60 kg, a

distance of 10m apart.

fa) Assuming that all the mass in each person

is made out of water, estimate how many

electrons there are in each person.

(b) Hence, estimate the electrostatic force of

repulsion between the (wo people due to

the electrons,

(c) What other simplifying assumptions have

you made to make your estimate possible?

fd) Mo such force is observed in practice.

Give one reason w'hy this is so.

12 A negatively charged rod is allowed to touch

the sphere of an electroscope that is initially

uncharged. The rod is then removed. Drawr

the charge distribution of the electroscope and

explain your drawing.

1i A positively charged rod is allowed to come

close to, but not touch, the sphere of an

electroscope that is initially uncharged,

fa.) Draw the charge distribution of the

electroscope and explain your drawing.

(b) The electroscope sphere is earl lied while

die rod is still nearby. Draw' the charge

distribution of the electroscope and

explain your drawing.

(c) The rod is now removed. Draw the charge

distribution of the electroscope and

explain your drawing.

14 Repeal the previous question but now assume

that ihe cage of the electroscope is conducting

and earthed.

15 A negatively charged sphere is lowered

inside a hollow metallic container and is

allowed to touch the inside of the container.

The sphere is then removed. What is the

charge on the sphere? 1 low is the law of

conservation of charge satisfied in this

experiment?
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Electric field and

electric potential

Electric charges create electric fields in space. The notion of electric field and the related

concept of electric potential are introduced in this chapter

Objectives

By the end of this chapter you should he able to:

- appreciate that a charge q in an electric /ieid 0/ magnitude £ will

experience a force of magnitude r =c/F:

* understand that the electric Field of a point or spherical charge Q a

distance r away has a magnitude given by f> = and is radial in

direction - the jield is zero inside a charged conductor:

* understand that the electric/ield inside parallel plates is lmf/orm and its

magnitude is given by E=
* understand that the work done in moving a charge q across a potential

di/Jerence A V is W q A V\

* understand that a charge q that is at a point where there is potential V

will have an electric potential energy of U=qV\
- understand that a charge moving in an electric potential satisfies the law'

of conservation of energy: !,m^ + q V& — , mv^ + q V'B .

WMMMHWHMMMMMMMMMMNMi
Electric field

The space around a charge or an arrangement

of charges is different from space in which no

charges are present. We say that it contains an

electric field. We can test whether a space has

an electric field by bringing a small positive

charge q into the space. If this small charge q

experiences a force, then there exists an electric

field there. If no force is experienced, then

there is no electric field ijthe electric field is

zero). This small charge is called a test charge,

because it tests for the existence of electric

Fields, it has to be small so that its presence

does not disturb other cliargcs in its vicinity.

Wc define the electric field as the force

per unit charge experienced by a small

positive test charger;:

Norc that the electric Field is a vector, its

direction being the same as that of the

force a positive charge would experience

at the given point, ft follows that the unit

of electric field is NC '.

Hie concept of electric field allows us to

understand how a force is transmit ted from one
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charge to anot her, A charge q placed at a point

where the electric field is F. will experience a

force given by F — q E.

i- Hie electric field from a single point

charge Q at a paint a distance r away is

Tilts is because the force experienced by a test

charge q placed at point P a distance r from Q
is (by Coulomb's law)

F-f3

and so the elecLric field is

fp =
?
fc(Q?A-)

<7

(see Figure 2.1 ).

Figure 2.2 The electric field inside a

conductor is zero.

Electric field lines

A very useful concept in dealing with electric

fields is that of electric field lines. These are

imaginary lines (curved or straight) with the

property that the tangent to a field line at some

point P gives the direction of the electric Held

at P. A single positive charge creates an electric

field that is directed radially out of Lhe charge.

Thus the electric field lines in this case are

straight lines coming radially our of the charge.

In the ease of a negative charge, the lines arc

directed into the charge. Figures 23-2,6 show

the field lines lor various arrangements of

charges.

r

Figure 2.1,

O
ICM Cbargt if

Similarly, at a distance r from the centre of a

sphere on which a charge Q has been placed,

the electric field is given by the same formula

as above. On the surface of the sphere of radius

R the electric field is

but inside the sphere the electric field is zero.

In electrostatics, the electric field is zero

inside any conducting body (see figure 2.2),

Ibis is because electrostatics deals with

situations in which electric charge does not

move. IFan electric held existed inside a

conductor ii would force charges to move.

Figure 23 The electric Held of a point or spherical

charge is radial. The field ofa negative charge

would be directed inward.
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Figure 2.4 Electric field lines for two equal and

opposite charges.

Figure 23 The electric field of two opposite and

unequal charges. The charge to t lie right is three

times larger than the left charge.

Electric field lines are usually drawn with the

convention that the more lines starting from a

charge, Lhe larger the charge, The density of

lines at a given point (he. the number of lines

crossing a small area centred at the point) is

proportional to the magnitude of the electric

field at that point.

Figure Z.t The electric field of two equal positive

charges. The mid-point of the line joining the

charges has zero electric field.

A uniform electric Held is one that has constant

magnitude and direction. Such a field is

generated between two oppositely charged

parallel plates {see Figure 2.7). Near the edges of

the plates the field lines are curved, indicating

thal the field is no longer uniform there. This

edge cffacl is minimized when the length of the

plates is long compared with their separation.

Figure 2.7 The electric Tick] lines for two long,

parallel charged plates,

f \ample question

Q1
The electric field between two parallel plates is

100-0 NC What acceleration would a charge of

2,0 ;tC and mass 10" s

kg experience if placed in

this field? (Ignore its weight.)
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Answer

I ho force is found from F — Eq to be

f — 2.0 x 10"' N. Now, using F — ma, we find

a = 0.2 m s"v

Electric potential

An electric charge creates an electric field in

the space around it. It also creates a related

quantity* an electric potential. Consider a

positive charge 0 and a positive test charge q.

If the charge q is moved closer to Q. work must

be done on q. This is because I he two charges

repel and so a force must be applied to q to

make it move closer to Q.

* Ef the work done in moving the positive

test charge q from very far away to some

position P near Q is W m then the quantity

q

defines the potential ai P. in oitier words,

the potential at a point is the wort per tfitif

'

dmige that must be done us bring tlw

positive test charge from far away to the

point of interest. The unit of potential is

the volt* and 1 V = 1 J C '. (See Figure 2.8 .

\

very far from Q

Figure 2.8 rhe work performed to bring the

small positive diarge from fa r away to a

point near the charge Q^goes into electric

potential energy,

(.sample question

Q2
The work clone in moving a test charge of 2.0 fiC.

from very far away to a point P is 150 x 1 Q _fc
J.

What is the potential at P?

Answer

From the definition, ihe electric potential at P is

q

i 50 x 10

"
2 x
1~

= 75 V

The route taken by a charge q to get to P does

not affect the amount ofwork that has to be

done on the charge (see Figure 2,9

f

Figure 2.9 The work done in moving a charge q
from far away to P is the same no matter what
path is followed. If q =2 C the work done is 50 j

for all three pat Its,

The work that is done in moving the test charge

q from faraway to point Pgoes into electric

potential energy of the charge q. Thus, if the

potential at some point in space is V volts and a

charge q is placed at that point* the electric

potential energy of the charge is

U = qV

fiviimple question

Q3
The potential at a point Pis 12V and a charge of

3 C is placed there. What is the electric potential

energy of the charge? What is the electric

potential energy if, instead, a charge of - 2 C is

placed a l P7

Answer

The electric potential energy of the charge is

U = qV
= 3x12
= 36 1



5.2 Electric field and electric potential 293

]f a negative charge is placed a I P, the electric

potential energy is

U = qV
= f-2) x 1 2

= -24
J

Potential difference

Consider now an arrangement of charges that

creates an electric potential in the space around

it. What happens when a charge q is moved

from one point to another? In figure 2.10 the

electric potential at poim A is 15 V and at point

R it is 28 V, A charge of 2 C initially at A is to be

moved to EL What work must be done on the

charge?

A
isv

Figure 2.10 A charge moving across a potential

difference.

The electric potential energy of the charge in

posilkm A is

UA =qV\
= 2 x 15

= 30 J

The electric potential energy a
l
position B is

* In general, the work that must be done on

a charge tj to move ii Ifom poim A, where

the potential is IV to point R. where the

potential is VV is .given by

W - Mi

= U* - UA

^qiV*-VA)

that is, it is the product of die charge

times the potential difference between the

two points.

fsample question

Q4—
What work must l>e performed in order lo move a

charge of 5.0 tiC from the negative to the positive

plate if a potential difference of 250 V is

established between the plates? (See Figure 2.1U

positive

Figure 2.11.

Answer

The work done is simply

LV=q( V
fl
- VA)

= 5.0 x 10 * x 250

^ 1.25 x 10“5
I

^2x28
= 56 J

The change in the potential energy is thus

AU = Lfa - UA

= 56 — 30

= 26 J

Consider now a charge [j that moves in a region

of electric potential. Let Lhe speed of the charge

be vA at position A and vs at position B. The

electric potential at point A is VA and at point II

it is IV (see Figure 2.12). The mass of Lhe charge

is m.

At position A the total energy of the charge is

2 mv; + q VAThis is the work that must be done.
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Va

Figure 2.12.

R

V'a

At position B the total energy is

2V ov

Figure 2.14.

Answer

We use conservation of energy again to find

j (9.1 x 10’ ,
‘ x v

2

) + (-1.6 x 10") x 2 = 0

=> v= 8.4 x 10
5 ms' 1

.

irnv% +qVb

By the law of conservation of energy:

imvl+qVA = ±nwl+q Vt

I sample questions

A charge of 5 nC and mass 2 x 10~8 kg is shot

with speed 3 x 10* m s ' between two parallel

plates kept at a potential of 200 V and 300 V,

respectively, as shown in Figure 2.13. What will

the speed be when the charge gets to the right

plate?

• *

200V 300V

Figure 2.13.

Answer

We apply conservation of energy and so

\ [2 x 10“8 x (3 x 10?

)‘] + (5x 10“ x 200)

= \ (2 x 10’8 x v^) + (5 x 10~* x 300)

=> vB = 200 m s
-1

Q6
What must the initial velocity of an electron be if

it is to reach the right plate of Figure 2.14 and

momentarily stop there? (Charge of electron

= -1.6 x 10~’ 4
C; mass of electron

= 9.1 x 10-” kg.)

The electric field between parallel

plates

So far we only have a formula for the electric

field of a point or spherical charge. In the case

of parallel plates, the expression for the electric

field is

where V is the potential difference between the

plates and d is their separation. The electric

field has this value at all points in between the

plates. Its direction is from high to low

potential (see Figure 2.15).

Ixample question

Q7
Figure 2.16 shows two long, parallel, oppositely

charged, vertical plates. Draw and explain the

path followed by a positively charged sphere of

charge q and mass m when:

(a) the sphere is released from rest at point P;
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fb) the sphere is released from rest outside the

plates ai point Q above i

1

.

Q o

positive n(.7 Lin vi'

Figure 2. lb.

Answer

The sphere is acted upon by two forces: the

weight mg and the electrical force q£t
where F is

the horizontal electric field between the plates*

Thus, the sphere has a vertical component of

acceleration equal to g and a horizontal

component or qE/m to the right,

[a) There is no initial velocity here and so the

charge will follow a straight -line path along

the direction of the resultant force.

(b) Between the two plates, the horizontal

and vertical components of displacement

are

1 qf , 1 .1

* = -—r y = at + -gr
2 m 2

{y is measured positive downward and t is

measured from point Ph u is the velocity the

sphere acquires once it reaches point P,

Eliminating lime gives a curve

and not a straight line for the path.

The electronvolt

characterizes the atomic world is one of about

10 ^J, This is a tremendously small amount of

energy by macroscopic standards; the joule is

not Lhe appropriate energy unit for atomic

physics. A more convenient unit is the

electronvolt T eV. When a charge rj is moved

front a point A to a poinL B between which a

potential difference AK exists* then the work

done is W —
(7 Ak\

t> This relationship allows us to define the

electronvolt as the work done when a

charge equal to one electron charge is

taken across a potential difference ofone

volt. Thus

tcV - 1 .6 x 10 ' ' C x 1 V

- 1.6 x 10“ 19
J

If a charge equal to two electron charges is

taken across a potential difference of 1 Vt the

work done is 2 eV: a charge of three electron

charges across a potential difference of 5 V

results in work of 15 eV and so on*

Example question

Q8 . rt •' 5* 1 :.. : tfi : ! . . . . • :H»

What is the speed of a mass m = 1 .6 x 10 kg

whose kinetic energy is 5000 eV?

Answer

From

F, = ymv-'

=> V =

1 2 x 5000 K 1,6 X 10- ,lJ

”
Y 1.6x10-^

mS

= 10
b m S

_1

The point being made here is that in calculations

electronvo Its must be changed to joules, the SI

unit of energy.The study of atomic physics introduces us to a

world of small scale. The energy scale that
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1 Draw the field lines for:

(a) two equal charges;

(b) two equal and opposite charges;

(c) two charges of the same sign, one double

the other;

(d) two charges of opposite sign, one double

the other.

2 Why must field lines be normal to conducting

surfaces in electrostatics?

3 Copy the two diagrams in Figure 2.17 and

draw the electric field at the points

indicated, showing their relative size. The

charges on the spheres are equal in

magnitude.

Figure 2.17 For question 3.

4 Two parallel plates are separated by !0.0 cm
and a potential difference of 500.0 V is

maintained between them. What is the force

on an electron placed:

(a) 2.0 cm from the bottom plate;

(b) 4.0 cm from the bottom plate;

(c) 6.0 cm from the bottom plate?

fd) How much work is required to move an

electron from a position 2.0 cm from the

bottom plate to a position 2.0 cm from the

top plate?

5 The electric field at a point in space has

magnitude 100 N C_1 and is directed to the

right. If an electron is placed at that point,

what force and acceleration would it

experience?

6 If a charge of magnitude +5.0 #iC experiences

an electric force of magnitude 3.0 x 10~

5

N
when placed at a point in space, find the

electric field at that point.

7 The electric field is a vector and so two

electric fields at the same pojnt in space

must be added according to the laws of

vector addition. Consider two equal positive

charges, each 2.00 fiC, separated by

a = 10.0 cm and a point P a distance of

d = 30.0 cm as shown in Figure 2.18. The

diagram shows the directions of the electric

fields produced at P by each charge. Find

the magnitude and direction of the net

electric field at P.

8 Repeat the calculation of question 7 for

two charges that are unequal. lake the

top charge to be 4.00 a*C and the other

2.00 /iC.

9 Figure 2.19 shows lines along which the

electric potential is constant and has the value

given.

(a) Find the work that is required if a charge

of 5.0 C is to be moved from the 1 00.0 V

line to the 200.0 V line along path I.

(b) How much work would be required if the

same charge were moved along path II?

(c) If the 5.0 C charge were first to move to

the 300.0 V line along path II and then to

the 200.0 V line along path III, how much

work would be required then? Compare

your answer to that in part (a).

Figure 2.19 For question 9.
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It) (a) An electron placed on the 100.0 V

surface described in question 9 and

released from rest would accelerate

toward higher potential. What speed

would it acquire by the time it reached

(he 200.0 V surface?

(b) If a proton were released from the 200,0

V surface, it would accelerate toward

lower potential. What speed would it

have when it reached the 1 00,0 V

surface?

1 1 Two uniform electric fields of magnitude

f, =115 NC" 1 and E 2 = 1 25 K! C
_l

are

produced by two pairs of parallel plates as

shown in Figure 2.20. Find the magnitude and

direction of the net electric field at the points

indicated.

Figure 2,20 For question 11.

12 A conducting sphere of radius 1 5.0 cm has a

positive charge of <1.0 deposited on its

surface. Find the magnitude of the electric

field produced by the charge at distances from

the centre of the sphere of:

(a) 0,0 cm;

fb) 5,0 cm;

(c) 1 5,0 cm;

(d) 20.0 cm,

13 A particle of mass m and electric charge q is

suspended vertically from the end of a spring

of spring constant k. At equilibrium, the length

of the spring extends by an amount Xq. The

particle is now placed in a uniform electric

field E r as shown in Figure 2.21 „ At the new

equilibrium position, the spring is extended by

an amount 2xq.

(a) Determine the sign of the charge.

(b) Determine the magnitude of the electric

field strength F in terms of m, q and g.

The mass is now displaced by a small amount

and is released.

(c) Explain wrhy the osc it fat ions that lake

place are simple harmonic.

(d) Is the period different from the period

when the field was absent?

Figure 2.21 For question 13.

1 4 Two positive point charges of magnitude Q
and 9Q are a distance d apart, as shown in

Figure 2.22.

(a) Calculate the decide field strength at

point P, a distance from Q,

A third positive point charge is placed at P

and is then displaced a bit to the right.

(b) Explain why the charge will perform

oscillations when released,

(c) Arc the oscillations simple harmonic?

(dj How does your answer to (b| change if the

third charge is negative?

d
+9Q

-K - - “ • -

4

Figure 2.22 For question 14,
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HL mathematics on!

15 Consider again the previous problem.

Suppose that the third positive charge

placed at P has a magnitude q and mass

m. It is displaced to the right of P by a

small amount A.

(a) Find an expression for the net force on

the charge q.

(b) In mathematics it can be proved that if

x is small then

1

( 1 + x)2
— 2x

Use this approximation on the

expression for the net force you found

in (a) to show that it is approximately

equal to

256*Q,

3d'

where x is the displacement from

point P.

(c) Hence determine the nature of the

oscillations that will take place when

the charge q is released.



CHAPTER AHL - Electricity and magnetism

Electric field and

electric potential

This chapter deals with more involved examples of electric fields and potentials and

discusses the connection between electric field and electric potential- The concept of

electric potential energy is introduced and discussed m simple situations.

Objectives

By the end of this chapter you should be able to;

« define the terms rfecbrte field, electric potential and electric potentid energy

[Uri - and calculate these quantities in simple situations;

* define equipotenrid suttees and Jirid lines and state rhe reJatiunship lielweeit

Them;

* understand that electric /lefts and electric potentials are related by

f or £ = ~f;
* understand that the potential is constant inside a conductor and the electric

field is zero',

* understand that work is done when a eftarge moves across a poten Hal df|ference

Wa„4^qtVA - fE )l

* stale the similarities and differences between gravitation and electricity.

Electric fields

As we saw in Chapter 5.2* if a positive test

charge q experiences an electric force /", the

electric field at the position of the test charge is

defined as the ratio of the force to the charge:

q

The direction of the electric field is the same

as the direction of the force (on the positive test

charge cj At a point a distance r away from a

charge CL the magnitude of the electric field is

Vector methods can then be used to find the

electric field due to an arrangement of point

charges. An example is that of the dipole, which

lias two equal and opposite charges separated

by a distance a (see Figure 3.1).

Figure 3.1 Two equal and opposite charges

separated by a given distance form an electric

dipole. The diagram shows the electric fields

that must be added as vectors to get the net

electric field at P.
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We would like to find rhe electric field created

by a dipole. It is easiest to find this field on the

perpendicular bisector of the line joining the

charges. At other points, the answer is more

involved. Thus, consider a point a distance d

from the midpoint of the line joining the

charges. The electric field at F has a

contribution of t\- =
t
]- ^ from each charge,

directed as shown. The horizontal components

will cancel each other oul but the vertical

components add up. The vertical component of

£> is t r sin and since sin B = a f2r we find

(recall r
2 = dz

4- -
A

-

)

f
t Qu

^ (*+$)*
This is directed vertically downwards, in the

direction of the vector from Q to —Q, The

quantify Qa is called the dipole moment.

If both charges were positive, the corresponding

electric field would be given by

and would be horizontal (along the

perpendicular bisector to the line joining the

charges).

Electric potential and energy

Suppose that at some point in space we place a

charge Q. Assume for concreteness that ir is a

positive charge. If we place another positive

charge q nearby and try to move it even closer

to the large charge CL we will have to exert a

force on q, since iL is being repelled by Q (see

Figure 3.2), That is, we have to do work in order

to change the position of q and bring it closer

to G.

^ p* •

if brought near Q

*

£j at infinity

Q

Figure 3,2.

1* We have already defined (in (he previous

chapter) the electric po ten rial a 1 a point P

as the amount of work done per unit

charge as a small positive test charge q is

moved front infinity lo the point P. rh:u is

J

The unit of potential is the volt (V), and

I V = ( JC

The work done in moving a charge q from infinity

to point P goes into electric potential energy. Thus

If the potential at some point P is Vf , and

we place a chargeq at l\ the quantity

U*

1

- qV,

is die electric potential energy of the

charge q„

Electric pore ei rial and electric potential energy are

scalar quantifies. Note the defin ition of potential,

which involves taking a charge from infinity lo

some point P. This definition does not specify

along which path the charge must be moved from

infinity to point R, In fact, the properties or

electric potential arc such that the amount of

work done would be the same irrespective of

which path is taken. This is reminiscent of gravity:

the change in gravitational potential energy when
a mass m is moved from a position A to a position

B is always mgh where f? is the vertical separation

of the two points A and B, The actual path

followed by the mass is irrelevant The

gravitational and electric forces are called

conservative for this reason. Friction is an example

ofa force where the amount ofwork done does

depend on the path followed: it is obviously

harder to push a heavy suitcase a long distance as

opposed to a short distance. Such forces are called

dfssfpatiw. An immediate property of conservative

forces is that, ifa body is moved along a closed

path, Lhe amount ofwork done is zero. Th is also

means that, ilThe potential at point P is V volts,

the amount of work done wrhcn a charge q is

taken from P to infinity is —qV t
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1

Consider now two points, A and B, in the vicinity

ofa charge Q (see Figure 3,3). The electric charge

creates an electric potential everywhere in space,

and at points A and B the potential is 14 and 1/B .

respectively. Ifwe place a charge q al point B and

move it from B lo A, what is the work done?

Since the amount of work done is independent

of the path followed, we can calculate This work

along paths for which we know the answer. We
first take the charge from B to infinity and then

from infinity to A.

Figure 3.3 Work must he done in order to move a

charge from one point to another where the

potential is different.

On the first leg, the work done is —qV& and on the

second leg it isqV4.Thus T the total work done is

W^ A =q(VA ~V6 )

The quantity 14 — Vb is the potential difference

between A and B. Points al infinity are

considered to be at zero potential. We have

talked at some length about the electric

potential that a charge 0 creates in space. But

how do we calculate this potential? To do this

we need calculus, so what follows may be

omitted and only the result may be noted.

Supplementary material

When the positive charge q is al some distance t

from Q, it experiences a repulsive force

F =
1 Q<1

4,tcq r 1

Thus,, the force with which wr must push the

charge q to move it closer to Q is directed as

shown in Figure 3,4, If we push a small distance

dr, lhe work done is dW and

dW = -Fdr

4,T£,
:i

t 2

m — * *

Q &r
F

Figure 3.4 Diagram for calculating the work
done in moving a positive charge from
in Unity to a point near another charge.

(The minus sign in dWis I here because the force

pushes the charge towards Q but dr is positive

when directed away trom Q.) The total work

done is therefore

W = _ /
,/ 4jT£u r

J
dr

1 Qq
4ft So T

I Qq
"t JT £ • R

Bui, by definition, qVPl so

l Q
4JT£D R

I hus, the electric energy of a charge q a distance

r from another charge Q is

1 QqU=
4jt£0 r

In all these formulae, the charges must be

entered with their correct sign.

r.vumpU.3 t|ues Lions

Q1^
Find the electric potential energy between the

proton in a hydrogen atom and an electron

orbiting the proton at a radius 0.5 x 10
1,1 m. The

proton has a charge 1.6 x 1 U -Iy C, equal and

opposite to that of the electron.

Answer

From ihe formula

1 Ckr
u =— -

4?T£0 r

. 1.6 x KT'* x (-1.6 x KT 13
)

= 9 x 10* x — 4——
0.5 x 1 D 10

= -46 x 10"'*
|
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Q2 mi* 1 til I IlKWi l»»»«
Find the electric potential a distance of

0.50 x to

'

111 m from ihe proton of the hydrogen

atom.

that is. we first find the potential at P from Gi

alone then from Qz alone and add up the two

(see Figure 3.6).

Answer

Vf> =
i Q

4jreit r

and so

vp = g k to
1

* x
1.60 X 1 0

|,f

0.50 x 10- 1l]

= 29 V

Q3
Find the electric potent ial energy for four charges

of 2 fiC each placed at the vertices of a square of

side 1 0 cm.

Answer

Naming Ihe charges as 1, 2, 3 and 4 (see figure 3.5)

we see (hat there are si* pairs of charges: (1, 2),

0, 3U1, 4), (2, 3), (2, 4) and (3, 4)

Qi
o

Figure 3.G The potential at l
J

is found by finding

the potential there from the first charge, then

finding the potential from the second charge,

and finally adding the two.

Figure 3.7 shows the electric potential from one

positive and one negative charge. In the absence

of charges, the surface would be flat. The

potential is represented by the height from the

flat surface.

3

Figure 3.5.

Therefore

L/ = 9xlO%4x 10'n

r j_ j_ j_ i i

'

x
[\Q 10

H
10 ' 10 *

10^/2
+

10 *fl.

x 10
J

)

Thus

U = 1 .9 J

Electric potential is a scalar quantity. So if we

have not one but two charges, Q ,
and G2 , the

electric potential at a point P that is a distance

j'i from Qi and a distance r2 from Q2 is just

*—L2:i + J_«£
Ajtfq n Atteq r2

Figure 3,7 The electric potential due to two equal

and opposite charges, i he potential is

proportional Lo the height of the surface.

The same procedure is followed for more than

two charges. This simple formula for electric

potential works in the case of point charges:

that is. the objects on which the charges G; are

placed are mathematical points or close to it. It

also works in another special case. It works if

the object on which the charge G is placed is a

sphere. But this is somewhat more delicate. If

I he point t
]

is outside the sphere and at a

distance r from the centre of the sphere, then
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i he potential at P its indeed

4jt£o r

On the surface ofthe sphere the potential is

4tt£o &

where R is the radius of the sphere. But at any

point inside the sphere Che electric potential is

constant and has the same value as the

potential at the surface. jSee Figure 3.8,)

Vf

Figure 3,8 The electric potential is constant inside

the sphere and falls off as 1 fr outside. Shown
here are fa) a positively charged sphere and (b) a

negatively charged sphere.

f vumpie questions

Q4 > »» '

Two spheres of radii r and R = 10r ate connected

by a long conducting wire. Before connecting, the

big sphere had an amount of charge Q on it and

die smaller sphere was uncharged. Mow much

charge is there on each sphere now?

Answer

See Figure 3,9-

The potential on the big sphere is

and on the small sphere V. — Here

Qa + Qj = Q, by conservation of electric charge.

When connected by the wire the two surfaces

must be at the same potential V\ — Vi f and so

J_ Qi i Qj

R 4jt£d r

Qi _ Qi
^ R r

Using R — l Or we find Q\ = — Q and Qj = Q,

It can be seen that the big sphere has more charge

than the small one evert though they are both at

the same potential.

QS——
Find the ratio of the electric field on the surface of

the small sphere to that on the surface of the big

sphere in Example question 4,

Answer

t
q

4?r Co K3

lOQ/n

43Tfio (10r)
a

in qm
4?r£i)100r3

= Q
x

1

4TTfgC3 10 X 11

4,Te0 r'

QfM
4.T£,

fJ r
i!

4jr fa /
7

1

1

and so

that is, the small sphere has a bigger electric field

on its surface. The small sphere is more curved

than the big one and electric fields are largest

near sharp objects.
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Figure 3,10 The potential increases uniformly as we move from the lower to the upper plate.

Parallel plates

There is one other case that is straightforward

enough to allow us to write down a simple

formula for the eiecLric potential. This is the

case of two long parallel plates separated by a

distance d (see Figure 3.10).

if, for the sake of convenience, we rake the top

plate to have the higher potential, Vim and the

lower plate to have potential V\ . then the

potential at any point with vertical distance*

from the lower plate is

V(x) — V,+ (Vi —
a

You can check that this formula gives the

correct answers when x = 0 (lower plate) and

x = d (top plate). Halfway between the plates

x = i and V — -^y-^
. The potential increases

uniformly from the lower plate to the top. The

electric field between the plates is uniform, as

we already know.

Equipotential surfaces

Points in space that have the same potential are

said to define equipotential surfaces. For

example, for a single charge 0., the

equipotential surfaces are concentric spheres

centred at the charge, as shown in Figure 3,11.

All the points on a given sphere are at the same

distance from the charge and hence at the same

potential. For the two parallel plates, the

Figure 3.1 1 The equipotenLial surfaces of a point

charge are concentric spheres.

high

l0w V inercascs

uni form])
1

Figure 3,12 The equipotential surfaces for two
parallel charged plates are planar.

equipotential surfaces are planes parallel to the

plates (see Figure 3.12).

Figure 3.13 shows the equipotential lines for

two charges: a positive charge of 4 C at point

(-0.3, -0,3) and a negative one of -i C at point

(0.7, 0.7),

When a charge moves from one point of an

equipotential surface to another point on the

same equipotential surface, the work done is

zero, since the potential difference between the

two points is zero.
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-I -0.5 u 0,5 |

Figure 3.0 The cqui potential surfaces of two

opposite, unequal charges.

*

E

9

V| v2

Figure 3.14 The electric field lines are directed to

the left and so is Lho force on the positive

charge q. If the charge is moved to the right,

work inlist be performed.

The connection between electric

potential and electric field

There is a deep connection between electric

potential and electric field.

If the electric potential at a point in space

is V and the electric Held at that same

point has a magnitude F then

E
A V

At
fin calculus f

(the minus sign is needed ifwe use

calculus methods but not otherwise). TTii$

says that the electric field is the gradient of

the electric potential- Thus, in a graph of

electric potential versus distance, the slope

is the electric field.

We can show this as follows (see Figure 3.14), Let

a small positive charge q be placed at a point

where the potential is V\ . We want to move it a

distance Ar away to a position where the

potential is at a higher value V2i The force on

the charge is / = qE and so the work done is

W — F Ar = qf Ar. But the work can also be

found from IF = q Ah', and so

t/f Ar =qAV

r

Ar

This says, in particular, that if the electric

potential is constant in some region of space,

then the electric Held is zero there. (Recall that

the electric potential is constant inside a

conducting sphere; the result above says

therefore that the electric Held is zero inside

the sphere as we stated earlier.) This

relationship also states that if the potential

difference between two parallel plates is V and

the separation between the plates is d then

£ — and is the same at all points inside the

plates. It is perpendicular to the plates and is

directed from high to low potential.

[sample questions

Qfc

A wire of length t has a potential difference V

across its ends. Find the electric field inside l he

wire. Hence find the work done when a charge q

is moved from one end of the wire to the 1 other.

Answer

From E = ^ it follows (hat F — The work
Ar l

done can i>e found in two ways. Cither by using

W — qA V — q V

or by

vW= Fcf= qFl = q—l = qV

as before.



306 AHL - Electricity and magnetism

Q?
The electric potential a distance r from a charge

Q is 1/ — ~
r Use this expression to find Nie

electric field at the same point.

Answer

Here we must use the calculus expression

dr \4jt'£o r /

= _L5
4jt?0 r2

as we expect.

'line connection between electric potential and

electric field extends to equipotential surfaces

and electric field lines. It can be shown that

electric field lines are always normal to

equipotential surfaces. Figure 3,15 illustrates

the equipotential surfaces due to a positive

point charge and superimposed on these

surfaces are arrows representing the electric

field lines of the charge.

ekwiu field Him?

Figure 315 The electric field is normal to the

equ (potential surfaces.

The surfaces of conductors are equipotential

surfaces, so electric field lines in the presence

of conducting surfaces are normal to them, as

in Figure 3.16. This can be explained as follows,

If electric field lines were not normal to the

conducting surface, there would be a

compone nr of electric field along the surface.

Such a field would cause charges to move - an

electric current would be established on the

surface. This, however, is not consistent with

the assumpt ion that we are dealing with

electrostatic situations, in winch charges do not

move. Hence the electric field lines must he

normal to the conductor, and so the conductor

surface must be an equipotential surface.

Figure 3,16 Properties of field lines. Field lines are

normal to conducting surfaces. Field lines

cannot cross.

Similarities between electricity

and gravitation

As is clear from a comparison between Newton's

law of gravitation and Coulomb's law, there are

many similarities between electricity and

gravitation. Table 3.1 shows a few of the

Gravitation Electricity

Acts on Mass (positive Charge (positive

only} or negative!

Forme f =C^ r 1 Qltl;_
I

Attractive Attractive or

only repulsive

Infinite range Infinite range

Relative

strength

1 TO42

Field §
r 1 0
1 -

Potential V = -G f V - id— 5
An f

i

2 r

Work Independent independent

done of path of path

Potential U = G

energy

Table 3,1 A comparison of gravitation and
electricity.
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similarities and differences between the two,

'Hie biggest difference is, of course, the

existence of two kinds of electric charge, which

implies that the electric force can be attractive

or repulsive. The one kind of mass leads to only

attractive forces.

Supplementary material

In some innovative work during the early

part of the twentieth century, T. Kaluza and

O. Klein considered that ihe universe has

four space and one time dimensions instead

nf the usual three plus one. The extra

dimension, they claimed, is curled up as a

tiny t rn ie and is essentially unobservable.

They then showed that if gravitation is the only

force in this five-dimensional universe and we

now insist on looking at only its four-

dimensional part, electricity arises naturally

from gravitation in this reduction from five

to tour dimensions!

1 A charged rod is brought near three

conducting spheres resting on insulated

stands, as shown in figure 3.17. The spheres

are originally touching. It they arc now

separated with the rod still nearby, what wit I

be the sign of the charge on each sphere after

the rod is taken away?

3 fa) What is the electric potential at ihe

mid-point of (he linn joining two equal

positive charges Q ? Take their separation

to be d.

(b) What is the electric potential at the mid-

point of ihe line joining two equal but

opposite charges?

4 Two charges, = 2 fiC and Q, = -4 pC, are

0.3 m apart. Find the electric potential at a

point P which is 0.4 m from Q] and 0-6 m
from Qj,

5 A charge Qot 10.0 C is placed somewhere in

space What is the work required to bring a

charge of 1 ,0 mC from a point X, 1 0.0 m from

Q, to a point Y. 2.0 m from Cj? Does the

answer depend on which path the charge

follows?

6 An electron is brought from infinity to

a distance of 1 0,0 cm from a charge of

-10.Q C. How much work was done on ihe

electron?

7 An electron moves from a point in space

where the potential is 100,0 V lo another

point where (he potential is 20(3.0 V. It it

started from rest, what is its speed at the end

of the [rip?

U Four charges are placed at the vertices of a

square of side 5,00 cm, as shown in Figure

3.13,

(a) On the diagram, show the forces acting on

[he 2 jitC charge. Find the magnitude and

direction of the net force on the 2 pC
charge,

(b) Calculate the value of the electric-

potential at the centre of the square.

(d How much work must be done in order ro

move a charge of I nC initially at infinity

to the centre of (he square?

2 Four equal charges of 5 pC are placed Eit Hie

vertices of a square of side 10 cm.

|a) What is the value of the electric potential

a i the centre of the square?

|b) What is the electric field there?

(c) How do you reconcile your answer with

the fact that the electric field is ihe

derivative of the potential?

2 uC

-3 pC

Figure 3,1$ For question 8.
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The electric: dipole moment of a molecule is

6.2 x 10 ' Cm and the; charges are assumed

to lx? ±1.6 x 10"’ 9
C. The molecule finds

itself in a uniform electric field of value

2.00 x 10* V m*' that is directed along the

plane of the page (see Figure 3.19). The dipole

also lies on the page.

(a) What is the separation of the charges?

(b) What is the net force on the dipole?

(c) What is the largest torque on the molecule

about an axis through its middle and

normal to the plane?

Figure 3.19 For question 9.

10 Two conducting spheres are separated by a

distance that is large compared with their

radii. The First sphere has a radius of 10.0 cm
and has a charge of 2.00 /zC on its surface.

The second sphere has a radius of 15.0 cm
and is neutral. The spheres are then

connected by a long conducting wire.

(a) Find the charge on each sphere.

(b) Calculate the charge density on each

sphere (charge density is the total charge

on the sphere divided by the surface area

of the sphere).

(c) Calculate the electric field on the surface

of each sphere.

(d) Comment on your result in the light of

your answer to part (b). Why is it stated

that the wire is long?

11 Figure 3.20 shows the equipotential lines for

two equal and opposite charges. Draw the

electric field lines for these two charges.

Figure 3.20 For question 11.

12 Two long parallel plates are separated by a

distance of 15.0 cm. The bottom plate is kept

at a potential of -250 V and the top at +250 V.

A charge of -2.00 /zC is placed at a point

3.00 cm from the bottom plate.

(a) Find the electric potential energy of the

charge.

The charge is then moved vertically up to a

point 3.00 cm from the top plate.

(b) What is the electrical potential energy of

the charge now?

(c) How much work was done on the charge?

13 An electron is shot with a speed equal to

1.59 x 106 m s
-

’ from a point where the

electric potential is zero toward an immovable

negative charge Q(see Figure 3.21).

(a) What should the potential at P be so that

the electron stops momentarily at P and

then turns back?

(b) What is the magnitude of Q?

2.0 x lO 10 m
« »

o o
electron I* Q

Figure 3.21 For question 13.
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Two equal and opposite charges are placed at

points with coordinates x *= 0, y — a and

x — 0, y
— -a, as shown in Figure 3.22.

(a) Find the electric field at the point with

coordinates x = d, y = 0.

fb) Repeat for two equal negative charges —q

on the y-axjs.

(c) Plot ihese fields as functions of d,

Figure 3.22 For question 14.

15

A charge Q is placed a distance d from a very

large conducting plane. What is the electric

field at a point P a distance 2d from the plane?

(See Figure 3,23,)

p

fi

fO
d

2d

o <<

plane

O image charge

Figure 3_23 For question IS.

charge were placed at a position that is the

mirror image of the charge in the plane. Thus,

the electric field in the presence of the plane

would be tire same as the electric field of two

equal and opposite charges without the plane.

Thus, find this field at point ft]

16

A charge —q whose mass is m moves in a

circle of radius r around another stationary

charge q located at the centre of the circle, as

shown in Figure 3-24.

(a) Draw the force on the moving charge,

lb) Show that the velocity of the charge is

given by v» =
(c) Show that the total energy of the charge is

given by B = -j£-£.
(d) Hence find out how much energy must be

given to the charge if it is to orbit around

the stationary charge at a radius equal

to 2r *

|
Hint, Answer this as follows (the method of

images). Draw field lines to convince yourself

that the same lines would be obtained if,

instead of the plane, an equal and opposite

17

Three protons are initially very far apart.

Calculate the work that must be done in order

to bring these protons to the vertices of an

equilateral triangle of side 5,0 x 10“ 16 m.
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Electric current and

electric resistance

The motion of electric charges creates electric currents, this chapter discusses the

definition of electric current and electric resistance.

Objectives

8y the end of this chapter you should he able to:

state the definition of electric mrmrt. /- ~
;

* state the definition of electric resistance* R =

* appreciate that metallic conductors at constant temperature satisfy

Ohm's low, /oc V ;

* appreciate that the potential drops as one moves across a resistor in the

direction of the current;

* understand that a res is lor dissipates power, P = VI.

Electric current
1 sample question

Our study of electricity so far has dealt with

stationary charges. New phenomena take place

when electric charges are allowed to move, one

of which is electric current.

Light falling on a metal lit surface causes ihe

emission of electrons from the surface at a rate of

2.2 x I0 1 per second. What is the current leaving

the surface?

: A nu >vi tig eha rge creates an eleel tic curren L

.

Electric current is the amount of charge

that moves through the cross-sectional area

of a wire per unit interval of time:

Answer

The current is

2.2 h 10 15 X 1.6 x ItTxq C s~
T - 1,5 X in J A

aa
At

Hie unit of electric current is the ampere,

one of the fundamental unirs of the SI

system, and 1 A = 1 C s V (The dcjTniton of

the ampere is hi terms of the magnetic force

between two parallel conductors; this will be

given in Chapter 5.6J

In a conductor the 'free' electrons move

randomly, much like gas molecules in a

container. They do so with high speeds, of the

order of ICt’ m s~ '. This random motion,

however, does not result in electric current - as

many electrons move to the right as to the left

(see figure 4.1),

\
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iir

Figure 4,1. The random motion of the electrons

inside a conductor takes place at high speeds

but docs not result in electric current. Current
is the amount of charge that goes past a given

point per unit interval of time.

Hie presence ofan electric field inside the

conductor forces the electrons to accelerate

in a direction opposite to the electric field

(remember, the charge of the electron is

negative) and this orderly motion of the

electrons in the same direction is what

makes electric current!

The electrons increase their kinetic energy as

they move through the metal but soon they will

suffer inelastic collisions with the atoms of the

material, which means they will lose energy to

the atoms. The electric field will again accelerate

the electrons until the next collision and this

process repeats. Thus, the elections lose energy

constantly, which i he atoms of the material

pick up. This means that these atoms will vibrate

about their equilibrium positions more and

this will show up manwcopieolly as increased

temperature of the material. We can make a

mechanical analogy oT this (see Figure 4,2).

I magine a ball rolling down an inclined plane

on which a number of pegs have been placed.

Figure 4.2 A mechanical model of the electron's

motion inside a metal. The speed of the electron

is increasing while the electric field is

accelerating it* in between collisions. After a

collision, the speed is reduced to two and the

electron begins io accelerate again. The
electron’s kinetic energy has been transferred to

the atoms of the metal. The dotted line

represents the drift velocity ofthe electron.

Gravity accelerates the ball down but as soon as

a collision with a peg takes place, energy is lost

and the ball will accelerate again from a

reduced speed.

We can estimate the magnitude oi the drift

velocity as follows. Suppose that the conductor

is a wire of cross- sectional area A and that there

arc n tree electrons per unit volume in the

material. It Ihe electrons move with speed v,

then in time At the number of electrons that

have gone through the cross-section of the wire

is simply the number of electrons inside ihe

volume of a cylinder of cross-sectional area A

and height, vAf, The number of electrons in this

volume is nAvAf and hence the amount of

charge that they carry is cnAvAf. This is tine

amount of charge that went past the wire in lime

Af, and thus the current is

/ cnAv

For a typical metal, n — KP m if the current

is I = I A in a wire of cross-sectional area 10 m~

(a typical wire)* we find v - 6 x 10
L m s

-1
. This

is quite a low speed* perhaps surprisingly so.

If we turn on the switch for ihe lights in the

classroom (which are about 5 m from the

switch), we certainly do not have to wait for

„ j,
A
- s = 139 min for the lights to come out

This is because, when the

switch is turned on, an

electric field is established

within the wire. This happens

at a speed dose to the speed

of light. As soon as the field

is established, every free

electron in the wire starts

moving at the drift velocity,

so the electric current is

established in the conductor much faster than

the velocity of the electrons making up the

current.

It is a convention that the direction of electric

current is taken to be opposite to (he motion of

the electrons, as shown in Figure 4.3.
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O

—

o—
electrons

o— o-

o—

*

o~ - o—

-

I current direction

o
Figure 43 The direction oTthe current is taken to

be opposite to the actual electron motion.

An electric current is also produced when a

wire is heated so that it begins to emit electrons

in a phenomenon known as thermionic

emission. Ifthe wire emits N electrons per

second, the current leaving the hot wire is

/— e/Y. Similarly, in the photoelectric effect,

light or other electromagnetic radiation causes

the emission of electrons from a metallic

surface on which it falls. The emission of

electrons is electric current that leaves the

surface. Whereas in solid materials electric

current consists exclusively of moving

electrons, in liquids and especially gases

positive ions may also be accelerated by electric

fields, resulting in currents due to positive

charges. In gases, even small electric fields can

produce currents due to positive ions. This is

because at low pressure electrons have a long

mean free path, so they can be accelerated to

high speeds by the electric field before colliding

with gas molecules. These high-velocity

electrons can then ionize atoms of the gas by

knocking electrons out of the atoms, leaving

behind positive ions, which also move under

the influence of rhe electric field.

As a consequence of the law of conservation of

charge, it follows that two devices connected in

series will take the same current. When a wire

comes to a junction, Lite current splits (not

necessarily equally) so that rhe current entering

the junction equals the total current leaving it.

(See Figure 4,4.)

/ = /| +— rao- —>-

Ihccuntnl is The direst: in

berth devices

Figure 4,4 The current entering a junction equals

the total current leaving it.

Electric resistance

Now we look at electric resistance and Ohm's law.

Eire eleci tie resistance of a conductor (for

example, a wire of given length) is defined

as the potential difference across, its ends

divided by rhe current flowing through it;

'She unit of electric resistance is the volt

per ampere and this is defined to be the

ohm. symbol tt. T he equation above is

the definition of resistance.

In 1S26, Georg Ohm discovered that, when

the temperature of a metallic conductor is

kept constant, the current through the

conductor is proportional to the potential

difference across ii

J& V

This statement is known as Ohm’s law.

Materials obeying Ohm's law thus have a

constant resistance at constant tempera-

ture, A graph of /'versus l gives a straight

line through the origin if the material

obeys Ohm's law.

Most materials obey Ohm's law at low

temperatures, but as temperature increases,

deviations from this law are seen. For example,

an ordinary light bulb will obey Ohm's law as

long as the current through it is small. As the

current is increased. Lhe temperature of the

bulb increases and so does the resistance. Oilier

devices, such as the diode, also deviate from

Ohm’s law. These arc illustrated in Figure 4.5,

A conductor with zero electric resistance is

known as a perfect conductor. In a perfect

conductor, electric current

can flow without a potential

difference established at its

ends. A class of materials

known as supmouduftors have

zero resistance below a certain

h temperature (known as the

critical temperature) and are

thus perfect conductors.
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Figure 4,5 Graph ja) shows the currem-voltage graph for a material obeying Ohm's law, A
lamp 11 1ament (b) and a diode (cl do not obey rhis law.

Factors affecting the resistance of a wire

Three factors affect the resistance of a wire kepi

at constant temperature. They are the nature of

ihe material, the length of the wire and the

cross-sectional area of the wire. For metallic

materials, an increase in the temperature

results in an increase in the resistance.

i Ei is found from experiment that the

electric resistance of a wire fat fixed

temperature) is proportional to Us length /.

and inversely proportional to the cross-

sectional area A :

(see Figure 4.6).

area A

potential difference '

T »

Supplementary material

The dependence of resistance on length and

cross-sectional area can also be understood

as follows. U we combine the definition

of resistance with / = enAv and ihe fact

that the potential difference across a

length L of a wire is related lo the electric,

field f. in Ihe wire Ihrough V — t i t we find

dial

enAv

which explains the dependence on t and A.

Example question

inn«Bm
A wire is subjected to a tension so lhat ils

length increases by ] 0% while the volume of

the wire stays the same. How
does the resistance of the wire

change?

4

length L
*

area 2/1

length 2L

potent ial difference - 2V

|
poteiilia] diffefence - V

^

figure 4.6 Ifwe double the cross-sectional area A,

the current that can flow" through the metal lor

the same potential difference is doubled as well

Hence, the resistance K halves. Ifwe double the

length L, the potential difference at the ends of

the wire will double while the current stays the

same. Hence, the resistance R doubles.

Answer

Let /. and A be the original

length and cross-sectional

area of ihe wire. The new

length is 1 .1 i and since the

volume slays the same, the

new cross-sectional area A'

mu si satisfy

ATl.U) = AL

=> A = A
1.1
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Since R at the new resistance is

R =
L'/A

if A

t A
~ T~a
= 1.1 X 1.1

- 1.21

=>R‘ = 1,21 R

that is, it increases by 21%.

Potential drop

The defining equation for resistance, R — j, can

be looked at in the following way. Solving for

the potential difference V we find

V =IR

which says that if a current flows through a

resistor, then there must be a potential

difference across the ends of that resistor given

by the formula above. A resistor is thus said to

drop the potential, {in an electric circuit we

will often indicate a resistor by a box The

conducting wires also have resistance, but

typically this is very small so we neglect it The

words potential difference and voltage will

mean the same thing.) Suppose that in Figure

4.7, the potential at point A is 100 V. the

current is S A and the resistance is 15 ft. Then

the potential dijFferrrice at the ends of the resistor

is V = /R =5 x 15 = 75 V. Thus, the potential

at point B is 25 V. The resistance from B to C is

zero, so the potential does not change as vve

move from B to C. The potential at all points

from B to C is 25 V.

/ R

A B c

Figure 4.7 There is a potential difference across

points A and H but not between Band C.

Example question

tn Figure 4.8, two resistors are joined as shown.

The top resistor receives a current of 3 A. What is

the current in the other resistor? What is the

current that enters at
j
unci ion A?

3 A
IDG

tzzt
< A

30 n
Figure 4.8.

Answer

Both resistors have the same potential difference

across them {why?}. The potential difference

across the top resistor is

V = IR

= 3 x 10

- 30 V

and so lor the lower resistor we have

30=/ x 30

=> / = 1 A

The current entering at A is 4 A.

Electric power

We saw earlier that whenever an elect ric charge

AQ moves from a point A to a point B such that

there exists a potential difference V between

these points, work is being done. This work is

W = (AG}E\ Consider a conductor with a

potential difference across its ends of V. Tn

moving a charge A() across the conductor in

time At , the power dissipated in the conductor is

_ work

lime

VAQ
~ At

= VI
since the current in the conductor is given by
r

r

This power manifests itself in thermal energy

and/or work performed by an electrical device

(see Figure 4.9), In devices obeying Ohm's law

(i.e. when the resistance is constant), we can use

R = j to rewrite the formula for power in

equivalent ways;
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Figure 4.9 The moral filament in a light bulb

glows as the current passes through it. It also

feels warm. This show's that the bulb produces

both heat and light.

trample question

Q4 ftiKttww -
. wfisHiaafifi;

A res is for of resistance 1 2 S3 lias a current of 2.0 A
flowing through it. i iow much energy is generated

in the resistor in one minute?

Answer

The power generated in the resistor is

P = RI1

= 12 k 4 W
= 4fJ W

Thus, in one minute (60 $) the energy generated is

48 x 60 I = 2.9 x 1 0 :l

|

(SO that it is the same when 22U V and 110 V are

applied to its ends) we have

P ±±
no1

and 60 =
220

R R

Dividing these equations side by side we find

P HO 2 /

R

60 220’/ tf

1 10
2

“ 220 2

1

7
i

P = 60 X -
4

~
I 5 W

Qfi

Figure 4.TO shows the variation of voltage across a

conductor with the current through the conductor.

Does it obey Ohm's taw? What is the resistance

of the conductor when the current through it is

0.6 A? What h the power dissipated in the

conductor when tire* voltage across it is 1.5 V?

Electrical devices are usually rated according to

the power they use. A light bulb rated as 60 W
at 220 V means that it will dissipate 60 W when

cl potential difference of 220 V is applied across its

ends. If the potential difference across its ends is

anything other than 220 V, the power dissipated

will be different from 60 W.

f \ampte questions

Q5^
A light bulb rated as 60 W at 220 V has a

potential difference of 110V across its ends, find

the power dissipated in this fight bulb.

Answer

Let R be the resistance of the light bulb and P ihe

power we want lo find. Assuming R stays constant

Answer

The graph is straight only for small currents (loss

than about 0,5 A) and so the conductor obeys

Ohm's faw only lor these small currents.

The resistance at 0.60 A is

V
R = -

t

1.2
RJ *

0.60

= 2,0 Q

V/vntls

ita

FlgU re 4.10,
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When l he voltage is 1.5 V, ihe current is about

0 82 A, so

P = VI

ss 1 ,5 x 0.82

= 1.2 W

The cost of electricity

Electricity companies charge for electricity

according to the amount of energy used by the

consumer. A device that is rated at a power

value of 60 W, for example an ordinary light

bulb, uses 60 J of energy' every second (when

connected to the appropriate source of voltage).

Hie energy used by the light bulb over a rime of

/ s is thus E = 60/ J. In general, for a device of

power raring P Lhc energy used in / s Is

E = Ft

« vn
Electricity companies find it more convenient

lo use a different energy unit by which to

charge consumers. They use the kilowatt-hour

(kW h) as their energy unit, which is defined as

the energy used by a device of power rating

1 kW in 1 h. litis means that

1 kWh = 1000W X 60 X 60 s = 5.6 x 10* J

If the cost of 1 kWh is, say, £0.1, then the cost

ofoperating one 60 W Light bulb over a 24 h

period can be calculated as follows:

energy used = 60W x 24 h = H40Wh
ss 1 .4 kW h

1 fence

cost — 1 .4 x SO, 1 = SO. 14

1 Outline the mechanism by which electric

current heals up ihe material through which h

flows.

2 Explain why a light bulb is most likely to burn

out when it is first turned on rather than later*

3 State ihe factors that affect the resistance of a

metal wire.

4 Explain why doubling the length of a wire will

double its resistance.

5 By what factor does the resistance of a wire

change if iis radius is doubled?

6 Give an estimate for the number of free

electrons per unit volume for gold (density

19 390 kg m 3

;
molar mass 197 g mol' 1

).

Assume that each atom contributes just one

electron to the set of free electrons,

7 Silver has 5.8 x 102a free electrons per rrr\ If

the current in a 2 mm radius silver wire is

5.0 A, find the velocity with which the

electrons drift in the wire,

8 (a) If a current of 1 0,0 A flows through a

heater, how much charge passes through

the heater in 1 h?

(b) How many electrons does this charge

correspond lo?

9 The graphs in figure 4.11 show ihe current as

a function of voltage across the same piece of

metal wire which is kept at two different

temperatures*

(a) Does the wire obey Ohm's law?

(hi Which of the two graphs corresponds to

the higher temperature?

Figure 4.11 ]
:m uiiusLinn L

J.

10 The current in a device obeying Ohm's law is

t .5 A when connected to a source of potential

difference 6.0 V, What will the potential

difference across the same device be when a

current of 3.5 A flows in il?

11 In an experiment the current through and

potential difference across a device were

recorded as shown in Table 4.1 . Does the

device obey Ohm's law?

J/mA 5.0 9.8 U,5 14.0 17.2 21,2

VfmV 100 200 300 400 500 600

Table 4.1 For question 11.
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12 A resistor obeying Ohm's law is measured to

have a resistance of 1 2 £2 when a current of

3 A flows in it. What is the resistance when

the current is 4 A?

13 The heating element of an electric kettle has a

current of 1 5 A when connected to a source of

potential difference 220V. What is its

resistance?

14 The resistance of a fixed length of wire of

circular cross-section is 10.0 £2. What will be

the resistance of a wire of the same length

made of the same material but svith only ha if

the radius?

15 Look at Figure 4.1 2. The potential at point A is

24 V and a current of 2 A flows in the wire.

(a) What is the potential difference across

each resistor?

(b) Find the potential at points B> C and D.

4 0 6 0
*

I 1
— —I"M-

;=2A
A B C D

Figure 4.22 For question 15.

1 6 Look at Figure 4.1 3.

(a) Find the current in, and potential

difference across, each resistor. The

potential at A is 12 V.

fb) What is the potential difference between A

and 8?

3.0 Q L0£1

p
1 |—

2.0 A

1.0 A

l

—

»

ion
4.0 ft 9.0 Q

Figure 4.13 For question 16.

17 A light bulb is rated as 60 W at 220 V,

(a.) How much current flows in the light bulb

if it is connected to a 220 V source of

voltage?

(b) If the light bulb is connected to a 110 V

source of voltage, what current flows in it?

(Assume the resistance stays the same.)

(c) What is the power output of the light bulb

when it is connected to the 110 V source?

IS The resistance of a wire of length L and cross-

sectional area A is given by R = p±
t
where p

is a constant called the resistivity. The filament

of an ordinary 120 W light bulb has a

resistivity of 2.0 x 10
(! Q m,

fa) What is its resistance when it is connected

to a source of 220 V?

fb) If the radius of the filament is 0.03 mm,

find its length,

1 9 Find the energy used when a 1 500 W kettle is

used for 4 minutes:

(a) in kW h;

(b) in joules.

20 in the USA the voltage supplied by the

electricity companies is 110V and in Europe

it is 220 V. Consider a light bulb rated as

60 W at 110 V in the USA and a light bulb

rated as 60 W at 220 V in Europe. Take the

cost of electricity per kW h to be the same*

Where does it cost more to operate a light

bulb for 1 hour?
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Electric circuits

This chapter explains how simple electric circuits can be solved: that is, how the current

through and potential difference across resistors can be determined. The chapter begins

with the concept of emf (which stands far electromotive force). The name is

unfortunate, as emf is a potential difference and not a force. Hence, we always use the

initials emf and never the full name. The chapter ends with a look at the potential

divider circuit and sensors that use it.

Objectives

By the end of this chapter you should he able to:

* define rmjfand explain the role of internal resistance - the potential

difference across a battery is V — E — In
* find the total resistance in series and parallel connections using

# 401* = fti + R z + and ^ ± ^
* find the current through, and potential difference across, resistors in

simple dmhrs:

* find the power dissipated by a resistor in a circuit using P = 17;

* describe the potential divider,

* explain the use of sensors in potential divider circuits.

Emf

Charges will not drift in the same direction

inside a conductor unless a potential difference

is established at the ends of the conductor.

There are many ways of providing o source of

potential difference to the circuit. The most

common as the connection of a batteiy in the

circuit. Others include a generator, a

thermocouple and a phutosur/are. To understand

the function of the battery, we can use the

standard analogy in which the battery is

likened to a pump that forces water through

pipes up to a certain height and down again

(see Figure 5.1}. Tire gravitational force does

work equal to —mgh in lifting a mass m of

water up to the height h. and work equal to

t mijh on the way down. The net work done by

the gravitational force h thus zero. Because

frictional forces are present, work must be

done by the pump to compensate for the work

done by these forces. In the absence of the

pump, Lite water flow would stop.

flu* of water

pump

Figure 5.1 In the absence of the pump, the water

How would stop. The work done by the pump
equals the work done to overcome frictional

forces plus work done to operate devices, such

as. for example, a paddle wheel.

puddle wheel
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If in addition, the water drives a machine to

perform useful work {for example, by turning a

paddle wheel), then the pump would have to do

work to allow for that as well.

In an electric circuit a battery performs a cote

similar to the pump's. A battery converts the

energy it stores (chemical energy) into electrical

energy. The work done by the electrical forces

on a charge that moves in the circuit is zero,

just as the net work done by gravitational force

in the pump and water system described above

is zero. Similarly, if a generator is used, the

energy that gets converted into .electrical

energy is the mechanical energy that turns the

coils of the generator. In the case of the

thermocouple, it is thermal energy. In the case

of the photosurface, it is solar energy.

In a battery, the electrons must be pushed from

the positive to lhe negative terminal, which

means work must be done on hit- electrons (see

Figure 5.2),

H
+

current .

*

Figure 5.2.

This is what we mean by emf:

in the case of the battery, rhe ratio of work

done by nonelectrical forces, IV. to a

quantity ofcharge tf that moves from one

terminal of the ballery to the other is

called The emfof the battery. Emf thus has

units of electric potential, i.e. volts;

, W
i.
— emf — —

emf, E. Fhe chemicals inside the battery create a

small resistance r. called the internal resistance

of the cell. We cannot isolate this resistance - it

is inside the battery and we may assume that it

is connected in series to the cell. If the current

that leaves the battery is /, then the potential

difference across the internal resistance is /r + In

other words, the internal resistance reduces the

voltage from a value off on ils left side to the

value £ - fr on the t ight side. The potential

difference across the battery is therefore

V = £ - Ir

We see that V = £ when / = 0. This gives air

alternative and less precise definition of the

emf: the emf is the potential difference across

the battery when the battery sends out zero

current. (See Figure 5,3,)

pmenTiul ilrujw by fr

voIeh^c across tottery

Figure 5.3 The potential difference across the

battery terminals is less than the emfof the

battery.

FxampLc question

Qi

A battery of emf 12 V and internal resistance

r — 1 ,5 £2 produces a current of 3.0 A. What is

the potential difference across the battery

terminals?

Answer

We find

V = £ - Ir

= 12-3x1.5

= 7.5V

Suppose we connect a voltmeter to the ends of a

battery. We may assign the value of 0 V to the

negative terminal of the battery. Then the

positive terminal has a potential equal to the

In Figure 5.4, a battery forces a current / into a

circuit that contains a resistor of resistance R ,

Hie connecting wires are assumed to have zero

resistance.
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tow poictuial
| ^ |

high potential

Figure 5.4 A battery connected to a circuit, Tlie

current flows into the circuit away from the

positive terminal. Tliis is the conventional

definition of current. The electrons actually

move in the opposite way.

[f Lhc cm I of the battery in the circuit is 3,0 V

(neglecting its internal resistance) and the

resistance of the circuit is 1,5 Q* the current

can easily be determined. The positive terminal

of the battery may be taken to be 3.0 V and so

the negative terminal must be taken to be at 0 V

(to give an emf of 3 V}. Thus, the right end of

the resistor is also at 3 0 V, The left end of the

resistor is at 0.0 V and so the potential

difference across the resistor is 3,0 V. Hence, the

current is 3.0 A.

Simple electric circuits

A simple circuit will consist of a single battery

and a number of resistors. When we talk about

solving a circuit, we mean finding the current

through and voltage across every resistor in the

circuit. Here we will develop the methods to do

just that. Table 5.1 shows the circuit symbols

Lhat you need.

Series circuits

First, let us consider a part of a circuit

consisting of a number of resistors connected in

series. 'Ill i s means that the resistors have the

same current through them. An example with

three resistors is shown in Figure 5.5. Let / be

the common current in the three resistors.

t
\

ft, ft3—

-

H i i r h-i
I

Figure 5,5 Three resistors in series.

Symbols Component name

• + Connection lead

1

1 cell

HHt- battery of cells

resistor

—-o o-—- power supply

junction of conductors

crossing conductors jno connection)

-0- filament lamp

—®- voltmeter

ammeter

switch

— — ac supply

galvanometer

-t * s- potentiometer

~TTT~n- healing element:

Table 5.1 Names of electrical components and
their circuit symbols.

The potential difference across the resistors is

IS\=]Ru 1'2 = / and V% = Ifh

The sum of the potential differences is thus

F = /fl ,+//?2+ /Rj =!(R
]
+R 2 + Rs)

If we were to replace the three resistors by a

single resistor ofvalue tf
,
4- Ri + (in other

words, if we were to replace the contents of the

dotted box in Figure 5.5 with a single resistor,

as in the circuit shown in Figure 5.5), we would

not be able to tell the difference. The same

current flows into the dotted box and the same

potential difference exists across its ends. We thus

define the equivalent or total resistance of the

three resistors of Figure 5.5 by

^ total
= flj -F fla + Rj
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1

(If more than three were present, we would

simply add all of them. The formula shows that

the total resistance is larger Than the individual

ones being added.)

In a circuit, the combination of resistors of

figure 5.5 is equivalent to the single total or

equivalent resistor. Suppose we now connect the

three resistors to a battery of negligible internal

resistance and emi' equal to 24 V. Suppose that

Ri — 2 fi, J?2 = 6 S3 and Rj = 4 Q, The circuit is

shown in the top diagram of Figure 5,6. Note

that we know that the potential at point A is

24 V and at point 11 it is 0 V. {We do not know the

potential difference across any of the three

resistors individually,) In the bottom diagram,

we have replaced the three resistors by the

equivalent resistor of R-^t = 2 + 6 + 4 = 12 Q,

We now observe that the potential difference

across the equivalent resistor is known. It is

simply 24 V and hence the current through the

equivalent resistor is found as follows:

^/ =
V

R

This current, therefore, is also the current chat

enters the dotted box: that is, it is the current

in each of the three resistors of the original

circuit. We may thus deduce that the potential

differences across the three resistors are

^/R ^4 V

V2 = IR, = 12 V

V-y = //?-> = 8 V

Suppose now that we cannot neglect the

internal resistance of the battery. The internal

resistance is connected in series to the other

resistances and so. if its value is r — 1 .0 Q, the

total circuit resistance is 1 +- 2 + 6 + 4 = 15 Q.

The current leaving the battery is thus

^ = 1 .85 A.
r

rhe potential difference across the

battery terminals is

V - £ - It

— 24 - 1 .85 x I

- 22,15 V

which is less than the omf, as we expected.

Parallel circuits

Consider now part of another circuit, in which

the current splits into three other currents that

flow in three resistors, as shown In Figure 5.7.

The current that enters the junction at A must

equal the current that leaves the junction, by

the law ofconservation of charge. Furthermore,

we note that the left ends of the three resistors

are at the same potential (the potential at A]

and the right ends are all at the potential of B.

I lence, the three resistors have the same

potential difference across them. This is called a

para lid connection.

\h

! ti

ih
T-+-

1

1

1

B

1

Figure 5.7 Three resistors connected in parallel.

I Ri Rs
W

A B

24 V I ov
1

/ tfloul—

—

—*-

A

24 V
t
ov

B

1

Figure 5.6 The top circuit is replaced by the

equivalent circuit containing just one resistor.

We must then have that

/= A + f2 + A

Let l be the common potential difference

across the resistors. Then

A =
R-

, = y2
K2

and h — ir-

and so

T
V V V

/ — —— q, ,—- -q —

—

Ri R?_ R :>
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If we replace the t hree resistors in the dotted

box with a single resistor, the potential

difference across it would bo V and the current

through it would he /. Thus

Rioter

Comparing with the last equation, we find

1 I J_ j_
Run

~
R,

+
R2

+
Ri

live formula shows that the total resistance is

smaller than any of the individual resistances

being added.

> We have thus learned how to replace

resistors that are connected in series

isame current) or parallel (same potential

difference across) by a single resistor in

each case, thus greatly simplifying the

circuit;

A typical circuit will contain both series and

parallel connections. In Figure 5,8, the two top

resistors are in series. They are equivalent to a

single resistor of 12 Q, 'lids resistor and the 6 £2

resistor are in parallel, so together they are

equivalent to a single resistor of

1 _ 1
1 _ 1

Rtoiisi 12 6 4

R lofcqfl
^ 4

the other 6 £2 resistor, so the left block is

equivalent to

1 _ 1 1 1
+

^ Rictel = d £2

Let us go to the right block. The 12 £2 and the

24 £2 resistors are in series, so they are equivalent

to 36 £2. Ill is is in parallel with the top 12 £2, so

the equivalent resistor of t he right block is

1 _ 1 1 _ 1

“ 36
+

12
" 9

=>
/?iotal

= 9 £2

The overall resistance is thus

4 + 9 = 13 £2

Figure 5,9 A complicated part of a circuit

containing many parallel and series

connections.

Figure 5.8 Part of a circuit with both series and
parallel connections.

Consider now Figure 5.9. The two top 6 Q
resistors are in series, so they are equivalent lo

a 12 £2 resistor. This, in turn, is ip parallel with

Suppose now that this part of the circuit is

connected to a source ofemf 156 V (and

negligible internal resistance}. The current that

leaves the source is / Ly- 12 A. When it

arrives at point A, it will split into two parts. Let

the current in the top part be A and that in the

bottom part f2 , We have A + h = 12 A. We also

have that 12A = 61%. since the top and bottom

resistors of the block beginning at point A are

in parallel and so have the same potential

difference across them. Tints, A = 4 A and

}y = 8 A, Similarly, in the block beginning at
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point B the top current is 9 A and the bottom

current is 3 A.

txample questions

Q2—
Find the total resistance in each or the circuits

shown in Figure 5.10,

Similarly, and R* are in parallel so they are

equivalent to a resistor of 5,0 £2. The 2.0 £2

and 5.0 Q are in series, so the overall total is

7.0 £2.

Q3 I 'inww«^
What is the total current in the circuit in

Figure 5.11 f

(a) 3.011

1 .812

1

52-OV

1

4XL 5
20Q

Figure 5,11.

* i *3

4,0Q 10.012

K> Kj

(to 4,0£2 10.0£2

Figure 5.10.

Answer

(a) K, and R, are in parallel, so together they are

equivalent to a resistor R where

1 I I

H
~
zo

+
xo

5,0
~~

6T)

- 1,2 Q

Now, this R is in series with R ]t so together

they are equivalent to

Ruj = <1 .2+128) £2

- 3,0 Q

(b) R
i
and R. are in parallel, so together they are

equivalent to a resistor R where

1 _ 1 1

“
43)

+
4T!

1,0“

=> ff

2J3

L0

2.0

0

Answer

The emf of the battery is 12 V. The total resistance

of the circuit is 2.0 4 4.0 - 6.0 U. Thus, the total

current is

— 2.0 A

Q4
What is the potential difference across each

resistor in Example question 3 (

Answer

The current through the 2.0 £2 resistor is 2.0 A, so

the potential difference across it is RI = 4.0 V.

Across the other resistor it is Rl — 4.0 x 2.0 V =

8.0

V, Note that the sum of the potential differences

across each resistor adds up to the emf of the

battery.

Q5 uiut i*-

Find the current tn each of the resistors in the

circuit shown in Figure 5,12.

Figure 5.12.
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Answer

The resistors of 2.0 £2 and 3.0 £2 are connected in

parallel and are equivalent lo a single resistor of

resistance R found from

t 1 1

R
=

2
~
I

_ 1~
6

= 1.2 il

In turn, tilts is in series with ihe resistance of

KB Q
r
so the total equivalent circuit resistance is

1.3 + 1 2 = 3,0 £2. 7 he current that leaves the

battery is thus

= 2.0 A

The potential difference across the 1 .8 Q resistor is

thus V — 1 .8 x 2.0 = 3.6 V, leading to a potential

difference across the two parallel resistors of

V = 6.0 - 3.6 ^ 2.4 V. Thus the current in the

2 £2 resistor is

— 1.2 A

and in the 3 £2 resistor is

= 0.60 A

As a check, we see that 1.2 + 0.80 = 2.0 A, as it

should be.

Find the current in each resistor in the circuit in

Figure 5.1 3.

f
24.0V

I

Figure 3.13.

Answer

The voltage across the 4.0 £2 resistor is 24.0 V and

thus the current is 6.0 A. The voltage is 24.0 V
across the other resistor as well, and so the

current through it is 4.0 A. The current leaving the

battery is 10.0 A.

Look at Figure 5,14. What is the potential

difference between A and B? What is the current

leaving the battery?

rir
'

\
fi.OQ 3,0 £1 24V 4.0£2

T [ , T
Figu re 3.14,

Answer

The potential difference is 24 V for all resistors.

The currents in the resistors are & A, 6 A and 4 A,

respectively. The total current is thus 16 A.

Q8 ———
Look at Figure 5.15. What is the current in the

2.0 £2 resistor when the switch is open and when

the switch is closed? What is the potential

difference across the two marked points, A and B,

when the switch is open and when the switch is

closed?

2.0 £2 4,0 £2

Answer

When the switch is open, the total resistance is

4.0 £2 and thus the total current is 3.0 A, I his fs

the current through the 2.0 Q resistor. The

potential at A is 1 2 V. The potential difference

across the 2.0 £2 resistor is 2 x 3 — 6 V and so the

potential at its right end, and hence at B, is 6 V.

The potential difference across points A and B is

thus 6 V.
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When the switch is dosed, no current flows

through the 2.0 £2 resistor, since all the current

lakes the path through [he switch, which offers no

resistance. (The 2.0 £2 resistor has been shorted

out.) The resistance of the circuit is then 2,0Q and

the current leaving the battery is 6 A. The

potential difference across points A and R is now

zero. There is current flowing from A to B, but the

resistance from Atofi is zero. Hence the potential

difference is & x 0 = 0 V.

Q*j

Four light bulbs each of constant resistance AO £2

are connected as shown in Figure 5.16. Find the

power in each lighl bulb. If light bulb A burns out,

find the power in each light bulb and the potential

difference across the burned -out light bulb.

Answer

A and 8 are connected in series so they are

equivalent to one resistor of value

R = 60 + 60 = 120 Q. This h connected in

parallel to C, giving a total resistance of

J_ 1_ j_
P ~ 120 ' 60

]

“ 40

=) R — 40 £2

Finally, this is in series with D, giving a total

circuit resistance of R = 40 + 60 = 100 £3, The

current leaving the battery is thus / = = 0.3 A.

The current through A and 8 is 0.1 A and that

through C is 0-2 A. The current through D is

0.3 A, FHence the power in each light bulb is

Pa - P
fl

= & x (o.i y
= 0.6W

Pc = 60 x (0.2)'

= 2 ,4 W

PD = 60 x (0,3)
J

= 5,4W

Willi light bulb A burnt out, the circuit is as

shown in Figure 5.17.

Figure 5.17.

Light bulb B gets no current, so we are left with

only C and D connected in series, giving a total

resistance of R = 60 -t- 60 = 120 Q* The current is

thus l — 0.25 A, the power in C and D is thus

Pc - Pd

= 60 x (0.25 )

J

= 3.75 W
We see that D becomes dimmer and C brighter.

The potential ai point a is 30 V The potential

difference across light bulb C is

IR

= 0.25 x 60

= 15 V

and so the potential at the right end of C is 15 V.

Light bulb B takes no current, so the potential

difference Eicross it is zero. Thus, the potential at

point b is also 1 5 V. The potential difference

across points a and b is therefore 15 V.

Ammeters and voltmeters

The current through a resistor is measured by

an instrument called an ammeter, which is

connected in series to the resistor as shown in

Figure 5.18.

Figure 5-1S An ammeter measures the current in

the resistor connected in series to it.



326 Core - Electricity and magnetism

The ammeter itself has a small electric

resistance. However, an idled I urnmeter has zero

resistance and throughout tills hook we are

assuming that we are dealing with ideal

ammeters.

Example question

Q10
How are the readings of the ammeters of

Figure 5. 18 related?

Answer

/j«/i +&

The potential difference across the ends of a

resistor is measured by a voltmeter, which is

connected in parallel to the resistor, as shown

in Figure 5.19.

Figure 5.19 A voltmeter measures the potential

difference across a resistor it is connected in

parallel to.

Thus, to measure the potential difference

across and current through a resistor, the

arrangement shown in Figure 5.20 is used.

f igure 5.20 The correct arrangement for

measuring the current through and potential

difference across a resistor. The variable resistor

allows the current in the resistor R to be varied.

Ait idea! voltmeter has iji/imle resistance (in practice

about 50 000 £2), which means that it lakes no

current when it is connected to. a resistor.

Supplementary material

Voltmeters and ammeters arc both based on a

current sensor called a galvanometer. An ammeter

has a small resistance connected in parallel to the

galvanometer and a voltmeter is a galvanometer

connected to a large resistance in series.

Example question

QT1

In the circuit in Figure 5,21 ,
the emf of the battery is

9.00 V and the internal resistance is assumed

negligible. A voltmeter whose resistance is 500 Q is

connected in parallel to a resistor of 500 £2. What is

the reading ot the ammeter? If we assume that the

current registered by the ammeter actually flows

into the resistor, what value of the resistance would

we measure? Repeal this calculation, this time

assuming that the voltmeter's resistance is 5000 Q.

Answer

The total resistance of the circuit is 250 ST and so

the current that leaves the battery is 36.0 mA. If

this current is assumed to flow in the resistor, the

resistance would be measured as — 250 £2.
5h Jinn

With the higher voltmeter resistance, the total

circuit res is! anee is 454.5 O. The current flowing

is then “'V. - 19.8 mA. If we assume all of this
45A :l a t

i urrent goes into ihe resistance, ihe resistance

would be measured as 454 ,5 Q. In other words,

what the experimental arrangement actually

measures is noi the resistance of the resistor R but

the total resistance of R and the voltmeter's

resistance. Ihe higher the voltmeter resistance,

the closer the total is to R.
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Sensors based on the potential

divider

The potential divider

The circuit in Figure 5.22(a) shows a potential

divider. It can be used to investigate, for example,

the current-voltage characteristic of some device

denoted by resistance ft. This complicated-

looking circuit is simply equivalent to the circuit

in Figure 5.22(b). In this circuit, the resistance ft
i

is the resistance of the variable resistor XY from

end X to the slider S, and ft 2 is the resistance of

the variable resistor from 5 to end V. The current

that leaves the battery splits at point M, Part of

the current goes from M Lo N, and tile rest goes

into the device with resistance ft. The right end

of the resistance ft can be connected to a point S

on the variable resistor XY.

Figure 5.22 (a| This circuit uses a potential divider.

The voltage and current in the device with

resistance ft can be varied by varying the point

where the slider S is attached to the variable

resistor, (b) The potential divider circuit is

equivalent to this simplerdooking circuit.

Ry varying where the slider S connects to XY.

different potential differences and currents are

obtained for the device ft. The variable resistor

XY could also be just a wire of uniform

diameter- One advantage of the potential

divider over the conventional circuit

arrangement (Figure 5.20) is that now the

potential difference across the resistor can be

varied from a minimum of zero volts, when the

slider S is placed at X, to a maximum of £, the

emf of the battery (assuming zero internal

resistance), by connecting the slider S to point

Y. In the conventional arrangement of Figure

5.20, the voltage can be varied from zero volts

up to some maximum value less than the emf.

Example question

Q12 it-ttib—lrn

In 1he circuit in Figure 5-23, the baitery has emf £

and negligible internal resistance. Derive an

expression for the potential difference V across

resistor ft| r

Figure 5,23.

Answer

Since V = /ft| and 1 — -
t

we have that

V =
ft!

ft, + ft.

£

Using sensors

This section includes a use of a particular

sensor, a light-dependent resistor in a circuit.

Other examples using the potential divider

circuit discussed earlier can also be used with

various other types of sensor, for example strain

gauges and temperature-dependent resistors. A
few examples are given iti the questions at the

end of the chapter.

Consider the circuit in Figure 5.24 that contains

a light-dependent resistor (LDR). An LDR is a

resistor whose resistance decreases as the light

hilling on the resistor increases. Typically, the

resistance is 100 Q in bright light and more than

1 .0 Mf2 in the dark. A voltmeter is connected

across the LDR. Because the resistance of the LDR
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Figure 5.24 A light-dependent resistor in a

potential divider circuit.

changes with varying intensity of incident light,

the reading of the voltmeter across the LDR also

changes as in a potential divider circuit.

The reading of the voltmeter across the LDR is

V = ^5 OR

Alil'i; - i\

x 9.0 volts

Assume That the LDR has a resistance of 900 kQ

when dark and 100 Q when bright. With a fixed

resistor of resistance R - 500 k£i» the reading of

the voltmeter is then:

Dark

V =
900 x IQ

3

900 x 10s + 500 x tO3

= 5,8 volts

x 9.0 volts

Bright

V =
100

I0O + 500 X ICP

= 1,8 x 10
-3

volts

x 9.0 volts

The reading of the voltmeter is a measure of the

illumi nation of the LDR and can iherefore be

used as a light sensor. A high value means the

LDR is dark, and a very small value means the

LDR is bright.

To have a sensitive sensor, we would like to have

as large a difference as possible in the readings

of the voltmeter for a dark and a bright LDR,

This depends on the particular value of the fixed

resistor chosen in relation to the dark and bright

resistances of the LDR, Using your graphics

calculator, you should be able ro show that, with

the numbers used here, the value of R resulting

in the largest difference in the dark and bright

readings of the voltmeter is about 9,5 k£2.

Supplementary materia/

I be mathematically inclined should he able to

show that the value of R resulting in Ihe largest

possible difference in the dark and bright

readings of the voltmeter equals R = VT’n Re,

where and R& are the resistances oi the LDR

in the dark and bright.

t Find the total resistance for each of the circuit

parts in Figure 5.25.

Figure 5.25 For question 1,

.OSirC^h
OG-9—M-
.0 £1 knF

3.0

3.0 Q.

3.0

2 What is the resistance between A and B in

Figure 5.26?

10.012 2(J.on

B

30-0 £2 1 0.0 £2

10,00 20.00

Figure 5.26 For question 2.

3 Each resistor in Figure 5.27 has a value of

6.0 SI. Calculate the resistance of the

combination.

Figure 5.27 For question 3 .

4 You are giver one hundred I £2 resistors. What

h the smaller and largest resistance you can

make in a circuit using these?
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5 A wire that has resistance R is cut into two

equal pieces. The two parts are joined in

parallel. What is the resistance of the

combination ?

6 Find [he current in, and potential difference

across, each resistor in the circuits shown in

figure 5,23.

Figure 5.23 For question 6,

7

A battery has emf - 10.0 V and internal

resistance 2.0 £1. The battery is connected in

series to a resistance R. Make a table of the

power dissipated in R for various values of R

and then use your table to plot the power as a

function of R. For what value of R is the

power dissipated maximum?

3 Six ligh' bulbs, each of constant resistance

3.0 £2, are connected in parallel to a battery of

emf = 9.0 V and negligible internal

resistance. The brightness of a light bulb is

proportional to the power dissipated in it.

Compare the brightness of one light bulb

when all six are on, to lhat when only five are

on, the sixth having burned out.

9 A toaster is rated as 1 200 W and a mixer as

500 W, both at 220 V,

(a) If both appliances are connected {in

parallel) to a 220 V source, what current

does each appliance draw?

(b) How much energy do these appliances

use if both work for on

e

u
hour?

1ft Find the current in each of the resistors in the

circuit shown in Figure 5.29. What is the total

power dissipated in the circuit?

O CZb
60,011 57.0ft

UJf
f = 12,0V

r= you

40.011 20.011

—n—

f

60 011

Figure 5,29 For question 10.

IT An electric kettie rated as 2000 W at 220 V is

used to warm 2,0 L of water from 1 5 C to

90 "C,

fa) How much current flows in the kettle?

(b) What is the resistance of the kettle?

(c) How long does it take to warm the water?

{Specific heat capacity of water = 4200

I kg'
1

K-'J

{d) How much does this cost if the power

company charges $0.10 per kW h?

1 2 One light bulb is rated as 60 W at 220 V and

another as 75 W at 220 V.

(a) If both of these are connected in parallel

to a 110 V source, find the current in each

light bulb. (Assume that the resistances of

the light bulbs are constant.)

(b) Would it cost more or less (and by how

much) to run these two light bulbs

connected in parallel to a 1 1 D V or a

220 V source?

1 3 Three appliances are connected (in parallel! to

the same outlet, whit h provides a voltage of

220 V. A fuse connected to the outlet will

blow if the current drawn from i lie outlet

exceeds 10 A. If the three appliances are rated

as 60 W, 500 W and 1 200W at 220 V, will

[he fuse blow?

14 An electric kettle rated as 1 200 W at 220 V

and a toaster rated at 1 000 W at 220 V are

both connected in parallel to a source of

220 V. If (he fuse connected to (he source

blows when the current exceeds 9.0 A,, can

both appliances be used at the same time?
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15

The graph in Figure 5.30a shows the

temperature dependence of a special resistor

R. The resistance drops with increasing

temperature.

mu

H*—

|

I 0.0 V rL

2QkU M

ft

(b)

Figure 5.30 For question 15,

(a) Estimate the resistance of this resistor at

20 C.

(b) If this resistor is connected in a circuit as

shown in Figure 5.30h, find the current

in the resistor when the temperature is

20 C,

16

The tempera!ure-dependen I resistor of

question 1 5 is connected in a circuit to a lamp

of resistance 10 as shown in Figure 5.3

1

What will happen to the brightness of the

lamp if the temperature of the room increases

from 20 C lo 30 C?

Figure 5.31 For question 16.

17

A clothes dryer operates at 220 V and draws a

current of 20,0 A.

{a) What is l he power of the machine?

{b} Ef ihe dryer is filled with wet clothes dial

contain 2 0 kg of water a I 40 C ,
how long

will it take io dry them? {The specific heat

capacity of water is 4200 I kg
1 K_l

and

the specific latent heat of vaporization of

water is 2257 kj kg
1

3 Ignore any heat

absorbed by the clothes themselves.

IS En the potentiometer in Figure 5.32 wire AB is

uniform and has a length of 1 .Of) nr When

contact is made at C with BC = 54.0 cm, the

galvanometer G sivows zero current. What is

the emf of the second cell?

Figure 5,32 Far question IS.

19 Two light bulbs are rated as 60 W and 75 W
at 220 V. Jf these are connected in series to a

source of 220 V, what will the power in each

be? Assume a constant resistance for the light

bulbs.

2U At a given time a home is supplied with

100.0 A at 220 V. I low' many 75 W [rated at

220 V) light bulbs could be on in the house at

that lime, assuming they are all connected in

parallel?

21 (a l What is the reading of the voltmeter in the

circuit shown in Figure 5,33 if both

resistances are 200 U and the voltmeter

also has a resistance of 200 £2?

(b) What is the reading of the ammeter?

(d If the voltmeter was ideal, what would

Ihe readings of ihe voltmeter and

ammeter be?
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Figure 533 For question 21,

22

For 1he circuit shown in Figure 5,34.. Find the

current taken from the supply.

Figure 5.34 For question 22.

23 A direct current supply of constant emf 1 2.0 V
and internal resistance 0.5 12 is connected to

a load of constant resistance 8,0 Q, Find (a)

She power dissipated in the load resistance

and fb> ihe energy lost in the internal

resistance in 1 0 min.

24 Consider the circuit in Figure 5,35, where A r B

and C are three identical light bulbs of

constant resistance, f he battery has negligible

internal resistance.

(a) Order the fight bulbs in order of increasing

brightness.,

lb) If C burns out, what will be the brightness

of A now compared with before?

<c) If B bums out instead, what will be the

brightness of A and C compared with

before?

-0—g)-

v A R i*

c®-—
|l

Figure 535 For question 24.

25

fa) Determine the potential difference across

each resistor in the circuit in Figure 5.36.

(b) A voltmeter of resistance 2 kQ is connected

in parallel across tire 3 ko resistor. What is

the reading of the voltmeter?

£ = 1.5 V£- - 1 .J V

1

3k tl

J

&k£2

—r—n—
Figure 5.36 For question 25,

26

A battery of emf £ and internal resistance r

sends a current /into a circuit.

(a) Sketch the potential difference across the

battery as a function of (he current,

lb) What is the significance of (it the slope

and {ii] the vertical intercept of Ihe graph?

27

Each resistor in the circuit shown in

Figure 5,37 has value R and ihe circuit

extends to the righi forever. Find ihe total

resistance between A and B.

Figure 5.37 For question 27.

25 twelve 1 .0 52 resistors are placed on ihe

edges of a cube and connected to a 5.0 V
battery., as shown in Figure 5.38. What is the

c urrent leaving (he battery?

Figure 538 For question 25,
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29

Two identical lamps, each of constant

resistance ft, are connected as shown in the

circuit on the left In Figure 5.39. A third

identical lamp Is connected in parallel to the

other two.

Figure 5,39 For question 29,

Compare the brightness of lamp A in the

original circuit (left) with its brightness in the

circuit with three lamps (right}, when

(a) the battery has no internal resistance,

and

ib) the battery has an internal resistance equal

to ft,

30

A device D, of constant resistance, operates

properly when the potential difference across

it is 8.0 V and the current through it is 2.0 A,

[he device is connected in the circuit shown

in Figure 5.40, in series with an unknown

resistance ft. Calculate the value of the

resistance ft, (The battery has negligible

Internal resistance.)

Figure 5,41 For question 31.

Calculate the total power dissipated in the

circuit when

fa) 5
r

is dosed and 5; is open;

(b) 5 t is closed and S2 is dosed;

(c) S
r

is open and S? is open;

(d) $x is open and Sj is dosed.

32

Two Identical lamps are connected to a

battery of emt 1 2 V and negligible internal

resistance, as shown in Figure 5.42, Calculate

the reading of’ the (ideal) voltmeter when lamp

B burns out.

12 V

rGh— L—0—

^

A B

Figure 5.42 For question 32.

33

State the reading of the ideal voltmeter in the

circuit in Figure 5,43.

emf 12 V

r~n
R

figure 5.40 For question 30.

31

The three devices in the circuit in Figure 5,41

are Identical and have constant resistance.

Each dissipates power P when the potential

difference across it is £. (The battery has

negligible internal resistance.}

figure 5,43 For question 33.

34

In an experiment, a voltmeter was connected

across the terminals of a battery as shown in

Figure 5.44,
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£

Figure 5,44 For question 34.

The current in the circuit is varied using the

variable resistor. The graph in Figure 5,45

shows the variation with current of the

reading of the voltmeter

ViV

Figure 5.45 For question 34,

(a) Calculate the internal resistance of the

battery.

(b) Calculate the emf of the battery.

35

Two resistors are connected in series as shown

in Figure 5.46. The battery has negligible

internal resistance. Resistor R has a constant

resistance of 1 .5 Q-

—

I

1

R X ^
Figure 5.46 3

:'or question 35.

The current-voltage (i- V) characteristic of

resistance X fs shown in Figure 5-47,

IfA

The potential difference across resistor R is

1 .2 V. Calculate the emf of the battery.

36 When two resistors,, each of resistance 4,0 Q,

are connected in parallel with a battery, the

current leaving the battery is 3.0 A. When (he

same two resistors are connected in series

with Ihe battery, the lot a I current in the circuit

is 1.4 A, Calculate

(a) the emf of the battery;

(b) the internal resistance of the battery.

37 Two resistors, X and Yr have J- V

characteristics given by the graph in

Figure 5,48.

ItA

fa) The resistors X and Y are connected in

parallel to a battery of emf 1.5 V and

negligible internal resistance, as shown in

Figure 5.49(a). Calculate the total current

leaving the battery.
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In) it?)

Figure 5.49 For question 37.

(b) [n F i|iu re 5.49(b} the resistors X and V are

connected in series. Estimate the total

current leaving the battery in this circuit.

38

The circuit in Figure 5.50 contains a positive

temperature coefficient (PTQ resistor whose

resistance increases with increasing

temperature, and a negative temperature

coefficient (N IC) resistor whose resistance

decreases with increasing temperature.

emf l"

Figure 5.5U For question 38.

At room temperature the lamps (which are

identical} are equally bright. Determine the

changes, if any, in the brightness of lamps A
and 8 when the temperature is increased. (The

battery has negligible internal resistance.}

39

figure “> .5 1 shows an NTC resistor (the

resistance decreases with increasing

temperature} in a circuit.

25 Q

Figure 5.52 shows the variation with

temperature T of the resistance of the NTC
resistor.

m2

Figure 5.52 For question 39.

(a) State the resistance of the NTC resistor at a

temperature of 25 C.

(b) Deduce that the reading of the voltmeter,

in volts, is given by

\. _ 9.0 x Rnic

+ 25

where R^c is the resistance of the NTC
resistor in ohms.

ft) Calculate the reading of the (ideal)

voltmeter at 25 C.

(d) The NIC resistor may be used as a

temperature sensor. Describe how this

circuit may be used to measure the

temperature to which the NIC resistor is

exposed.

40

(a) Calculate the potential difference

between points A and 8 in the circuit in

Figure 5 53, (The battery has negligible

internal resistance,}

S.0V
t

frOQ
'—1

1—

1

60 12

Figure 5.53 For question 40.

A lamp of constant resistance operates at

normal brightness when the potential

difference across it is 4.0 V and the

current through ii is 0.20 A. To light up the

lamp, a student uses ihc circuit shown in

Figure 5.54.
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Figure 554 For question 40.

(b) Calculate the resistance of the light bulb at

normal brightness,

(c) Calculate tire potential difference across

the light bulb in the circuit in Figure 5,54.

Id) Calculate the current through the light

bulb*

(ej Hence explain why the light bulb will not

light,

41 I he circuit in Figure 5.55 contains a strain

gauge, 5. The resistance of S when it is not

under stress is I GO Q. The* emf of the buttery is

(TOO V. (The battery has negligible internal

resistance.)

,
6.00 V

ipo n

f

tontJ
1 1

S

iL—AAA

L_0.J
Figure 5.55 For question 41.

(a) Calculate the reading of the voltmeter

when the strain gauge 5 is not under stress.

(b) When the strain gauge is under a certain

load, its resistance increases to 110 Q,

Calculate the reading of Ihe voltmeter

now.



CHAPTER 5.6 Core - Electricity and magnetism

Magnetic fields

We have all observed with fascination how Eiragrrels atiract or repel each other and we

are familiar with compasses, which align with the magnetic field of the earth (a fact that

has been used for navigation for hundreds of years). But it was only in 1820 that

scientists began Id understand the cause of magnetism, when the Danish scientist

H. C. Drsled discovered that a wire in which electric current was flowing influenced a

magnetic needle placed neai the wire. It was thus dFSCOvered that the origin of

magnetism is electrical. The magnetic field of the earth is presumably caused by moving

diaiyes in the interior of she earth and the magnetic field of an Iron bar magnet is

caused by the motion of electrons in the atoms of the iron. Thus, electric currents cause

forces on magnets and, as we will see in this chapter, magnets cause forces on electric

currents as well - a result that we might expect I torn Newton's third law.

By the end of this chapter you should be able to:

“ understand the meaning of magneticJidd and Find its magnitude and

direction in simple situations involving straight-line conductors |B =
)

and solenoids (ft — y) using The right-hand rule where appropriate:

* find the force on moving charges (f - qvB sir G) and currents ff —B!\ sin 0)

in magnetic fields and appreciate the definition of the ampere as a

fundamental SI unit, using the right-hand rule for forces where
appropriate.

Magnetic field

in the chapters on electricity, it was useful to

introduce the concept of an electric field, A
charge creates an electric field around itself

and any other charge that enters this electric

Field will experience, as a result, an electric

force. Tiie same idea can be extended to

magnetism. Both magnets and electric

cuitems create magnetic fields around

themselves and when another magnet or

electric current (or moving charge in general)

enters this magnetic field it will experience a

magnetic force. The magnetic field is a vector

quantity just like the electric field it has

magnitude and direction.

The direction of the magnetic field

The magnetic field direction is determined by

the effect it has on a compass needle (i.e. a

small bar magnet}, as shown in Figure 6.1. A
magnetic needle aligns itself in the direction of

the magnetic field vector.
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toward

* geo^risphk nnnh

N

S

Figure 6,1 A magnetic needle is a small bar magnet

whose north pole points in the direction of the

geographic north pole of ihe earth. In the

presence of anot her strong magnet, the needle

will align itselfwith the magnetic Field.

Magnetic field lines

Just like electric field lines, magnetic field lines

are defined as imaginary lines around magnets

and currents, tangents to which give the

direction of the magnetic field. The magnetic

field lines of permanent magnets and the

field created by a solenoid {a coil of wire in

which electric current flows! are shown in

Figures 6.2 and 63.

In Figure 6.3, current is flowing in a solenoid

and a magnetic field is created inside and

outside the solenoid. The current is flowing in

the clockwise direction if we look along the axis

of the solenoid from right to left.

Figure 6.2 (a) The magnetic field lines of a bar

magnet. The field is strongest near the poles of

the magnet where the lines crowd together,

(b| A uniform magnetic field is obtained if two
opposite poles are placed near each other.

The magnetic field of a single loop of wire ill

which current flows is somewhat more

complicated and is shown in

Figure 6.4, In the right-hand

diagram, we are looking at

the loop from above
1

; the

crosses indicate that the

magnetic field is directed

into the page while the doLS

indicate a magnetic field

coming out of the page.

Figure 6.5 shows the magnetic field lines of a

long straight wire. In Figure 6.5a, the current is

coming out ofthe page. The magnetic field

lines arc circles centred at the wire. In Figure

6.5b. rbe current goes into the page.

Remember that the magnetic field

direction is tangent to the magnetic

field lines and the arrows on the

lines tell us which tangent to take.

cmnrcnl

Figure 6.3 The magnetic field lines of a solenoid.

The field is Fairly uniform in the interior of the

coil. Outside it resembles that of a bar magnet.

The magnetic field of the earth

resembles that of a bar magnet

except that the bar magnet does

not coincide with the line through

the geographic north and south

poles of the earth.

Tile direction of the magnetic field

caused by a given current (a few

examples ofwhich we have seen in

this section} is given by a right-hand

rule, which we will describe later.
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Figure G.4 The magnetic field lines of a single

turn of wire. In the plane of the loop the

magnetic field is going into the page inside the

loop and out of the page outside the loop. The
current in the loop is flowing in the clockwise

direction.

l'j: iijii!

Figure 6.5 Magnetic field lines for straight current

wires. The magnetic field magnitude is largest

near the wire.

force experienced by the monopoly at the

positions shown.

o IS R]

Figure 6.6.

Answer

the force on a north monopole would be in the

same direction as (he magnetic field direction al

the position of the monopole. The force on a soulh

monopole would be opposite to the direction of

the magnetic field. Thus, the forces on the south

monopole are as shown in Figure 6.7.

* * IS N|

Figure 6.7.

The magnetic force on a current

If a current is placed in a region of magnetic-

field, it will experience a magnetic force. In

Figure 6.8 a magnetic field is established out of

Lhc page and a wire carries a current from lefL

to right, perpendicular to the magnetic field.

The magnitude of the force is proportional to

the current /, the magnetic field magnitude B

and the length / of the wire that is in the

magnetic field.

Example question

Q1
A magnetic monopole rs a particle that is a pure

north or pure south magnetic pole. [These are

predicted to exist by modern theories of

elementary particle physics but none have been

found.) Suppose that a south magnetic monopole

is placed at various positions in the vicinity of a

bar magnet, as shown in Figure 6.6. Draw the

® ® ® ® ® ® ® @ ® ® current

I • h *' *> * !
•

® ® ® ® ® 0 ® ® ® ©
three

the magnetic field is mil

of the pLIgE

Figure fi.8 A current in a magnetic field

experiences a magnetic force. The force is on
that part of the wire that is in the magnetic
field.
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Mathem at ica l ly

F qlBIL

^F — kBJL

where k is a constant of proportionality This

constant can be made to equal one by proper

choice of the unit of magnetic field. We can

make jt = 1 by saying that when the force on

1 m of wire carrying a current of 1 A is 1 N,

then the magnitude of the magnetic field is

defined to be 1 tesla (so IT IN A"
L

in h. So

the force on the current-carrying wire is

f = Bfl.

Remember, though, that the magnetic field was

at right angles to the wire. If there is an angle

between them then:

'The force on a length I of the wire is given

by

r — BIL sin t*

where & is the angle between The current

and the direction of the magnetic field

magnetic field into page

currcm ® ® &

Figure 6.9 The force on a current-carrying wire in

a magnetic Held is normal to the plane

containing the field and the current. If the ends

of the wire are kept fixed, the wire will bend.

The formula above gives the magnitude of the

force on the wire. The direction of the magnetic

force is always normal to both the current and

the magnetic field: that is. it is normal to (he

plane containing the current and the magnetic

field vectors (see Figure 6.9). To find this direction

we use a right-hand rule for force which says:

y- Using the right hand place the thumb in

the direction of the current and the fingers

in the direction of‘the magnetic field.

The direction uwtiv from the palm is the

direction of the magnetic force. {See

Figure 6.10.)

eurrem

Figure G.IO The magnetic force on a current is

normal to both the magnetic field and the

current direction. Its direction is given by a

right-hand rule for force.

Supplementary material

Ihose familiar with die vector product ol (wo

vectors may recognize that the equation for the

magnetic force is

F = it* B

This equation correctly gives the magnitude as

well as the direction of the force.

The magnetic force on a

moving charge

An electric current that is in a magnetic field will

experience a force as we just saw. But an electric

current is just moving charges, so a moving

charge will experience a magnetic force as well.

Consider a positive charge q that moves with

speed v to the tight. In time At the charge will

move a distance £. v At. The current created

by this charge is / = f-r so the force on this

current is

F =:BfL sin#

— ft -2-i sin#
At

— qvB sin#

> A charge i,
1 moving with speed v in a

magnetic field of magnitude ft will

experience a force F given by

F = rjrfl sin 0

where 0 is the angle between the direction

of the velocity and the magnetic field. [See

Figure 641j
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Figure 6,11 An electric charge moving in a

magnetic field experiences a magnetic: force.

The charge shown is positive. The l ight hand h
placed palm up on the page with the thumb
pointing in the direction of the velocity and the

fingers pointing in the direction of the

magnetic field. The direction away from the

palm (i.e. out of the page) h the direction of the

force on a positive charge.

This implies thaL the magnetic force is zero if

the charge moves parallel or antiparallel Lo the

magnetic field. There is also no magnetic force

if the charge is not moving. This is to be

contrasted with the electric force on a charge,

which is always non-zero irrespective of

whether the charge moves or not. The magnetic

force on particles that are electrically neutral

(q — 0) is, of course, zero.

Suppk-mertLiry material

Those familiar with the vector product of iwo

vectors may recognize that the equal ion for the

magnetic force is

f = qv x B

This equation correctly gives the magnitude as

well as the direction of the force.

Example question

Q2
An electron approaches a bar magnet as shown in

Figure 6. 1 2. What is the direction of the force on

the electron?

i

Figure 6.12,

Answer

The magnetic field at the position of the electron

is to the left. Placing the right hand such that the

thumb points up the page (velocity direction} and

the fingers to ihe left (field direction), the palm is

pointing out of the page. But the charge is

negative and so the force is into (he page.

Motion of charges in magnetic fields

Tlie fact that the magnetic force on a charge is

always normal to the velocity means that the

path of a charge in a magnetic field must be a

circle, as shown in Figure 6.13 (the path can

also be helical - see question 21 at the end of

the chapter).

Figure G. 13 A charge in a magnetic Held moves in

a circle, as shown in (a), The plane of the circle

is normal to the magnetic field, as shown in (b).

(The charge here is positive.) The magnetic field

is into the page in (a).

Consider a charge tj moving with speed v in a

magnetic field B. Assume that the charge's

velocity is normal to the magnetic Held, then

the force on the charge is / =qvB and so by

Newton's second law

1 R

where R is the radius of the circle the charge

wall move on. Therefore

Very massive or very last charges will move on

large circles; large charges and large magnetic

fields will result in small circles. The time to

make one full revolution in a magnetic Held is



5.6 Magnetic fields 34

1

found from

2ttR

v

_ 2 mr

v gB

2;rtti
=

~qB~

and is thus independent of the speed. This is an

important result in experimental particle

physics and forms the basis for an accelerator

called the cyclotron.

Work done and magnetic forces

Since the magnetic force is always normal to

the velocity of the charge* it follows that it

cannot do any work. The big magnets in

particle accelerators are used only to deflect

particles not to increase the particles' kinetic

energy (this job is done by electric fields).

Orsted's discovery

A current in a straight long wire produces a

magnetic field around it. The Danish scientist

H, C 0rsted found that:

> The magnitude of the magnetic field B

Created by the current in a wire varies

linearly with Ehe current in Lhc wire and

inversely with the perpendicular distance

from tlie wire (see Figure 6.14J. In equation

form

2*r

Figure 6.14 The magnitude of the magnetic field

vector is inversely proportional to the distance

from the wire* The magnetic field is directly

proportional to the current *

The constant of proportionality involves the

new physical constant p 0 , which is called the

magnetic permeability of vacuum* If the wire is

surrounded by something other than a vacuum,

the appropriate permeability of that medium
must be used in the formula above. The value of

the magnetic permeability of the vacuum is

(exactly)

Mo - 4?r x 1(T
7 N A“2

It is the analogue in magnetism of the electric

permittivity e in electricity. The unit of the

magnetic field is the tesla (T). The tesla is a big

unit. The magnetic field of the earth is about

10
4 T on Lhe earth's surface. A wire carrying a

current ofabout 2000 A (as in some high-voltage

transmission lines) produces a magnetic field of

8 x 10
1 T at a distance of 5 in from the wire.

Whereas the magnitude of the magnetic field is

straightforward to investigate, its direction is

less so. Let us consider a wire that carries a

current normal to the page. The direction of the

magnetic field at a given point in space is

found by placing magnetic needles around the

wire and seeing how they align themselves.

Figure 6*15 shows the result of this simple

experiment for various points around the wire.

*/ \
\ /

mear^ cumcm.

uni uf

means current

irtttl |K1£4!

Figure 6.15 The direction of the magnetic field at

various points around straight wires carrying

current out of the page (left) and into the page

(right).

The structure of the magnetic field direction is

thus vectors that are tangent to a circle centred

on the wire and 'flow' around the circle in the

counterclockwise sense (as looked at from

above) if the current comes out of the page

(shown by the full circle) and clockwise if the

current goes into the page (shown by the cross

in the circle).
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cm rent our of page

1
J

4

|H)im ji which wc
seek 1 hre magnetic

field

draw a circle centred ill

the wire: iJii'.l going

through llle poilll of

interest

Figure 6.16 To find the magnetic field at a point

near a straight wire, draw the imaginary circle

centred at the wire, and going through the

point of interest. Grip the wire with the fingers

of the right hand with the thumb pointing in

the direction of the current. Draw the tangent

to the circle at the point of interest so that the

vector drawn follows the curl of the fingers.

We can formalize ibis finding into a 'right-hand

rule'.

Grip the wire with the fingers of the right

hand hi such a way that the thumb points

in the direction of the current. Then the

direction hi which the fingers cml is the

direction of Lhe 'flow' of the magnetic field

vectors. (See Figures 6,16-6-18.)

L\atuple question

Q3 rxfflawtttom

Find the magnetic field at point P in Figure 6.19,

10,0cm

0A 10.0 an

o
b

Figure 6.iy.

Answer

The top wire produces a magnetic field into the

page of magnitude

B, = 4* X \0
7

2,00

2n x 0.200
T

= 2,00 x 10“ ft T

and i lie second wire produces a magnetic field

out of the page oi magnitude

y, ^ 4 tt x 10

= 4.00 x 10

2.00

2jt x 0.100
fc T

T

Figure 6.17 The magnetic field around a straight

wire at various distances from the wire. Mote

that as the distance gets bigger the length of the

arrow representing the magnetic field gets

smaller.

lints represent ,l

£ @ ® ® niiL'ineiic field

$ ® ® ® ® ® ml *>f the

5 © ® ® ® page

® ® ® ® ® ® ? crosses rL’iireseill j.

§ 1 1

1

1

1

i f«W going

® ® ® ® © ® ® ijHu clli?

Figure 6.IS The magnetic field of a straight

cur rent -carrying wire looked at from a different

point of view.

resulting in a net magnetic field of 2.00 x 10 I

out of the page.

The single current loop

The magnetic field of a single current loop was

shown in Figure 6.4 on page 338. TTic magnetic

field strength B at the centre of a circular loop

of radius R carrying current t is

The solenoid

In various applications it is necessary to have a

uniform magnetic field - one that has the same

magnitude and direction in a region of space, A
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Figure 6.20 (a) A solenoid. IE' it has an iron core, a
much stronger magnetic field results, (b) The
second right-hand rule giving the direction of
the solenoid magnetic field.

way of achieving such a field is through a

solenoid, which is a wire wound tightly many
times around an axis (see Figure 6.20a).

In the interior of the solenoid the magnetic

field is uniform in magnitude and direction

and is given by

where V is the number ofturns; L the length

of i lie solenoid and / the current through it.

A much stronger magnetic field can be

obtained if the solenoid has an iron core.

The direction of the magnetic field of a

solenoid is found by a second right-hand rule

(see Figure 6.20b).

Hold the solenoid with the right hand so

that the fingers curl in the direction of the

current in the coils of the solenoid. Then

the thumb points in the direction of the

magnetic field.

The force between two

current-carrying wires

Consider now two long, straight, parallel wires

each carrying current, say A and A. Tire first wire

(wire 1 )
creates a magnetic field in space, and in

particular at the position of the second wire

(wire 2}. Thus, wire 2 will experience a magnetic

force. Similarly, wire 2 wilt produce a magnetic

field at the position of wire 1, so that wire 1 will

also experience a magnetic force. By Newton's

third law, the forces experienced by the two wires

are equal and opposite (see Figure 6,21 ). If the

currents are parallel, the forces are attractive and

if Lhey are antiparallel, the forces are repulsive.

/,<

FL-®'i

purjlk’l (.‘tirrentf

Figure 6.21 The forces on two parallel currents are

equal and opposite.

The solenoid magnetic field outside the

solenoid resembles that of a bar magnet.

Let us look at the problem of the forces

between the iwo wires in more detail.

Consider two long, straight, parallel wires
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each carrying electric current* say /, and A.

The first wire (wire I) creates a magnetic Field

ft, and the second wire a magnetic Field B*.

This means that wire 2 is in the magnetic

field of wire 1 (fti). and so wilt experience a

force* Similarly, wire 1 is in the magnetic field

of wire 2 [B 2 ) t
and so it too will experience a

force. If the two parallel wires are separated

by a distance r, then

ffi = ^g
h

2JIT

Note that since the currents are different, the

magnetic fields are different too. Now* the force

on a length I of wire 2 is

F2 ~ ft
l /

2

£

r /l
, ,^ t 2 = (to

Lnr

and similarly the force on an equal length of

wire I is

The ampere is defined through the

magnetic force between two parallel wires*

If the force on a 1 m length oftwo wires

Elia I are E nr apart and carrying equal

currents is 2 * ION, then the current in

each wire is defined to be 1 A.

The coulomb is defined in terms of the ampere

as the amount ofcharge that flows past a

certain point in a wire when a current of 1 A

Hows for 1 s.

1 Draw ihe magnetic field lines for Iwo parallel

wires carrying equal currents into the page.

Repeal for anti pa rat lei currents.

2 Find the direction of the missing quantity from

B
f
v and F in each of the cases shown in

Figure 6*22* I he circle represents a positive

charge.

F, =Bjf

^ F
i

— ^

so t The twTo forces are equal in magnitude even

though the magnetic Fields are different* The

equality of the forces is expected. The force

that wire 1 exerts on wire 2 must be

accompanied (Newton's third law) by an equal

and opposite force. Let us now use the right-

hand rule to Find the directions of these

forces* Assume first that the currents are

flowing into the page, Then the magnetic

fields are as shown and the forces are

therefore attractive* If wire 1 carries current

into the page and wire 2 carries current out of

the page, the forces are repulsive. In both

cases, we are consistent with Newton's third

law. This is how it should be*

This fact is used to define the ampere, the unit

of electric current. The ampere equals a coulomb

divided by a second but it is no longer defined

this way*

Figure 6.22 For question 2.

?

on

a

O
V

(c)

3 Two long, straight wires lie on ihe page and

carry currents of 3.0 A and 4,0 A as shown in

Figure 6*23. Find the magnetic field at point P.

— *4,0 A

7 cm
10 cm

o p

T
3.0 A

Figure 6.23 For question 3.

4 Find (he magnetic field al points P, Q and R in

Tigure 6,24. The currents are parallel and

each carry 5.00 A* Point Q is equidistant from

lire wires. (The three points lie on the same

plane as the wires*)
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JO mm 1

4.0 mm cuntnl

G.O mm

Figure 6.24 For question 4.

9 What is the direction of a magnetic field in

each of the four cases in Figure 6,23 that

results in a force on the current as shown?

|

F

6 / tnle

page

0 /wiL of

TPW

5

Draw the magnetic field lines that result when

the magnetic field of a long straight wire

carrying current into the page is superimposed

on a uniform magnetic field pointing to the

right that lies on the page. (See Figure 6,25.)

Figure 6.23 For question 9.

10

A rectangular loop of wire of size 5 cm x

15 cm is placed near a long straight wire with

side CD at a distance of 5 cm Irani it, as

shown in Figure 6.29. What is Ihe net force

exerted on the loop [magnitude and

direction)? How does your answer change if

the current in the loop is reversed?

Figure 6,25 For question 5.

6

A long straight wire carries current as shown

in Figure 6,26. Two electrons move with

velocities that are parallel and perpendicular

to the current. Find the direction of the

magnetic force experienced by each electron.

tat (b)

Figure 6.26 For question 6.

7

A proton moves past a bar magnet as shown

in Figure 6,27. Find the direction of the forte

it experiences in each case.

|N si |N S] IN J]

1

velocity out of

(b) , * (c) ivm
Figure 6,27 For question 7.

8

An electron is shot along the axis of a

solenoid that carries current. Wifi it

experience a magnetic force?

2.6 A

0 5 A

Figure 6.29 For question 10.

11

A rectangular coil of size 20 cm X 10 cm is

placed in a horizontal uniform magnetic field

of magnitude 0.050 T„ as shown in Figure

6.30. A current of 2.0 A flows in the coil in a

counter-clockwise direction as shown,

(a) Find the force on seel ions AB, BC, CD
and DA.

{b) What is the net force on the coil?

*
c

0
ll It

A

Figure 6.30 For question 11,

12

A tightly wound solenoid of length 30 cm is to

produce a magnetic field of 2 .26 x TO 1 T

along its axis when a current of 1 5.0 A flows

in it. If the radius or the solenoid is 1 2.0 cm,

what length of wire is required to make the

solenoid?
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13 What is lhe direction of the magnetic field at

points P and Q in the plane of a circular loop

carrying a counter-clockwise current, as

shown in Figure 6.31?

Figure 6,31 For question 13.

14 Two parallel wires a distance of 20.0 cm apart

carry currents of 2.0 A and 3.0 A as shown in

Figure 6-32.

fa) At which (joints is the magnetic field zero?

(b) How would your answer change if the

direction of the 3.0 A current were

reversed ?

- 2-[>A

3.0A

Figure 6.32 For question 14.

15 Figure 633 shows two parallel plates with a

potential difference of 120 V a distance

5,0 cm apart. The top plate is at the higher

potential a nr! [he shaded region is a region of

magnetic field norma! to the page.

Figure 6.33 For question 15.

(a) What should the magnetic field magnitude

and direction be such that an electron

experiences zero net force when shot

through the plates with a speed of

2 X 10s m r l

,

fb) Would a proton shot with the same speed

through the plates experience zero net

force?

(c) If the electron's speed were doubled, would

ii still be undeflected if the magnetic field

took the value you found in (a)?

16 A bar magncl is placed in a uniform magnetic

field as shown in Figure 6.34.

fa) Is there a net force on the bar magnet?

(b) Will Ii move? If so
r
how?

Figure 6.34 For question 16.

1 7 A high-tension electricity wire running along a

north-south line carries a current of 3000-0 A-

1r the magnetic field of the earth at the position

of the wire has a magnitude of 5*00 x 10" 11

T

and makes an angle of 3CT' below the

horizontal, what is the force experienced by

a length of 30*0 m of the wire?

IB Two circular loops of wire have their planes

parallel and one is directly below the other,

as shown in Figure 6-35. Current flows in a

counter-clockwise direction (when looked at

from above the loops) in both loops. Will

there be a force between the loops? If yes,

what will its direction be. If not, why is the

force zero?

cb
Figure 6-35 For question IS.

1 9 Figure 6.36 shows two parallel condor tors

carrying current out of I lie page. Conductor t

carries double the current of conductor 2.

Draw to scale the magnetic fields created by

each conductor at the position of the other

and the forces on each conductor.
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1 * 21

© ©
2,7

f igure G36 For question 19.

20 An electron of speed v enters a region of

magnetic: field 8 directed normally lo its

velocity and is deflected into a circular path.

Find an expression for the number of

revolutions per second the electron will make.

If the electron is replaced by a proton, how
does your answer change?

2T A proton of velocity l,5x ] 0t m s'
1

enters a

region of uniform magnetic field B =0.50 T.

The magnetic field is directed vertically up

(along the positive z direction) anti the

proton's velocity is initially on the z-x plane

making an angle of 30° wrlh 1 he positive x

axis. {See Figure 6.37.)

23 Find the magnetic field at point Pdue to three

currents as shown in Figure 6*38.

5,0 cm 5.0 cm 5.0 cm

® ® ® OP
4.0A 2.0A 1.0A
in out oul

Figure 6.38 For quest ion 23.

24 Find the magnetic field at point P due to the

currents shown in Figure 6,39.

Figure 639 For question 24*

la) Show that the proton will follow a helical

path around the magnetic field lines,

lb) What is the radius of the helix?

(C) How many revolutions per second does

the proton make?

id) How fast is the proton moving along the

field lines?

(e) What is the vertical separation of the coils

of the helix?

22 An elec Iron enters a region of uniform

magnetic field 8 - 0.50 T, its velocity being

normal to Ihe magnetic field direction. The

electron is deflected into a circular path and

leaves the region of magnetic field after being

deflected by an angle of 30° with respect to

its original direction. I low long was the

electron in Ihe region of magnetic field?

25 Three parallel wires carry currents as shown

in Figure 6,40. Find the force per unit length

that wires 1 and 3 exert on wire 2,

1,0A ™i 4.0A in

Figure 6.40 For question 25,

26 The magnetic field at the centre of a circular

loop of wire of radius r carrying current / is

given Eiy the formula

B =^h
Use this expression to find the magnetic

field created by an electron as it rotates with

speed v in a circular orbit of radius r around a

nucleus.
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27 A rightly wound solenoid is to be made with

wine from a fixed quantity (mass) of copper,

it will then be connected to a source of

fixed potential difference. I low should the

solenoid be made in order to produce the

largest magnetic field?

28 Two parallel wires separated by a distance

d tarry ihe same current /, as shown in

Figure 6,4 1

.

Figure 6.41 For question 28.

fa) Calculate the magnitude of the magnetic

field at a [joint in (he plane of the wires

a distance r from the middle of the

wires.

lb) by using the binomial expansion when r

is much larger than d, show that the

leading term in the expansion is

8 - i-iy, —> Why is this so?

(cj Repeat for the case where the currents are

anti para I lei. This time show that the

leading term is 8 = p -^4 . Why are the

two expansions so different?

2 £J In a particle accelerator called the

eye I citron, a charged panicle is accelerated

by an electric field and bent into a circular

path by a magnetic field. The magnetic field

is assumed uniform and the north and south

poles are separated by a small gap. The

particles to be accelerated originate from a

source at the centre of the bottom magnet

pole (the south pole in Figure 6.42) and

begin to move outward in a circular path.

The bottom magnet pole is split into two

pieces called dees. An alternating potential

difference is set up between the two dees

so that every time the particle crosses from

one dee to the other it increases its kinetic

energy and thus moves on a circle of larger

radius.

Figure 6.42 For question 29.

(a) Explain why the particle follows a

spiral path.

(b) Show that the operation of the cyclotron

depends on the frequency of the

alternating voltage source, being equal

to the frequency of revolution of the

particle to be accelerated,

(c) If the mass and charge of the particle are

m and q, respectively, show that the

period of revolution is

2tt nr

qB

where B is the magnetic field, and is

thus independent of (he speed of the

particle,

(d) Find the frequency (i.e. the number of

revolutions f>er second) of an electron

assuming that the magnetic field has a

value of 0.50 I .

{ej It" the potential difference between

the dees at the instant the electrons

cross is 120 kV, what would the kinetic

energy of the electrons be after 100

revolutions?

30 A uniform magnetic field is established in the

plane of the paper and has magnitude 0,3 ml.

Two parallel wires separated by 5.0 cm carry

currents of 200 A and 1 00 A into the plane of

the paper as shown in Figure h.43. Find the

magnetic force per unit length on the 100 A
wire.
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B = 0-3 mT

100A

Figure 6.43 For question 30,

31 A uniform magnetic field is established in the

plane oi the paper as shown in Figure 6.44.

Two wires tarry parallel currents of equal

magnitudes normally lo Ihe plane of the paper

at P and Q. Poinl R is on the line joining P to

Q and closer to Q. The magnetic field at

position R is zero.

(a) Are the currents going into the paper or out

of the paper?

(b) If the current is increased slightly, will the

point where (he magnetic field is zero

move to the right or to the left of R?

p ft Q
Q • o

32 Two identical charged particles move in

circular paths at right angles to a uniform

magnetic field as shown in Figure 6,45. The

radius of particle 2 is twice ilia! of panicle 1

JMIltClC

particle i'

Figure 6.45 For question 32.

region of magnetic ficJd

into page

Determine the following ratios:

period of particle 2

period of particle 1

'

<b)
^ °f Part ’c *e 2

Ft of particle 1

Figure 6.44 For question 31.
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Electromagnetic induction

This chapter deals with Faraday's law, which dictates how a changing magnetic flux

through a loop induces an end in the loop. A related law, Len/s law, determines the

direction of this emf. Hie principles of electromagnetic induction are the result ol

ingenious experimenting by the Fnglish physicist Michael Faraday,

By the end of this chapter you should he able to:

* calculate flux or [lux linkage usi ng d* - BA cos or 4> - NBA cos ft;

* identify situations in which an emf is induced and determine the

magnitude of rhe emf by using Rina titty's law t £ — or £ = -

included are cases ofa changing area, a changing magnetic field or a

cliangirtg angle between magneticJtdd arid normal to loop;

* find the direction of the induced current using Lens's law.

Objectives

A wire moving in a magnetic
cleetnm^

L

*

Let tis imagine that a wire of length J is moved

with velocity r in a region of a magneLic Field of

constant magnitude B. Assume for convenience

that the magnetic Field is coming out of the
figure 7.1 The wire is made to move normally to

the magnetic field at constant speed. An emf
develops between the ends of the wire.

H out ® <&

r

page and rbar the wire moves from top to

bottom (see Figure 7.1),

The wire is conducting: that is. it has many 'free’

electrons. As the wire moves, the electrons also

move from top to bottom. Tims, the magnetic

held will exert a force on these moving

electrons. {We are talking here about the force

on a moving charge, not the force on a current

in the wire, there is no current in the wire since

the wire is not pari ofany closed circuit.) The

force on the electrons is directed from left to

right and therefore the electrons are pushed to

the right. This means that the Left end of the

wire has a net positive charge and the right end

has an equal net negative charge accumulated

there. (The net charge of the wire is zero.) The

I low of electrons towards the right end of rhe

wire will stop when the electrons already there

are numerous enough to push any new electrons

back by electrostatic repulsion. There is* in other

words, an electric field established in rhe wire

whose direction is from left to right. The value of

this electric field is

where V is the potential difference between the

ends of the wire that is established because of

A V V

A,\

_
f.
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the accumulation of electric charge ai its ends.

The How of electrons will thus stop when the

electric force eE pushing the electrons back

equals the magnetic force cr 8 pushing them

towards the right end. Thus

rF = evB

and so (substituting for the electric field]

V = \'BL

We have found the extraordinary result that a

conducting wire of length I moving with speed

i normally to a magnetic field ft will have a

potential difference \ ft i across its ends. This is

called a motional cm/: it lias been induced as a

result of the motion of the conductor in the

magnetic field. It is instructive to check that

the quantity vBl really has the units of

potential difference, namely volts:

\vB

i

|
— ms" 1

I in — m 1 mAm

It is worthwhile pointing out that, whereas in

elecLroslalics ihe electric field inside a

conductor is zero, this is no longer the case

when charges are allowed to move. Instead, the

condition of zero electric field is replaced by a

more general condition, namely that eE = ovB

on a moving charge e.

Faraday's jaw

As we saw earlier, an electric current creates a

magnetic field. In ihe previous section we saw

that a wire that moves in a magnetic field has

an induced emf at its ends. Actually producing

a current by a magnetic field was a difficult

problem in nineteenth-century physics.

Consider the following experiment. A magnet is

moved towards a loop of wire whose ends are

connected to a sensitive galvanometer and in a

direction normal to rhe plane of the loop, as

shown in Figure 7.2. The galvanometer registers

a current.

Figure 7.2 A bar magnet moving through a loop of

wire connected to a galvanometer. An end' is

induced in the loop and the galvanometer

registers a current.

If the magnet is simply placed near the coil but

docs not move relative to it, nothing happens.

The current has been created as a result of ihe

motion of the magnet relative to rhe loop of

wire. Ifwe now move the magnet toward the

coil faster, the reading on the galvanometer is

greater. If we move the coil toward the magnet,

we again find a reading, litis indicates thal it is

the relative motion of the coil and magnet that

is responsible for the effect. If a magnet of

greater strength is used, the current produced

is greater. If we try a different loop of wire, one

with the same area but a larger number of

turns of wire we find a greater current when a

magnet is moved toward rhe wire. We also

observe that if the area of the loop is increased,

the current also increases. If the magnet is

moved aL an angle to the plane of the loop

other than a right angle, the current decreases.

Our problem is now lo find the common thread

in all these observations. To summarize, the

observations arc that the current registered by

the galvanometer increases when:

* the relative speed of the magnet with respect

to the coil increases:

the strength of the magnet increases:

* the number of turns increases;

* rhe area of ihe loop increases:

* the magnet moves at right angles lo the plane

of the loop.

Faraday found that the common thread behind

all these observations is the concept of magnetic

/lua. Imagine a loop of wire, which for

simplicity we take to be planar (i.e. the entire

loop lies on one plane). If this loop is in a
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region of magnetic field whose magnitude and

direction is constant, then wc define magnetic

flux as follows,

» The magnetic/lux & through the loop i*

ss $4 cos S

where A is the area of the loop and 0 is the

angle between die magnetic field direction

and the direction normal to the loop onto.;

(See Figure 7,3.) If lhe loop has .V turns of

scire around il. the flux is given by

Q> = !XBA cos &

in which case we speak of/hix ifakage, The

unit of magnetic flux is the Weber (Wbj:

lWb= 1 Tml

Figure 7,3,

Tli is means that if the magnetic field is along

the plane of the loop, then 6 = 90 and hence

4* — 0 (see Figure 7,4a), The maximum flux

through the loop occurs when B = Q\ when the

magnetic field is normal to the loop area and

its value is then BA (see Figure 7.4b).

ft x>

©

00 (b)

Figure 7.4 (a) The loop is not pierced by any

magnetic field lines, so the flux through it is

zero, (b) The magnetic field is normal to the loop,

so the flux through it is the largest possible.

The intuitive picture of magnetic flux is the

number of magnetic field lines that cross or

pierce the loop area. Note thaL if the magnetic

field went through on ly half the loop area, the

other half being in a region of no magnetic

field, ihen the flux in that case would he

= “.In other words, what counts is the part

of the loop area that is pierced by magnetic

field lines. Thus, to increase the magnetic flux

of a loop of wire we must:

* increase the loop area that is exposed to the

magnetic field:

* Increase the value of the magnetic field

;

- have the loop normal to the magnetic field.

The loop area has two sides (excluding M obius

strips!!. Which of the two sides do we choose in

order to define the normal direction to the

loop? There are clearly two vectors normal to

the loop and they point in opposite directions

(see Figure 75). The answer is that it docs not

matter: the choice is a question of convention.

But once the choice has been made, we must

stick with it.

loop

Figure 7,5.

Example question

Q1
A loop of area 2 tnV is in a constant magnetic

field of B = 0.10 T. What is ihe magnetic flux

through the loop when:

(a) the loop is perpendicular to the field;

(b) the loop is parallel to the field;

(c) the normal to the loop and the field have an

angle of 60D between (hem?

Answer

(a) In this case ti = 0 and cos 0 — 1, so

flux = 0,10 T x 2 x 10" 4 ma

= 2x lO HVb

(b) In this case & — 90' and cos 90 = 0 r so

flux — 0
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tc) In tliis case & — 60 r so

flux = 0.10 T x 2 x 10' 1 m x 0.5

= 10’" Wb

What dues magnetic flux have to do with the

problem of how a magnetic Held can create an

electric field? The answer lies in a changing

magnetic/! ux. In all the cases we described when

Looking at Figure 7.2 we had a magnetic flux

through the loop, which was changing with

time. As a magnet is brought closer to the loop

area, t he value of the magnetic field at rhe loop

position is increasing and so is flux. If Lhe

magnet is held stationary near the loop, there

is [lux through Lhe loop but it is not changing

-

so nothing happened. If the number of turns is

increased, so is the flux linkage. Thus, there

seems to be a connection between the amount

ofcurrent induced and the rate of change of

magnetic flux linkage through rhe Loop. This is

known as Faraday's law.

<t> = BA

=i> £ = —
At

A B
= A

At
— 4 x 0.2

= Q.S V

A uniform magnetic field B - 0.40 Ms

established into the page, as shown in Figure 7.6.

A rod of length L = 0.20 m is placed on a railing

and pushed to the right at constant speed

v — 0,60 m s
1

, What is rhe induced emf in the

loop?

Sfc- a ©

0
..

© a ©

© © ©

© ® ® © ©

8 © 0 ©

magnelic: field

into p^Ljic

Figure 76.

Faraday found that the induced emfis

equal to the (negative) tare ofchange of

magnetic flux, that is

The minus sign need not concern us, as we will

be finding the magnitude of the induced emf.

However, if we use calculus (i.e. £ = -.V^Lthcn

the minus sign must be included. We will use

calculus only in Chapter 5.S.

Example questions

Q2
fhe magnetic field through a single loop of area

0.2 m is changing at a rate of 4 T s '

. What is the

induced emf?

Answer

The magnetic flux through the loop is

changing because? of lhe changing magnetic

field, hence

Answer

The flux in the loop is clearly changing since the

area of the loop decreases. Thus, there will be an

emf induced. In a time interval At the rod will

move to the l ight a distance vAf anti so the area

will decrease by A A = LvAt, thus

= 3A
A

=> £ —
A;

= B—
At

L vA t
= B-

At

- BL v

= 0.40 x 0.20 x 0.60

= 4S mV

We began this chapter with a discussion of a

wire that is dragged in a region of magnetic

field. We saw, by considering Lhe forces acting

on the electrons of the wire, that a potential

difference was induced at its ends that is

given by

£=BLv
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We may re-dcrivc this result bv making use of

the concept of changing flux and Faraday's law.

The wire cuts magnetic field tines as it moves in

the magnetic field. In time At it will move a

distance of v At and so the flux through the area

swept by the wire is

A<t> — BivAt

A4>^ £
^~Kf
= BLv

(see Figure 7.7),

Figure 7.7 The wire sweeps out an area pierced by

magnetic field lines as it moves.

Lenz's law

Having seen that a changing magnetic flux will

produce an emf and therefore a current in a

conducting loop of wire, we now move to the

interesting problem of determining the

direction of this induced current. We can guess

the answer on the following intuitive grounds.

Let us look again at example question 3. Which
will be the direction of the induced current?

3here are two possibilities, the current will

either flow in a clockwise ora counter-

clockwise fashion in. the loop. In either case*

there will be a force on the rod because it is a

current-carrying wire in a magnetic field.

1/ the current flows in the roimtcr-clodcwise direction:

By the right-hand rule, the Force is directed

towards the right - in the direction of motion

of the rod.

If the current /lows in the dudewise direction-

By the right-hand rule, the force is directed

towards the left - in the direction opposite to

the motion of the rod.

Which choice makes physical sense? If we
deride that the current flows in the counter-

clockwise direction, the magnetic force will

accelerate the rod to the right, thereby

increasing its speed. An increased speed leads to

an increased emf (recall that £ = BLv\ and thus

increased current. This in turn means that the

force on the rod will also get bigger and thus

the acceleration will get bigger. And we go on

forever. The rod accelerates forever without

anyone providing the necessary energy. This

choice is absurd. It violates the law of

conservation of energy.

The current must flow in the clockwise direction.

The force now is to the left and it opposes the

motion of the rod. Ifwe want the rod to move at

constant speed, then wc must apply on the rod a

force equal and opposite to the magnetic force

on the rod. If we do not apply any force on the

rod, then the magnetic force will bring it to resL.

The reasoning applied above involves analysing

forces. It can be used in almost any situation

involving Faraday's taw to rind the direction of

the induced current, but it would be good if we

had a very general principle that would give us

the answer. Such a general statement has been

given by the Russian physicist Emil Lenz, and is

called Lenz's law.

Unit's law states that the Induced current

will be in such a direction as to oppose the

dumge In (hr magrielicjlux that created the

current.

This is a rather subtle and tricky formulation.

Let us apply it to example question 3. The

change in the magnetic flux has been a decrease

in magnetic flux (area gets smaller), Lena's law

states that the induced current will be in a

direction so as to oppose this decrease. Hie

induced current will create its own mngneric/ield,

as we learned from Ors tod's discovery, (Tills

magnetic field has nothing to do with the

magnetic field whose changing flux created the

current,) But the magnetic field created by the
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induced current will also have a magnetic flux

through the same loop. If Lhe created magnetic

field is in Lhe same direction as the original

magnetic field, its flux will add to the original

flux (which, remember, is decreasing) and will

thus prevent it from decreasing as fast. In this

case the induced current is opposing Lhe

decrease in [lux and this is what Lenz's law

demands. If the induced magnetic field is to be

in fhe same direction as the external magnetic

Held, the current must flow in a clockwise

direction, as we found earlier, (It is assumed

that you can find the direction of the current

given the direction of the magnetic field it

produces “ the right-hand rule that allows us to

do this is discussed in the previous chapter.)

a counter-clockwise direction when looked at

from above,

(b) In this case, the south pole oi (he magnet enters

first. This time let us lake the normal to the loop

plane to lie vertically up. Then the flux in the

loop is again increasing and so lhe current wi I

again produce a magnetic field opposite to the

field of the bar magnet. This means that the

induced magnetic field will lie vertical ty down,

thus the induced current is clockwise,

tt is left as an exercise for you to show that the

current (in both cases) flows in i he opposite

direction when the magnet is on its way out of the

loop. You should also show (hat these conclusions

are independent of the choice of the normal to

the loop.

Let us make sure that we understand what is

going on by looking at another example.

Example question

Q4 Ofn-.vr

-

A loop of wire has its plane horizontal and a bar

magnet is dropped from above so that it falls

through the loop with (a) the north pole first and

(b) the south poie first, as shown in Figure 7,0,

Find the direction of the current induced in the

loop In each case.

view from above

Figure 7,8,

Answer

(a) In this ease, the north pole of the magnet enters

first. The flux in the loop is increasing because

the magnetic field at the loop is getting bigger

as the magnet approaches, (We are taking the

normal to lhe loop to be in the vertically down

direction. This means that the flux is gearing

more and more positive.) The induced current

must then oppose (he increase in the flux. This

can be done if the induced current produces a

magnetic field in the opposite direction to that

of the bar magnet. Thus, the current will flow in

A good example LhaL illustrates many of the

principles of electromagnetic induction follows.

Consider the motion of a rectangular loop of

conducting wire of size L x \ that moves with

velocity v and enters a region of magnetic field

of constant value B. The plane of the loop is

normal to the magnetic field. This is illustrated

in Figure 7,9,

Figure 7.9 A horizontal loop entering a vertical

magnetic field at constant speed.

As the loop begins to enter the region of

magnetic field, tile magnetic flux through the

loop is increasing and so an cmfwill be induced

in the loop. Tile flux equals <T> = Blx where x is

the length of the loop that has entered the

magnetic field region and so the rate ofchange

of magnetic flux (and hence the emf) is 8Lv< A

current then flows in the loop ofvalue

£ BLp
l=

R
=

'

R~
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where R is the loop’s resistance. By Lena's law,

the direction of the current is counter-

clockwise {looked ai from above). Hrerefore,

there is a force acting on rhe part of the loop of

length i that is inside the magnetic field. (The

rear part of the loop is not inside the magnetic

field and so experiences zero force,) The

magnitude of the force is

F = Bli
B2

L
2
v

R

and is directed against the velocity' of the loop.

Thus, if the loop is to maintain a constant

velocity, a force pushing it to the right and

equal to t must be applied to the loop. This

means that this force does work. The rate at

which work is being done (power dissipated) is

P = Fv =
B 2

l
2v2

R

Where does this work go? It does net go into

changing Lhe kinetic energy of rhe loop since

the loop is made to move at constant speed. The

work goes into heating the wire. The wire has

resistance and current flows in it. The power

dissipated in the loop as a result of the current

in it is

B 2
L
2v 2

and is identical to the power dissipated by the

external force, as it should be by energy

conservation.

Faraday's disc

An interesting example of induced cmf is

provided by Earada/s disc. Like the example of

the rod moving in a magnetic field, an emfis

induced even though no magnetic flux is

changing. This is a motional cmf. A conducting

disc ofradius fi rotates about an axis normal to

its plane and going through its centre (sec

Figure 7.10). A magnetic field of constant value

is established everywhere In space and is

directed along the axis of rotation, which

means it is also normal to the plane of the disc.

There is magnetic flux though the disc but it is

constant in time. Imagine that the disc rotates

with constant angular velocity in a counter-

clockwise direction.

magnetic HeLd

into page

Figure 7.10 The disc is rotating at right angles to

rhe magnetic Held. A potential difference

develops between the centre and the

circumference.

This means that electrons in the disc

experience a magnetic force that pushes them

towards the circumference of the disc. The

accumulation of electrons on the rim means

that there is potential difference between the

dreu inference and the centre of the disc. The

flow of electrons will stop when rhe electric

force on electrons trying to move to the

circumference equals the magnetic force. The

magnetic force on an electron at a distance r

from the centre is

F =e\'B = eox B

The magnitude of the electric field is ^ and so

dk
e-f- = t\orB
dr

which can be integrated to give

AV = th>R 2B

for the potential difference between the centre

and the circumference.

As with the case of the wire that moved in a

magnetic field, the potential difference above

can also be obtained through the concept of

/lux through a swept area, lit us, consider a radius

of lhe disc. As the disc rotates, the radius can be

thought to rotate roo, and thus sweeps ouL an

area given by

AA = ±R.
2
Ati



5,7 Electromagnetic induction 357

whereM is the angle the radius rotates by in a

time equal to At . This is j list the formula for

the area of a sector of a circle of radius ft and

angle A0. (See Figure 7.11,)

Figure 7.11 As a disc rotates, the radius can be

thought to rotate too, sweeping out an area.

If the angular velocity of rotation is a), then

Ad — (oAf and the flux through the swept area

is A<F = £|ft 2ajALTh]5 means that the

potential difference at Lhc ends of the radius is

A<E>

"= aT

_
BlR2wM

a i

= ^BR1
**

as wc found previously.

1

The flux through a loop as a function of time

is given by the graph in Figure 7.12. Make a

sketch of the emf induced in the loop as a

function of time.

rtux/wb

2

The flux through a loop as a function of time

is given by the graph shown in Figure 7.13.

Make a sketch of the emf induced in the loop

as a function of time.

fluaJWb

3

Figure 7.14 shows the emf induced in a loop

as a result of a changing flux in the loop.

(a) What is a possible flux versus time graph

that would give rise to such an emf?

(bj Why isn't there a unique answer?

emffV

Figure 7.14 For question 3,

4

Figure 7.15 shows a top view of two solenoids

with their axes parallel, one with a smaller

diameter so that it fits inside the other. If the

bigger solenoid has a current flowing in the

clockwise direction (looked at from above)

and the Current is increasing in magnitude,

find the direction of l he induced current in the

smaller solenoid.

f

Figure 7,15 For question 4.
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A metallic ring is dropped from a height above

a bar magnet as shown in Figure 7.16,

Determine ihe direction of ihe induced

current in the ring as the ring falls over the

magnet in each case, giving full explanations

for your choices.

N s

5 (b) N

Figure 7.16 For question 5.

6

A magnet ts dropped from above into a

metallic ring as shown in Figure 7.17,

Determine the direction of the current

induced in the ring in each case.

(a) (b)

Figure1 7,17 For question 6,

7

For question 5(a) determine l he direction of

the magnetic force on [he ring as it (a) enters

and (b) leaves the magnetic field.

H A metallic rod of length i is dragged with

constant velocity v in a region of magnetic

field directed into the page (shaded region), as

shown in Figure 7,1 6. fly considering the

torce on electrons inside the rod, show that

the ends of the rod will become oppositely

charged. Which end is positively charged ?

© 9 ® ©

9 9 ®
' r

® 9 0 ®

Figure 7.IS Fur question S.

9 Find the direction of the current in the loop

shown in Figure 7.19 as the current in the

straight wire:

(a) increases;

(b) decreases.

Figure 7.19 For quest bn 9,

It) A coil of 1000 turns and length 20,0 cm has a

smaller coil of diameter 2.0 cm and 2UG turns

inserted inside it. If the current in the big coil

is changing at 1 50 A $ find the emf induced

in the smaller coil.

It How can the Faraday disc be connected to an

outside circuit to provide it with electric

current? Is the current provided At: or DC?

12 Look al Figure 7.2U, which we used earlier in

the test. If the magnetic field is increasing,

what will happen to the rod AB?

9 <js
ft ft

0 magnchc field

© ® ® ® ®
inn* p;iyu

<s © 9 9

9 ® 9 © '9

<s S & & s
S

Figure 7.20 For question 12.

HL Mathematics only

1 3 The problem of ihe rod sliding over a wire in

I fie shape of a FI that wc met in example

question 3 and question 12 will row be

re-examined for the case in which the railing

is no longer horizontal but is inclined by an

angle 0, as shown in Figure 7,21. The rod

has mass mt length L, resistance k and the
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magnetic field 8 is uniform and directed

vertically upward. The rod starts from rest;

find the terminal velocity reached by the

rod.

Hint: Do this in steps as follows.

Pari A; (a) Find (lie flux of the magnetic field

through (he loop, (b) Find the rate of change

of this flux and hence the induced emf.

(c) What is the direction of the induced

current? (d) Find the magnitude and

direction of the magnetic force on the rod.

te) Assume terminal velocity is reached and

find an expression for it.

Part B: To find the precise dependence of the

velocity on lime, write down an expression

for the acceleration of the rod down the

plane by applying Newton's second law.

Realize that the acceleration is the time

derivative of velocity and lienee solve the

differential equation lo find the velocity as a

function of time. Verify that ihe rod reaches

l he terminal velocity you found in (eh

14 A square condut ting loop of wire of side a,

mass m and resistance R falls under gravity

normally to a uniform, horizontal magnetic

field B, as shown in Figure 7.22. The area of

the loop is small enough so that it can be

contained totally within ihe region of the

field*

(a) While thcr loop is entering the magnetic

field, find the magnitude and direction of

the induced current.

(b) Write down an expression for the

acceleration of the loop as it is entering

the field.

ic) Write the acceleration as the time

derivative of the velocity and hence show

that after lime t the velocity of the loop is

v =
gmR
B

where we have assumed for simplicity

that the loop is dropped from rest from a

position where the bottom leg is just

about lo enter the region of magnetic

field,

(d) Show that the quantity has tin its of

velocity and units ot" time.

falling Loop

I
© © © region of magnetic

Meld coming oul of

© ® (he page

© © ©

Figure 7.22 For question M,

TS it was shown in the text that the potential

difference between the centre and a point on

she circumference of a metallic disc of

radius r thal rotates with constant angular

velocity w normally to a magnetic field B is

AV = tr B.

Assume the disc shown in Figure 7.23 is

rotating in a clockwise sense and that the

magnetic field is directed into the page,

(a) Which point is at the higher potential,

the centre or a point on the

circumference?

tb> Jf an external circuit of resistance R h

connected between the centre and a

point on the circumference, show that

the current that will flow is /—

(cl What will he the direction of the current?

(d) Show that the power dissipated in the

resistor is P = —

bnihli

Figure 7.23 For question 15.
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Alternating current

This chapter discusses the production of alternating current by the At generator and the

properties of alternating current. We prove the transformer equation and discuss the use

of transformers in power transmission.

The AC generato r

One very important application of

electromagnetic induction is the AC (alternating

current) generator - Lhc method used

universally to produce electricity (see f igure 8.1).

Hie generator is in some sense a motor in reverse.

A coil is made to rotate in a region of magnetic

field. This can be accomplished in a variety of

ways: by a diesel engine burning oil, by falling

water in a hydroelectric power station, by wind

power, etc.

The flux in the coil changes as the coil rotates

and so an emf is produced in it. We assume

that the coil has a single turn of wire around

it. the magnetic field is B — CM I
, the coil has

an area of 0.318 irr and a rotation rale of 50

revolutions per second. Then the flux in the

coil changes as time goes on according to a

cosine function as shown in Figure 8.2. (Time

zero is taken to correspond to the coil in the

Figure 8.1 A coil I hat is forced to turn in a region

of magnetic field will produce an emf.

rloxAVb

Figure 8.2 The flux in the coil is changing with

time.

Objectives

By the end of this chapter you should be able to:

appreciate that the induced emf in a uniformly rotating coil is

sinusoidal;

* explain the operation and importance of the AC generator;

* understand the operation of the frans/ormrr;

* apply the trans^rmer equation, ^ and explain the use of

transformers in power transmission;

* understand Lhc terms rms and peak currant (/rrn . = ~f- )
and vwftagf

and calculate the average power in simple AC circuits

l(Pi = as =

’
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position of Figure 8.1 so Lhat the flux is a

maximum.)

The equation of the flux {linkage} is. in general.

4> = NBA cos 9

where 0 is the angle between the magnetic field

and the normal to the coil and N is the number

of turns in the coil. Assuming that the coil

rotates at a constant angular velocity w, it

follows that 9 = oA and so the flux becomes

tj> = NBA cosi>/

)

By Faraday's law. the emf induced in the coil

is (minus) the rate ofchange of the flux

linkage and thus is given by

do
4 =

di

=> £ - (joNBA sim.wf i

The quantity £o — toNBA is the peak voltage

produced by the generator. For the same

numerical values as in rhe previous example,

the emf induced is given by the graph shown in

Figure 8,3 [to = Zirf = 314.6 s~’ },

cmi/V

tims

Figure 8.3 The emf induced in the loop as a

function of time. 'Ihe peak voltage is 40 V.

Note that the emf induced is zero whenever the

flux assumes its maximum or minimum values

and, conversely it is a maximum or minimum
whenever the flux is zero. The noteworthy

thing here is that the voltage can be negative as

well as positive. This is wit at is. called

alternating voltage and the current rhat flows

in the coil is alternating current (AC), Lilts

means that unlike rhe ordinary direct current

(DC) that flows in a circuit connected to a

battery, the electrons do not drift in the same

direction but oscillate hack and forth with the

same frequency as that of the voltage.

The current that will flow in a circuit of

resistance R can be found from

&sinW

)

R

= Ic sin (ad )

where 1$ = ^ is the peak current. For the emf of

Figure 8,3 and a resistance of 16 Q ihe current

is shown in Figure 8.4.

Figure 8,4 The induced current in tlie rotating

loop. Note that the current b in phase with the

emf. The peak current is found from peak

voltage divided by resistance, i.e. 40/16 = 2-5 A,

Power in AC circuits

Ihe power generated in an AC circuit is

F =£/

= £qIq sirf^ad

)

and. just like the current and the voltage, is not

constant in time, ft has a peak value given by

the product of the peak voltage and peak

current (i.e. 40 x 2.5 = 100W. for the previous

example), ihe power as a function of time is

shown in Figure 8.5.
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ptw

Figure 8.5 The power dissipated in a resistor as a
function of time, Note that the period ofone
rotation of the coil is 20 ms. The power becomes
zero every half rotation of the coil. The peak

power is 100 W. The horizontal line indicates

the average power of 50 W.

It is instructive to write the expression for

power in terms of the parameters of the

rotating coil:

r

= iv\'8A sin(dul i

IwjVfi/lr-

wJVB/1 sintwf |

ti

sirred \

This shows, for example, that if the speed of

rotation of the coil is doubled, the power is

increased by a factor of 4.

Root mean square (rms) quantities

It would be convenient to define an average

voltage, average current and average power. For

power tins is not difficult, as power is always

positive. Trying to find the average of the

current or voltage, though, would give zero. In

any one cycle, the voltage and current are as

much positive as they are negative and so

average to zero. To get around this problem we
use the following trick. First, we square the

current, getting a quantity that is always

positive during the entire cycle. Then we find

the average of this positive quantity. Finally,

we take its square root. The result is called the

mis value of the current (from root mean
square).

How do we evaluate an rms quantity? Squaring

the current gives

r ll sin
2
(iuf}

r
= y|l - cos{2*(rf )|

where in the last step we used the identity

srrrB —
} cos 2B

7

Over one cycle, the cosine term averages to zero

a ltd so the average of r he square of ill e current is

(angular brackets denote an average). Thus

/ -A
-fi

Doing exactly i he same thing for the voltage

results in an rms voltage of

£ - —
nub r-r

Since

P = ^/u sin
2
(wO

= ^[1 - cos(2ftjf)|

we get the following:

The mirage power is

(

,J

) i(^[1 — fosi2»>/ )[\

KA
2

= %_h

(again the term with the cosine averages to

zero over one period!.

On a very non-rigorous level, we might say that

dealing with rms quantities turns AC circuits

into DC circuits. Hie product of the rms current

times I he rms voltage gives the average power in

the circuit.
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We may also use the alternative formulae

for average power

o’; = RL

H

l vample question

Q1

Find the rms quantities corresponding to the

current and voltage of Figures 8.3 and 8.4,

Answer

The peak voltage is 40 V giving

^ 28 V

Similarly, the peak current is 2.5 A, giving

fth&A

From Figure 3,5, the peak power is 100 Wand
the average power is 50 W. The product of the

rms current times the rim voltage is indeed

1 .8 x 2a = 50 W

The slip-ring commutator
The current must now be fed from the rotating

coil into an external circuit where it can be put

to use. The rotating coil is connected to the

outside circuit i to which it provides current,

through slip rings, as shown in Figure 8,6. F'ach

of the wires leading into the coil is firmly

Figure 8,6 The slipring connection of the rotating

coil to the outside circuit.

connected to its own ring 5. As the coil rotates,

the ring rotates along with it. but each ring is

always in contact with the same brush (B) that

connects to the outside circuit. This means that

since AC current is produced in the coil, AC

current will be fed to the external circuit as

well.

(What current would flow in an external circuit

if the generator were connected to it via a split

ring?)

Hie great advantage of AC voltage and current

is that they allow the use of the transformer

(see below),

Back-emf in the DC motor

In the DC motor, current fed into a loop that

is in a magnetic field makes the coil turn as

a result of the forces that develop on the

sides of the loop. Because of Faraday’s law

an emf(the back-emf) will he induced in the

loop as it begins to rotate, since there is a

changing magnetic flux in the loop, By

Lenz's law', this emf will oppose the change

in the flux that created it. This means that

a current will Dow in the loop that is

opposite to the current that the external

battery feeds into the loop. The current in

the loop will thus be less when the coil is

rotating than initially, when the rotation

had not yeL started. The back-emf is the

reason that lights sometimes dim when the

molor of the refrigerator Lurns on. Initially

the current drawn by the motor is large and

only after the coil of the motor achieves a

constant speed of rotation does the current

drop to lower values.

The transformer

Consider two coils placed near each other as

showrn in Figure 8.7. The turns of both coils are

wrapped around an iron core.

The first coil (the primary) has JV
P
turns of wire

and the second (the secondary) \ s turns. If the
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Figure 8.7 The changing dux in the secondary coil

produces an emf in that coil-

primary coil is connected to an AC source of

voltage, an alternating current will pass

through this coil. 'lire magnetic field this

current will create will be changing in both

magnitude and direction, since the current is.

As the two coils are near each other, the

magnetic field of the first coil enters the second

coil and thus there is magnetic flux in this

second coil* The purpose of the iron core is to

ensure that as much of the flux produced in

the primary coil as possible enters the

secondary coif Iron has the property that it

confines magnetic flux and so no magnetic

field lines spread out into the region outside

the core. Since the magnetic Field is changing,

the flux is also changing and thus, by Faraday's

law, there will be an induced emf in the

secondary coil.

If the flux is changing at a rate “ through one

turn of wire, then the rate of change of flux

linkage in the second coil is and that,

therefore, is the emf induced in the secondary

coil. K = iV s . Similarly, the emf, Vp , in the

first coil is Vp = JV
P . Hence

K
The arrangement just described is called a

transformer. What we have achieved is to make a

device that takes in AC voltage (V
p )

in the

primary coil and delivers in the secondary coil

a different AC voltage (K). tf the secondary coil

has more turns than the primary, Lhe

secondary voltage is bigger than Lhe primary

voltage {if the secondary coil has fewer turns,

Lhe secondary voltage is smaller). Note that the

transformer works only when Ilie voltage in the

primary coil is changing. Direct (i.e. constant)

voltage fed into the primary coil would result in

zero voltage in the secondary (except for the

short interval of time it takes the current in the

primary coil to reach its final steady value). In

the case ofstandard AC voltage, there is a sine

dependence on time with a frequency of 50 or

60 Hz, The frequency of the voltage in the

secondary coil stays the same “ the transformer

cannot change Lhe frequency of the voltage.

If the primary coil has a current J
p
in it, then

the power dissipated in the primary coil is !/
p/p .

Assuming no power losses, the power dissipated

in the secondary coil is the same as that in the

primary and thus

Vpifi
= VJ%

Therefore, using ^ ^ the relationship

between the currents is

4 = Nk

4 W
P

(Power losses are reduced by having a laminated

core rather than a single block for the core - this

reduces power losses by eliminating eddy

currents, Eddy currents are created in the core

because the free electrons of the core move in

the presence of a magnetic field. Thus these

electrons are deflected into circular paths and

they create small currents in the core. See

Figure 8.8.)

0 o
o
Q
Q

a solid core wil I a lami rtaled core wilii

have eddy currents insulation beiween layers

reduces eddies

figure 8.3 Free electrons move in circular paths

creating eddy currents in the magnetic field

that, is established in the core. Nearly all of

these currents are eliminated if the core is

laminated.
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Transformers and power

transmission

Transformers are used in the transport of

electricity from power stations, where

electricity is produced, to the consumer. At any

given Lime, a city will have a power demand, P

,

which is quite large (many megawatts for a targe

city). Ifthe power station sends out elect ritzily at a

voltage V and a current J flows in the cables

from the power station to the city and back, then

P ^ VI

The cables have resistance* however, and thus

there is power loss = RI2 where P stands

for the total resistance ofthe cables. To

minimize this loss it is necessary to minimize

the current (there is not much that can be done

about minimizing K), However, small / (/is still

a few thousand amperes) means large V (recall,

P = VI), which is why power companies supply

electricity at large voltages. Transformers are

then used to reduce the high voltage down to

that required for normal household appliances

(220 V or 110 V). (See Figure 8.9.)

figure 8,9 The voltage produced in the power

station is high in order to reduce losses during

transmission. Transformers are used to step

down the voltage to what the consumer
requires,

Example question

Q2«-»» i in

A power company produces 500 MW of

electricity at a voltage of 1.2 x ICf* V. The total

resistance of the cables leading to and from a

town is 4 Q. Mow much current flows from the

power station? What is the percentage loss of

power in the cables? If the electricity were

transmitted at the lower voltage of 0,8 x 10 s V,

what would the power loss beT

Answer

Trom P = V7the current is

500 * to*

“
1,2 x UH

= 4,2 X 1Q*A

The power loss in the cables is

= RP
= 4,0 x (4,2 x I0V
= 7,1 x I0

? W
= 71 MW

This corresponds to a power loss of

71/500 x 100% = 14% of the produced power.

With the lower voltage the current is

500 x 10*

“
0.8 x IQ*

= 6.2 x 10*A

The power lost is then

P = RP

= 4,0 x (6.2 x !0V
= 1,5 x IOe W
= 1 50 MW

The percentage of power lost is row 1 50/500 x

100% = 20%.

1 A transformer has 500 turns in its primary coil

and 200 in the secondary coil,

(a) Jf an AC voltage of 220 V and frequency

50 Hz is established in the primary coil,

find the voltage and frequency induced in

the secondary coil.

(b) If the primary current is 6.0 A, find the

current in the secondary coiE assuming an

efficiency of 70%,

2 A 300 MW power station produces electricity

at 80 kV, which is then supplied to consumers

along cables of total resistance 5.0 S3.

(a) What percentage of the produced power is

lost in the cables?

lb) What does the percentage become if the

electricity is produced at 100 kV?
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3 Hit1 rms voltage output of a generator is 220 V.

The coi l is a square of side 20,0 cm, has

300 turns of wire and rotates at 50 revolutions

per second. What is the magnetic field?

4 Figure 8,10 shows the variation, with time, of

the magnetic flux linkage through a loop.

What is the rms value of the emf produced in

the loop?

rtux/wb

5

A power station produces 150 IcW of power,

which is transmitted along cables of total

resistance 2.0 Q. What fraction of the power

is lost if it is transmitted at:

(a) 1000 V;

(b) 5000 V?

ft If the connection of a rotating generator coil

to the outside circuit were made through a

split ring fas discussed in the case of the DC
motor), what sort of current would flow in the

external circuit?

7 Figure 8. VI shows the variation with lime of

the power dissipated in a resistor when an

alternating voltage from a generator is

established at its ends. Assume that the

resistance is constant at 2.5 £2,

fa) Find the rms value of the current.

(b) Find the rms value of the voltage.

ww

Figure 8.11 For question 7.

(c) Find the perkxl of rotation of the coil.

(d) The coil is now rotated at double the

speed. Draw a graph to show the variation

with time of the power dissipated in the

resistor.

8 Figure 8.12 shows the variation of the flux in

a coil as it rotates in a magnetic field with the

angle between the magnetic field and the

normal to the coll.

(a) Draw a graph to show the variation of the

induced emf with angle.

The same coil is now rotated at double the

speed in the same magnetic field. Draw

graphs to show:

(b} the variation of the flux with angle;

(c) the variation of the induced emf with

angle.

ant'Ic.T.idians

flux Wb

Figure 8.12 For question S,
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The atom and its nucleus

In ancient limes, the Greek philosopher Demokfilos asserted that all matter is made out

of indivisible units. This chapter introduces the bask ideas and models that have given

rise to our present understanding of the atom and its nucleus. We begin with Rutherford's

experiment that provided the evidence for Ihe existence el a small massive and positively

charged atomic nucleus and close wilh a discussion of (he fundamental forces that operate

within the nucleus.

Objectives

By the end of (his chapter you should be able to:

* appreciate that atomic spectra provide evidence for an atom that can only

take discrete values in energy:

* explain what isotopes are and how their existence implies that neutrons

are present inside [he nucleus;

* state the meaning of the terms nuclide. nucleon, mass number and atomfc

number (proton number):

* outline the properties of thejbrre* that operate within the nucleus,

The discovery of the

nuclear atom

fn 1909, Geiger and Marsdem working under

Rutherford's direction, performed a series of

experiments in which they studied the

scattering of alpha particles shot at a thin

gold foil. Alpha particles have a mass

approximately four times that of the hydrogen

atom and a positive electric charge of two

units (2e), Alpha particles arc emitted when

unstable elements decay; we will study them

in more detail later,

Geiger and Marsden used radon as their

source of alpha particles, which they directed

in a fine beam toward the thin gold foil. The

scattered alpha particles were detected

(Lhrough a microscope) by the glow they

caused oil a fluorescent screen at the point of

impact. As expected, most of the alpha

particles were detected at very small

scattering angles, such as at positions A, B

and C in Figure 1.1.

thin gold foil

large-jingl? 'icaiterin^ Huali-aflgle scattering

Figure 1.1 The majority of alpha panicles are

slightly deflected by the gold foil. Very

occasionally, large-angle scatterings take place.

The small deflections could be understood in

terms of alpha particles approaching [he

nucleus at large distances. The large deflections

were due to alpha particles approaching very

close to the nucleus.
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These small deflections could be understood in

terms of the electrostatic force of repulsion

between the positive charge of the gold atoms

and the positive charge of Lhe alpha particles,

(Note that an alpha is about S000 times more

massive Lhan the electron and so the effect of

the electrons of the gold atoms on the path of

the alphas is negligible.)

To their great surprise. Rutherford, Geiger

and Marsden found that; occasionally,

alpha particles were detected at very

large scattering rnigfes, as can be seen in

figure ! . 1. These large-angle scattering

events could not be understood in terms

of (lie prevailing model ofthe time -

Thomson’s model of the atom.

Consequences of the Rutherford

(Geiger-Marsden) experiment

llie very large deflection was indicative ofan

enormous force of repulsion between the alpha

particle and the carrier of the positive charge

of the atom. Such a large force could not be

produced if the positive char ge was distributed

over the entire atomic volume, as Thomson had

suggested earlier (see Figure 1.2). Rather, it

suggested that the positive charge resided on

an object that was tiny (thus the alpha particle

could come very dose to it) but massive

(because there is no recoil of the gold atoms)

(see Figure 1.3), In this way, the alpha particle

could approach the positive charge at a very

Figure 1.2 !n Thomson's model, the closest an
alpha particle can come to the atom's centre is a

distance equal to the atomic radius.

forte is small

mid so is deflection

ibis nlpha particle approaches very\

close to the posit i vc charge ai id \
experiences si large force V

Figure 1.3 In Rutherfords model, the alpha

particle can approach much closer if the

nucleus is very small.

small distance, and the Coulomb force of

repulsion, being proportional to the inverse of

the square of the separation, would then be

enormous. This force causes the large

deflection in the alpha particle ‘s path.

Rutherford calculated theoretically the number
of alpha particles expected at particular

scattering angles based on Coulomb's force law,

lie Found agreement with his experiments if

the positive atomic charge was confined to a

region of linear size approximately equal to

10
r>

ni. This and subsequent experiments

confirmed the existence of a nucleus inside the

atom - a small, massive object carrying the

posi tive charge of the atom.

Example quest ion

Calculate the electric field at the surface of a

nucleus of one unit of positive charge and radius

HT r> m. Compare this with the value of the

electric field of the same charge that is now
spread over a sphere of radius 10” 1 nu

Answer

Applying (he formula for the electric field £ — kj*

we find

£ = 9 x 10* x
1.6 x 10- ,s

= 1.4 x 1011 NC” 1

Near the larger sphere, the electric field is

f = 1 A x IQ 11 NC” 1

,
which is a factor of 1D t0

smaller. This is why the deflecting forces in

Rutherford's model are so large compared with

what one might expect from Thomson's model.
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The Rutherford model

of the atoio

These discoveries led to a new picture of the

atom. A massive, positively charged nucleus

occupied the centre of the atom and electrons

orbited this nucleus in much the same way that

planets orbit the sum this was the Rutherford

model (see Figure 1.4), The force keeping the

electrons in orbit was the electrical force

between the negative electron charge and the

positive nuclear charge.

Figure 14 Rutherford s atomic model has the

electrons orbiting the nucleus like planets

orbiting the sun.

Immediately after these discoveries, difficulties

arose with the Rutherford model.

* ie main difficulty was that, according to

the theory ofelectromagnetism, an

accelerated charge should radiate

electromagnetic waves and thus lose energy,

The electrons in Rutherford s atom move in

circular paths around the nucleus and so

suffer centripetal acceleration If they

radiate and lose energy, it can be shown

that this would lead to electron orbits that

would spiral into the nucleus. The lime

required for the electron to fall into Lhe

nucleus is of the order of nanoseconds.

Thus, Lhe Rutherford model cannot explain

why matter is stable. i,e. why atoms exist.

The jtohr model

The first attempt to solve this problem came

from the Danish physicist Niels Bohr in 1911.

These are the Bohr postulates,

v Bohr examined the simplest atom, that of

hydrogen, and realized that the electron

could exist in certain specific states of

definite energy, without radiating away

energy, if a certain condition was met by

the orbit radius. The electron energy is

thus discrete as opposed to continuous. The

electron can only lose energy when it

makes a transition from one state to

another of lower energy. The emitted

energy is then the difference in energy

between the initial and final stares. (See

Figure 1.54 The st rongest piece of evidence

in support of Bohr's idea is the existence of

emission and absorption Spectra,

* energy

state

Figure 1,5 In the liohr model the electron occupies

one of a number of specific states each with a

well-defined energy. Whi le it is in one of these

slates, the electron does not radiate away energy.

Spectra

Consider hydrogen as an example. Under normal

conditions (i.e, normal temperature, pressure,

etc.) the electron in each hydrogen atom

occupies the lowest energy state or energy level

(the ground state). Ifthe atoms are somehow

excited (by increasing their temperature, lor

example) the electrons leave rhe ground stale

and occupy one of rhe higher energy, excited

states. As soon as they do so, however, they make
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a transition back down to lower energy states,

radiating energy in the process. Hie energy of

the light emitted is very well defined since it

corresponds to the difference in energy between

the states involved in the transition. Knowing

this energy difference allows us to calculate the

wavelength of the emitted light, and so the

wavelength, too, is well defined since the energy

is. In this way it is found, for example, that

hydrogen emits lighi of wavelengths 656 nm.

486 nm and 410 nm. Only hydrogen emits lighL

of these wavelengths since only hydrogen has

stales whose energy differences lead to these

wavelengths. Helium, for example, has energy

states of different energy, so the wavelengths of

light emitted when helium atoms are heated are

different from those of hydrogen.

- The set ofwaveleugt hs of light emitted by

die atoms ofan clement is called the

cpje tss'con spectrum of the element.

Conversely, consider atoms of hydrogen that are

in their ground states and imagine sending

light of a specific wavelength through a given

quantity of hydrogen. If the wavelength of light

does not correspond to any of the wavelengths

in the emission spectrum of hydrogen, the light

is transmitted through the atoms of hydrogen

without any absorption. If. however. It matches

one of tlie emission spectrum wavelengths,

then this light is absorbed.

• The electrons simply take this energy and

use it in order to make a transition to a

higher energy state. Hie wavelengths that

are so absorbed make up the absolution

spectrum of the element and (as indicated

above) they are the same wavelengths as

those in the emission spectrum

Thus, ifwhite light (Le. light containing all

wavelengths) is senL through the gas and the

transmitted light is analysed through a

spectrometer, dark lines will be found at the

position of the absorbed wavelengths.

Nuclear structure

Nuclei are made up of smaller particles, called

protons and neutrons. The word nucleon is used

to denote a proton or a neutron.

- The number ofprotons in a nucleus is

denoted by Z, and is called the atomic

(or proton) number.

* The total number of nucleons (protons

+- neutrons) is called die mass (or

nucleon) number, and Es denoted by A,

Then the electric charge of the nucleus is Z|e|,

The number of neutrons In the nucleus (the

neutron number N) is thus N = A - Z. We will

use the atomic and mass numbers to denote a

nucleus in the following way: the symbol

stands for the nucleus of element X, whose

atomic number is 7 and mass number is A.

Thus
\

1 1, He. 2j^Pb and :’™U are,

respectively, the nuclei of hydrogen, helium,

calcium, lead and uranium, wit El one, two,

twenty, eighty-lwo and ninety-two protons. A
nucleus with a specific number of protons and

neutrons is also called a nuclide.

We can apply this notation to the nucleons

themselves. For example, the proton (symbol p)

can he written as Jp and the neutron (symbol n)

as 'n. We can even extend this notation to the

electron, even though the electron has nothing

to do with the nucleus and nucleons. We note

that the atomic number is not only the number
of protons in the nucleus but also its electric

charge in units of |ef. In terms of this unit, the

charge of Lhc electron is -
I and so we represent

the electron by ^e. The mass number of the

electron is zero - it is so light with respect to

the protons and neutrons that it is, effectively,

inassless. The photon (the particle of light) can

also be represented in this way: the photon has

the Greek letter gamma as its symbol, and since

iL has zero electric charge and (strictly) zero

mass it is represented by Table 1,1 gives a

summary of these particles and their symbols.
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Symbol

iP

>
Electron _®e

Photon

Alpha particle |He or ja

Table LI

Isotopes

Nuclei that have the same number ofprotons

(and therefore the same atomic number but

different number of neutrons (Le. different N
a ltd mass number A) are called isotopes of each

other, Since isotopes have the same number of

protons, their atoms have the same number of

electrons as well. This means that isotopes have

identical chemical but different physical

properties. The existence of isotopes can be

demonstrated with an instrument called the

mass spectrometer (this is discussed lurthei in

Chapter 6.6). The existence of isotopes is

evidence tor the existence of neutrons inside

atomic nuclei.

The forces within the nucleus

The nucleons (i,e. protons and neutrons) are

bound together in I he nucleus by a force we have

not yet met - the strong nudmrjfrrcie. It is

necessary to have a new force inside the nucleus,

because otherwise the electrical repulsion

between the positively charged protons would

break The nucleus apart [see Figure 1.6).

» The strong nuclear force is an attractive

force and much stronger than lhe

electric al force if the separation between

Two nucleons is very smal t (i.e, about

r — 10
Vn m or teas). For larger separations,

the nuclear force becomes so small as to be

negligible * we say that the nuclear force

has a shell rangr,

Tlte experimental evidence for the properties of

the nuclear force comes from scattering

In a hclium-4 nucleus Coulomb

fsj-itMiSi push the protons apart.

There nitis-i he forces between

nucleons, pulling litem together,

Giuvimtiojtiil forcei are lar loo small

Figure 1.6 There is an attractive force between

nucleons lhai keeps them bound inside the

nucleus.

experiments in which electrons ofenergy equal to

about 200 MeV (in later experiments neutrons

were also used) are allowed co hit nuclei and their

scattering is studied. If we make the assumption

of short-range forces, we obtain agreement with

the data, A result of these experiments is that the

nuclear radius R is given by

R = 1.2x^ x 10“ 1& m

where A is the total number of protons and

neu irons in the nucleus (the mass number).

This implies that the nuclear density is the

same for all nuclei (you will look at this further

in the questions at the end of this chapter}. The

short range of tile force implies that a given

nucleon can only interact wiLh a lew of its

immediate neighbours and not with all of the

nucleons in the nucleus (see Figure 1.7),

Figure 1.7 Irrespective of the size of the nucleus,

any one nucleon is surrounded by the same

number of neighbours, and only those act on it

with the nuclear force.

Particle

Proton

Neutron
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Force Electromagnetic Strong nuclear Weak nuclear

Acts on Ihotons only Protons and neutrons Protons and neutrons

Nature Repulsive Attractive (mainly) Ax iraciive/repulsive

Range Infinite Short (lQ'
|r

' tnj Sliori (10

1

m)

Relative strength i

137 I 10"*

Tabic \2 Forces operating in the nucleus.

There is one other force acting iti the nucleus

apart from t he electrical and strong nuclear

forces. This is the weak nuclear force, a force

that is responsible for the decay of a neutron

into a proton. I he details of this decay (beta

decay) will be examined in the next chapter.

The forces acting in the nucleus are

summarized in Table 1.2.

(Since the masses of subatomic particles are so

small, the gravitational Force is irrelevantly

small compared with the other three forces.)

1 The radius of an atomic nucleus fs given by

the expression

R= 1.2 x A'n x !0“ IS m

where A is the mass number oi the nucleus,

fa) Use this expression to find the density of a

nucleus of iron (^Fe) in kg rrr-f

Cb> How does this density compare with the

normal density of iron?

(t) If a star with a mass equal to 1 .4 times the

mass of our sun (solar mass = 2.0 * 10™

kg) were to have this density, what should

its radius be? (Such stars are formed in the

end stage of the evolution of normal stars

and are called neutron stars.)

2 Use the expression for the radius of a nucleus

to show that all nuclei have the same density.

3 Descri I at* careh 1 1 ly how the Ge
i

ge r-Ma rsden-

Rutherford experiment gave rise to the

Rutherford model of the atom. Why is the

experiment you fust described Inconsistent

with Thomson's model of the atom?

4 Explain why the dark lines of an absorption

spectrum have the same wavelengths as the

bright lines of an emission spectrum for the

same element.

5 What is an isotope? How do we know that

isotopes exist?

G Find the number of neutrons in these nuclei:

]H;jHe:gCa; agPb.

7 What is the electric charge of the nucleus }He?

8 What is meant by the statement that the

energy of atoms is discrete? What evidence is

there for this discreteness?

9 What do you understand by the statement that

the strong nuclear force has a short range?

If) What is |he dominant force between two

protons separated by a distance of:

(a) 1 .0 x 10_IS m;

(b) 1.0 x 10“H m?

II Explain why a nucleon feels the strong

force from roughly the same number of

other nucleons, irrespective of the size

of the nucleus.

1 2 Compare the gravitational force between

two electrons a distance of i O' 10 m apart

with the electrical force between them when

at the same separation.
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Radioactivity

At the end of the nineteenth century and in the early pail of the twentieth, it was

discovered, mainly due to the woik of Henri Becquerel and Marie and Pierre Curie, that

some nuclei are unstable. That is to say, nuclei spontaneously emit a particle 01 particles,

they decay, and become different nuclei. Hits phenomenon is called radioactivity. It was

soon realized that three distinct emissions lake place, called alpha, beta and gamma

radiations.

Objectives

By the end of this chapter you should be able to:

» describe the properties of alpha, (wfci and gamma radiations;

* explain why some nuclei are unrtahlt in terms of the relative number of

neutrons to protons;

* define half-life and find it from a graph:

* solve problems of radioactive decay.

The nature of alpha, beta and

gamma radiations

Early experiments with radioactive sources

confirmed that three separate kinds of

emissions took place. Called alpha, beta and

gamma radiations, or particles, these emissions

could be distinguished on the basis of their

different ionizing and penetrating power.

Ionization

Alpha, beta and gamma radiations ionize air as

they pass through it; this means they knock

electrons out of the atoms of the gases in the

air. An alpha particle of energy 2 McV will

produce about 10 000 ion pairs per mm along

its path in air* A beta particle of the same

energy will only produce about 100 ion pairs

per mm in air, A gamma ray will produce about

one ion pair per mm.

By letting these ionizing radiations pass

through regions ofmagnetic (or electric) fields.

it was seen that rwo of the emissions were

oppositely charged and the third electrically

neutral (see Figure 2,1),

res ton of irramietic field
radioactive ~ *

snunce @ 0 0

& @ ^
Figure 2-t The existence of three disiinct

emissions is confirmed by letting these pass

through a magnetic held and observing Lhc

three separate beams.

Alpha particles

The positive emissions were called alpha

particles and were soon identified as nuclei of

helium in an experiment by Rutherford and

Rhoyd. By collecting the gas that the alpha

particles produced when they came in contact

with electrons and analysing its spectrum, its
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properties were found to be identical to those of

helium gas. Thus, the alpha particles have a

mass that is about four times the mass of the

hydrogen atom and an electric charge equal to

+2e.

Beta particles

The negative emissions (beta particles) were

identified as electrons (charge --e) by experiments

similar to Thomson's e/m experiment, which

measured the charge-h>mass ratio. (Actually,

the measured chargc-to-mass ratio for the beta

particles decreased slightly from the standard

value as the speed of the betas increased. This is

consistent with the theory of special relativity,

which states that the mass of an object

increases as the speed becomes comparable to

the speed of light. This was an early test of the

theory of relativity.)

Gamma rays

The electrically neutral emissions are called

gamma rays and are photons (just like the

photons of ordinary electromagnetic radiation)

with very small wavelengths. Typically these

wavelengths are smaller than 10
12 m, which is

smaller than X-ray wavelengths. Tit is

identification was made possible through

diffraction experiments in which gamma rays

from decaying nuclei were

directed at crystals and a

diffraction pattern was

observed on a photographic

plate placed on the other

side of the crystal.

Figure 22 The penetration of matter by alpha

particles of a fixed energy. The number of

particles transmitted fails sharply to zero after a

distance called the range. Particles of higher

energy will have a larger range.

while gamma particles will easily penetrate

metallic foils: if they are energetic enough they

will be stopped only by many centimetres of

lead.

Further studies show that alpha particles have

specific energies, whereas beta particles have

a continuous range of energies. Gamma rays

from a particular nucleus also have a few

discrete values with maximum energies of

about 1 MeV or so. Alphas arc rather slow

(about 6% of the speed of light) whereas betas

are very fast (about of the speed of light).

Gammas, being photons, travel at the speed

of light. These findings are summarized in

Table 2*1*

Absorption

Alpha particles are the

easiest to absorb, A few

centimetres of air will slop

most alpha particles (see

Figure 2.2). Bela particles

will be stopped by a few

centimetres of paper or a

thin sheet of metal (a few

millimetres in thickness)

Characteristic Alpha particle Beta particle Gamma ray

Mature Helium nucleus (Fast) electron Photon

Charge 4 2e —t 0

Mass 6.64 X 10"" kg 9,1 x |0
31 kg 0

Penetrative power A few cm of air A few nun of metal Many cm of lead

Ions permm of air lOOOO too 1

tor 2 MeV particles

Detection Causes strong Causes Causes wenk

Fluorescence fluorescence fluorescence

Affects Affect s Affects

photographic film photographic HI in photographic film

Es affected by Is affected by Is not affected by

electric and electric and electric and

magnetic Helds magnetic Helds magnetic fields

Table 2.1 Properties of alpha, beta and gamma radiations.



6.2 Radioactivity 375

Detecting radiation

Oneway ro detect radiation is to take advantage

of their ionizing effect, in the Geiger- MilHer

(CM) tube (Figure 2.3). radiation enters a

chamber through a thin window. The chamber

is tilled with a gas. which is ionized by the

incoming radiation. The positive ions accelerate

toward the earthed casing and the electrons

toward the positive electrode (kept at a few

hundred volts) and so more tons are created as a

result of collisions with the gas molecules. This

registers as a current in the counter connected

to the CM tube. The counter can also turn the

current into an audible sound, giving a ‘click
1

whenever an ionizing particle enters the tube.

case earthed

positively

ehsiar^t-Ki

electrode

Figure 2.3 A Geiger-Mid ler tube for detecting

ionizing radiation.

Segre plots

There are about 2500 nuclides (nuclei with a

specific number of protons and neutrons), but

only about 300 of them arc stable; the rest are

unstable |i,e, radioactive). Figure 2

A

is a plot of

neutron number versus proton number (called

a Segre plot) for the stable nuclei. The straight

line corresponds to nuclei that have the same

number of protons and neutrons. The plot

shows that stable nuclei have, in general,

more neutrons than protons. As the number
of protons in ihe nucleus increases, the

electrostatic repulsion between them grows

as well, but the strong nuclear force does not

grow proportionately since it is a short-range

force. Thus, extra neutrons must be put in

the nucleus in order to ensure stability

through an increased nuclear force without

participating in Lhe repulsive electric force,

(On the other hand, too many neutrons will also

make the nucleus unstable by energetically

favouring decays of neutrons into protons -

hence there is a limit as to how large a nucleus

can get).

A similar principle

is also used in the

ionization chamber.

Gas contained in

the chamber is

ionized by

incoming

radiation and the

current so

produced is a

measure of the

amount of

radiation entering

the chamber.

neutron

mini bet,

N

= stable nuclide

NH

30

120

100

'JO

7

1,0

neutron

number,

N
14(1

130

10 20 30 40 50 -m 70 fiO 90

protofl mi toiler, Z

Figure 2.4 A Segre plot of stable nuclides.

10 20 30 40 50 60 70 80 90

proton number. Z
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Radioactive decay equations

Alpha decay

An example of alpha decay is that of uranium

decaying into thorium:

^U-^h+lc*
We say that the nucleus of uranium, being

unstable, decayed into a nucleus of thorium

and a nucleus of helium. Helium nuclei, being

much lighter than thorium, actually move away

from the uranium nucleus with a certain

amount of kinetic energy. The energy of the

alpha particle emitted can he cither one

sped Tic value or a series of specific energy

values (a discrete spectrum of energies). Note

that in the reaction representing this decay, the

total atomic number on the right-hand side of

the arrow matches the atomic number to the

left of’ the arrow. The same holds also for the

mass number. This is true of all nuclear decays.

Ollier examples are

2^Po -> ’SgPLp + \a

Beta decay

The second example of a radioactive decay is

that of beta decay, such as

25§Th -* *|fPa + _®e+ jifc

Note the appearance of The electron (the beta

particle) in this decay. The last particle (the

electron antineutrino) is included for

completeness and need not concern us further

here. Unlike alpha decay, the energy of the

emitted beta particle has a continuous range of

energy, a continuous spectrum. Note again how

the atomic and mass numbers match. This is a

decay of a nucleus of thorium into a nucleus of

protactinium. Other examples are

2M pu . 214 fj: , Da I
0-

03 H| + -l e + Q^C

'JC -» M
7N + _?e+gr>c ,

Gamma decay

The third example of a decay involves the

emission of a pho Lon:

233, I* . 23fl,
|

, 0.,
92 Li 92^ T 0Y

'fhe star on the uranium nucleus on the left

side of the arrow {the decaying nucleus) means

that the nucleus is in an excited stale, very

much like a hydrogen atom in an energy state

above the ground stare. Nuclei, like atoms, can

only exist in specific energy states. There exists

a lowest energy state, the ground state, and

excited states with energies larger than that

of the ground state. Whenever a nucleus

makes a transition from a high to a lower

energy state, it emits a photon whose energy

equals i he energy difference between the

initial and final energy states of the nucleus.

The typical energies of nuclear states are a

few million electronvolts (MeV), This means

that the emitted photon in a nuclear

transition will have an energy of the order of a

lew million electronvolts and will thus have a

wavelength of

where Af is the photon's energy, h is Planck's

constant (5.63 x lO
-54

J s) and c is the speed of

light. Substituting* say, 1 MeV for this energy,

wc find k

=

1.2 x 10
1 m. In comrast to the

photons in atomic transitions, which can

correspond to optical light, these photons have

very small wavelengths. They arc called gamma
rays.

The changes in the atomic and mass numbers

of a nucleus when it undergoes radioactive

decay can be represented in a diagram of

mass number against atomic number. A

radioactive nucleus such as thorium tZ = 90)

decays first by alpha decay into the nucleus of

radium (/ = 88), Radium, which is also

radioactive, decays into actinium (Z = 89) by

beta decay. Further decays take place until

rhe resulting nucleus is stable, live set of

decays I hat takes place until a given nucleus
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Figure 2.5 The decay series of thorium [Z = 90,

A — 232). One alpha decay reduces tire mass
number by 4 and the atomic number by 2. One
beta decay increases the atomic number by one
and leaves the mass number unchanged. The
end result is the nucleus of lead (/ — 82,

A = 208)*

ends up as a stable nucleus is called the decay

series of the nucleus. Figure 2,5 shows the

decay series for thorium. Successive decays

starting with thorium end with the stable

nucleus of lead,

Fxample question

Q1

A nucleus Jx decays by alpha decay followed by

two successive beta decays. Find the atomic and

mass numbers of the resulting nucleus.

Answer

The decay equation is

^ A-^y + 2>
so the atomic number is Z and the mass number

is A — A.

The law of radioactive decay

We now come to the details of a decay. Suppose

we concentrate on the particular decay
2
yjjU

?
3j)Th + 2

a ’ *1T1d that we are given a

container with a specific number of atoms of

uranium.

¥ The law of radioact :ve decay states that die

number of nuclei that will decay pt-M'

second lie, the rate of decay) is

proportional To the number of atoms

present tEiaf have not yet decayed.

This is a form of a physical law implying a

statistical or random nature. This means that we

cannot predict exactly when a particular nucleus

will decay. But given a large number of nuclei,

Lhe radioactive decay law can be used to predict

the number of atoms rhar will have decayed

afler a given interval of time. The radioact ive

decay law leads to an exponential decrease of

the number of decaying nuclei. Figure 2,6

shows an example of a radioactive decay in

which the initial number of nuclei present is

200 x I02f\ As time passes, the number of

undecayed nuclei is decreased. After a certain

interval of time (5 s in this example), the

number ofundccaycd nuclei left behind is half

of the original number. If another 5 s goes by,

the number of undecayed nuclei is reduced by

another factor of 2, which is a factor of4

relative to the original number at 1 =0. This

half-life is a general property of the decay law.

> There exists a certain interval of time,

called the half-life* such that after each

halflife lhe number of nuclei that have not

yet decayed is reduced by a factor of 2.

Thus, consider a decay in which nuclei X decay

into nuclei Y (the daughter nuclei) by, say, alpha

emission. Assume that nuclei Y are stable. Then

as time goes by, the number of X nuclei is

reduced (Figure 2„6a|. The number of Y nuclei is

increasing with time, as shown in Figure 2.6b.

The half-life can he found from the graph as

follows. The initial value is 200 x 1
0^ 11

nuclei.

We find half of this value, i.e. 100 x IG
26

,
and

see that 100 x I0
2fr corresponds to a lime of 5 s.

This is the half-life.

We may also define a concept useful in

experimental work: that of decay rale or
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nuclei X/x I U 2 *'

(aj

nacJci/xlU-^

E
;igure 2.6 (a} The number of nuclei X that have

not yet decayed as a function of time. This is an

exponential decay curve, (b) The number of the

daughter nuclei V is increasing.

aeiiviLy A - the number of nuclei decaying per

second, it can be shown that activity obeys the

same decay law as the number of nuclei, so in a

period equal ro a half-life the initial activity is

reduced by a factor of 2, fhe unit of activity is

the becquerel |Rq): 1 Bq is equal to one decay

per second.

E xample questions

Q2 "——

—

An isotope has a half-life of 20 min. If initially

there is 1024 g of this isotope, how much time

must go by for there to he 1 28 g left?

Answer

I he nuclei have heen reduced by a factor of 8.

Thus, 5 half-fives or 6(1 min must have gone by.

Q3 ***** ••
- —

The activity of a sample is initially 80 decays per

minute, It becomes 5 decays per minute after 4 h.

What is the half-life?

Answer

The activity is reduced from 80 to 5 decays in

4 ha If- lives. The half-life is I h.

Q4 *

The activity of a sample is 1 5 decays per minute.

Tine hah life is .10 min. When was the activity

frO decays per minute?

Answer

One half-life before the sample was given to us

She activity was 10 decays per minute and one

half-life before that it was 60 decays per minute,

that is 60 minutes before.

The meaning of a half-life can also be understood

in the following sense. Any given nucleus has a

50% chance of decaying within a time interval

equal to the half-life. If a halflife goes by and the

nucleus has not decayed, the chance ofa decay

in the next half-life is still 50%. Thus, the

probability that a nucleus will have decayed by

the second halflife is (see the tree diagram in

Figure 2.7) ^ + t x ^ 0.75 or 75%,

X
'I
=T

]

T

^+-^0.75

f igure 2.7 Tree diagram for nuclear decay.

(There is more on radioactive decay in

Chapter 6.6.)

1 In a study of the intensity of gamma rays from

a radioactive source it is suspected that the

counter rate C at a distance d from the source

should behave as

where rf, is an unknown constant. If a set of

data for C anti d is given, how should these

he plotted in order to get a straight line?
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2 The intercity of gamma rays of a Specific

energy (monochromatic rays) falls off

exponentially with the thickness x of the

absorbing material

f — la e
-*1 "

where /n is the intensity at the face of (he

absorber and n a constant depending on (he

material. (See Figure 2,03

gamma rays

thickness x

Figure 2.8 For question 2.

How should intensity / and thickness x be

plotted in order to allow an accurate

determination of the constant ;i?

3 A radioactive source has a ha If- life oi 3,00 min.

A( the start of an experiment (here was 32.0 mg

of the radioactive material present. How much

will there be after T 8.0 min?

4 The initial activity of a radioactive sample is

120 Bq, If after 24 h the activity is measured

to be 1 5 Bq r find the hall-life of ihe sample.

5 Beryllium-0 (jSe) decays into two identical

panicles. What are they?

f> The only stable nuclei with more protons than

neutrons are those of hydrogen and helium-3

(^HeL Why do you think there are so few?

7 An alpha particle and an electron with (he

same velocity enter a region of a uniform

magnetic field at right angles to the velocity.

Explain why they are deflected in opposite

directions. Find the ratio of the rad it of the

circular paths the particles are deflected into.

8 Tritium (|H) is a radioactive isotope of

hydrogen and decays by beta decay. Write

k « i »««***. «

- * * -
•

A . i * • — *

a * »#»4 * *

down the equation for the reaction and name

the products of (he decay.

Nitrogen [

1

1N j is produced in the beta decay

of a radioactive isotope. Write down the

reaction and name the particles in the reaction.

10 Bismuth (^Bi) decays by beta and gamma
emission. Write down the reaction and nome
the nucleus bismuth decays into.

11 PI uton i um T^Pu) clecays by a Ipha deca y.

Write down the reaction and name the

element produced in the decay.

1 2 A nucleus (£x) decays by emitting two

electrons and one alpha particle. Find the

atomic and mass numbers of the produced

nucleus.

13 Name the two missing particles in the reaction

?fNa -¥ "Nc + 7 + 7.

14 Discuss how one could confirm that a

particular dement emits:

(a) alpha particles;

(b) beta particles;

(cl gamma rays.

15 The track of an alpha particle in a cloud

chamber was measured to he 30 mm. The

energy required to produce an ion pair is

about 32 eV, on average. Assuming that alpha

particles create 6000 ions per mm along their

path, estimate the energy of the alpha particle.

10 Many of the most stable nuclei have an even

number of protons and an even number of

neutrons. Can you suggest a reason why this

might be so?

17 Explain why (he heavy stable nuclei tend to

have many more neutrons than protons.

18 Referring to the Segre plot in the text

(Figure 2.4T what would be a likely decay for

an unstable nucleus that has a large neutron-

to-proton ratio? Where on the plot would such

a nucleus be? What would be the likely decay

for an unstable nucleus Thai has a small

neutron -to- proton ratio? Where on the p lot

would this nucleus be?



CHAPTER 6.3 Core - Atomic and nuclear physics

Nuclear reactions

This chapter is an introduction to the physics of atomic nuclei. We will see that the sum o\

the masses of the constituents of a nucleus is noi the same as the mass of the nucleus itself.

Which implies that the nucleus lias enormous amounts of energy stored in it. Methods used

to calculate energy released in nuclear reactions are presented

Objectives

By the end of this chapter you should be able to:

* define the unified mass unit;

* state the men ni ng of 1 he terms muss defect and binding energy and solve

related problems;

* write nuclear reaction equations and balance the atomic and mass numbers;

- understand the meaning of the graph of binding energy per nucleon versus

mass number;

* state the mean ing of and cl i (Terence between fission and Juston

:

understand that nuclear fusion takes place in the core of the stars;

* solve problems af/issftm and fusion reactions.

The unified mass unit

In nildear physics, it is convenient to use a

smaller unit of mass than the kilogram. We
define a new unit called rhe unified atomic mass

unit, u for short. It is defined to be ^ of the

mass of an atom of carbon-12, 'Jc. A mole of

carbon *|C Is 12 g and the number of molecules

is the Avogadro constant, therefore the carbon-

1,2 atom has a mass A
I
given by

6.022lo67 x 1

0

23 x VI = 12 g

M =
6.0221367 x TO23

X 10 ’ kg

= 1 .992648 x 10~26 kg

Hence

I u= (1.992648 X I0
_26

kg)
!

= 1 .6605402 x lCrZ7 kg

Example question

Ql

Find In units of u the masses of the proton,

neutron and electron {use Table 3.1 ).

Unified mass unit 1.6605402 10
i7 kg

Lleciron 9 .1093897 X 10
33
Kg

Proton 1.6726231 X 10
17 kg

Neutron 1.6749286 X 10
" 27

leg

Table 3.1.

Answer

From the table of the masses in kilograms

(Table 3.1 } we find

nip = 1 ,007276 u

mn — 1 .008665 u

nr,. = 0.0005486 u
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The mass defect and

binding energy

To find The mass of a particular nucleus we

have to subtract the mass of the electrons in the

atom from the mass of the atom. If there are Z

electrons in the atom, then

^nudetfs “

The mass of the atom is obtained from Lhe

periodic table a ltd mt. is given above. We can

find, for example, that the mass of the nucleus

of helium is

^nucleus = 4,0026 - 2 x G.00054B6

= 4.00156 u

We now recall that the helium nude us is made

up of two protons and two neutrons. Ifwe add

up Ihcir masses we find

2mp + 2m„ = 4.0320 u

which is larger than lhe mass of the nucleus by

Q.03G4 u. This leads to the concept of mass

defect.

> We car see by examining each nucleus

that this is generally true: the mass of

the protons plus the mass of Lhe

neutrons is target than the mass of the

nucleus. We define their difference as

the mass defect 6:

£ - total mass of nucleons

mass of nucleus

or

5 - 7m
y + (A - 7 im„ - •VFriU[ku^

(remember shat A / is lhe number of

neutrons in the nucleus}, This formula

allows us to calculate the mass defect for

any nucleus.

Example question

Q2

Find the mass defect of the nucleus of gold,

Win
7M

rtu '

Answer

From the periodic table, the mass of lhe rHorn of

gold is 3 96.967 u, and since it has 79 electrons

lhe nuclear mass is

1 96,967 u - 79 X 0.0005406 li = 1 96.924 u.

The nucleus has 79 protons and 118 neutrons,

so

3 = (79 x 1 .007276+H8x| .000665 - 1 96,924} u

= 1.67 u

Einstein's mass-energy formula

Where is the missing mass? The answer is given

by Einstein s theory of special relativity, which

states that mass and energy are equivalent and

can be converted into each other, Einstein's

famous formula from 1905 reads

£ =

where c stands for lhe speed of light. The mass

defect of a nucleus has been converted into

energy and is stored in lhe nucleus. This energy

is called I he binding energy of the nucleus, and

is denoted by £ Thus:

f Ll
- nr

2

The binding energy of the nucleus is the

work (energy) required to completely

separate the nucleons of a nucleus.

r

fhe work required to remove one nucleon

from lhe nucleus is very roughly the

binding energy divided by the total

number of nucleons.

At o more practical level the binding

energy ofa nucleus is a measure of how

stable It is the higher the binding energy,

lire more stable the nucleus is.
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It is convenient to find, out how much energy

corresponds to a mass of 1 u. Then, given a

nuclear mass in u
t
we will immediately be able

to find tile energy that corresponds to it. Thus*

an energy of 1 u is

1 ii x c

2

-- 1.6605402 * 1CT 27 x (2-9979 * IQ*)

2

J

= 1.4923946316 x I0_W J

Changing this Lo electronvolts, using

1 cV = 1,602177 x 10
-w

.l

gives an energy equivalent to a mass of 1 u of

1 .4923946316 x 1(T10 J

~L602177 x 10-

n

J ev 1

= 931,5 x 1Q
b eV

= 931,5 MeV

(one McV is otic million electronvolts,

I MeV = 10* eV). So

I u ^ 931.5 MeV

The binding energy curve

We saw on the previous page that the mass

defect of helium is 0.0304 u. which corresponds

therefore to a binding energy of

0.0309 x 931 .5MeV = 28.32MeV

(The alpha particle has an unusually large

binding energy compared with nuclei of

roughly the same mass. This accounts for its

exceptional stability and the fact that unstable

nuclei decay by emitting alpha particles.) There

are four nucleons in the helium nucleus so the

binding energy per nucleon is 28.32/4 = 7, 1 MeV,

for carbon, we found a binding energy of

92.159 MeV. giving a binding energy per

nucleon of 7.68 MeV.

We find that most nuclei have a binding

energy per nucleon ofapproximately 8 MeV.

F sample questions

Find the energy equivalent to the mass of the

proton, neutron and electron.

Answer

The masses in terms of u are my, = 1 .0073 u,

mn = 1 .0087 u and m, = 0.0005486 u. Hence

the energy equivalents are, respectively,

938.3 MeV, 939,6 McV and 0.511 MeV,

Q4
Find the binding energy of the nucleus of carbon- 1 2.

Answer

The nuclear mass is

12.00000 u 6 X 0.0005486 u = 1 1 .99671 u

The mass defect is

6 X 1.007276 II + 6 X 1.008665 u -
1 1.9% 71 u

- 0,09894 li

(the nucleus has 6 protons and 6 neutrons). Hence

the binding energy is

0.09894 X 931,5 MeV - 92.2 MeV

This is shown in Figure 3.1.

This curve is at the heart of nuclear physics.

The curve has a maximum for A = 62

corresponding to nickel. As we shall soon see,

this curve tells us LhaL if a heavy nucleus

(heavier than nickel) splits up into two lighter

ones or if two light nuclei (lighter than nickel)

fuse together, then energy is released as a

result. This is of fundamental importance and is

the basis for nuclear fission and nuclear fusion,

respectively. To understand all this we must

first see what happens from the energy point of

view when a nucleus decays.

Energy released in a decay

Let us consider the decay of radium by alpha

particle emission (see Figure 3.2):

^FLa -+ ^Rn + |cr

For any decay, the total energy to the left of

the arrow must equal the total energy to the

right of the arrow. Here total energy means
the energy corresponding to each mass
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vCTBge tending crteigy

jwi nudraa (MfV)

Figure 3.1 The binding energy per nucleon b almost constant for most nuclei.

according to Hinstein’s formula plus whatever

kinetic energy each mass has. IF the decaying

radium nucleus is at rest, then the total

energy available is simply Me1
,
where M is the

mass of the nucleus of radium. To the right of

the arrow, we have the energies corresponding

to the masses of the radon and helium nuclei

plus any possible kinetic energy: the produced

nuclei are moving.

Figure 3,2 The energy released in a nuclear

reaction is in the form of kinetic energy of the

products.

Thus, to be at all possible, rhe decay must be

such that at the very minimum the energy

corresponding to the radium mass is larger

than the energies corresponding to the radon

plus alpha particle masses. Let us check if this

is true. We need the masses of the nuclei that

appear in the reaction, namely radium, radon

and helium.

Ifwe use the periodic table to find the masses, we

must remember that the periodic table gives

atomic masses not nuclear masses. Thus, we must

subtract from each atomic mass the mass of the

electrons in the atom.

However, the atomic number is conserved (i,e.

it is Lhe same be lb re and after the decay) and

equals the number of electrons in the atom, Ii

follows that the number of electron masses

that must be subtracted from the atomic mass

to the left of the arrow is the same as the

number oT electron masses that must be

subtracted from the right. Thus, as long as we

are interested in inoss cli/JlTriircs, as we are here,

it is enough to use atomic masses instead of

nuclear masses.
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According to the periodic table:

mass of radium - 22CL0254 u

mass of radon - 222.0176 u

+ mass of helium 4.QQ2G u

sum — 226.0202 u

We see that the mass of radium exceeds that of

radon plus helium by 0,0052 u. Thus, there is an

amount ofenergy released in the form of

kinetic energy of radon and helium of

0.0052 sc 931 .5 MeV = 4,84 MeV. If 50 g of

radium were to decay in this way, the total

energy released would be N x 4,84 MeV where

N is the total number of nuclei in the 50 g of

radium. In 50 g of radium there arc

= 0.22 mol and so

N = 0.22 x 6 x 10
2-1 = 1.3 x 1025

Hence the total energy released is

E = 1 .3 x 10° x 4.84 MeV
- 63 x lO” MeV

ss 10" J

The momenta of radon and helium are opposite

in direction anti equal in magnitude by the law

of conservation of momentum. (We assume that

the decaying radium nucleus is at rest* so its

momentum is zero.) Thus

HatonPradMi — Mwfcum ('hdiim

Therefore

^hdium

^hdfcarft

222

4
ss 55

the velocity of radon is smaller than the

velocity of helium by the ratio of the masses:

approximately 55. (As an exercise you can show

that the ratio of kinetic energies oT the helium

to the radon nuclei is also 55.)

Let us now re-examine these findings in terms

of the binding energy curve. For the decay to

take place, I he mass of the decaying nucleus

has to be greater than the combined masses of

the products. This means that the binding

energy of the decaying nucleus must be less

I ban the binding energies of Lhe product

nuclei. Hi is is why radioactive decay is possible

for heavy elements lying to the right of nickel

in the binding energy curve.

N uclear reactions

If a nucleus cannot decay by itself, it can still do

so if energy is supplied to it. This energy can be

transferred to lhe nucleus by a fast-moving

panicle that collides with it. For example* an

alpha particle colliding with nitrogen produces

oxygen and hydrogen (i.e. a proton):

’*N -f \u *0 +
]

p

(see Figure 3.3). Tins is an example of a nuclear

reaction. Note how the atomic and mass

numbers match as they did In nuclear decays.

This is a famous reaction called the

transmutation of nitrogen; it was studied by

Rutherford in 1909. Note that if we add up the

masses to lhe left of the arrow we rind

18.0057 u. whereas the masses to the right are

18.0070 u (i.e, larger). Thus, this reaction will

only take place if the alpha particle has enough

kinetic energy to make up for the imbalance in

mass between the two sides.

Figure 3.3 An alpha particle colliding whh nitrogen

produces oxygen and a proton

(Actually the required minimum kinetic energy

of the alpha particle has to be bigger titan lhe

energy' equivalent of the mass difference

between the two sides of the reaction, litis is

because the products of the reaction themselves

will have kinetic energy.)
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In a reaction in which four particles participate

A
. + R -* C + D

energy will be released if the quantity Am given

by

Am -v (*ha + ms) - (me + mD)

is positive (i.e. if Lhe total mass on the left is

larger than the total mass on the right). The

amount of energy released is then equal to

Af = (Am)c2

There are two kinds of energy-producing

nuclear reactions and we consider them

separately in the following sections,

Nudear fission

Nuclear fission is the process in which a heavy

nucleus splits up into lighter nuclei When a

neutron is absorbed by a nucleus ofuranium-

235. uranium momentarily turns into uranium-

236 according to the reaction

on Hh
2
i|l I

2wU

Uranium-236 then splits into lighter nuclei.

This is the fission reaction. A number of

possibilities exist as to what these nuclei are.

One possibility is

™8a + ?lKr + 3’n

The production of neutrons is a feature of

fission reactions. The produced neutrons can

be used to collide wiih other nuclei of

uranium-235 in the reactor, producing more

fission, energy and neutrons. The reaction is

thus self-sustaining - it is called a chain

reaction. For the chain reaction to get going a

certain minimum mass of uranium-235 must

be present, otherwise the neutrons escape

without causing further reactions - this is

called the critical mass.

Hie energy released can be calculated as shown

in Table 3,2,

eioss, of uranium plus neutron ~ 236.0526 H

mass of products

- 143.92292 u 1 88.91781 u

4- 3 X 1.008655 u 235.8667250 11

mass difference - D. 185575 U

energy released - 0.185875 X 931.5 MeV
= 173.14 MeV

This energy appears as kinetic energy of the

products.

Thus, an energy of about 173 MeV per

fissioni ng nucleus of uranium is released. This

is a lot of energy] A mass of 1 kg of uranium-

235 undergoing fission would produce an

amount of energy that can be found as follows:

1 kg is 1000/235 mol of uranium and thus

contains (1000/235) x 6 x 10
23 nuclei. Each

nucleus produces about 173 MeV ofenergy and

thus the total is
j 1000/235) x 6 x 10

2j x 173

MeV or about 7 x 1013

J.
In a nuclear reactor,

the release of energy is done in a controlled

way. If the rate of neutron production is too

high, too much energy is produced in a very

short time. This is what happens in a nuclear

bomb.

Note that the fission process begins when a

neuLron collides with a nucleus of uranium-

233, An alpha particle cannoL be used to start

this process because Its positive charge would

be repelled by the positive charge of the

uranium nucleus and so would not lead to the

capture of the alpha. An electron, on the other

hand, would easily be captured but its small

mass would not perturb the heavy nucleus

sufficiently for fission to start,

Nudear fusion

Nuclear fusion is thejoining of two light nuclei

into a heavier one with the associated production

of energy. An example of this reaction is:

7I I + \H -» |He 4- in
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where two deuterium nuclei (isotopes of

hydrogen) produce helium-3 (an isotope of

helium) and a neutron. Computing masses to

the left and right of the reaction arrow as in

Table 3.3 we can find the energy released.

2 X mass of deuterium = 4.&2S2 u

mass of helium + neutron = 4,024? u

mass difference = Q.Q035 u

energy released = 0,0035 X <J3l ,5 MeV
= 3,26 MeV

Table 33.

A kilogram of deuterium would thus release

energy of about 10
1!

J, which is comparable to

the energy produced by a kilogram of uranium

in the fission process.

that fuse is overcome. The enormous

temperature (recall ihe kinetic theory of gases)

causes the nuclei to move fast enough so as to

approach each other sufficiently for fusion to

take place. The very hot material (over ten

million kelvin) undergoing fusion is in a state

called plasma (ionized atoms]* Plasma, being

very hot. cannot come into contact with

anything else (either because it causes it to melt

or because it will result in heat losses) and

therefore has to be contained by unusual

methods such as magnetic fields in big

machines called tokamaks. There arc serious

unsolved problems with the prolonged

confinement of plasmas and this is one reason

why nuclear fusion, still, is not a commercially

viable source ofenergy. Commercial energy

from the nucleus comes now only from the

fission process, which unlike fusion, however, is

environmentally suspect.

Example question

Q5
Another fusion reaction is 4[H — '[He + 2“e +
2 iv 4- 1>, where four hydrogen nuclei fuse into a

helium nucleus plus two positrons (the

anti panic le of Ihe electron - same mass, opposite

charge), Iwo electron neutrinos and a photon.

Calculate the energy released in this reaction.

Answer

We must find the masses before and after ihe

reaction.

Mass of 4 protons (hydrogen nuclei)

= 4 X t .007276 u = 4.0291 04 u

Mass on right-hand side

= (4.0026 - 2 X 0.0005486) u

+ 2 X 0.0005486 u = 4.002600 u

Mass difference = 0.026504 u

This gives an energy of 24.7 MeV. The two

positrons annihilate into energy by colliding with

two electrons giving an additional 2 MeV (= 4 x
0,511 MeV), for a total of 26,7 MeV.

For the light nuclei to fuse, very large

temperatures are required. This Is so that the

electrostatic repulsion between the two nuclei

Fusion in stars

The high temperatures and pressures in the

interior of stars make stars ideal places for

nuclear fusion. As we saw in the previous

section, high temperatures are required so

that the nuclei have sufficiently large kinetic

energy to approach each other, overcoming

the electrostatic repulsion due to their

positive charges. The high pressure ensures

that sufficient numbers of nuclei are found

close to each other, thus increasing the

probability of them coming together and

fusion taking place.

The reaction 4] H |He + 2^e -t 2vc (- Jjy Is a

typical reaction that takes place in stellar

cores. Nuclear fusion is the source of energy

for a star; it prevents the star from collapsing

under its own weight and provides the energy

the star sends out in the form of light and

heat, for example. Stars are. in fact, element

factories, producing, for example, all the

elements that our bodies are made of. More

details on this can be found in Option E on

Astrophysics.

Fusion and fission processes are summarized in

Figure 3.4.
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- ca n become nturc Muhlc tn fisium

= tan become more stable by fusion

Figure 3.4 When a heavy nucleus splits up, energy

is released because ihe produced nuclei have a

higher binding energy than the original nucleus

When two light nuclei fuse, energy is produced

because ihc products again have a higher

binding energy.

1 Find the binding energy and binding energy

per nucleon of the nucleus j|Ni. The atomic

mass of nickel is 61 .928348 u.

2 How much energy is required to remove one

proton from the n uc leu s of ^G? A rough

answer to this question is obtained by giving

the binding energy per nucleon. A better answer

is obtained when we write a reaction that

removes a proton from the nucleus. In this case

jj[0 — jp + 'J
1ST. Find the energy required for

this reaction to take place. This is the proton

separation energy. Get both values and

compare them. (1 he atomic mass of oxygen is

15.994 u; that of nitrogen is 15,000 U.)

3 What is rise energy released in the beta decay

of a neutron?

4 The first excited state of the nucleus of umniuru-

235 is 0.051 MeV above the ground slate.

(a) What is the wavelength of the photon

emitted when the nucleus makes a

transition to the ground state?

(b) What part of the spectrum does this

photon belong to?

5 Calculate the energy released in the alpha

decay 2|jTh J|gRa + 'He. it he atomic mass

of thorium is 234,043596 u; that of radium is

230,03708 u.)

6 Assume uranium-236 splits into two nuclei oi

palladium- 117 (Pd}, (The atomic mass of

uranium is 236.0455561 u; that of palladium

is 116,9178 u.)

(a) Write down the reaction,

(b) What other particles must be produced?

fc) What is the energy released?

7 One possible outcome in the fission of a

uranium nucleus is the reaction

™U + Jn -> «Mo H- 'gU + 2’n+ ?

(a) What is missing in this reaction?

(b) How much energy is released?

(Atomic masses: U = 235.043922 u;

Mo - 94,905841 u; La = T 38,906349 u.)

8 Another fission reaction involving uranium is

JSU + Jn - gZr + ^Te + 3jn

Calculate the energy released. (Atomic

masses: U = 235,043922 u; Zr = 97.912/6 u;

Te = 134.9165 u.)

9 Calculate the energy released in the fusion

reaction |H + }H -* iHe +
,

:

,n. (Atomic masses:

fH - 2.014102 u; JH = 3,016049 u;

jHe = 4.002603 u.)

10 In the text, it was stated that the reaction

4] Ft - iHe 4- 2^e + 2v* + %? is the

mechanism by which hydrogen in stars is

converted Into helium and that the reaction

releases about 26.7 MeV of energy. The sun

radiates energy at the rate of 3.9 x 1 (V
b W

and has a mass of about 1,99 x 10 ! " kg r of

which 75% is hydrogen. Find out how long ii

will lake the sun to convert T 2% of its

hydrogen into helium.

11 In flie first nuclear reaction in a particle

accelerator, hydrogen nuclei were accelerated

and then allowed to hit nuclei of lithium

according to the reaction ’ H 4- —

tHe + iHc, Find the energy released. (The

atomic mass of lithium is 7.016 u,)

12 Outline the role in nuclear fusion reactions of:

(a) temperature; (b) pressure.

T3 Show that an alternative formula for the mass

defect is Ji — ZMH + ( A - Z) mn Muon,

where is the mass of a hydrogen atom and

rr^ is the mass of a neutron.
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14 Consider the nuclear fusion reaction involving

the deuterium f-jOj and tritium C
:

T) isotopes of

hydrogen:

fU + JT-^He + Jn

The energy released, Qu may be calculated in

the usual way, using the masses of the particles

involved, from ihe expression

Qr = (Mq +- hAj — Mh<? — ;nn )c’'"

Similarly, in the fission reaction of uranium

\’,HJ + n
n "* 4o^ r + '^ Te +

i he energy released, Qt, may be calculated from

Qi — — Mzr — — 2n}„)C
7

(a) Show that Ihe expression lor Qt can be

rewritten as

where E hUvr En and E T are the binding

energies of helium, deuterium and tritium,

respectively,

(b) Show that the expression tor Qi can tie

rewritten as

Qf = ( E/.i + fit)- fu

where E/r, fTt.
and ft are the binding

energies oi zirconium, tellurium and

uranium, respectively.

(c) Results similar to the results obtained in

(a) and <b) apply to alt energy-releasing

fusion and fission reactions. Use this fact

and the binding energy curve in Figure 3.1

to explain carefully why energy is released

in fusion anti fission reactions.

Qi — Eh* ~ (Ep + Ej)



CHAPTER
AHL - Atomic and nuclear physics

SL Option 8 - Quantum physics

Interactions of matter

with energy
The? photoelectric effect was one of the first signs that classical physics was Inadequate

when applied to the microscopic world. This chapter discusses the photoelectric effect

and other aspects of the interaction of matter with energy, leading to the duality of

matter and energy.

Objectives

By the end of this, chapter you should be able to:

* describe the photoelectric effect:

* describe which aspects of this effect cannot be explained by classical

physics and how the new physics introduced by Lin stein provides

explanations for them’

* understand the meaning of rhe terms stopping voltage* thresh old frequency

and wort Junction;

* stare the meaning of the term photon and use the equation for its energy,

E = hf:

* solve problems on the photoelectric effect, eK, — hf -

* state the meaning of Lhe term wuv^-ptirdcfe duality;

- state de Broglie's formula, k - '!
. ,
and use it in problems;

describe the Dtivissorj-Gcnncr expert and understand its significance.

The photoelectric effect

When light for other electromagnetic radiation)

falls on a metallic surface, electrons may be

emitted from that surface in a phenomenon
known as the photoelectric effect. An

electroscope connected to the surface becomes

positively charged when light fails on the metal

| see Figure 4.1 f.

It is not difficult to imagine that electrons will

be emitted, because electromagnetic radiation

contains energy that can be transferred to

electrons of the atoms of the photosurface, thus

enabling them to pull themselves away from

the attraction of the nuclei and leave the

surface altogether. An apparatus to investigate

this effect (first used by R, Millikan) is shown in

Figure 4.2,

It consists of an evacuated tube, inside which

is the photosurface and across from that a

collecting plate where the emitted electrons

arrive. The photosurface and the collecting

plate are part of a circuit as shown. Light

passes through an opening in the tube and

falls on the photosurface T and the emitted

electrons move towrard the right, completing

the circuit; thus, an electric current flows.

The magnitude of the current can be detected
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mercu ry

charged when light falls on it.

figure 42 Apparatus for investigating the photo

electric effect. The variable voltage decelerates

the emitted electrons and eventually stops them

by the galvanometer G. It is readily found that,

as the intensity of the light source increases.

The current also increases* In Fact, current and

intensity are directly proportiona I (o each

other, A larger current can be due to either a

larger number of ejections being emitted per

second or electrons with higher speed (or

both). To distinguish between the two cases we

need a method lo measure the energy (and

hence speed) of the emitted electrons. This

can be done by connecting a battery between

the photosurface and the collecting plate as

shown in Figure 4.3 (note: pay attention lo

where the negative terminal of the battery

goes). By increasing the voltage of the battery

l-igure 4.3 The phoiocurrent is larger for larger

intensity light source. Tire stopping voltage

depends on the frequency not the intensity.

we can make the current in the circuit zero.

This is called the stopping voltage, Vs . It

follows that the maximum kinetic energy of

the emitted electrons must be cK* We see this

as follows: Let the maximum kinetic energy of

Lhc electrons be E ^ ; then the work done in

moving an electron from the cathode to the

collecting plate is eK*, and from mechanics we

know that the work done is the change in the

kinetic energy of the electron* So

eV* = f k

> We find that the stopping voltage stays

the same no matter what the intensity

of the Eight source is. Tims* the increase

in the current is due to more electrons

being emitted. The intensity of tight has

no effect on the maximum energy of the

electrons (see Figure 4,31.

Tli is is a very surprising result and we shall return

to it soon. Another surprise awaits us if we allow

monochromatic light (light ofone specific

frequency) to fall on the photosurface. We find

that the stopping voltage depends on Lhe

frequency of the light source. 'Hie larger the

frequency, the larger die stopping voltage ji.e. the

larger the energy of the emitted electrons), if the

polarity of the battery is now reversed so that the
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emitted electrons are actually Attracted to the

collecting plate, we find that the current increases

but reaches a saturation value, litis is because

every single emitted electron is now collected.

If we plot the kinetic energy of the electrons

(which equals df) versus frequency, we 11nd a

straight line as shown in Figure 4.4a,

Figure 4.4 (a) The graph of kinetic energy versus

frequency is a straight line. The horizontal

intercept is the critical frequency, (b) When
another pho cosurface is used, a line parallel to

the First is obtained.

The puzzling feature of this graph is that there

exists a frequency, called the critical for

threshold) frequency fc . such that no electrons

at all are emitted if the frequency of the light

source is less than fL , even if very intense light

is allowed to fall on the photosurface. If the

experiment is repeated with a different photo-

surface and the kinetic energy of the electrons

is plotted versus frequency, a line parallel to the

first is obtained, as shown in Figure 4.4l>.

Another puzzling observation is that the

electrons are emitted immediately alter the

light is incident on the photos urface, with no

apparent time tie I ay.

p We now have three surprising observations;

] Tlie intensity of the incident light does not

affect the energy of the emitted electrons.

2 The electron energy depends on the

frequency ofthe incident light, and there

is a certain minimum frequency' below

which no electrons arc emitted.

3 Electrons are emitted with no time delay.

These three observat ions are in violation oF the

standard laws of physics. According to the laws

of classical electromagnetism, a more intense

beam of light contains more energy and

therefore should cause the emission of more

energetic electrons. Classical electromagnetism

offers no explanation as to why the frequency

of light should affect the electron energy* nor

docs it explain why there should exist a critical

frequency.

A very low-intensity beam of light carries

little energy. So an electron might have to

wait lor a considerable length of time before

it accumulated enough energy to escape

frnm the metal. This would cause a delay in

its emission.

The explanation of all these strange

observations was provided by Albert Einstein in

1905.

> Einstein suggested that light (like any other

form of electromagnetic radiation] consists

of quanta, which are packets o/twrgy and

momenhnn. The energy ofone such quantum

is given by the formula

L = hi

where t is the frequency of the

elect roinagneric radiation and h =
6,65 x 10

1

l s is a constant, known as

Planck's constant.

These quanta of energy and momentum

are tailed pitorens, the particles of light

| Max Planck had introduced h a few years

earlier in his investigation of the spectrum

of a black body. It is worth pointing our here

Lhat the spectrum of a black body could not

be explained in terms of conventional physics,

just as the photoelectric experiment could

not.)

I h is suggestion implies, therefore, that light

behaves in some cases as particles do, but in
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addition the energy of one of the particles

making up light depends only on the frequency

and nor on rbc intensity. Thus, if a photon of

frequency f is absorbed by an electron in the

photosurface, the electron's energy will increase

by h f . Now, it takes a certain amount of energy,

let us say 4, to free the electron from Lite pull of

the nuclei of rhe atoms of the photosurface. The

electron will be emitted [become free) ifftf is

bigger titan 4; the difference hf -4 will simply

be the kinetic energy of the (now) free electi on

(see Figure 4.5), That is

Ek = hf -<f>

energy

energy

photon hf
electron juki

Figure 4.5 (a) A single photon of light may release

a single electron from a metal, (b) A more
tightly bound electron needs more energy to

release it from the metal.

Kut this is exactly what our discussion of the

photoelectric experiment gave. The value of4
(called the work function) is read off the graph,

from the intercept of the straighL line with the

vertical axis. Note that the work function and

the critical frequency are related by

K = #

since F k — C in that case.

Recalling that the kinetic energy of the

electrons is measured in the photoelectric

effect apparatus to be eV„ - ir lh it follows that:

f.'v: _ hf 4

that is, in a graph ofstopping voltage

versus frequency, one obtains a straight

line with slope /i c.

IjcnmpEe questions

Q1
'

" -

A photosurface has a work function of 1 .50 eV.

Find the critical frequency. If light of frequency

6.1 x 10
1

' 1 Hz falls on this surface, what is the

energy and speed of the emitted electrons?

Answer

The critical frequency f is given in terms of the

work function by hf( = 4 and thus

. 4 1.5 x 1.6 x 10- 1 '
,

f, =r T = ^ - — Hz
h 6.63 x 10 “ 14

= 3,62 x 1
0' 4 Hz

Hie kinetic energy of the electron is given by

= hf that is

ft = 1.64 x io-w I
= 1 .03 eV

From ft - we find v= 6.Q X 10'

m

s

(Note use joules for Ft to find v.)

Q2
Monochromatic light of intensity 4 W and

wavelength 4 x 10
,:i

m falling on a photosurface

whose critical frequency is 6 * IQ 1
'
1 Hz releases

lO 10
electrons per second. What is the current

collected in the anode? If the intensity of the light

is increased to 8 W, what will the current be? If

light of intensity 8 W and wavelength 6 x 10" 7 m
falls on this photosurface, what will the current be

in that case?
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Answer

From /= lhe definition of elect ric current we

find

/-ex to"’

that is

/= 1 .6 x 10 " A

If the intensity doubles, so will the current,. Riving

/= 3.2 x 10'" A

We note that the critical wavelength is

and so if the wavelength becomes 6 x 10
7

rn
r
no

elec trons will be emitted at all., hence / — 0 then.

QT
Light of wavelength 5 x 10 m falls on a

spherical photosurface whose critical frequency is

5 x 1014 Hz, The photosurface Is in an insulated

enclosure. What is the electric potential that the

sphere will develop?

Answer

The kinetic energy of the emitted electrons will be

F k = hf — $

- 6,63 x |

- 0.4 eV

Hence electrons will he emitted until the electric

potential on the sphere becomes 0,4 V, in which

case the attraction of the electrons to the sphere

will bo strong enough to prevent further electrons

from escaping.

More on the photon

The energy of die photon is given by the

equation £ — hf

,

wrhich is a relation that is

being directly tested in the photoelectric effect.

The photon also carries momentum, given by

£ hf h

The existence of a photon momentum is

supported by the Compton effect: the s cartersng
of photons off electrons or protons. T he photon,

although a
1

particle' with energy and

momentum, has no mass (it also has zero

elec tric charge). T his implies (because of the

theory of relativity see Option H) that it

always travels aL the speed of light. For such

partides (they are called relativistic), a more

general definition of momentum allows zero

mass particles to have momentum.

Example questions

Q4 f**3*m*iut±***mM*+K***<
l low many photons of wavelength 5 x 10 ' m
are emitted per second by a 75 W lamp, assuming

that 1% of the energy of the lamp goes into

photons of this wavelength?

Answer

Let there be N photons per second emitted. Then

the energy is N*f and ibis has to be 1% of 75 3,

that is 0,75 |, So, N = 0,19 x 10
1

"' photons per

second.

Q5
lr all the photons from example question 4 hit a

mirror and are reflected by it, what pressure do

these photons exert on the mirror? Take the area

of the mirror to be 0.5 m2
.

Answer

Each photon has a momentum of f or j. The

momentum change upon reflenion is 2
}

j. Since

there are N such reflections per second, the force

F on the mirror is 2Nj, which is 0*5 x 10 s
N.

The pressure is thus

- - 1.0 x KTa N m" J

A

(Note that if the photons were absorbed rather than

reflected the pressure would 1* half of what we got.)

We close This section with an observation made

by G. 1. Taylor in 1924. Imagine that light (i.e, a

stream of photons) is directed at two slits in a

Young'type experiment. Interference at a screen

some distance away gives the familiar fringes of

high and low intensity. Taylor now argues that

if the intensity of light is reduced sufficiently, a

stage will be reached when only one photon at

3 time arrives at rhe slits. We are now faced

with the problem that a single photon, which

wfli go through either t>rte slit or the other, somehow

produces the interference pattern on the
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screen. Taylor's observation is a sign that even

when we neat light as photons, its wave nature

is no i completely forgotten.

De Broglie's wavelength

In 1923, Louis de Broglie suggested that to a

particle of momentum p there corresponds a

wave of wavelength given by the formula

h

~
P

The de Broglie hypothesis, as Lhis is known, Lhus

assigns wave-like properties to something that is

normally thought to be a particle. This state of

affairs is called the duality of matter

Example question

Q&
Find the de Broglie wavelength of a proton that

has been accelerated from rest by a potential

difference of 5TO V,

Answer

The kinetic energy of the proton Is given by

I he work done in accelerating the proton through

f i potential difference V is qV and litis work goes

into kinetic energy. Thus

=* p — -JlmqV

Hence

h

^/2mqV

b.63 x Ur H

~ y'Tx’l.hZ X 10 Jr x 1.60 X 10 ^ X 500

= 1.3 x 1CTU m

The electron as a wave
The question is, given an electron, when do we

treat it as a particle and when as a wave?

Remember that ifwe call something a wtive

then it must show' wave-like properties - in

particular, diffraction. A wave of wavelength A.

will diffract around an obstacle of size tl if and

only if A is comparable to or bigger than d. To

find a typical electron wavelength, consider an

electron moving at a speed of IQ
5 m s

L

. It has a

momentum p ~ 9. 1 x 10
2i‘

kg m s
1 and

therefore A = 7.2 x 10
-M m. This is quite small.

To see the wave-like nature of this electron we

would need an 'obstacle' or an 'opening' of

about this size. This is provided in nature by

crystals. In a crystal, the atoms are regularly

placed and the distance between them is

typically of the order of 10
K m. The spacing

between the atoms is the ‘opening’ we are

looking for The reason the electron microscope

can resolve small distances (down to 10
-4

m| is

precisely because these distances are of the

same order of magnitude as the de Broglie

wavelength of the electrons used.

A beam of electrons directed at such a crystal

would scatter off the crystal in much the same

way that X-rays do. The scattering of X-rays off

the periodic arrangement of atoms in a crystal

had been shown earlier [by Sir William Henry

Bragg) To be the result of diffraction. Bragg

derived a relation (the Bragg formula} between

the spacing of the atoms in the crystal and the

wavelength of the X-rays, so knowing one

quantity made the calculation of the other

possible. [See Figure 4.6,)

Figure 4.6 Fleetrons are accelerated from the

cathode to the anode: they form a beam,
which is diffracted as it passes through the

graphite.
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Experiments showing the wave natu re of

the electron were carried out in 192? by

Clinton j, Davisson and tester IE. Cermet,

and also by George Thomson, son of

i f . Thomso n , t h e <1 i scoverer of the

electron, fn the Davis son-Cermet

experiment, electrons of kinetic energy

54 eV wore dpetted at a surface of nickel

where a single crystal had been grown

and were scattered by it (see Figure 4.7).

Using the Bragg formula and the known

separation of the crystal atoms allowed

the determination of the wavelength,

which was then seen, to agree with the de

Broglie formula.

Figure 4.7 Hie apparatus of Davisson and Germer.

Electrons emitted from the hot filament of the

electron gun are accelerated through a known
potential difference V and are then allowed to

fall on a crystal. The positions of the scattered

electrons arc recorded by detector

On Lite other hand, if the wavelength is much
smaller than d. then a particle-like description

would be the appropriate one. Only when an

electron moves inside a crystal whose interatomic

spacing has similar dimensions as Lite tie Broglie

wavelength will diffraction take place.

Thus, one can perform a Young-type two-slit

experiment with both photons and electrons.

Wit at is quite extraordinary about these

experiments is that an interference pattern is

observed beyond the two slits oven if the

intensity of light or the electrons is so low that

only one photon or electron goes Lhrough the

slits at a time. The photon or electron knows'

of the existence of both slits.

fcample question

Q?—

—

In a neutron diffraction experiment a beam oi

neutrons of energy 85 MeV Eire incident on a foil

made oul of lead and diffracted. The first

diffraction minimum is observed al an angle of

1 6 relative to the central position where most of

the neutrons are observed, from this information,,

determine the sine of the lead nucleus.

Answer

The neutrons are diffracted from the lead nuclei,

which act as 'obstacles' of size b. From our

knowledge of diffraction, the first minimum is

given by sin ft
— where ?. is the de Broglie

wavelength of the neutron. The mass of a neutron

is m- 1,67 x 10 kg and, since its kinetic

energy is 85 MeV, the wavelength is k — - where

p

=

/2£ tm

= %/2 x 85 x 1 0“ x 1 ,6 x tG ’ x 1 ,67 x 1
p- 2T

= 21 .3 x 10" 2|) kgm s"
1

Hence

6.6 x 10"M
A =

21.3 x
_
ia
T Ĵ

m

= 0.3 1 x 10
14 m

Therefore the size of the nucleus is given by

0.31 x I0
141

sin 1

6

= 1.12 x tET
14 m

1 (a) Explain what ts meant by the photoelectric

effect.

(b) A photosurface has a work function of

3,00 eV, What is the critical frequency?

1 (a) What evidence is there for the existence of

photons?
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(b) A photosurface has a critical frequency

of 2.2f> x 1QM Hz. What is the voltage

required to stop electrons emitted from

a photosurface when radiation of

frequency 3.87 x 10
14 Hz tails on this

surface?

3 Light of wavelength 5,4 x in
-1

' m falls on a

photosurface and causes the emission of

electrons of maximum kinetic energy 2. 1 eV

at a rate of 10 ' per second. The light is

emitted by a GO W light bulb,

(a) Explain why light causes the emission of

electrons.

(b) Calculate the electric current that leaves

the photosurface,

(c) Find the work function of the surface.

(d) Find the maximum kinetic energy of the

electrons if the intensity of the light

becomes 1 20 W,

(e ) Find the current from the ph olosu rface

when the intensity is 1 20 W,

4 fa) State three aspects of the photoelectric

effect that cannot be explained by the

wave theory of light. For each, outline

how the photon theory prov tries an

explanation.

(b) When light of wavelength 2.08 x 10“ 7 m
falls on a photosurface, a voltage of 1 .40 V

is required to stop the emitted electrons

from reaching the anode. What is the

largest wavelength of light that will result in

emission of electrons from this

photosurface?

5 (a) What is the effect of the intensity of light

in the photoelectric experiment?

lb) To determine the work function of a

given photosurface, light of wavelength

23 x 10" r ii Is directed at the surface

and the stopping voltage, K, recorded,

When light of wavelength 1 .8 x 10 m
is used, the slopping voltage is twice as

large as the previous one. Find the work

function.

6 Light falling on a metallic surface of work

function 3.0 eV gives energy to the surface at

a rate of $ x 1

Q

-4 W per square metre of the

metal's surface. Assume lhal.an electron on

the metal surface can absorb energy from an

area of about 1,0 x 1G"
|H

nr.

(a) I low Song will it take the electron to

absorb an amount of energy equal to the

work function?

(b) What does this imply?

(c) How does the photon theory of light

explain the fad that electrons are emitted

almost instantaneously with the incoming

photons?

7

From the graph of electron kinetic energy

versus frequency of incoming radiation (Figure

4,8), deduce:

(a) the critical frequency of the photosurface:

(b) the work function*

(c) What is the kinetic energy of an electron

ejected when light of frequency t =

K.o x 1

0

U Hz falls on the surface?

hi) Another photosurface has a critical

frequency of 6.0 x TO
14

Hz. Sketch on

Figure 4.8 the variation with frequency of

the emitter! electrons' kinetic energy.

£fc/l(T
wJ

0 1 4 ft

Figure 4,8 For question 7.

* /no'* hk
to

8 Consider a brick of mass 0.250 kg moving at

10 ms 1

,

fa) What is its de Broglie wavelength?

fb) Does it make sense to treat the brick as a

wave? Explain*

fa) Describe an experiment in which the de

Broglie wavelength of an electron can be

measured directly,

tb) What is the speed of an electron whose de

Broglie wavelength is equal to that of red

light (680 nm]i
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10 (a) Show that the de Broglie wavelength of an

electron that has been accelerated from

rest through a potential difference V is

given by

y/lmeV

(b) Calculate the ratio of the de Broglie

wavelength of a proton to that of an alpha

particle when both have been accelerated

from rest by the same potential difference.

(c) Calculate the de Broglie wavelength of an

electron accelerated from rest through a

potential difference of 520 V,

11 This question will look at the intensity of

radiation in a bit more detail. The intensity of

light, f, incident normally on an area A is

defined to be / = ^, where P is the power

carried by the Eight.

(a) Show that / — 4>hf r where <t> is the

photon flux density, he, the number of

photons incident on the surface per

second per unit area and r' is [he frequency

of the light.

(b> Calculate the intensity of light of

wavelength X — 5.0 x 10" : m incident on a

surface when the photon flux density is

& - 2.8 x TOlB nrVC
(c) The wavelength of the light is decreased to

X — 4.0 x 10
7 m. Calcuiate the new

photon flux density so that the intensity of

light incident on the surface is the same as

that found in {bL

(d) Hence explain why light of wavelength

X = 4.0 x 10
7 m and of l he same intensity

as that of light of wavelength

X =2 5-0 x 10 7 m will result in /ewer

electrons being emitted from the surface

per second.

(e) State one assumption made in reaching

this conclusion.
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AHL - Atomic and nuclear physics

SI Option B - Quantum physics

Quantum theory and the

uncertainty principle

This chapter introduces the discrete atomic world, we will see that, contrary In what

occurs in the macroscopic world, the energy of an atom cannot he arbitrary, but rather

assumes values from a discrete set. An elementary introduction to the Schrodinger theory

is given The Heisenberg uncertainty principle is also discussed.

Objectives

By the end of ihrs chapter you should be able lo:

* describe emission and cibsetyirton spectra and understand their significance

for atomic structure;

* explain the origin of atomic energy levels in terms of the 'electron in a box
1

model;

* describe the hydrogen atom according to Schnodinger;

do calculations involving wavelengths of.spectral lines and energy level

Mffcrences\

outline the Heisenberg uncertainty principle in terms of

position-momentum and time -energy.

Atomic spectra

When hydrogen gas is heated to a high

temperature or exposed to a high electric field,

it will glow, emitting light. In the laboratory,

this can be seen wit ft a tube of hydrogen whose

ends are at a high potential difference, as

shown in Figure 5,1.,

spcciritriteitr

Figme 5.1 Hydrogen gas emits light when exposed

to a high potential difference. .

Tile emitted light may be analysed by letting it

go through a spectrometer. The spectrometer

splits the light that enters it into its component

wavelengths, in the case of hydrogen, the

emitted light consists of a scries of bright lines*

A few of the prominent lines and tlieir

wavelengths are shown in Figure 5.2. 'This is the

emission spectrum of hydrogen. The line with

wavelength 656 nm is red (the W(l line), the

line with wavelength 486 nm is blue-green

(the Hjt line), and so on.

4 1 1> nm 434 nm 4X6 nm 656 nm

Figure 5.2 A few of the emission linens of hydrogen.
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Similar results are obtained when other gases

replace hydrogen in the tube. The striking

result is that different gases have emission tines

at different wavelengths. Knowing the precise

wavelengths of the emission lines allows the

identification of the gas - emission spectra are

like ‘fingerprints'.

The spectrum of light that has been emitted by

a gas is called ihe immsiouspechum of the gas.

A similar phenomenon takes place when white

light (consisting of all wavelengths in the visible

region) is allowed to pass through hydrogen gas

(Figure 53). White light analysed with a

spectrometer would reveal a continuous band of

the colours of the rainbow. But when the light

that has been transmitted through hydrogen is

analysed, a series of dark lines superimposed on

the continuous band of colours is seen. This is

the absorption spectrum of hydrogen. Hie dark

lines in the absorption spectrum are at precisely

the same wavelengths as the coloured bright

lines in the emission spectrum ofhydrogen.

AyA/V
white li£hi

hydrogen

Figure 5.3 White light transmitted through a gas

gives rise to the absorption spectrum of the gas.

The spectrum of light that has been

transmitted through a gas is called the

absorption spectrum oh he gas,

The striking feature of emission and absorption

spectra is the fact that the emission and

absorption lines are at specific wavelengths for a

particular gas.

Attempts to explain these curious features

occupied many physicists during the second half

ofthe nineteenth century, without much success.

In 1885 Johann Halmet discovered, by trial and

error, that the wavelengths in the emission

spectrum of hydrogen were given by the formula

where n may take the integer values 5, 4, 5, . .

.

and K is a constant number. It thus became a

serious challenge to explain the origin of the

13a Liner formula using the basic laws of physics.

All such attempts failed as well.

Since the emitted light from a gas carries

energy, it is reasonable* based on conservation

of energy, to assume that the emitted energy is

equal to the difference between the total energy

of the atom before and after the emission. Since

the emitted light consists of photons of a

specific wavelength, it follows that the emitted

energy is also of a specific amount, since the

energy ofa photon is given by

F=|pf = —
A.

These considerations point to the fact that the

energy ofan atom is discrete, i.c. not continuous. If

the energy ofan atom were continuous, then it

would not make sense for the difference in

energies before and after the emission of light to

be always a set of specific amounts. The idea, then,

was to try to see how the idea of discreteness could

be introduced into the problem.

As a first attempt to see how this might come

about, consider the following simple model

The 'electron inj box' model

Imagine that an electron is confined within a

box of linear size /. (Figure 5,4). The electron,

treated as a wave, according to de Broglie, has a

wavelength associated with it given by

h
A “

P

ihc cleuiron L’an only tic found

somewhere :ilong lilts lirui

x = 0 x r

/

Figure 5,4 The electron is assumed to be confined

within a linear region of length L

.
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Since the electron cannot escape from the box,

it is reasonable to assume that the electron

wave is zero at the edges of the box. In addition,

since the electron cannot lose energy, it is also

reasonable to assume that the wave associated

with the electron in this case is a standing

wave. So we want a standing wave that will have

nodes at a ^ 0 and at x = l , This implies that

the wavelength must be related to the size I of

the box through

n

where r i is an integer.

Therefore the momentum of the electron is

h

h_

- 2L
n

nh

w
The kinetic energy is then

£_
2m

f Flf]

IzT)

2m

n2h2

Sml2

This result shows that, because we treated tile

electron as a standing wave in a 'box', we

deduce that the electron's energy is

'quantized' or discrete, i.e. it cannot have any

arbitrary value. The electron's kinetic energy

can only be

I x
h2

dm /.
2

{4x
hz

8m/, 2

n — 1

n — 2

9 x
h1

8mL~
n = 3

and so on.

It is very interesting that this simple model has

given us what we have been looking for, namely

a discrete set of energies. Of course, \ he electron

in a 'box' is not a realistic model for an electron

in. the atom. This is just an example that shows

the discrete nature of the electron energy when
the electron is treated as a wave. The model

points ihe way to ihe correct answer.

The Schrddinger theory

After early, and only partially successful,

attempts by Niels Bohr lo solve the problem of

the spectrum of hydrogen, in 1926 the Austrian

physicist Krwin Schrddinger (Figure 5.5} provided

a realistic, quantum model for the behaviour of

electrons in atoms. The Schrddinger theory

assumes as a basic principle that there is a wave

associated to the electron (very much like de

Broglie had assumed) This wave is called the

wavefunotion
,
i/(x , /), and is a function of

position x and rime J. Given the forces that act

on the electron, it is possible, in principle, lo

solve a complicated differential equation obeyed

by the wavcfunction (ihe Schrddinger equation)

and obtain tyix.t). For example, there is one

wavcfunction for a free electron, another lor an

electron in the hydrogen atom, etc.

Figure 5.5 Krwin Schrodiuger,
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The interpretation of what \fnxJ ) really

means tame from the German physicist

Max Born. He suggested that j^U* l)]
2

(the square ofthe absolute value of

f(x, fj) can he used to find the probability

that an electron will be found near

position x at Lime f.

The theory only gives probabilities for finding

an electron somewhere - it does not pinpoint an

electron at a particular point in space. This is a

radical change from ordinary, i.e. classical,

physics, where objects have well-defined

positions.

When the Schrbdinger theory is applied to the

electron in a hydrogen atom, it gives results

similar to the simple 'electron in a box
1

example of the previous section. In particular* it

predicts that the total energy of the electron

(the sum of the kinetic energy and the electric

potential energy) is given by the formula

where n is an integer and C is a constant equal to

2n 2TneAk2

Here k is the constant in Coulomb’s law, m is

the mass of the electron, e h the charge of the

electron and h is Planck's constant. .Numerically

(using slightly more accurate values than those

listed in Appendix 1) C therefore equals

. 2tv
?
(9.109 x 1Q-5, K 1.602 x 10“ ,fl

)

4(S.9Sa x KT)2

L “
(6,626 x

3= 2,179 x 10"

= 13.6 eV

so that finally we obtain

F.

13.6

~w eV

In other words, the theory predicts that the

electron in the hydrogen atom has quantized

energy. The electron can be found in one of the

energy levels of the atom, depending on the

value of the integer ri (Figure 5.6a). The model

then also predicts that, if it finds itself at a high

energy level, i lie election can make a transition

lo a lower level, in the process emitting a photon

of energy equal to the difference in energy

between the levels of the transition (Figure 5,6b).

Because the energy ofthe photon is given by

E = hf , it follows that knowing the energy level

difference we can calculate the Frequency and

wavelength of the emitted photon, furthermore,

the theory also predicts the probability that a

particular transition will occur, (This is necessary

in Older to understand why some spectral lines

arc brighter than others.) Thus the Schrbdinger

theory explains atomic spectra.

energy

-0,6 eV

high n energy

^ levels sire very

close each

'*'
pi — 5 yihcr

" n = 4
Ni = 3

pi - 2

n — 1

(a)

figure 5.6 (a) The energy level diagram for the

hydrogen atom according lo the Schrbdinger

theory, (b) One photon is emitted for each

transition from a high to a lower energy level.

The Schrbdinger theory predicts the

probabilities for each transition,

Example questions

Q1 —
Show how Ihe formula lor l he electron energy in

the Schrbdinger theory can be used to derive the

empirical Balmer formula mentioned earlier.
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Answer

We assume that EJalmer considered transitions

from an energy level n down to the energy level 2.

Then the energy emitted is equal to the difference

which, in turn, is equal to the energy of tine

emitted photon, Le, — . Thus,

he C / C \

T "
~n* ~

\ 2i
)

k he \ 4 n2 /

This is precisely Balmer's formula given earlier,

with R = ™,
br

Q2 HI I
I IC I I 1

1

The wavelength is then

3.00 x 10s

4.56 x 10H

— 6.58 x 10
7m

This agrees well with the rcetJ Hw tine in the

emission spectrum of hydrogen.

Tlte graph of Figure 5.7 shows the variation of

the probability distribution function (what you

have teamed in mathematics as a pdf) wirh

distance r from the nucleus for the energy level

ft = 1 (the lowest) of the hydrogen atom. Hie

heigliL of the graph is proportional to

f^(* , t)
|

2
. The shaded ami is the probability for

finding the electron at a distance from the

nucleus between r = a and r =b.

Calculate (he wavelength of the

photon emitted in the transition

from n = 3 to n = 2.

Answer

The energy of the level n = i ts

13.6-— eV=s-1.51 eV

The energy oi the level n = 2 h

13.6
_ eV - “3.4Q eV

l he energy difference is then

1

,89

eV, and that is the energy of

the emitted photon. 1 hen (noie the necessary

conversion from eV to joule)

hi = 1.89 gV

1.89

eV
1 "

6,63 x TQ~M j s

1.89

x 1.6 x lO-'M

6,63xlO JMs

^ 4,56 x 1G1J Hz

0,50 LOO

Figure 5.7 The shaded area gives (he probability lor

finding an electron at a distance from the nucleus

between r = u and r = for the ground slate of

hydrogen. The peak in the graph corresponds to

the rnrLf Jrtfdy distance of the electron from the

nucleus, and is about 0.50 x 10 rn.The ovemge

distance of the electron from the nucleus is about

0.75 x 10 1U
in.

The Heisenberg uncertainty

principle

The Heisenberg uncertainty principle is named
after Werner Heisenberg f

1901 -1976). one of the
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founders of quantum mechanics (Figure 5.8}.

who discovered the principle in 1927, The basic

idea behind it is the wave particle duality.

Particles sometimes behave like waves and

waves sometimes behave like particles, so Lhat

we cannot cleanly divide physical objects as

either particles or waves.

Figure 5.8 Werner J leisenberg.

; Tlie Heisenberg uncertainty principle

applied to position and momentum
states that it is not possible to measure

simultaneously the position and momentum

of something with indefinite precision.

Tins has nothing to do with imperfect

measuring devices or experimental errors, It

represents a fundamental property of

nature, Ilic uncertainty Ay in position and

Lite uncertainly ip in momentum are

related by

A,v An

where h is Planck's constant

This says that making momentum as

accurate as possible makes position

inaccurate, whereas accuracy in position

results in inaccuracy in momentum. In

partioilar. ifone is made zero, the other

has to be infinite.

Imagine that electrons are emitted from a hot

wire in a cathode ray tube and that we try to

make them move in a horizontal straight line

by inserting a metal with a small opening of

size a. We can make the electron beam as thin

as possible by making the opening as small as

possible. Making the beam very thin means lhat

we know fairly accurately I he vertical position

of the electron. The electron must be

somewhere %vithin Lhc opening and so the

uncertainly in its vertical position will be no

bigger than a, so Ax < 0,

However, we will run into a problem as soon as

the opening becomes of the same order as the

de Broglie wavelength of the electrons. Recall

that a wave ofwavelength X will diffract when

going through an aperture of about the same

size as the wavelength. Here, too. the electron

will diffract through the opening, which means

that a few electrons will emerge from the

opening with a direction that is no longer

horizontal,

Wc can describe this phenomenon by saying

that there is an uncertainty in the electron's

momentum in Lhe vertical direction, of

magnitude Ap, Figure 5.9 shows that there is a

spreading of the electrons within an angular

size 2d.

lhe angle by which the electron is diffracted is

given by ( reca 1 3 d i ffraclion)

a

where cj is the opening size. But from Figure 5,9.

$ ss ^.Therefore,

n ~ p

if we now take the opening size a as the

uncertainty in the electron's position in the
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Figure 5.9 An electron passing through a slit suffers a deflection in the vertical

direction.

vertical direct ion, we have

Ap Ax kp — h

This is 3 simple explanation of where the

uncertainty formula comes From,

As an application of the uncertainty

principle, consider an electron, which is

known to be confined within a region of size

L. Then the uncertainty in position must

satisfy Ax < f, and so the uncertainty in

momentum must be

_ h b
Ap as - =£ .

4tt Ax 47ti

The election must then have a kinetic energy

of

p
? Ap

2 b2

t K = > —-— *5?

2m 2m I6?r2mL2

Ifwe apply this result to an electron in the

hydrogen atom, we see that the size of the

region within which the electron is confined is

about!. =3 10“™ m. Then

r
b2 _ ( 6,6 x 10- 34

)

2

K
\bn2mlz “

I6tt 2 (9„1 x 10^){10- 10
)
2

10
-19

J ss 2 eV

which is jn fact the correct order of

magnitude value of the electron's kinetic

energy.

Note the close resemblance of this formula to

the formula for the energy obtained in the

earlier section based on the ‘electron in a box'

model. Apart from a few numerical factors (of

order 1), the two are the same, indicating She

basic connection between Lhe uncertainty

principle and duality.

The uncertainty principle also applies to

measurements ofenergy and time. If a state is

measured to have energy /: wirh uncertainty

At .then there must he an uncertainty Af in

the time during which the measurement is

made, such that

A£ At > —
4jt

For more applications of the uncertainty

principle, see Option], Particle physics.

1 Slate what you understand by the terms:

U) energy level;

(b) atomic transition;

(c.) spectrum of an element.

2 An absorption spectrum is formed when
photons of specific wavelengths are

absorbed by the electrons of an atom,

which then make transitions to higher

energy levels. But as soon as she electrons

reach the higher energy level they will

hill back to the state they came from,

re-radiating photons of precisely the same

wavelength as those they absorbed. So

there should not be any dark lines. What do

you say£

3 An electron of kinetic energy 1 1 .5 eV collides

with a hydrogen atom in it* ground state. With
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what possible kinetic energy can this election

rebound oft the atom?

4 (a) What is the evidence for the existence of

energy levels fn atoms?

(b) Electrons of kinetic energy (i) 1 0J 0 eV,

(ii) 12.61) eV and (hi) 1 1,25 eV coilide

with hydrogen atoms and can excite these

to higher states. In each case, find the

largest n corresponding to the state the

atom can be excited to. Assume that the

hydrogen atoms are in their ground state

initially.

5 (a) What do you understand by the term

ionization energy?

(b) What is the ionization energy for a

hydrogen atom in the state n = 3?

6 (a} Find the smallest wavelength that can

be emitted in a transition in atomic

hydrogen.

(b) What is the minimum speed an electron

must have so that it can ionize an atom of

hydrogen in its ground state?

7 (a) Find the de Broglie wavelength of a proton

(mass 1.67 x Ml
1

kg! whose kinetic

energy is 200.0 MeV.

(b) What Is the de Broglie wavelength of an

electron in the n — 2 slate of hydrogen?

8 Using the uncertainty principle, show that an

electron in a hydrogen atom will have a

kinetic energy of a few eV.

9 Assume that an electron can exist within a

nucleus (size 10' 5 m) such that its

associated wave forms a fundamental mode
standing wave with nodes at the edges oi the

nucleus.

(a) Estimate the wavelength of this electron.

(b) Calculate the kinetic energy of the

electron in MeV.

(c) Using your answer in (b), comment

on whether the electron emitted in

beta-minus decay could have existed

within the nucleus before the

decay.

Tft A few of the lines in the emission spectrum

of hydrogen may be represented as in

Figure 5.10. Draw the spectrum diagram

that would result if the hydrogen atom

could be described by the 'electron in a

box' model.

increasing wavelength
- *

Figure 8.10 For question 10.

11 (a) State the de Broglie hypothesis.

(b) Calculate the de Broglie wavelength

of an electron that has been

accelerated by a potential difference

of 5.0 V.

(c.) Explain why precise knowledge

of the wavelength of an electron

implies imprecise knowledge of its

position.

12 An experimenter wishes to make a very

narrow beam of electrons. To do that, she

suggests the arrangement of Figure 5.11. She

expects that the beam can her made as narrow

as possible by reducing the size d of the

aperture through which the electrons will

pass.

taj Explain why in principle it is not

possible to make a perfectly narrow

beam.

lb) Are her chances of producing a

narrow beam better with slow or fast

electrons?

decirt’n

beam
0

D

i"

Figure 5.11 For question 12 .

13

A tennis ball is struck so that it moves

with momentum 6.0 N s straight through

art open square window of side 1 ,0 m.

Because of the uncertainty principle, the

tennis ball may deviate from its original
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path after going through the window.

Estimate the angle of deviation of the

path of the tennis ball. Comment on your

answer.

14 Theoretically it is possible in principle to

balance a pencil on its tip so that it stands

vertically on a horizontal table. Explain

why in quantum theory this is impossible

in principle. (You can turn this problem

into a good theoretical extended essay it

you try to estimate the time the pencil will

stay up after it has been momentarily

balanced!}

t5 The graphs in Figure 5.12 represent the

w'avcfunctions of two electrons. Identify the

electron with

(a) the least uncertainly in momentum and

(hi the least uncertainly in position.

Explain your answers.

ip



CHAPTER 6.6
AHL - Atomic and nuclear physics
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Nuclear physics

Ibis chapter provides 0 more detailed discussion of the radioactive decay law and

scattering experiments in which nuclear sizes may be determined the mass

spectrometer is discussed as well as the existence of isotopes. The prediction of the

neutrino in beta decays on the basis of energy and momentum conservation is also

discussed.

Objectives

By the end of this chapter you should be able to:

* solve problems of closest approach using I he law ofconservation of energy'

and appreciate that nuclei have well-defined radii;

* describe a moss spectrometer and its implications for isotope existence;

* state the theoretical arguments that have been used to postulate the

existence of the neutrino;

* state the radioactive decay law, N = iV, e
u

. A = = (N0X) c ' r

;

* slate the meaning of fidf-II/? and decoy constant and derive the

relationship between them;

* appreciate that the decay constant is the probability of decay per unit time:

* understand that the initial activity of a sample is A 0 - \',jx:

* obtain short and long half-lives from experimental data;

* solve problems with activities and the radioactive decay law.

Scattering experiments and

distance of cjosest approach

in scattering experiments such as

Rutherford's* simple energy considerations can

be used to calculate the distance of closest

approach of the incoming particle to the

target. Thus, consider, as an example, an alpha

particle (of charge q = 2e) that is shot head-on

toward a stationary nucleus of charge Q = Zr

(see Figure 6,1). Initially the system has a total

energy consisting of the alpha particle’s

kinetic energy i - E k . We take the separation

of the alpha and the nucleus to be large so no

potential energy exists At the point of closest

Figure 6,1 The closest approach ot an alpha
particle happens in a head-on collision.

approach, a distance d from the centre of the

nucleus, the alpha particle stops and is about

to turn back. Thus* the total energy now is the

electric potential energy of the alpha and the

nucleus, given by



408 AHL - Atomic and nuclear physics / SL Option B - Quantum physics

E
Qq

_ ^
(2e)jZe)

d

2Z(>2

(We are assuming that the nucleus dues not

recoil so its kinetic energy is ignored,)

Then, by conservation oi energy

d=k2Ze2

Assuming a kinetic energy for the alpha

particle equal lo 2.0 MeV directed at a gold

nucleus (/ = 79} gives d = 1.1 x 10
|T

' m.This is

outside the range of the nuclear force, so the

alpha particle is simply repelled by the

electrical force.

As the energy of the incoming particle is

increased, the distance of closest approach

decreases. The smallest it can geL is, however, of

the same order as the radius of the nucleus.

Thus* experiments of this kind have been used

to estimate the nuclear radii. A result of these

experiments is (hat the nuclear radius R

depends on mass number A through

R = 12 x A l/

5

x 10
" 15 m

The mass spectrometer

The existence of isotopes (i,e. atoms of the same

element having slightly different masses due to

differing number of neutrons in the nucleus)

can be demonstrated with an instrument called

a mass spectrometer. Imagine that singly

ionized ions of an element are emitted from the

black box in Figure 6,2 r Singly ionized means

that each atom has lost a single electron and

thus has a net positive charge of e. Hie ions

move through a pair of slits (Si which

collimates the beam. They then enter a region of

electric and magnetic fields at right angles to

each other. The magnetic field is directed into

the page in the region shaded grey. The positive

photographic

p).lEC

ihe

figure 6.2 A mass spectrometer. Ions enter

through the collimating slits Si, They then

enter a region of magnetic and electric fields

anti approach a second slit, which only allows

ions of a given velocity' to pass. A second

magnetic field bends these ions inLo circular

paths according to their mass.

ions are deflected to the left by the electric Held

and to the right by the magnetic field. By

choosing a suitable value for the magnetic field,

the ions can continue through undeflected if

the magnetic and electric forces are equal. This

means that i?E = evB or simply ihar

E

Thus, only tons with this specific velocity can

pass through the second slit 5^. Ions with other

velocities will be deflected and so will be

prevented from going through this second slit.

Tli is arrangement acts as a velocity selector for

the ions. The selected ions then enter a second

region of magnetic field (also directed into the

page) and arc thus deflected into a circular

path, hitting a photographic plate where they

are recorded.

I he radius of the circular path is given by

If the beam contains atoms of equal mass,

all atoms will hit the plate at the same

poim . If. however, isotopes arc present, the

heavier atoms will follow a longer radius

circle and will hit tire plate further to the

right. Measuremeni of the radius ofeach

isotope^ path thus allows for the

determination of its mass.
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Beta decay and the neutrino

The process of beta decay described earlier

originates from a decay of a neutron inside an

atomic nucleus:

in !p+Je+ Sve

The neutron decays into a proton {thus increasing

the atomic number ofthe nucleus by 1). an

electron and an ami neutrino, A free neutron (i.e.

one not inside a nucleus) decays into a proton

according to the reaction equation above, with a

hall-life of about 11 min. A related decay is that of

positron emission, in which a proton inside a

nucleus turns itself into a neutron accompanied

by Lhe emission of a positron [the antiparticle of

the electron) and a neutrino:

tP

Unlike a free neutron, a free proton cannot

decay into a neutron since the rest energy of a

neutron is larger than that of a proton. Inside a

nucleus the reaction is, however, possible

[because binding energy is used to make up for

the difference). These reactions

must be understood as the

disappearance ofone particle and

the appearance or creation of the

three particles on the right-hand

side of the decay equation. We
must not think that the decaying

particle actually consists of the

three particles into which it

somehow splits in the decay.

There is an unfamiliar particle in beta decay,

the electron an idneutrino, i"Cf a particle that

went undetected until 1953. Its presence in beta

decay was predicted on theoretical grounds as

follows. Consider the decay -> [p
4- °e +

The mass of the neutron Is larger than that of

the proton and electron together by

1 ,003665 u- (1 ,007276 + 0.0005436) u

= 0.00034 u

corresponding to an energy of

0,00084 x 931.5 MeV = 0.783 MeV

'litis is the available energy in the decay, which

will show up as kinetic energy of the products. If

only the electron and the proton arc produced,

then the electron being the lighter of the two

will carry most of this energy away as kinetic

energy. Thus, we should observe electrons with

kinetic energies of about 0,783 MeV. In

experiments, however, the electron has a range

of energies from zero tip to 0,783 MeV. The

question is then, where is the missing energy?

Figure 6,3 shows two ways in which a neutron

may decay.

* Wolfgang Fault anil Enrico Fermi

hypothesized the existence o f a third

particle in the products of a liefa decay in

1933, Since the energy of the electron in

beta decay has a range of possible values, it

means that a third very light particle must

also be produced so that it carries the

remainder of the available energy. Knrico

Fermi coined the word neutrino for the

little neutral one'.

Figure 6.3 (a) A neutron ai rest decaying into jus

i

rwo particles. Hie two particles must have equal

and opposite momentum so they move in

opposite directions, fb) A neutron at rest decaying

into three particles. There arc now many
possibilities as to how the three particles move.

Electron capture

A process related to beta decay is electron

capture, in which a proton inside a nucleus

captures an electron and turns into a neutron

and a neutrino:

iP + — Jn +gvc
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The creation of a neutron star rests on this

process, in which the huge pressure inside the

suit drives electrons into protons in the nuclei

of the star, turning them into neutrons.

Table 6.1 gives some examples of beta decays.

Decay Half-Life Maximum
energy

tH > He -f i'e + 12.3 yr 0.0186 MeV

»C >+_?*+!& 5730 yr 0,156 MeV

M i , ^ [y,i , ^(5
,l

m
!|
'>« IP

1^
.

2.60 yr 0.546 MleV

15A hn 13

hC + +
{e + g* 9.99 min, 1.19 MeV

Table 6.1 Examples of beta decay.

Nuclear energy levels

The nucleus, like the atom, exists in discrete

energy levels. The main evidence for the existence

ofnuclear energy levels comes from the fact that

the energies of the alpha particles and gamma
ray photons that are emitted by nuclei in alpha

and gamma decays are discrete. (This is to be

contrasted with beta decays, in which the

electron has a continuous range of energies.)

Figure fj.'t shows the lowest nuclear energy levels

of the magnesium nucleus
2

y ]
Mg. Also shown

FJIVfcV
4 l

6.01 -

5.24
-

is a gamma decay from the level with energy

5,24 MeV to the first excited state. The emitted

photon has energy 5.24 - 1.37 = 3.87 MeV,

Figure 6.3 shows an energy level or plutonium

(

2^Fu) and a few of Lhe energy levels of

uranium
(

2™U). Also shown arc two transitions

from plutonium to uranium energy levels.

These are at pita decays:

*gPU-. JgU+J«r

The energies of the emitted alpha

particles are 4.983 0, 148 = 4.835 MeV and

4.983 - 0.307 4.67b MeV.

Figure 6.5 Energy levels for plutonium and

uranium. Transitions from plutonium to

uranium energy levels explain the discrete

nature of the emitted alpha particle in lhe

alpha decay of plutonium.

4.24

4.12

137—*

0

Figure 6.4 Nuclear energy levels of magnesium
Mg, Notice the difference in -scale between

these levels and atomic energy levels.

The following example applies these ideas to beta

decay,

Example question

Ql

The nucleus of bismuth (-’\BI) decays info lead

fJjPb) in a iwo-slage process. In lhe first stage,

bismuth decoys into polonium f',' .Po). Polonium

then decays into lead. The nuclear energy levels

that are involved in these decays are shown in

Figure 6.6.
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Fibrin.' 6.6 The two-stage decay of bismuth into

lead.

(a) Write down Ihe reaction equations for eat h

decay,

lb) Calculate the energy released in the beta decay.

(c) Explain why the electron does not always

have this energy.

Answer

tai '^BE -* 3
liPo + J:\e + []v and

-Po^-Pb + ;
0 .

(b) The energy releaser I is the difference in the

energy levels involved in the transition, i,e,

0.57 MeV.

(cj The energy of 0.57 MeV must tie shared

between the electron, the anti neutrino arid the

polonium nucleus. So the electron does not

always have the maximum energy of 0.57 MeV.

Depending on the angles (between the electron,

the anti neutrino and the polonium nucleus), the

electron energy can he anything from zero up to

the maximum value found in (b).

The radioactive decay law

-- The law of radioactive decay states that: the

number of nuclei that will decay per

second is proportional to the number of

atoms present that have not vet decayed,

Here A is a constant, known as the decay

constant. Its physical mcaning is that it

represents the probability of decay per

unit time (see page 412 for an explanation

of this statement).

If the number of nuclei originally present (at 1 - 0)

es i\>. by integrating the previous equation it can

be seen that the number of nuclei of the

decaying element present at time t is

N = JV0 e-
M

As expected, the number of nuclei of the

decaying element is decreasing exponentially as

time goes on (see Figure 6.7). This form of the

decay law can be shown to be equivalent to the

simpler version described earlier. After one hall-

life. I [;2 ,
half of the nuclei present have

decayed, so

— = No exp (-ATV2 )

On Laking logarithms we find

XT] *2 — In 2

= 0,693

This is the relationship between the decay

constant and the half-life.

(This means that an equivalent and more

convenient formula for the decay equation is

JV = No (yr)

1
' ' 1

- Can you see how?)

LfrwIecaytiLl nndci/x M)-
ri

Figure 6.7 The decay of radioactive nuclei obeys an

exponential law.
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The number of decays per second is called

activity. IL follows from the exponential decay

law that activity also satisfies an exponential

law;

N = Woe""

= e“"

Thus, the initial activity of a sample is

given by the product of the decay constant

and the number of atoms initially present,

A ij
— iVqA .

FvampLe question

Q2
Carbon-14 lias a half-life of 5730 yr and in living

organisms it has a decay rate of 0.25 Bq g"

A quantity of 20 g of carbon- 1 4 was extracted

from an ancient bone and its activity was found

to be t.81 Hq. What h the age of the bone?

Answer

The decay constant is

= 1.21 x TO’
4
yr

-1

When the bone was part of the living body the

20 g would have had an activity of 5 Bq, if the

activity now is 1 .81 Bq, then

A = A:.^'

=*1.81 = Se
-1-21 * 10^1

— 1 .21 x 10 *1 + In 5 = In 1.81

=* -1.21 x I0“*f - -1.016

l ,016
=* t = —

7

1.21 X 10 4

8400 yr

Why the decay constant is the

probability of decay per unit time

Since ^ = —kN, we know that in a short time

interval df the number of nuclei that will decay

is dN = JUVdf {we ignore the minus sign by

considering diV to be positive). The probability

that any one nucleus will decay within the time

interval df is thus

probability = = Adf

and so the probability of decay per unit lime is

equal to the decay constant:

probability__ --A

1 With what velocity should an alpha panicle

he fired head-on at a stationary gold nucleus

so that the distance of closest approach is

2.1 x 10 l5lmf { lake the alpha mass to be

6.64 x 10
_?7

kg.)

2 A particle of mass m and charge +e is

directed from very far away toward a massive

( M >> m) object of charge +Ze with a

velocity v, as shown in Figure 6.8. The

distance of closest approach is d, Sketch tort

the same axes) a graph eq show the variation

with separation of:

(a )
the pa rticl e's k i net ic ene rgy

;

fbj the particle's electric potential energy.

Figure fi.8 t or question 2.

3 Singly ioniaed atoms of neon-20 of velocity

2.0 x to"
1 m s

_1
enter the velocity selector of a

mass spectrometer, where the magnetic field

has the value 0.1 5 T,

{a} What electric field is established in the

velocity selector?

(b) The ions then enter the region where a

second magnetic field or value 0.50 T
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deflects them into circular paths. What is

[he radius of the circular path?

(c) ll the beam of Eons also contains traces of

neon -22, what would the detection radius

for I his isotope be?

(Molar masses: neon-20 = 19,992 g mol

neon -22 = 21.99 g mol 1

.)

4 What might be a reason for the high

penetrating power of neutrons?

5 Show that in an elastic collision between a

neutron of mass m and- a nucleus of mass M
(with the nucleus initially at rest), M will

recoil with a velocity given by

2m
w = — v

m-b M
where v is the initial velocity of the incoming

neutron,

6 (a) Find the decay constant for krypton-92,

whose half-life is 3.00 s.

(b) Suppose that you start with 1/100 mol of

krypton. How many undecayed atoms of

krypton are there after (i) 1 s, fii) 2 s, fiiiji 3 s?

7 (a) What is the probability that a radioactive

nucleus will decay during a time interval

equal so a half-life?

(b) What is the probability that it will have

decayed after the passage of three half-lives?

(c) A nucleus has remained undecayed after

the passage of four half-lives. What is the

probability it will decay during the next

half-life?

0 What is the activity of 1,0 g of radium-226

(molar mass — 226.025 g mol ), The half-life

of radium-226 is 1 600 yr.

9

The half-life of an unstable element is ! 2

days. Find the activity of a given sample of

this element after 20 days if the initial activity

was 3.5 MBq.

10 A radioactive isotope of half-life 6.0 days used

in medicine is prepared 24 h prior to being

administered to a patient. If the activity must

be 0-50 MBq when the patient; receives the

isotope, what number of atoms of the isotope

should have been prepared?

11 The age of very old rocks can be found from

uranium dating. Uranium is- suitable because

of its very tong half-life: 4,S x I O'
3
yr. The (Inal

stable product in the decay series of uranium-

236 is lead-206. Find the age of rocks that are

measured to have a ratio of lead to uranium

atoms of 0,60. You must assume that no lead

was present sn the rocks other than that due to

uranium decaying.

12 The isotope *;K of potassium is unstable, with

a half-life of 1 ,37 x 10'' yr. ft decays into the

stable isotope ™Ar, Moon rocks were found to

contain a ratio of potassium to argon atoms of

1 :7. Find the 1 age of the moon rocks,

13 (a) In an experiment to measure the half-life

of an isotope it is found that the readings

of Ihe counter never become zero no

matter how long one waits, as shown in

Figure 6-9. Why?

activky/Bq

(b) The experimenter then 'corrects'' the data

and obtains the graph shown In Figure

6.10, What has he done and what half-life

does he obtain far this isotope?

I'/iuin

a-uEivtiy/Hij

30

Figure 6.10 For question 13(h),
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14 Two unstable isotopes are present in equal

numbers (initially). Isotope A has a half-life of

A min and isotope B has a half- life of 3 min.

What is the ratio of the activity of A to that of

13 after:

{a) 0 min;

tb) 4 min;

(c) 12 min?

15 A sample contains (wo unstable isotopes and

a counter placed near it is used to record the

decays. How would you determine each of

the half-lives of the isotopes from the data?

16 The half-life of an isotope with a very long

half-life cannot be measured by observing its

activity as a function of time, since the

variation in activity over any reasonable time

interval would be too small to be observed.

I et m be the mass in grams of a given Isotope

of long half-life.

(a) Show that the number of nuclei present in

this quantity is j\|, — ^

N

A where p ts the

molar mass of the isotope in g mol and

.V*. is the Avogadro constant.

(b) From A - —“ = <.N.iA)e“
xr show that the

initial activity is A. — k and hence that

the half-life can he determined by

measuring the initial activity {in Bq) and

the mass of the sample (in grams)*

1 7 Show that the nuclear density is the same for

all nuclei, (lake the masses of the proton and

neutron to be the same.)

IB Figure 6.] 1 shows the nuclear force

between two protons as a function of

their separation.

{a I What is the range of She nudear force that

can be deduced from this graph?

<b) What would the nuclear force between

two protons be when they are separated

by a distance of 10
15 m?

(c) What is the electrical force between these1

two panicles at this separation?

(d) What is the gravitational force between

two protons at this separation?

(ej What is the ratio of the electrical to the

gravitational force between the two protons?

tored-- KP N

Figure 6.11 For question IS.

IQ In electron capture, ]p+ _,e -> 'n + “i 1

. the

only emitted particle is the neutrino, which,

being extremely weakly interacting, cannot he

observed. So how do we know when electron

capture takes place?

20 Radium's first excited nuclear level is

0,0678 MeV above the ground state.

(a) Write down the reaction that takes place

when radium decays from the first excited

state to the? ground slate.

(b) What is the wavelength of the photon

emitted?
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Energy degradation

and power generation

This chapter deals with energy sources and how the energy content o! each source can

be extracted. We make the important distinction between renewable (wifi not run out)

and non-renewable (will run out) sources of energy. The chapter introduces the basic

physics associated with nuclear fission, solar, wind, wave and wind power.

By the end of this chapter you should he able to:

* explain the meaning of the term energy degradation;

- understand that, in the cyclic operation of an engine, nor all the awtilaHr

thermal energy can be transformed to mechanical work;

* outline how elccfticTty i
s
produced

;

* understand the difference between renewable and ntm renewable forms of

energy:

* state the meaning of the term energy density;

* understand how energy is produced by miclearjuels;

- describe the function of the main elements e/a nuclear reactor,

* appreciate the problems with midearJwsfcn;

understand the basics of solar, wind, fiydrodectric and wave power;

* state the meaning of the terra Solar constant;

* discuss the relative advantages and disadvantages of various energy

sources.

MMl
Degradation of energy

the energy flows. The width of each arrow in the

diagram is proportional to the energy carded

this figure is a Sankey diagram representing

Thermal energy flows, as we have seen, from

hot to cold bodies. The difference in

temperature between two bodies offers the

opportunity lo run a 'heat engine' between

those two temperatures, extracting useful

mechanical work in the process. That is to say,

some of the thermal energy that is transferred

from the iiot to the cofd body can be

transformed into mechanical work. This is

shown in Figure 1.1. The diagram to the right in

by that arrow. The input energy is 800 J
and the

useful mechanical work done is 200 J,
giving an

efficiency of

With time, the two bodies will approach the

same temperature, and the opportunity for

using those two bodies to do work will be SosL
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HOT

Figure I I Schematic energy flow diagram lor a

heat engine. The diagram to the right is a

Sankey diagram Tor the engine. The width of the

arrow is proportional to the energy it carries.

> Tints the flow of thermal energy from the

hot to the colder body tends to equalize the

two temperatures and depraves ns ofthe

opportunity to do work.

Suppose, then, that we do have two places

f reserve ins') at different temperatures. The

thermal energy that can now flow from the hot

to the colder reservoir can be used to perform

work. The hot reservoir is the hot interior of the

cylinders where gasoline or some other fuel is

burned. The cold reservoir is the exhaust system

of the engine. It must be understood Lliat any

practical heat engine must work in a cycle. That

js to say, the engine begins in some state,

absorbs thermal energy and does work. The

engine must now be returned to its initial state

so that the process can be repeated. For example,

consider a gas that is kept in a container with a

piston (Figure 1.2). Tire gas absorbs thermal

energy and so expands. Tire motion of the

piston can be used to perform mechanical work*

If all that happens is to expand the gas. then ad

the thermal energy absorbed can be transformed

into mechanical work. To make the engine

practical, the gas must be returned to its initial

state (Figure 1.3), so that it can again absorb energy

and perform more work, Tire piston must then be

pushed back in to return the gas to its initial state.

The price to pay for operating in a cycle is that

not all of the thermal energy transferred can be

transformed into mechanical work. Some of this

(b) gitx expands, doing mechanical work

Figure 1,2 An expanding gas performs mechanical

work.

I~
(sv> thermal energy ubsiirbcd

(hj gas expands, doing mechanical work

III
T

(c) gas nenimeii io its initial xtsigc. so [hat

die cycle can he repeated! - scune [hemul

energy is ejected by the engine

Figure 1.3 The engine must work in a cycle and so

must be returned to its initial smte.

energy must be returned to the cold reservoir.

While not lost, this energy is less useful. To use

it to perforin mechanical work, another colder

reservoir must be found. This energy has

become degraded. The necessity of losing some

energy to the colder reservoir in a cyclic process

is a consequence of a fundamental law of

physics, the second law of thermodynamics.

* Energy, while always being conserved,

becomes less useful. j,e. it cannot bo used to

perform mechanical work - this is called

energy degradation.
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7

Electricity production

We are heavily dependent on electricity f
and

many of the energy sources that are available

to us today are used to produce electricity.

The production of electricity (almost

universally) rakes place in electric gen era tors,

such as the one described in Chapter 5.8. The

main idea is to rotate a coil in a magnetic

field so that magnetic Field lines are cut by

the moving coih According to Faraday's law

an cmf (voltage) will be created in the coil,

which can then he delivered to consumers.

A generator thus converts mechanical energy

(the rotational energy of the coil) into

electrical energy. The various other sources

of energy available are used to provide rite

mechanical energy of the rotating coil

(Figure 1.4).

Figure 1,4 Methods of electricity production.

Energy sources _
The development of civilization lias gone

hand in hand with an increase in the use

of energy. Whereas anciem peoples had

food and sunlight as their only sources of

energy* consuming no more than about

8 MJ of energy per day, modern humans depend

on energy lor food, shelter, transportation,

communication, manufacture of goods,

services and entertainment, lire average

world use of energy per person amounts

today to about 300 MJ per day in the more

developed countries, giving a power

consumption per person of about

300 x 10*7(24 x 60 x 60) - 3.3 kW. In the

USA. the power consumption per person is

at a high of 10 kW, whereas In parts of

Africa it is below 0. 1 kW. The world average

is about 0.8 kW per person. Taking 3 kW
as an estimate for living ill comfortable

conditions, and a world population of 6,7

billion (6.7 x 10\ results in a total world

energy demand for one year of about

6.5 x I0
A1

(. This is very dose lo the total

annual world production of energy, which

is estimated to be about 1 .5 x 10
?l

J. Taking

into account that the world’s population is

increasing, it is obvious that we are faced

with an extremely serious problem. We need

sources of energy. We may classify energy

sources into two large classes, non-renewable

and renewable.

t- * Narert'fleMJbte sources of energy’ are Linire

sources, which are being depleted, and

will run out. They include fossil fuels

(e.g. oil, natural gas and coal) and

nuclear fuels (e.g, uranium). The energy

stored in these sources is. in general, a

form of potential energy, which can be

released by human action,

* Renewable suites include solar energy

(and the other forms indirectly

dependent on solar energy, such as

wind energy and wave energy) anti tidal

energy.

The main sources of energy, and the percentage

of the total energy produced of each, is given

in Table 1.1. The figures are world averages and

are approximate. Data for individual countries

vary. World averages also vary, as different

countries rely on different energy sources and

change their dependence on any one particular

fuel.

As mentioned earlier, most renewable

sources are directly or indirectly linked to

the sun.

kinetic

energy of

mUHiOEt

+ generator
electrical

energy
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Fuel

Percentage of

total energy

production |“i»|

Carbon dioxide

emission (g MJ 'J

Oil 40 70

Natural gas 23 50

Coal 23 30

Nuclear 7 -

Hydroelectric 7 -

Others <1 _

Table 1.1 Energy sources and the percentage of the

total energy production for each. The third

column gives the mass ofearbon dioxide

emitted per unit ofenergy produced from a

particular fuel. Fossil fuels account for about
86% of the total energy production.

Energy density

A useful characteristic of fuels is their energy

density.

The energy density of a fuel is the energy

that can be obtained from a unit mass of

the fuel. Energy density is measured in

J Kg'
1

*

If the energy is obtained by burning the fuel (as

in fossil fuels), the energy density is simply the

heat of combustion (see Table 1.2).

In a nuclear fission reaction, mass is converted

directly into energy through Einstein’s formula

t - mr-. As discussed in Chapter 6.3, one

Substance Heat of combustion

Coal 'iOMJkg £

Wood 10 MJ kg 1

Diesel ail 45MJkg '

Gasoline 47 MJ kg 1

Kerosene 46 MJ kg
'

1

Natural gas 39 MJ m~3
(at stpji

Table 1.2 Energy density of fossil fuels.

kilogram of uranium-235 releases a quantity of

energy equal to 7 x IQ*
3
j = 7 x 10* GJ, Natural

uranium (mainly uramimv238) contains about

0.7% of uranium-235, and so the energy density

of natural uranium as a nuclear fuel is

j|x7x 10* s= 4^0 GJ kg 1

, substantially

higher than that of fossil fuels. Enriched

uranium containing 3% uranium-235 has an

energy density of x 7 x 10 * =2100 GJ kg

To calculate the energy density ofwater used in

a hydroelectric power plant, imagine that I kg

of water falls from a height of 100 m and that

all the kinetic energy so gained is converted into

the rotational motion thal is used to produce

electricity. The gain in kinetic energy is

, 1
^

f — - nw

— mgh

1 x 10 X 100

= io'j

Tins implies that the energy density of water

used as a 'fuel
1

in a hydroelectric power plant is

10 J kg \ substantially below the energy

densiLy of fossil and nuclear fuels.

Energy density is a major consideration in the

choice of a fuel. Obviously, dl other /actors being

equal, the higher the energy density, the more
desirable the fuel.

Fossil fuels

Fossil fuels (oil, coal and natural gas) have been

created ove r millions ofyears . They are

produced by the decomposition of buried

animal and plant matter under the combined

action of the high pressure of the material on

top and bacteria.

Burning coal and oil have been the traditional

ways ofproducing electricity. Hie thermal

energy released in combustion is used to power

steam engines, which, in turn, power generators.

Gasoline in internal combustion engines has

been powering automobiles for over a century.
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Although generally efficient (30-40%)* these

engines are primarily responsible for

atmospheric pollution and contribute

greenhouse gases to the atmosphere. In

electricity-producing power plants using coal,

tire efficiency is typically around 30%, depending

on the technology level of the plant and the

precise cycles of operation. Natural gas produces

somewhat higher efficiencies, typically 42%.

Lsample question

Q1
A power plant produces electricity by burning

coal, using the thermal energy produced as Input

to a steam engine,, which makes a turbine turn,

producing electricity. The plant has a power

output or 400 MW and operates at an overall

efficiency of .35%.

{a) Calculate the rale at which thermal energy is

provided by the burning coal,

(b) E lence calculate the rate at which coal is being

burned (use a coal energy density of 30 MJ kg

(c) The t hernia I energy discarded by the power

plant is removed by water (Figure i .5). The

temperature of the water must not increase by

more than 5 °C Calculate the rate at which

the water must flow.

cold warm
water flow

Figure 1,5.

Answer

(a) The efficiency Is the ratio of power output to

f>ower input, and so 1 hernia I energy must he

provided at a rate of

400_ = 1,14 x 10
J ^ 1.1 * 10* MW

0.35

lb) The amount of mass of coal that must be

burned per second is found from

— x 30 x 10* = 1 . 14 x 10
9 =» 4^ = 38 kg s

_l

At At

or

38 x 60 x 60 x 24 x 365 =* 1 ,2 x IflP kgyr_t

(c) The thermal energy discarded enters the water

at a rate of

— = 1 .14 x I0
3 - 0.400 x tO

3 - 740 MW
At

This thermal energy warms up the water

according to AQ — {Am)cA T ,where Am is

the mass of water into which the thermal

energy goes, c is the specific heat capacity of

water (4200 J kg
1 K ') and A 7' is the

temperature increase of the water (5 °C).

The rate at which thermal energy enters the

water is

^— cA T = 740 MW
A I At

Thus, we find that

Am 740 x 10*

Af " 4200 x 5

= 35x1

0

3
kg s

_1

Fossil fuel mining

Coal is obtained by mining. The mining

process produces a large number of toxic

substances, and the coal itself, which is stored

in large quantities near the mines, is high in

sulphur content and traces of heavy metals.

Rain can wash away the sulphur and heavy

metal traces, creating serious environmental

problems if this acidic water enters underground

water reserves. The sites of coal-mining are

also considered to be environmental disaster

areas, which is why many countries have strict

laws requiring mining companies to have

plans for reclaiming the area afler the mining

is over. Drilling for oil also has adverse

environmental effects, with many accidents

leading to leakage of oil both at sea and

on land,

Advantages of fossil fuels

Relatively cheap (while T.hey last 1

• High power output (high energy density)

* Variety of engines and devices use them

directly and easi ly

- lixtensivc distribution network is in place
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> Disadvantages of fossil fuels

* Will run out

* Pollute the environmem
* Contribute to greenhouse effect by

releasing greenhouse gases into

atmosphere

In the overall considerations over choice of fuel,

one must take into account the cost of

transporting the fuel from its place of

production to the place of distribution, Fossil

fuels have generally high costs because the mass

and volume of the fuel tend to be large.

Similarly, one needs extensive storage facilities.

Fossil fuels, especially oil. pose serious

environmental problems due to leakages at

various points along the production-

distribution line.

Nuclear power

Nuclear fission is the process in which a heavy

nucleus splits into lighter nuclei. The details of

the process and the methods used to calculate

the energy produced have been presented in

detail in Chapter 6.3, which you should review.

Nuclear reactors

A nuclear reactor is a machine in which nuclear

reactions take place, producing energy. The fuel

of a nuclear reactor is typically uranium-235. The

isotope of uranium that is most abundant in

nature is uranium-238. Natural uranium contains

only about 0.7% ofuranium-235* The uranium

fuel in a reactor is thus enriched, i.e. is made to

contain more uranium-235* about 3% or even

higher. When a nucleus of uranium-235 captures

a neutron, it turns into uranium-236, which then

decays, releasing energy and more neutrons. In

addition to the common reaction discussed in

Chapter 6,3, we also have the reaction:

T n + -+2ifu -^SXe + gSr+^n

T hese are examples of induced fission* The

fission does not proceed by itself - neutrons

must initiate it, (Some nuclei undergo

spott tan sous fission, i.e. no neutrons are

necessary to initiate it* but this is rare.)

Tile neutrons produced can be used to collide

with other nuclei of uranium-235 in the reactor,

producing more fission, more energy and more
neutrons. The reaction is thus self-sustaining; it

is called a chain reaction. For the chain reaction

to get going, a certain minimum mass of

uranium-235 must be present, otherwise the

neutrons escape without causing further

reactions - this is called the critical mass.

Uranium-235 will only capture neutrons if the

neutrons are not too last. The neutrons produced

in the chain reaction are much too fast to be

captured by uranium-235 (they have typical

kinetic energies of about I MeV whereas to be

absorbed the kinetic energy must be less than

about f eV) and must therefore be slowed down.

The slowing down of neutrons is achieved

through collisions of the neutrons with atoms

of the moderator, a material surrounding the

fuel rods (the lubes containing uranium-235).

The moderator material can l>e graphite or

water* for example. The rate of ihe reaction is

determined by the number of neutrons

available to be captured by uranium-235. Too

few neutrons would result in the reaction

stopping, while too many neutrons would lead

to an uncontrollably large release ofenergy.

Thus control rods, i.e, a material LhaL can absorb

excess neutrons whenever this is necessary, are

introduced into t lie moderator. File control rods

can be removet I when noL needed and reinserted

when necessary again. The control rods ensure

that the energy from the nuclear reactions is

released in a slow and controlled way as opposed

to the uncontrolled release ofenergy that would

take place in a nuclear weapon.

Schematic diagrams of the cores of (wo types of

nuclear reactors are shown in Figure 1.6.

The energy released in the reaction is in the

form of kinetic energy of the produced

neutrons (and gamma ray photons). This kinetic

energy is converted into thermal energy (in the
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conlroi rtxls

U-3J1 Iw i u i soul ur lcrw£r£(jj /TT\
SlOiilll

generator

slearri

pump

u) pressurized water reaclor (PWR)

fuel control rods

rod (can be raised or lowered^

(graphite)

i!h) gas-eoolal reactor

Figure 1.6 Schematic diagrams of two types of

fission reactors,

moderator) as the neutrons arc slowed down by

collisions with the moderator atoms. A coolant

(for example, water or liquid sodium) passing

through the moderator can extract this energy,

and use it in a heat exchanger to turn water

into steam at high temperature and pressure.

The steam can then be used to turn the

turbines of a power station, finally producing

electricity. These energy transformations are

summarized in Figure 1,7,

plutonium does not occur naturally. The

reactions are'

Jn + 3«li •'••'II

=?:u «Np +

Figure 1.7 The main energy transformations that

take place in a nuclear power station,

Plutonium production

Tlie fast neutrons produced in a fission reaction

may be used to bombard uranium-238 and

produce plutonium-239, ill is isotope of

[O + V

l^Np -> Po + J^e + v

The importance of these reactions is that

non-fissitmable material (uranium-238)

is being converted to fissionable material

(plutonium-239) as the reactor operates.

The plutonium-239 produced can then be

used as the nuclear fuel in other reactors,

(It can also be used in the production of

nuclear weapons.)

Problems with nuclear reactors

The spent fuel in a nuclear reactor together

with the products of the reactions are all

highly radioactive, with long half-lives. The

problem of how to dispose of this material

safely is a serious disadvantage of the fission

process in commercial energy production. At

present, this material is buried deep

underground in containers that are supposed

to avoid leakage to the outside. In addition,

there is always the possibility of an accident

due to uncontrolled heating of ihe moderator.

This might increase the temperature (in the

case of a graphite moderator, it would also

start a Fire) and hence the pressure in the

cooling pipes, resulting in an explosion. (This

would be a conventional explosion - the

reactor cannot explode in the way a nuclear

weapon does.) In this case, radioactive

material would leak from

The sealed core of a

reactor, dispersing

radioactive material into

the environment. Even

worse, it may lead to the meltdown of the

entire core. These are serious concerns with

nuclear fission as a source of commercial

power. On the positive side, nuclear power

does not produce large amounts of

greenhouse gases.
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The nuclei produced in a fission reaction

are typically unstable and decay usually by

beta decay. The beta decay produces an

additional amount of energy. Even if the

reactor is shut down, production of thermal

energy continues because of the beta decay

of the product nuclei. The energy produced

in this way is enough to melt the entire core

of the reactor if the cooling system breaks

down.

An additional worry about nuclear reactors

is that the fissionable material produced

(For example* plutonium-239| can be recovered

and be used in a nuclear weapons programme.

Uranium mining

Like all forms of mining, uranium mining is

dangerous, and in fact even more so. Uranium

produces radon gas* a known strong carcinogen.

Inhalation of this gas as well as of radioactive

dust particles is a major hazard in the uranium

mining business. Mine shafts require good

ventilation and must be closed to avoid direct

contact with the atmosphere. The disposal of

waste material from the mining processes is

also a problem, since the material is

radioactive.

> Advantages of nuclear energy

* High power output

* Large reserves of n ucl car fuels

* Nuclear power stations do not produce

greenhouse gases

- Disadvantages of nuclear energy

* Radioactive waste products difficult to

dispose of

* Major public health hazard should

‘so i neth tng go wrong'

* Problems associated with uranium

mining

* Foss ibi lily ofprod ucing m ate rials for

nuclear weapons

Nuclear fusion

A typical energy-producing nuclear fusion

reaction is

i
H. -I-

1

1 1 -> \\ 3e + in + 17.6 MeV

In this reaction, deuterium and tritium (two

isotopes of hydrogen) fuse to form a helium

nucleus and a neutron plus energy. Deuterium

pf
H) can be obtained by separating it from

ordinary hydrogen in water using electrolysis.

Tritium fjH) is obtained by bombarding lithium

with neutrons. There are ample supplies of both

water and lithium.

The problem with Fusion is that, since they are

both positively charged, the reacting nuclei

repel. Tims, in order to get them close enough

to each other For the reaction to take place,

high temperatures must be reached. In this way

the kinetic energy of the nuclei can be used to

overcome the electrical repulsion. Ihe

temperatures required are of the order of 10
s
K,

At this temperature* hydrogen atoms are

ionized and so we have a plasma (a mixture of

positive nuclei and electrons). Ihe hot plasma

must be confined in such a way that it does not

come into contact with anything else This is

because contact with other materials would

result in both (a) a reduction of temperature

and (b) contamination of the plasma with other

materials. These two effects would cause the

fusion reaction to stop. The plasma is therefore

confined magnetically in a takcurcafc (a Russian

word for toroidal magnetic chamber) machine.

This has specially designed magnetic fields that

allow the plasma to move around magnetic

field lines without touching the container

walls*

Energy must be supplied to the fusion process

to reach the high temperatures required. It has

not yet been possible to produce more energy

out of fusion than has first been put in* for

sustained periods of time. For this reason,

fusion as a source of commercially produced

energy is not yet feasible. There are also

technical problems with using the energy

produced in fusion to produce electricity*
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Compared to nuclear fission, nuclear fusion has

the advantage of plentiful fuels, substantial

amounts of energy produced, and much fewer

problems with radioactive waste.

Solar power

The nuclear fusion reactions in the sun send

out an incredible, and practically inexhaustible,

amount of energy, at a rate of about

5,9 x 1026 W. Tliis means that, on average, the

earth receives about MOO W per square metre

of the surface of the outer atmosphere. Some of

this radiation is reflected back into space, some

is trapped by the atmosphere's gases, and about

1000 W m~ 2
(1 kW m 2

)
is received on the

surface of the earth. This amount assumes

direct sunlight on a dear day and thus is the

nijcjxErnxjrTE that can be received at any one time.

Averaged over a 24-hour time period, the

intensity of sunlight is about 340 W m ", This

high-quality, free and inexhaustible energy can

be put to various uses.

Active solar devices

An early application of solar energy has been in

what are called 'active solas’ devices'. In these,

sunlight is used directly to heat water or air for

heating in a house, for example. The collecting

surface is usually flat and covered by glass for

protection; Lhe glass should be coaled lo reduce

reflection. A blackened surface below the glass

collects sunlight, and water circulating in pipes

underneath gets heated. This hot water can

then be used for household purposes, such as in

bathrooms (the heated water is kept in well-

insulated containers) or. with the help of a

pump, it can circulate through a house,

providing a healing effect.

In other schemes, the pipes can he exposed to

sunlight directly, in which case they are

blackened to increase absorption (figure 1.8),

The surface underneath the pipes is then

reflecting so that more radiation enters the

pipes. Such a collector works not only with

direct sunlight but also with diffuse light, eg.

on pa rt i a lly doudy d ays

.

sunlighl

1 1 1

warm
wuer
out

tcSd

walcr

in

Figure 1,8 A device for collecting sunligln. The
water in the pipes becomes healed and can be

put to use.

These simple collectors are cheap and are

usually put on the roof of a house. Their

disadvantage is that they tend to be bulky and

cover too much space.

More sophisticated collectors includes

concentrator system in which the incoming

solar radiation is focused, for example by a

parabolic mirror, before It falls on the

collecting surlace. Such systems can heat water

to much higher temperatures (500
DC to 2000

D
C)

than a simple flat collector. These high

temperatures can be used to turn water into

steam, which can drive a turbine, producing

electricity (Figure 1.9). Obviously, back-up

systems must be available in case of cloudy

days. etc.

solar iuiielie e-leqtiicg]

Figure 1.9 Energy flow diagram for electricity'

production by solar collectors.

PhotovoHaic celts

A promising method for producing electricity

from sunlight \s that provided by photovoltaic

cells. The photovoltaic cell was developed in

1954 at Bell Laboratories and is used extensively

in the space programme. A photovoltaic rell

converts sunligln into DC current at an
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efficiency of about 30% at present. In the past,

the major cost of' photovoltaic systems has

been the cost of manufacturing the actual

cell, but this cost is decreasing. From a cost of

about $100 per watt of power produced per

cell* the price is now less than $4. Adding on

the price of related equipment, estimated at

52 per watt, and used at a site with medium
sunshine, 400 W rn"^, and taking into account

a lifetime of the cell of about 20 years, this

works out to a cost per kWh only slightly

higher than that produced by diesel-powered

generators.

The actual workings of the photovoltaic cell

depend on the physics of semiconductors.

However, it must be understood that Lhe

photovoltaic principle of electricity generation

from sunlight is not the same as the

photoelectric effect, where sunlight falling on

certain surfaces also produces electric current.

In the photoelectric effect, the electrons are

actually ejected from the metal: whereas in the

photovoltaic phenomenon* electrons, having

absorbed photons of the rig hi energy* make a

transition from the valence band energy levels

across the gap and into the conduction band

energy levels (Figure 1,10),

^nergv
iLtindLKli&ri

band

^
&buut I cV

valence band

Figure 1.10 Energy level diagram for a silicon

semiconductor.

As the price of photovoltaic sys Leins drops, they

arc bound to become more dominant in

electricity production around the world.

Already, in places far from major power grids,

their use is more economical than grid

expansion, and these systems can usefully be

used to power small remote villages, pump
water in agriculture, power warning lights, etc.

Their environmental ill-effects are practically

zero, with the exception of chemical pollution

at the place of their manufacture.

i
- Ad'vantages of solar energy

* Tree'

- Inexhaustible

Clean

• Disadvantages of solar energy

- Works during the day only

* Affected by cloudy weather

* Low power output

- Requ i res large areas

* Initial casts high

The solar constant

The sun's total power otitput is

P == 3.9 x 10^6 W (this is also known as the

sun's luminosity}. On earth, we receive only a

very small fraction of this total power output.

The average distance between the sun and the

earth is r = 1,50 x 10
!l m.The sun’s power is

distributed uniformly over the surface of an

imaginary sphere of radius r — 1.50 x 10
' 1 m.

The power that is collected by areaA (Figure 1.11}

is the fraction — of the total power F

.

(Note that 4,Tr* is the surface area of the

imaginary sphere.) The power through the area

A is simply

innigjrisuy sphere

y
jitcjkrth sun

distance, r

© AQ

areaA receives

nnly j.husjJI

firm:lion of the total

power

Figure 1,11,

> The ptmvr per Lmif ureu received .it a distance

r from lhe sun is called the intensity, I. and

so

4jrr-'
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I ills attic Hints lo about 1400W m“”. ami is

known as the solar constant, ft is the power

received by one square metre placed

normally to the path of Lhe incoming lays a

distance of 1 ,50 x 10 11
ni from the sun.

The reduction of the daily insolation in the

winter for high latitudes can be explained by

the shorter length of daylight and the oblique

incidence of light (Figure Li3),

This actual amount received varies somewhat

due to the fact that the power output of the sun

is nor entirely constant. 'ITtis gives variations of

±1.5%. In addition, the earth does not keep a

constant distance from the sun (the orbit is

slightly elliptical) and this givrcs additional

variations of ±4,0%. To find the radiation

received on the earth's sur/oce, we must take

into account reflection of the radiation from

tiie atmosphere and the earth’s surface itself,

latitude, angle of incidence and average

between day and night.

It is useful lo define the total amount of energy

received by one square metre of the earth’s

surface in the course of one day. This is called

the daily insolation. Figure 1.12 shows the daily

insolation at two different latitudes as a

function of time. The curve with the big dip

corresponds to a latitude of 60\ The other is for

a latitude of 36*. At iiero latitude (the equator),

the insolation is almost constant at about

25 MJ m day" 1
.

insolation/MJ m 1 day 1

month

Figure 1.12 The daily insolation at two latitudes in

the northern hemisphere. The curve with the

big dip corresponds to a latitude of6D\ The
other is for a latitude of 36*.

Figure 1.13 At higher latitudes, the energy is

spread over a larger area and so the intensity is

less. In addition, the radiation has to go through

a greater depth of atmosphere and so some of

the energy is absorbed.

north ^

X atmosphere "

Hydroelectri c power

Hydropower, the power derived front moving

water masses, is one of the oldest and most

established of all renewable energy sources.

This highly site-dependent energy source is

capable of producing very cheap electricity. Its

use has expanded very rapidly, with power

output from hydroelectric plants doubling

every 15 years. Turbines driven by falling or

moving water have a long working life

without major maintenance costs. Also,

despite the high costs of the initial

construction, hydropower is very promising

for many parts of Africa and South America. It

is widely used in Norway, Hydropower stations

are, however, associated with massive changes

in the ecology oi the area surrounding Lhe

plants. To create a reservoir behind a newly

constructed dam, a vast area of land must be

flooded.

lhe principle behind hydropower is simple.

Consider a mass m of water that falls down a
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vertical height h (Figure 1.14). The potential

energy of the mass is mgh, and this gets

converted into kinetic energy when the mass

descends the vertical distance ft, The mass is

given by pAV

.

where p is the density of water

(1000 kg m -a
) and A V is the volume it occupies

(see Figure 1.25),

Figure 1.14 Water falling from a vertical height h

has its potential energy converted into kinetic

energy* which can be used to drive turbines.

The rate ofchange of'this potential energy, i.e.

the power T, is given by the change in potential

energy divided by the time taken for that

change, so

P = mgh

~aT

pAVgh

At
gh

Hie quantity Q = ^ is known as the volume

flow rate [volume per second) and so

F — pQgt i

Within a lime equal to At. the mass of water

that will flow through the tube (Figure 1.15) is

m = pAV = pQAt.

Example question

Q2 s. •
. tiiiAin

Find [be power developed when water in a stream

with a flow rate 50 L s
1

falls from a height of

15 m.

Answer

Applying the power formula* we find

(remembering to do all flic conversions)

P = pQgh = 1000 x (50 x 10
l

) x x 1

5

= 7.4 kW

A number of different schemes are available tor

extracting the power of water. Water can be

stored in a hike* which should be at as high an

elevation as possible to allow for energy release

when the water is allowed to flow to lower

heights, tu a pump storage system, the water that

flows to lower heights is again pumped back to

its original height by using the generators of

the plant as motors to pump the water.

Obviously, to do this requires energy (more

energy, in tact, than can be regained when the

water Es again allowed to flow to lower heights).

This energy has to be supplied from other

sources of electrical energy. But it is the only

way to store energy on a large scale for use when

demand is high. In other words, excess

electricity from somewhere else can be provided

to the plant to raise the water so that energy

can be produced later when it is needed. Finally,

there are schemes that take advantage of the

tides, tide I storage systems. The general idea here

is to have the How of water during a tide turn

turbines, producing electricity.

Figure 1,15.

Advantages of hydroelectric energy

* ‘Free
1

* Inexhaustible

* Clean

This is the power available tor generating

electricity (or to convert into some other

mechanical form) and it is thus clear that

hydropower requires large volume flow rates.

O, and large heights, ft.

Disadvantages of hydroelectric energy

* Very dependent on location

* Requires drastic changes to environment

- initial costs high
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Wind power

ll\ is ancient method for extracting energy is

particularly useful for isolated small houses

arid agricultural use, where small wind

turbines extracting 1 kw ofpower from the

wind can provide all the energy needed tbr

simple living conditions. Small wind turbines

have vanes no larger than about 1 m long.

Modern large wind turbines are capable of

producing up to a few megawatts of power

and* of course, they tend to be big. with vanes

larger than 30 m.

Wind power devices have no adverse effects

(though there is some evidence that low-

frequency sound cm it Led during Lhc operation

of wind turbines affects people's sleeping

habits). However, a very large number of them

in wind parks is not an attractive sight to

many people, and there is a noise problem.

The cost of wind energy conversion systems

varies from about $500 to $5000 per kilowatt

of power produced. The blades are susceptible

to stresses in high winds, and damage due to

metal fatigue frequently occurs. The design

must also take into account gale-force winds,

which may be very rare for a particular site,

but would certainly result in very serious

damage to an inadequately designed system.

Generally, about one-quarter of the power

carried by ihe wind can be converted into

electricity (Tigu re 1.16),

solar

kjncrk

L’Jicrjiy
k iodic: energy

of rotation

particularly useful for energy extraction.

Serious power production from wind occurs

at speeds from 6 to 14 ms *. The dependence

of the power on the area of the blades and

the cube of the wind speed can be understood

as follows (Figure 1.17).

i urea A

\
spanned bj

|
MjlEl’v

wind

Figure i,17 A horizontal axis wind turbine with

two blades.

Let us consider the mass of air that can pass

through a tube of cross-sectional area A with

velocity V in time At (Figure 1.18). Let p be the

density of air. Then the mass enclosed in a tube

of length i-Af is pA\ At . This is the mass that

will exit the right end ofthe tube within a time

interval equal to AT The kinetic energy of this

mass of air is thus

1 - I
,

- (pAvAt)V =
^

p/l Aft J

rA;

—

,

eneqi)' {wind) electrical energy

tuft me

1

losses m
turbine,

i li rbide rice

Figure us The mass of air within this

cylinder will exit the right end within

a lime of AT

Figure 1.16 Energy Flow diagram for wind energy

extraction.

Wind speed Is the crucial factor for these

systems, the power extracted being

proportional to the cube of lhc wind speed.

Wind speeds of up to about 4^m s'
3

are not

& The kinetic energy per unit time is the

power, and so dividing by Af we find

F = iAv*
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which shows That the power carried by the

wind is proportional to the cube of the

wind speed and proportional to the area

spanned by the blades.

If this stream of air meets a wind turbine* then

A stands tor the area presented to the air

stream by the blades of the wind turbine. The

power that can be extracted is thus

P =c?\ pAvl

where C.'
t

,
is known as the power coefficient. It

is simply an efficiency factor that determines

how much of the available wind power the

wind turbine can extract. Theoretically, C p is

between 0.35 and 0.45.

Assuming a wind speed of 12 m s
_1

, an air

density of 1,2 kg m 3 and an efficiency

coefficient of 0.40, we find

= 0,40 x 1 x 1,2 x I2
3

= 4.1 x 10^ W m ^

as the theoretical power extracted per unit wind

turbine area. A 2 m z wind turbine area will thus

extract about 820 W of power from the wind.

Doubling the wind turbine area doubles ibe

power extracted, but doubling the wind speed

increases the power (in theory) by a factor of

eight. In practice, frictional and other losses

(mainly turbulence) result in a smaller power

increase. Ihe calculations above also assume

that all the wind is actually stopped by the wind

turbine, extracting all of the wind's kinetic

energy, which in practice is noi the case.

-• Advantage? ofwind power

* The source is the wind and so 'free'

* For practical purposes it is inexhaustible

- Clean, without carbon emissions

1 (lea 1 fo r rem ate is la n d loca tit j ns

* iMsadva nrages ofw i nd power

* Works only if there is wind - not

dependable

‘ Low power output

* Aesthetically unpleasant (and noisy

)

* Rest locations far from large cities

4 Maintenance costs high

Wave power

It has been realized that deep-water* long-

wavelength sea waves carry a lot of energy.

Water waves are very complex and belong to a

class of waves called dispersive, i.e. the speed of

the wave depends on the wavelength,

A water (seal wave of amplitude A carries

an amount of power piT unit length of its

umvfrorit equal to

V p§A 2
t'

t

where p is the density of water and r stands

for she speed ofenergy nunsftT in the wave.

For waves of amplitude I 5 m and wave energy

transfer speed r — 4.0 m s the formula above

gives (here it is worth paying attention to the

units)

P 1

42

y =

s
|
x 10

5 x 9 8 x 1 S2 x 4.0

= 44 kW m -1

The units are:

(kg

m

_5
)(N kg

'
1

s"
1

)

= (N m) s
_l m -

1

= (J) s
-]

irT
1

= Wm" T

This is a substantial amount of power.
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5upplementary material

In advanced books you may see this formula

also written with a denominator of 4 rather than

2
t
be*

P _ P&Ar
<

l 4

Here t = ~ is slit? speed of the wave, which,

because the wave is dispersive, is not equal lo

the energy transfer speed v; in fact r - 2 v. So

the wave speed in the example above is

C = 2 x fa. 25 ms 1 — 12.5 rn s'
1

- This is

a technical point that we will not discuss

further.

Many devices have been proposed to extract

the power out of waves. The one to be

discussed here is called the oscillating water

column (Figure 1.19). As a crest of the wave

approaches the cavity in the device, the

column of water in the cavity rises and so

Figure 1.19 An oscillating water column (OWQ
plant.

pushes the air above it upwards. The air

passes through a turbine, turning it, and is

then released into the atmosphere. As a

trough of the wave approaches the cavity, the

water in the caviLy falls and thus draws in air

from the atmosphere* which again turns the

turbine.

Wave patterns are irregular in wave speed,

amplitude and direction* and it is difficult to

achieve reasonable efficiency of wave devices

over all the variables. For many wave devices, it

is difficult to couple the low frequency of the

water waves (typically 0. 1 Hz) rn the much

higher generator frequencies (50-60 Hz)

required for electricity production. The OWC
solves this problem. The great advantage of the

OWC device is that the speed of the air

through the column can be increased by

adjusting the diameter of the valves though

which the air passes. In this way very high air

speeds can be attained, thus coupling the low-

frequency water waves with the high-frequency

turbine motion.

p Advantages of wave power

* The source is waves and so ‘free’

* Reasonable energy density

* For practical purposes it is inexhaustible

* Clean, without carbon emissions

Disadvantages of wave power

4 Works only in areas with large waves

- Irregular wave patterns make it difficult

to achieve reasonable efficiency

* Difficult to couple low-frequency water

waves with high-frequency turbine

motion

* Main ronn uee a nd i nstalla l ion COSES ve ry

high

* Transporting the produced power to

consumers involves high costs

* Devices must bo able to withstand

hurricane and gale-force storms
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1 Consider a scheme in which thermal energy

is extracted from the ocean. Some of the

extracted energy is used to fwrform mechanical

work (run the ship) and the rest is

discarded back into I be ocean. Why will

I his not work?

2 Explain whai is in earn by degradation of

energy. Give one example of energy

degradation.

3 [a] Define energy density of a fuel,

(b) Estimate the energy density of water that

rails from a waterfall of height 75 m and is

used to drive a turbine*

4 A power plant produces 5 Of) MW of power

(a) How much energy is produced in one

second? Express your answer in 0) joules,,

[EiJ kWh and (iii) MWh.
(b) How much energy tin joules) is produced

in one year?

5 A power plant operates in four stages. The

efficiency in each stage is 80%, 40%, 1 2%
and 65%.

fa) What is the overall efficiency of the plant?

(b) Make a San key diagram for the energy

flow in this plant,

6 A coal power plant with 30% efficiency burns

10 million kilograms of coal a day, (Take the

heat of combustion of coal to be 30 Mj kg ',)

(a) What is the power output of (he plant?

(b) At whai rate is thermal energy being

discarded by this plant?

(c) if the discarded thermal energy is carried

away by water whose temperature is not

allowed to increase by more than 5
D
C,

calculate the rate at which water must

flow away from the plant,

7 One litre of gasoline releases 35 Mj of energy

when burned. The efficiency of a car

operating on this gasoline is 40%. The speed

of (he car is 9,0 m s
1 when the power

developed by the engine is 20 kW. Calculate

how many kilometres the car can go

with one litre of gasoline when driven at this

speed.

ft A coal -burning power plant produces 1 .0 GW
of electricity. The overall efficiency of the

power plant is 40%. Taking the energy density

of coal to be 30 MJ kg ', calculate the

amount of coal (hat must be burned in one

day,

9

In the context of nuclear fission reactors, stale

what is meant by

{a) uranium enrichment;

(b) moderator;

(c) critical mass.

10 fa) Calculate the energy released in the fission

reaction

in + ^Ll - ’£U - '"Xo + ’'Sr + 2jn

(b) How many fission reactions per second

must take place if the power output is

200 MW? (The atomic masses are:

uranium-235, ”|U = 235.043 923 u;

xenon- 140, '£Xe = 139.921 636 u;

strontium-94, JjSr = 93.91 5 360 u;

neutron, — T .008 665 u.)

11 The energy released in a typical fission

reaction involving uranium- 2.3

5

is 200 MeV.

(a) Calculate the energy density of uranium-235.

(b) How much coal (heat of combustion

30 M] kg ) must be burned in order to

give the same energy as that released in

nuclear fission with 1 kg of uranium-2 .3

5

available?

12 (a) A 500 MW nudear power plant converts

(he energy released in nuclear reactions

into electrical energy with an efficiency of

40%. Calculate how many fissions of

uranium-235 are required per second.

Take the energy released per reaction to

lie 200 MeV,

(b) What mass of uranium-235 is required to

fission per second?

1 3 (a) Make a schematic diagram of a

fission reactor, explaining the role of

(r) fuel rods, (ii) control rods and

(iii) moderator.

(b) in what form is the energy released in a

fission reactor?
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14 By looking up appropriate sources, write an

essay about the problem of radioactive waste

disposal.

15 Distinguish between a solar panel and a

photovoltaic cell.

16 I he typical energy of photons in the

visible spectrum is 2 eV. Explain why a

semiconductor with an energy gap

between the valence and conduction

bands of more than 2 eV would

nol lie suitable in a photovoltaic

cell

17 Sunlight of intensity 700 W m J
is captured

with 70% efficiency by a solar panel, which

then sends the captured energy into a house

with 50% efficiency.

(a) If the house loses thermal energy through

bad insulation at a rate of 3.0 kW, find lire

area of (he solar panel needed in order to

keep the temperature of the house

constant.

(b) Make a Sankey diagram for the energy

flow,

18 A solar heater is to heat 300 L of water

initially at 1 5 T to a temperature of

50 °C in a time of 1 2 hours. The amount

of solar radiation fa IE ing o n the col I ecting

surface of the solar panel is 240 W rrt
r' and

is collected at an efficiency of 85%. Calculate

the area of the collecting panel that is

required.

1 9 A solar heater is to warm I 50 kg of water by

30 K. I he intensity of solar radiation is

6000 W m J and the area of the panels is

4.0 nr. The specific heat capacity of (he water

is 4,2 x I0
4

J kg
1 K _l

. Estimate the time this

will take, assuming a solar panel efficiency

of 60%.

20 The graph in Figure 1 .20 shows the variation

with incident solar power P of the temperature

of a solar panel used to heat water when

thermal energy is extracted from the water at a

rate of 320 W. The area of the panel is 2,0 itt

and the intensity of the solar radiation

incident on the panel is 400 W m'%

Calculate

77K

Figure t-20 For question 20.

fa] ihe temperature of the water;

(bj the power incident on the panel;

(c) the efficiency of the panel,

21 The graph in Figure E.21 shows the power

curve of a wind turbine as a function of the

wind speed. If the wind speed is 1 0 m s \

calculate the energy produced in the course of

one year assuming that the wind blows at this

speed for 1 00-0 hours in the year.

mu

22 State the expected increase in the power

extracted from a wind turbine when

(a) ihe length of the blades is doubled;

(b\ the wind speed is doubled;

(c) both the length of the blades and the wind

speed are doubled.

{rlt Outline reasons why the actual increase in

the extracted power will be less than your

answers.



432 Cone - Energy, power and dim ate change

23 Wind of speed v is i nr idem on the blades of a

wind turbine. The blades present the wind

with an area A.

(a) Deduce that the maximum theoretical

power that can be extracted is given

by

P = jpA\?

fbl Slate any assumptions made in deriving

the relation in fa),

24 Air of density 1 .2 kg in
1 and speed 8.0 m s

-1

is incident on the blades of a wind turbine.

The radius of the blades is ! .5 m, Immediately

after passing through the blades, the wind

speed is reduced to 3,0 m s
1

and the density

of air is 1 .8 kg m ’. Calculate the power

extracted from the wind.

25 Calculate the blade radius of a wind turbine

that must extract 25 JcW of power out of wind

of speed 9.0 ms 1

. The density of air is

12 kg nrC State any assumptions made in

this calculation,

26 Find the power developed when water in a

waterfall with a flow rate of 500 L s~
f

falls

from a height of 40m,

27 Water falls from a vertical height h at a

flow rate (volume per second) Q. Deduce

that the maximum theoretical power

that can be extracted is given by

P = PQ&
28 A student explaining pumped storage

systems says that the water that is stored at

a high elevation Is allowed to move lower,

thus producing electricity. Some of this

electricity is used to raise the water

back to its original height, and the process

is then repeated. What is wrong with this

statement?

29 (a) Supply the details for the derivation of the

equation

P pgA2v

T ~
2

for a wave with a square profile.

fb) Calculate the power per unit wavefront

length that can be obtained from deep-sea

waves of amplitude 5.0 m and wave speed

v — 4,8 m s
-T

,

(c) What wavefront length is required for a

total power output of 1 .0 MW.

30 Describe the operation of an oscillating water

column (OWC) device. State the main

advantage of the OWC device.

31 Make an annotated energy flow diagram

showing the energy changes (hat are taking

place in each of the following:

(a) a conventional e tect rid ty-p reducing

power station using coal;

fb) a hydroelectric power plant;

(c) an electricity-producing wind turbine;

(d) an electricity-producing nuclear power

station.

32

Sunlight of intensity 800 W m" ' is captured

by a tank containing 1 00 kg of water with

an efficiency of 80%. The tank is rectangular

in shape and has dimensions

1 .0 x 1 .0 x 0.10 mb It lias walls of thickness

5.0 mm. The surrounding air has a

temperature of 20
c
C. Assume that the tank is

well insulated from all sides except the top

surface (of area 1 .0 m J
). The material ot the

tank lias a thermal conductivity of

k = 0.30 Win :

K~'
r
its density is

1 200 kg m" 1 and its specific heal capacity is

450) kg"
1 K 1

.

The rate of flow of thermal energy through a

surface of area A and thickness x separated by

temperatures T| and T> is given by

t.li Calculate the mass of the lank,

lb) By equaling the energy received from the

sunlight to the thermal energy lost by

conduction to the surrounding air, estimate

the final temperature of the water.
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Icj find the beat capacity, C of ihe

tank-water system.

tell Show that the temperature T of the water

in C is increasing at a rale — that can

he found from the equation

^A
'

r _ L,J
~ 20

( — A l in M
At x

where jfjn is the intensity of sunlight

captured by the tank. C is the heat

capacity of the system, k is the thermal

conductivity of the tank, A is the area ol

the top surface of the lank, and x is i he

thickness of the lank wall.

(e) Evaluate the rate of temperature increase

when the temperature is ihe average of the

initial temperature of 20 "C and the final

temperature you found in pan (by

ff! Assuming I hat the temperature is

increasing al thrs rate, calculate how long

it will take the water to reach its final

temperature.



CHAPTER 7.2 Core - Energy, power and climate change

The greenhouse effect

and global warming
This chapter deals with the physical mechanisms that control the energy balance of the

earth. The important phenomenon of black-body radiation is introduced along with the

associated Slefan-BoEt/mann and Wien displacement laws. The 'greenhouse effect' is

introduced as the trapping by gases in the atmosphere ol radiation emitted by the earth.

The enhanced greenhouse effect is also discussed. As much as possible, the chapter slays

dose to the physics of the problem, and does not enter into Judgements based on

political or moral grounds.

Objectives

By the end of this chapter you should be able to:

* understand and apply the blade-body radiation Jaw;

- understand the meaning of the terms emissMly and albedo;

* work with a simple energy balance equation:

* understand the meaning of the term greenhouse effect and distinguish this

effect from the enhanced greenhouse effect:

* name the main greenhouse gases and their natural and anthropogenic

sources and si nks;

understand the molecular mechanism for infrared radiation absorption;

* state the evidence linking global warming to the increased concentrations

ofgreenhouse gases in the atmosphere;

* understand the definition of surface heal capacity and apply it in simple

situations;

* discuss the expected trends on climate caused by changes in various factors

and appreciate that these are interrelated:

state passible solutions to the enhanced greenhouse effect and interna rtorid

efforts to counter global warming.

The black-body law

One of the great advances in physics of

the nineteenth century was the realization

that all bodies that are kept at some absolute

Ikelvin) temperature 7 radiate energy in

the form of electromagnetic waves. For

example, the energy from the sun that

warms tlie earth, thereby sustaining life

on earth, is the energy radiated by the hot

surface of the sun that arrives on earth

through the vacuum of space. The power

radiated by a body is governed by the

Stefan- Holtz maim law.
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The amount ofenergy per second fi.e, the

power) radiated by a body depends on Us

surface area /I, absolute temperature T .

and the properties of the surface:

P =mAT'

This is known as the Stefan-Bctftzmami law.

Hie constant a is known as the

Strfim Boltzmann omsmitt and equals

r? = 5.67 x 10 * W m 2 K'4 .

Die constant e appearing in this formula is called

the emissivity of the surface, ft is a dimensionless

number that varies from 0 to 1 , The special case

e = 1 corresponds to what is called a black

body, a theoretical body that is a 'perfect*

emitter, A real body is a good approximation to

the theoretical black body if its surface is black

and dull. For example, a piece of charcoal is a

better approximation to a black body than a

shiny silver surface. In other words, surfaces

differ in the value of the emissivity t\ Dark and

dull surfaces have p dose to 1 ,
whereas light and

shiny surfaces have e close to 0. Table 2,1 gives

values for the emissivity of various surfaces.

Surface Emissivity

Black body 1

Ocean waier 0.8

Ice 0,1

Dry land 0,7

Land with vegetation 0,6

Table 2,1 Emissivity of various surfaces.

A body of emissivity e that is kept at some

temperature I
i
will radiate power at a rate

Paul - ecAT* but will also absorb power at a

rate Fm = ea/\T? if its surroundings are kept at

a temperature F| . Hence the net power lost by

the body is

At equilibrium, Pnci = 0, i,e, the body loses as

much energy as it gains, and so the body's

temperature stays constant and equals that of

the surroundings, Ti = F2 ,

Surfaces that are black and dull, as opposed to

light and shiny, are also good absorbers of

radiation. Thus we wear dark clothes in the

winter to absorb the radiation from the sun,

light-coloured surfaces are good reflectors of

radiation, which is why we wear light-coloured

clothes in the summer.

The energy radiated by a body is

electromagnetic radiation and is distributed

overall infinite range ofwavelengths. However,

most of the energy is radiated at a specific

wavelength that is determined by the

temperature of the body - the higher the

temperature, the shorter the wavelength

.

For a body at ordinary room temperature

(20 C, 293K) the wavelength at which most of

the energy is radiated is an infrared

wavelength. This is why we associate infrared

radiation with 'heat'.

Figure 2.1 shows how the power is radiated

from 1 nr ofthe same surface as the

temperature of the surface is varied

{T = 550 K, 500 K and 273 K).

Figure 2.1 Black-body spectra for a body at the

three temperatures shown. The units on the

vertical axis are arbitrary, (The curves appear to

start from a finite value of wavelength. This is

not the case. The curves start ai /ero wavelength

but are too small to appear on the graphs,)
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We see that, with increasing temperature, \ lie

peak of the curve occurs at lower wavelengths

and the height of the peak increases. The

relation between the temperature and the peak

wavelength, the wavelength at which most of

the energy is emitted, is given by Wien's law:

AT" = 2.90 x 10 ' m K

(Note that the unit here is metre kelvin, not

miHi kelvin.)

The earth’s surface emits infrared radiation

because the earth's surface is at a temperature

of 288 K (global day and night average):

k =
2.90 x 10

-3

288
= 1.0 x TO

5 m

which is a typical inflated wavelength. The sun,

by contrast, with a surface temperature of

5800 K emits at

,
2.90x10-^ rn ,

k m
r,a ,v,

=5.0 x10- m

which is in the wavelength range of visible light.

Figure 2,2 shows the power emitted from 1 m 2

of various different surfaces kept at the same
temperature (300 K). The difference in the

curves is due to the different emissivities

(e — 1 .0, 0,8 and 0,2), The curves are identical

apart from an overall factor that shrinks the

height of the curve as I he emissivity decreases.

/

Figure 2.2 The spectrum of three bodies w ith

different emissivities at the same temperature

(500 K). The units on the vertical axis are arbilrary.

Example questions

Qi

By what factor does the power emitted by a body

increase when the temperature is increased from

1 00 X to 200 X?

Answer

The temperature increases (on the kelvin scale}

from 373 K to 473 K, and so the emitted power,

being proportional to the fourth power of the

temperature, will increase by a factor

rhe emissivity of the naked human body may be

taken to be c = 0.90. Assuming a body

temperature of 37 X and a body surface area of

1 .60 nr, calculate the total amount of energy lost

by the body when exposed to a temperature of

0.0X fo r 30 m i nu ies

.

Answer

From ft* — ft,„ - ft, ~ ectA{Tf - T*) we find

that rhe nei power lost by the body is (notice thai

we must use ke Ivins)

ft* = 0.90 x 5.67 x 1

0“8 x 1 .60 x (3 TO
4 - 2734

)

= 301 W
Hence the energy lost is

£ = ft«f

- 301 x 30 x 60

= 5.4 x I0
5

J

(For the purposes of an estimate, assume

l hat the body has mass 60 kg and is made out

of water, so that rhe spec ific heat capacity is

c- 4200 j kg"
1

K~' . This would result in a drop

in body temperature of AT = = 2.1 K. This

would be serious! However, it ignores the fact that

respiration provides a source of energy.)

Solar radiation

The sun may he considered to radiate as a

perfect emitter (i.e. as a black body). 'The sun

emits a total power of P = 3.9 x 10
26 w, live
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average eanh“sun distance is d = 1.5 x 10" m.

So, at the distance of the earth, we may
imagine that I lie power radiated by the sun is

distributed uniformly on the surface of a sphere

centred at the sun of radius d {see Figure 1,11

on page 424). The earth receives only a very

small fraction of this power, equal to j,

where a is the area used to collect the power.

Thus the powerper unit area (i.e, the intensity)

received by earth is

P

> Jmerasfty *5 the power of radiation received

per unit area ofthe receiver.

Substituting the numerical values gives

3.9 x 102*

4jt(1 ,5 x 10 E|

}
2

1400 VV m~2

This is the intensity of the solar radiation at the

top of the earth s atmosphere. It is called the

solar constant and is denoted by 3.

If we know that radiation of intensity l is

incident on a surface of area A, we can

calculate the power delivered to that area

from:

P = IA

Albedo
The albedo (from the Latin for 'white'), c* h ol a

body is defined as the ratio of the power of

radiation reflected or scattered from the body

to the total power incident on the body:

total scattered/reflected power

tola I incident power

The albedo is a dimensionless number. Snow

has a high albedo (0.85j T indicating that snow

reflects moSL of the radiation incident on it,

whereas charcoal has an albedo of only 0.04.

meaning that it reflects very little of the light

incident on it. [lie earl h as a whole has an

average global albedo that is about 0.3. The

albedo of the earth varies. The variations

depend on the time of the year (many or few

clouds), latitude |a Iol of snow and lee or very

little), on whether one is over desert land {high

albedo, 0.3-0.4), Forests (low albedo, 0.1), or

water (low albedo. 0.1), etc.

The calculation of the solar constant as

S = 1400 IV m^ is the value at a particular

poinL in the upper atmosphere. At any one

moment in time, the earth offers a target'

area of ttR 2
, where R is the radius of the earth

{see Figure 2.3). As the target area is only a

quarter of the total surface area of the earth

( 4ttR 2
) , the power of the radiation received

per square metre of the earth's surface is

|
= 330 W m 2

. Since 30% is reflected, this

means that the earth receives a net radiation

intensity of 350 x 0.7 = 245 W ni
z

.

radiation

Figure 2.3 The radiation reaching the earth falls

on a disc of area where R is the radius of

the earth.

(pliere of

surface

urea 'iTrft"

dine of area

ITft
1

Energy balance

The earth has a constant average temperature

and behaves as a black body. So the energy

input to the earth must equal (balance) the

energy output by the earth. Taking account of

albedo, the power delivered to surface area A
(Figure 2,4) is

P = (1 -a)lA

The next example introduces a first example of

an energy balance equation,
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irinMiuiij; iiituiMl- s

Figure 2.4 Hneigy diagram showing energy

transfers in a model without an atmosphere.

Note that [he energy in equals the energy out

Example question

Q i

Assume that the earth has a fixed temperature

T and that it radiates as a black body* The

average incoming solar radiation has intensity

1 = * - 350W nrr

2

. Take the albedo of the earth
4

to be cr — 0JO. Ignore the effect of the

atmosphere,

{a) Write down an equation expressing the fact

that the power received by the earth equals

the power radiated by the 1 earth into space (an

energy balance equation]*

(b) Solve [he equation to calculate the constant

earth temperature*

(c) Comment on your answer.

Answer

(a) The power received by an area A oi the

earth's surface is

-a)M = (1 -«)|a
4

This is because a power ur~ A has been

reflected back Into space. The earth radiates

power from the entire surface area of its

spherical shape, and so the power radiated

from I nr (by the Stefan-Boltzm an n law) is

Part *= nAT*

(I lere we are assuming that the earth is a

black body, so e= 1; and the surrounding

space is taken to have a temperature of OK.)

Equating the above two equations gives

(1 — ur) — A = aAT 1

4

(1 -«)5 = 4flrT*

i,b) Hence we find

T =
/

(I - g)S

4a

This evaluates to

T = JO — 0,30) X 1400

4(5*6? x 1 0-*)
25b K

This temperature is —1 7 °C

(c) It is perhaps surprising that this extremely

simple model has given an answer that is not

off by orders of magnitude I But a temperature

of 256 K is 32 K lower than the earth's

average temperature of 288 K, and so

obviously the model is just too simplistic. One

reason this model is too simple is precisely

because we have not taken into account the

fact that not all the power radiated by the

earth actually escapes. Some of the power is

absorbed by the? gases in the atmosphere and

is re-radiated back down to the earth's

surface, causing further warming that we have

neglected to take into account. In other

words, this model neglects the greenhouse

effect. This simple model also points to the

general fact that increasing the albedo (more

energy reflected! results in lower temperatures.

Another drawback of the simple model

presented above is that the model is essentially

a zero-dimensiona I model. Tire earth is treated

as a point without interactions between the

surface and the atmosphere. (Latent heat flows,

thermal energy flow in oceans through

currents, thermal energy transfer between the

surface and the atmosphere due to temperature

differences between the two, arc all ignored.)

Realistic models must take all these factors (and

many others) into account, and so arc very

complex.

The greenhouse effect

This effect applies to any planet wit h an

atmosphere, but in this discussion the planet

will be assumed to be the earth.
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The solar radiation reaching the earth

is mainly radiation in the visible region

of the electromagnetic spectrum (with

small amounts in the ultraviolet and

infrared). About 30% of this radiation Is

refl ee ted hack into space, and the rest

arrives at the earth’s atmosphere and

the surface, warming both. The earth s

surface radiates back as all warm bodies

do. But the earth's surface is at an average

temperature of K and, using Wien's law,

we see that the wavelengths at which this

en e rgy i s radlared are infra red wavelengths

.

Unlike visible light wavelengths, which pass

through the atmosphere unobstructed,

infrared radiation is strongly absorbed by

various gases in the atmosphere, the so-called

greenhouse gases. This radiation is in turn re-

radiated by these gases in all directions. This

means that some of this radiation is received

by the earth's surface again, causing

additional warming (Figure 2.5). This is

radiation that would be lost in space were it

not for the greenhouse gases. Without this

greenhouse effect, the earth’s temperature

would be 32 K lower than what it is now. This

effect would be absent if there was no

atmosphere.

incoming imtrmLly Aradiated back into space

rvftectud
greenh&me tfflect

i absorbed IK

j
radial ion

i rc-rjdiaitd buck

to earth

T\

v
received by earth and atmosphere earth's surface

Figure 2,5 A simplified energy flow diagram to

illustrate the greenhouse effect.

^ The greenhouse effect may be described as the

warming of the earth caused by infrared

radiation, emitted by the earth’s surface,

which is absorbed by various gases in the

earth's atmosphere and is then partly re-

radiated towards the surface. 1 he gases

primarily responsible for this absorption

(I he greet ihorisr goses) arc water vapour,

carbon dioxide, methane and nitrous oxide.

A more detailed energy flow diagram is shown

in Figure 2.6. The total incoming intensity is

represented by 100 in arbitrary units or

percentages. (The diagram does not include

incoming

intensity = UKt

reflected from

surface 5

reflected from radiation from cbuiLund
almospherc 25 atmosphere = 25 + 40 = 65

radial ion from surface

with no atmospheric

absorption S

BiSa

4 A
25 40

V

[mn.smLlted

to surface;

= 50 couvccticn and

evaporation = 30

surface IR;

radial ion

“ 106

aimosphere

grwnhouse effect

absorbed (K

radiation rc-radiatcd

hack to earth 46

TT
earth's surface

Figure 2.6 A inure detailed energy flow diagram for the earth-atmosphere
system.
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energy associated with winds, ocean waves and

currents and transfers of energy across the

earth's surface. These are important but are too

complicated for otir purposes here.) Notice that

the energy in and the energy out balance

separately, as indicated in Tables 2,2 and 2 .3 tor

the entire earth system and the surface. It is left

as an exercise to check that the energy also

balances for the atmosphere.

Mechanism Intensity In

(arbitrary units)

Radiation from sun 100

Total for enlitv earth system too

Mechanism Intensity out

(arbitrary units)

Reflected from surface 5

Reflected from atmosphere 25

Radiation from clouds and

atmosphere

65

Radiation from surface with no

atmospheric absorption

5

(the IR 'window’]

Total /or entire flrtrffi system 100

Table 2.2 Energy balance for the entire total earth

system.

Mechanism intensity in

(arbitrary units)

Transmitted to surface from stin so

Absorbed IR radiation repudiated

back to earth (greenhouse effect)

56

Toltf! for earth's stirjfhtx 146

Mechanism intensity out

(arbitrary units)

Reflected from surface 5

Convection and evaporation 30

IR radiation from surface 106

Radiation from surface with no

atmospheric absorption

(the IK window')

5

Turd for Mrtft 'r surface 14-6

Table 2.3 Energy balance for theearth's surface.

For the earth as a whole, the total reflected

radiation is thus .5 \ 25 — 30, consistent wiLfo

an albedo of 0.3, The Lota I outgoing radiation is

100, consistent with energy conservation.

Notice that, for the surface, the amount of

radiation emitted is 106 + 5 _ 111, compared to

the incoming amount of 100. This represents

111% of the average incoming intensity

f = y
-t 350W m 2

. so is

111% x 350 = x 350 = 390W m’2

IUU

This must be consistent with the earth's

surface temperature of 288 K. Indeed, the

radiation per unit area from a surface at this

temperature is

aT* = 5.67 x lQ-
a x (288^ - 390 W nr2

the greenhouse effect is thus a natural

consequence of the presence of the atmosphere.

There is, however, also the enhanced greenhouse

effect, which refers to additional warming due

to increased quantities of the greenhouse gases in

the atmosphere* The increases in the gas

concentrations are due to human activity.

The greenhouse gases in the atmosphere have

natural as well as man-made (anthropogenic)

origins {Table 2.4). Along with these sources of

the greenhouse gases, we have "sinks' as well,

that is to say, mechanisms that reduce these

concentrations. For example, carbon dioxide is

absorbed by plants during photosynthesis and

is dissolved in oceans. Methane is destroyed in

the lower atmosphere by chemical reactions

involving tree hydroxyl radicals (*OH), Nitrous

oxide is also destroyed in the atmosphere by

photochcm ical react io n£

.

It must be noticed that the radiation incident

on the earth is mainly visible light. Photons of

visible light, unlike photons of infrared

radiation, are not absorbed by the gases of the

atmosphere. Therefore, the incident radiation

passes through the atmosphere and arrives at

the earth’s surface (having had about 25% of

the radiation reflected back into space frotu the

tipper atmosphere).
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Greenhouse gas Natural sources Anthropogenic sources

HjO (water vapour) evaporation of water from oceans,

rivers and lakes

CCb (carbon dioxide) forest' fires, volcanic eruptions,

evnporalion of water from oceans

burning fossil fuels in power plants

and cars, burning forests

Cfb (methane] wetlands, oceans, lakes and rivers flooded rice Helds, farm animals,

termites, processing of coal, natural

gas and oil. and burning biomass

N-jO (dmicrogen oxide. forests, oceans, soil and grasslands burning fossil fuels, manufacture of

nitrous oxide) cement, fertilizers, deforestation (reduction

of nitrogen fixation in plants)

Table 2.4 Sources of greenhouse gases.

Mechanism of photon absorption

Consider a molecule of carbon dioxide (one of

the many gases that are capable of absorbing

infrared photons). We already know from

atomic physics that the energy of electrons

within atoms is quantized (i.e. it assumes

discrete values). The same effect (i.e. the

existence of discrete energy val ues) applies m
the energy of molecules due to their vibrational

and rotational motion. This energy is also

quantized, and there are vibrational and

rotational energy levels (Figure 2.7) just as there

are atomic energy levels. Hie big difference

between the two kinds ofenergy level

Figure 2.7 Combined vibrational and rotational

energy levels of a diatomic molecule. The
absorption of a photon ofenergy AF results in

the transition indicated.

(vibrationalfrotational versus atomic) is that

the difference in energy between the

vibrationai/rotational energy levels is

approximately the same as the energies of

infrared photons. (Atomic energy levels, in

general, differ in energy by amounts far greater

than the energy' of infrared photons.)

This means that infrared photons travelling

through these gases will be absorbed.

Absorbing photons means that the gas

molecules will now be excited to higher

energy levels. But the molecules prefer to be in

low-energy states* and so they will immediately

make a transition to a lower-energy state by

emitting the photons they absorbed. But

these photons are not ail emitted outwards

into space. Some are emitted back towards (Tic

earth, thereby wanning the earth's

surlace.

The precise mechanism for photon absorption

by the greenhouse gases is complex and

requires quantum mechanics. Here we will try

to understand the absorption by making use

of lhe concept of resonance that we met in

our study of simple harmonic motion

(Chapter 4.1).

Consider two atoms forming a diatomic mo let tile

(we concentrate on diatomic molecules Lhis

discussion would get very complicated for

molecules with three or more atoms). The force

between the atoms may be wry loosely modelled

as a mass-spring system (Figure 2.8). The atoms
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Figure 2.S The atoms oFa diatomic molecule

vibrate. The energy associated with ihe vibration

is quantized.

may be thought to be connected by a spring, and

simple harmonic oscillations rake place when

the atoms are disturbed from their equilibrium

positions.

The frequency of oscillation is given by

where tn is related to the masses of the two

atoms, mi and m2 . through

m
1
m-i

m — —

'

m
]

-f /u?

For carbon monoxide (CO}, the ‘spring*

constant lias a value k = 1900 N in
-1 and

m = 1.14 x 10
Ih kg F Therefore the frequency is

1 /
1900

2^ V 1.14 x 10-26

= 6,5 x !0
15 Hz

This frequency is the natural ^frequency of the

molecule. Photons travelling through the gas

will be in resonance with the molecule if they

have a frequency equal to the natural frequency

A typical infrared photon has an energy of

0.25 eV and so its Frequency is

0.25 x 1.6 x 10“ w

6.6 x \0’M

= 6.1 x IQ
15 Hz

This is approximately the same as the natural

Frequency of the molecule. This means that the

photons will he absorbed by the molecule*

Transmittance curves

Consider infrared radiation passing through

the atmosphere. The intensity of radiation

after passing through the atmosphere will be

less than the incident intensity because

some of the radiation will be absorbed. We
may then make a Transmittance curve that

shows the variation with wavelength of the

percentage of radiation that actually gets

through the gas. The transmittance curve

of Figure 2.9 indicates that all photons of

wavelength less than about A = 4 x 10 * m and

larger than A = 8 x 10' 4 m are transmitted

through the gas, whereas photons of wavelengths

between A = 4 x 10
*' m and A = 8 x 10“6 m are

absorbed to varying degrees. The curve

implies that a If the photons of wavelength

A — b x 10 m are absorbed. The amount of

absorption depends on the concentration of

the absorbing gas.

TPA

Figure 2.9 A typical transmittance curve for a gas.

showing absorption at wavelengths around
b jun.

Figure 2.10 shows the theoretical black-

body spectrum of the sun and the actual

spectrum due to absorption by gases in

the atmosphere. A realistic transmittance

curve is shown in Figure 2.11. h s] 1ows the

transmittance, through the earth's

atmosphere at sea level, for infrared

radiation in the wavelength range ] x 10" (f m
to 15 x 10* m. There are very strong absorption

bands at wavelengths of 1 , 1 x 10
-<> m,

2.8 x IQ* m and 4.1 x 10* m, and between

5.5 x I0”
h m and 7.5 x 10

h m.
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^10*W nr1pm" 1

figure 2.10 The dotted line shows the black-body

spectrum of the sun. The SEilid line is the actual

spectrum observed at the surface of the earth

due to absorption of the incoming radiation by

gases in the atmosphere.

Tran*miitancc/%

Example question

Show that the surface heat capacity is related to

the ordinary specs tic heat capacity c
r
through

G = phc, where p is the density of the material

and h is the depth of the surface*

Answer

We have Q = AGA T and Q= mcA T, and so

AGA T = /ncA T* But m = pV = pAh, and

hence

AGA T — pAhcAT

Cs — phc

This example shows that* in order to calculate

the surface heat capacity* one must make

estimates of the relevant

depth h that will go into

the expression. In addition,

one has to take an

average over various

surface heat capacities

corresponding to different

materials on the surface*

for example water* ice, dry

land, etc. Thus, if we

consider a surface of wafer

of depth 100 m we would

have

mo-

CQi

HjO™4 H,0 co° Hj0™0

i In r it
COjX co

:X CO,

X

figure 2.11 Transmittance curve showing
absorption from various gases.

C 5 = phc = Iff x 100 x 4200 - 4.2 x 10* .1 nr2
K"“

Surface heat capacity

We define G* the surface heat capacity of the

body, to be the energy required to increase the

temperature of 1 m ?
of the surface by 1 K, The

concept is useful in the context of bodies

radiating and absorbing energy, since it is (he

surface that is responsible for the energy lost

and gained. The units ofG are J m"
2 K 1

. Thus*

for a surface of surface heat capacity G and

area A, the amount of thermal energy needed

to increase its temperature by AT is given by

The surface heat capacity ofdry land is smaller

by a factor of about JO.

Example question

Radiation of intensity 340 W rX is incident on

the surface of a lake of surface heal capacity

G ~ 4,2 x 10
Jt

J
m K-1

. Calculate the time f

required to increase Ihe temperature by 2.0 K.

Comment on your answer.

Answer

The thermal energy needed to increase the

temperature by A T is given by Q = ACjA T.Q = AC6 <\T
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This happens in lime t and so

Q AT- = AQ —
l t

Q/A AT

i-a±

-

34U = 4,2 x U)
B x

2*0

t

4,2 x 10* x 2.0 „
1 ~

340

= 29 days

We are assuming (unrealistically} that the lake

receives the radiation for the entire duration of a

day. The answer would be twice as long if the

lake received the radiation for only 12 hours per

day.

We can make use of the concept of surface heat

capacity to make a very simple model of energy

balance tor a planet. Assume that a planet has

surface heat capacity C^. The planet

receives a solar intensity of JB1 and

loses energy into space at a rate j^.

Hie net influx of power on the planet

is then l
|ri
- Ioyl , Over a time t the

energy received by an area A of the

planet's surface is then (J(n
-

and so (fm - fx/t) At = ACs A 7". The

increase of the planet's surface

temperature after a Lime l is then

Clearly, if J
irt
— TrtLfi, the temperature stays

constant. Because !out certainly depends on the

planet's temperature, This becomes a

differential equation, which usually requires a

computer to solve it.

Global warming

We have seen that the natural greenhouse

effect works in order to keep the earth's

temperature at 288 K. This makes life, as we

know it, possible on earth. Due to human
activities, the concentration of the

greenhouse gases in the atmosphere is

increasing, and this will lead to additional

warming due to the enhanced greenhouse

effect. Figure 2.12 shows the variation of the

deviations of the earth’s average temperature

from Lhe expected long-term average since

1880, The deviations are positive and

increasing over the last 25 years.

AT = (L - Wf

If then the temperature of the planet

will increase*

Year

Figure 2.12 Tire deviation of the earth's global

average surface temperature from the expected

long-term average since 1880. (Source: US
National Climatic Data Center, 2001.)

Ibis model is very unrealistic, of course, since

even the smallest imbalance between flM and fOLi1

would result, over time, in an enormous

temperature increase. The model assumes, for

example, that the rate of temperature change is

constant. A more realistic model would involve

a variable rare and so would read

d T (Tm —V

)

~dt
~ Q

Figure 2,13 shows the variation with time of the

concentrations of the main greenhouse gases

over geological, recent and present lime

periods. The concentrations are all increasing.

For carbon dioxide, in particular, Lhe present

concentrations are almost double those in

pre-industrial Limes (before approximately the

nineteen t h century).
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,j£-

Ytiif

IJMO ISM tsoo-

- 1600 I60Q- 1600-
'

- 1400' 1400- 1400'

£ 1300- 1200- 1200

|
1000- irao- 1000-

l 800' 800 SDG-

C
600-V /vJtiWi*. KkW mo HK>

400 JO0- 4W

^ ^ ^^^^ a#

Figure 2,13 The concentrations ofcarbon dioxide, methane and nitrous oxide in the atmosphere.

(Source: US Environmental Protection Agency.]

The graph of temperature in Figure 2.12 and the

gas concentration graphs in Figure 2,12 are

strong evidence of the connection between

global warming and greenhouse gases, A

criticism of the conclusion linking the two has

been that the data do not cover a large enough

time span. Countering this argument is the very

impressive body of evidence collected from ice

cores in Antarctica and Greenland. Analysing

very old ice core samples gives, among many

other things, information about gas

concentrations and atmospheric temperature at

the time of freezing. The results of this analysis

are that there is a very dose link between

global warming and increased greenhouse gas

concentrations.

The Antarctic ice cores, in particular, extracted

from a depth of about 3600 m over (frozen) lake

Vostok in East Antarctica in 1998. have been

thoroughly analysed to reveal a connection

between tempera lure changes and changes in

carbon dioxide and methane concentrations.

The ice cores give a detailed account of global

climatic conditions over a lime period spanning

some -120000 years.
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Figure 2,14 shows the variation with time of the

change in average world temperature relative to

the presen L temperature. The curve indicates

that the earth has been cooler lor most of the

last 400000 years. The graph also shows that

the earth was warmest whenever the levels of

carbon dioxide in the atmosphere increased.

Therefore it is certain that the average global

temperature of the earth will increase. What is

uncertain is the detailed effect of this

temperature increase on the global climate - in

magnitude (How big will these effects be?) and

hi time scale (How soon will they happen?).

Predicting these effects is a central problem for

both scientists and policy-makers around the

world

.

4UC 35U 300 250 200 1 50 1 00 50
Thousands af years before present

Figure 2,14 Changes in atmospheric carbon

dioxide concentration (upper curve) and average

temperature (lower curve) over the past 400000
years show a strong correlation. Source:

A. V. Fedorov et al.. Science 312, 14S5 (2000).

The questions that need answers are many. They

include the following:

* What is the best estimate for the temperature

increase, over a given time period?

* What will be the effects of a higher

temperature on the amount of rainfall?

p How much ice will melt?

* What will be the rise in sea level?

- Will there be areas of extra dryness and

drought and, if so, where will these areas be?

* Will the temperature of the oceans be affected

and, if so, by how much?

* Will ocean currents be affected and, if so, how?

- Will there be periods of extreme climate

variability?

* Will the frequency and intensity of tropical

storms increase?

* What is the effect of sulphate aerosols in the

atmosphere? Do they offset global warming?

* What are the feedback mechanisms affecting

global climate?

* Can the obscived temperature increase be

blamed on greenhouse gases exclusively?

* Given the long lifetime of carbon dioxide in

the atmosphere, can the process of global

warming be reversed even if present emissions

are drastically reduced?

- What a re rh e eco log! ca 1 impl ica tions of th e

expected changes in the habitat of many

species?

* What will be the effects on agriculture?

Will there be more diseases?

* What are the social and economic effects of all

of the above?

The majority of experts tend to agree that the

enhanced greenhouse effect is behind global

warming. Others have looked for different

causes. One l heory is that global warming may

be due to increased solar activity, which

results in an increased solar power output. It is

known, that the sun undergoes periodic

changes in its total emitted power. These

changes are complex phenomena and not very

well understood. The general opinion is that

the pattern of global warming is not consistent

with the changes in solar activity. Other

theories include increased concentrations of

the greenhouse gases due to volcanic activity

and changes in the earth's orbit around the

sun {see end-of-chapter question 4 For a simple

example). The changes involve variations in the

meutrfdty of the orbit as well as the 'till" of

the orbit with respect to the sun. These are

used to introduce variations in the received

energy from the sun in order to account tor

changes in the temperature. These orbital

phenomena occur over time scales ranging

from 20000 to 100000 years. So, while they are

relevant al these Lime scales, they are perhaps

not so relevant for the climate changes of. say.

the last 200 years.
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Sea level

The level of water in the sea is always varying.

Many reasons contribute to this, for example

varying atmospheric pressure, plate tectonic

movements, wind, tides, flow of large rivers into

the sea, changes in water salinity and others.

What concerns us here arc changes in sea level

due to climate changes. The relation between

dimate and sea level is a complicated one. It is

known that climate changes affect sea level

through the fact that the temperature

determines how much ice melts or how much

water freezes. For example, it is known that,

during the last ice age of IS 000 years ago, the

sea level was lower than its present value by as

much as 100 m.

> Changes in sea level affect the amount of

water that can evaporate and Lhc amount

f'Lhermal energy that can be exchanged

with the atmosphere. In addition, changes

in sea level affect ocean currents. The

presence of these currents is vital in

transferring thermal energy from the

warm tropics to colder regions.

The melting of ice

To melt a mass m of ice at U C requires an

amount of thermal energy Q = ml , where / is

the specific latent heat of fusion of ice. Thus,

to melt ice, energy must be provided, and

therefore cooling results at the place from

where this energy is removed. For the purposes

of discussing changes in sea level, we must

distinguish between land ice (ice supported on

land I and sea ice (ice floating in sea water}. Sea

ice, when melted, will not result in a change of

sea level . Hi ts is a consequence of a principle of

fluid mechanics known as Archimedes
1

principle.

The weight of the ice is equal to the weight of

the displaced water and so when the ice melts it

will occupy a volume equal to the volume of the

displaced water (i.c. no change in sea level will

come about). By contrast, land ice. when

melted, will result in an increased sea level.

Estimating changes in sea level

Overall, warming will, in general, result in a

rise in sea level, not only because more land ice

will melt but also because warmer water

occupies a larger volume. The expansion of

water is anomalous, however. Water will

actually contract in volume as it is heated from

0 C to 4 C, and then will expand as the

temperature is increased further from 4 C Ibis

means that the density of water is highest at

4 C, a fact that is of considerable importance

for life in lakes, rivers and oceans.

Given a volume Vq at a temperature %, the

volume after a temperature increase of A& will

increase by A V given by

AT = y ToA#

where y is a coefficient known as the

coefficient ofvolume expansion.

t- The rwfficimt of wliime aqniruimi is defined

as the fractional change in volume per unit

temperature change.

For water, the coefficient y actually depends on

temperature, and so a given volume ofwater

will change by different amounts even for the

same temperature changes AO depending on

the initial temperature of the water.

The following example is a typical, rough

estimate of the expected rise in sea level as a

result of an increase in temperature,

Example question

Qfe

The area ni !he oceans of the earth is about

10
rt

krrr and the average depth of water is

about 1,7 km. Using a coefficient of volume

expansion of water of 2 x 1 0 K \ estimate the

expected rise in sea level after a temperature

increase of 2 K, Comment on your answer.

Answer

The total volume of water in the oceans is

approximately % = Ax d
t
where A is the area
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and d is the average depth. So

% - 3.6 x lOVx 3.7 ** 1 .33 x 1

0'1 km J

= L33 x t0
:it m J

The increase in volume is then:

AV= yVaA9

= 2 x 10 * x 133 x 1G
,S x 2

= 5.3 x T 0
IJ

ird

Sea level will increase by an amount h such that

(converting A to nr)

_ 5,3 x 10^
"

3,6 x 10M

= 1.5 m

This estimate assumes a constant coefficient of

expansion H uniform heating of all the water and

does not take into account the initial water

temperature. IL also does not take into account the

fact that, with a higher water temperature, more

evaporation would take place, hence cooling the

water. This estimate calculates the rise in sea level

of the existing area of water. A rising sea would

cover dry' land and so the area of water would

increase. This would decrease the height found in

the estimate.

Effects of global warming

on climate

A higher average earth temperature implies a

rising sea Level. One effect on climate of a rising

sea level is the change in the albedo of the

surface (more water as opposed to dry land).

Tli is effect is considered in the next example.

Example question

Q7
About 50% of Ihe area of a certain large region of

the earth's surface was covered by water. As a

result of ice melting, 60% of this region is now

covered by water. Estimate the change in the

albedo of the region, lake the albedo of sea water

to he cr* =• 0.20 and that of land to he a
y — 0.40,

Answer

Let radiation of intensity l fall on the region. Then

the total amount of radiation originally reflected

was

x 0,51 + Hi x 0.5/ = tors x 0.5 T- #|_ x 0+5)1

The average albedo of the region was thus

x 0.5 + a,, x 0.5. With more water the albedo

similarly becomes or* x 0.6 + a t
x 0.4. ] he

change in albedo is thus

Acr (a5 x 0.6 -+- at x 0.4) — (as x 0.5 a< x 0.5)

— 0.1 xflj-Q.I x cti

= 0.1 X (of? — tf|_)

= - 0.1 x 0,20

= -0,020

The albedo thus decreases, which means that a

small additional warming can perhaps he expected,

(This is an example of positive feedback - warming

causes ice to melt, which in turn decreases the

albedo, which results in additional warming.)

The expected changes in temperature due to a

change in albedo, because of more water

covering land, are actually small. A more

significant effect of ice melting and the sea

level rising is expected to he the fact that, with

more water, and at a higher temperature, the

evaporation rate will increase and therefore

more water vapour will be released into the

atmosphere- This means:

* cooling of the earth's surface (because latent

heat is given to the water in order lo evaporate);

* more cloud cover (and therefore more reflected

radiation);

- more precipitation (i,e, rain, but not

necessarily in the region of interest).

An additional effect of higher temperatures

on climate is the fact that carbon dioxide

solubility in the oceans decreases. This means

that more carbon dioxide is left in the

atmosphere.
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The next example discusses another Factor

affecting global climate, deforestation.

Example question

QR .iiiin.K, ,
. - .

Large areas of rainforests are being destroyed by

cutting down (and burning) trees. Discuss the

possible effects of this on the energy balance of

the region.

Answer

Changing forests to dry land has three immediate

consequences. The first is that the tow albedo of

the dark, moist forests is replaced by a higher

albedo - this tends to reduce temperatures since

more radiation is reflected rather than absorbed,

l ire second is that the evaporation rate is

decreased - this tends to increase temperatures

since the surface no longer has to supply line

latent heat for evaporation. The two are thus

opposing effects. Models show that, regionally,

there are no significant changes in temperature as

a result of deforestation. The focal precipitation

rate, though, generally drops. The third factor is

that by removing the forests and burning the trees

a carbon dioxide sink is removed (the trees) and

more carbon dioxide is produced (by burning the

trees). It is estimated that two billion tonnes of

carbon dioxide has been released into the

atmosphere as a result of deforestation. This, as

we have seen, enhances the greenhouse effect.

The issue of deforestation is still a bit

controversial. Rainforests must, of course, be

preserved in. order to maintain the existing

habitat and thus prevent the extinction of very

many animal and plant species. However, the

effect of deforestation on climate is uncertain

because rainforests do produce methane and

thus contribute to the increased concentrations

of greenhouse gases. Forests do absorb carbon

dioxide but that is returned to the atmosphere

when the trees die and decompose.

Measures to reduce global warming
There is clearly an urgent need to stop the

increase in all the greenhouse,gases, and

carbon dioxide in particular. Measures to

achieve this include the following:

* using fuel-efficient cars and developing hybrid

cars further;

* increasing the efficiency of coal-buming power

plants;

* replacing coat-burning power plants with

natural gas-tired plants:

* cons id eri ng m ethods of ca p tu ring and s toring

the carbon dioxide produced in power plants

{carbon capture and storage, CCS);

* increasing the amounts of power produced by

wind and solar generators;

* considering nuclear power;

* being energy conscious, with buildings,

appliances, transportation, industrial processes

and entertainment;

* stopping deforestation.

The Kyoto protocol and the IPCC

An extremely important agreement towards

cutting greenhouse gas emissions was reached

in 1997, in Kyoto. Japan. Tire industrial nations

agreed to reduce their emissions ofgreenhouse

gases by 5.2% from the 1990 levels over tile

period from 2008 to 2012. The protocol allowed

mechanisms for developed nations to use

projects aimed at reducing emissions in

developing nations as part of their own

reduction targets. Endorsed by 160 countries,

the protocol would become legally binding if at

least 53 countries signed it. The non-ratification

of the protocol by the USA and Australia has

weakened the impact of the agreement.

Unlike the Kyoto protocol, which imposed

mandatory limits for greenhouse gas emissions,

the Asia Pacific Partnership on Clean

Development and Climate (APPCDC or AP6)

asked for voluntary reductions ofthese

emissions. It was signed by the USA, Australia,

India, the People's Republic of China, Japan and

South Korea in 2005. It is an agreement in

which the signatory nations agree to cooperate

in reducing emissions. It has been criticized as

worthless because the reductions are voluntary.
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tt has been defended because it includes China

and India, major greenhouse gas producers,

who are nol bound by the Kyoto protocol,

A major, comprehensive, detailed and

scientifically impartial analysis of global

climate has been undertaken by the

Intergovernmental Panel on Climate Change

(IPCQ, The IPGC was created by the World

Meteorological Organization (WMO) and the

Uni ted Na t ions Hnvironment Programme
(UNEP) in 1988, While conducting no research

of its own, the 1PCC reports on technical,

scientific and socioeconomic aspects ofclimate

change using assessments of existing published

scientific material. Its lour reports in 1990,

1997, 20 HI and 2007 have been instrumental in

providing an accurate analysis of the global

situation.

I (a) State what you understand by ihe term

black body .

(fa) Give an example of a body that is a good

approximation to a black body.

(c) By what factor does the rale of radiation

from a body increase when the

temperature is increased from 50 °C to

1 00 &C?

2 The graphs in Figure 2,1 5 show the variation

with wavelength of the intensity of radiation

emitted by two bodies of identical shape.

/>' arbitrary ynils

(a) Explain why the temperature of the two

bodies is the same,

(bl 1 he upper graph actually corresponds to a

black body. Calculate ihe emissivily of the

other body.

3 The total power radiated by a body of area

5.00 km2 and emissivily 0.800 is 1,55 x ItC W.

Assume tfaal the body radiates into vacuum at

temperature 0 K. Calculate the temperature of

ihe body.

4 If the distance d between ihe sun and the

earth decreases, the earth's average

temperature J will go up. Ihe fraction of the

power radiated by the sun that is received on

earth is proportional to the power radiated

by the earth is proportional to TA
,

(a) Deduce I he dependence of the temperature

T of the earth on the distance d
(b) Hence estimate the expected rise in

temperature if the distance decreases by

1 .0%. Take ihe average temperature of the

earth to be 288 K.

5 la) Define the term intensity in the context of

radiation.

(b) Estimate the intensity of radiation

emitted by a naked human body of

surface area 1 .60 rrr, temperature 27 aC

and emissivily 0.90, a distance of 5.0 m
from the body.

6 A body radiates energy ar a rate (power) V.

(a) Deduce lhal Ihe intensity of ihis radiation

ai distance d from the body is given by

4;rd*

(b) State one assumption made in deriving ihis

result,

7

The graph in Figure 2.16 shows the variation

with wavelength of Ihe intensity of the

radialion emitted by a black body,

la) Determine Ihe tempera lure of Ihe black

body.

(b) Copy ihe diagram, and, on ihe same axes,

draw a graph to show the variation with

wavelength of the intensity of radiation

emitted by a black body of tempera lure

6DD K.Figure 2,15 For question 2,
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Warbirfarj1 umLi

8 (a) Define the term albedo.

(bi State three factors that the albedo of a

surface depends on.

9 A researcher uses the following data for a

simple climatic model of an earth without an

atmosphere (see Example question 3 in the

text]: incident solar radiation = 3Sf) W m
absorbed solar radiation = 250 W m J

,

(at Make an energy flow diagram for this data.

(b) Determine the average albedo (or the

earth that is to be used in the modelling.

(c) Determine the intensity of the outgoing

long-wave radiation.

(H) Estimate the temperature of the earth

according to this model r assuming a

constant earth temperature.

It) Radiation of intensity 340 W m‘:
is incident

on a lake of depth 30 m.

(a) I low much time is needed to increase the

water temperature by 1 K?

(b) Estimate the heat capacity of the entire

body of water on earth. (Use an average

depth of 300 in If you cannot find a better

estimate.)

(cl Then estimate the lime needed to increase

the water temperature by 1 K ii solar

radiation of inlensily 340 W rtf
1 wrere

incident on the water.

11 (a) Repeat the calculations of the simple

model presented in Example question 3 for

the planets Venus and Mars in order to

predict i heir surface temperatures. Take the

distances to the sun to he t .08 x 10" m

(Venus) and 2.28 x 10" m (Mars), and use

a solar power output of 3.9 x 10^' W.

Assume that the albedo a for Venus is

0,59 and lhai for Mars is 0,15.

(bl the actual surface temperatures are 740 K

(Venus) and 213 K (Mars). What do your

answers in (a) suggest about (he

atmospheres of Venus and Mars?

12 Make a simple model of the greenhouse effect

as in Figure 2. I 7. Assume that only a fraction f

of the energy radiated by the earth actually

leaves the earth.

(a) Copy the diagram and complete the three

boxes fiMi ib to show the intensities involved.

(b) Write the energy balance equation and

calculate f so that the temperature is

Tss 288 K. lake
f
== 350 W nr2 and the

earth albedo to be 0.30.

incoming

atmosphere

earth's, surface

Figure 2.17 For question 12.

13 (a) Define surface /tear capacity.

(h) State an order-of-magnitude estimate for

(c)

it.* ritinlilt. Itllll)
.mHj ..h. -.mi I,-

1, l.i-.l

Use your estimate 10 explain why the

climate over water changes much more

slowly than the climate over land

14 Outline the main ways in which the surface of

the earth loses thermal energy to the

atmosphere and to space.

15 A researcher making climate simulations

wants to investigate the effects of deforestation

by changing the value of the albedo in her

calculations. Should she increase or decrease

the albedo?
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16 (a) How does the albedo of a subtropical,

warm, dry land compare lo that of a

tropical ocean?

(b) Suggesl mechanisms through which [he

subtropical land and the tropical ocean

lose thermal energy to [he atmosphere,

(c) If the sea level were to increase, sea water

would cover dry land* Suggest one change

in the regional climate that might come

about as a result.

17 Suggest a reason why covering dry land near

the equator by water would have a smaller

effect on climate than covering subtropical

land with water. {Hint Consider the fact that

equatorial land is probably better covered by

vegetation than subtropical land, and

con ten! rate on the fact that the albedo of

vegetation and water are almost the same.)

18 Evaporation is a method of thermal energy

loss. Do you expect this method to be more

significant for a tropical ocean or an arctic

ocean? Explain your answer.

19 (a) Stale one effect ihat evaporation has cm

the eanh's surface.

(b) State one effect [hat evaporation has on

the atmosphere.

20 Radiation is incident on a planet with an

atmosphere. Figure 2.18 shows the energy

balance of the planet.

(a) What is The albedo of the planet?

(b) How can It be deduced that the planet's

temperature is constant?

reflected from
incident atmosphere
100%

reflected from

surface

9%

re -radiated

73%

planet

Figure 2.18 For question 20,

21 Figure 2.1 9 shows two energy flow diagrams

for thermal energy transfer to and from

specific areas of the surface of the earth.

R EC

Figure 2.19 For question 21.

R re presen is the net energy incident on the

surface in the form of radiation; E is [he

thermal energy lost from ibe earth due to

evaporation; and C is the thermal energy

conducted to I he atmosphere because of the

temperature difference between the surface

and the atmosphere. Suggest, giving a

reason, whether the earth area in each

diagram is most likely dry and cool or moist

and warm.

22 Draw a sketch graph to show how the latent

heat flux from the earth's surface depends on

latitude*

23 U is estimated that a change of albedo by 0.01

will result in a l °C temperature change. A
large area of the earth consists of 60% water

and 40% land. Calculate the expected change

in temperature if m el ling ice causes a change

in the proportion of the area covered by water

from 60% to 70%. Take the albedo of dry land

to be 0.30 and that of water to be 0*1 0,

24 fa) State what is meant by the greenhouse

effect ,

(b) Stale the main greenhouse gases in the

earth's atmosphere, and for each give

three natural and three man-made sources.

23 Distinguish between the natural greenhouse

effect and the enhanced greenhouse effect.

26 Outline the evidence that links increased

concentrations of carbon dioxide with global

warming over a long period of lime.
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27 (a) Describe whal is meant by a transmittance

curve,

(b) Figure 2.20 shows a transmittance

curve for IR radial ion through the

atmosphere* Discuss the changes

you would expect to the general shape

of this curve if the concentrations of

carbon dioxide were to be reduced

drastically.

TriiTiHmMliina: t%

2B la) State and explain two ways in which

a rising sea level affects l lie global

climate*

(b.) State two physical mechanisms that may

contribute to increased sea levels.

29 An iceberg of total mass 1

0'
1

kg floats in water,

(a} Assuming a constant temperature of 0 °C for

the iceberg, calculate the amount of energy

required to melt it. Take the specific latent

heat of fusion of ice to be 330 kj kg" 1

,

(b) Slate whether or not this will result in an

increased sea level.

3U The area of the Mediterranean Sea is

approximately 2.5 x 1
0^ km2 and the average

depth of water is about 1,5 km. Using a

coefficient of volume expansion of water of

2 x I0
-1

K“\ estimate the expected rise in sea

level after a temperature increase of 3 K, State

any assumptions made in your estimate*

3t The West Antarctic ice sheet, if it melts, will

result in a 6 m sea level rise, tstimate tlie volume

of tills ice sheet. List any assumptions you make.

32 Suggest effects of deforestation on the global

climate.

33 State two mechanisms, other than the

enhanced greenhouse effect, which have been

postulated to account for global warming*

34 List measures that might help to reduce global

warming.

35 Outline the recommendations of the Kyoto

protocol,

36 Whal is the IPCC and what does it do?
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Analogue and digital

signals

This chapter in [rod trees binary numbers, and analogue and digital signals. Various storage

devices using information in analogue ur digital form are briefly discussed.

IObjectives

By the end of this chapter you should be able to:

convert decimal number? into hi nary' numbers and vice versa;

understand the diflerenfe between an analogue signed and a digital signal;

convert an aitalogue signal into a digital signal;

outline the structure of a comport disc;

appreciate the role of inte^rence in reading a CO;

calculate pit depths in terms of the wavelength of light used;

outline the basic structure of various storage devices;

outline the advantages of digital storage.

wmmmmmmmmmm

Binary numbers

In ordinary arithmetic, we use the decimal

system to represent numbers, which means

that wc use the ten digits from 0 to 9. In the

binary system, numbers are represented using

only the two digits 0 and 1 , Consider a decimal

number like 5037. Its ones' digit is 7. its ‘tens'

digit is 5, its hundreds' digit is 0, and its

‘thousands* digit is 5, Hath digit is associated

with a power of 10 . The ‘ones' digit is

associated with 10°, the ‘tens' with TO
1

. the

‘hundreds' with 10 and the ‘thousands’ digit

with 10* Then

5037 = 5 x 10* + 0 x ]Q
7 +3 x 10

] +7 * 10
°

So the digits of a decimal number are just the

coefficients of various powers of 10. These

coefficients can be the digits from 0 to 9.

The same idea applies to binary numbers. The

difference is that we will be using powers of

2 rather than 10, and the coefficients will be the

digits 0 or 1 rather than the digits from 0 to 9.

for example, suppose we wanted to express the

decimal number 5 in the binary system. First,

we write the number 5 as a sum of powers of

l he number 2 with coefficients that are either 0

or 3 {the coefficients of the powers of 2 are

shown underlined):

5 = 1 x 22 f 0 x 2 1

-I- 1 x 2°

The binary representation of 5 is then given by

the coefficients of the powers of 2, i.e. the

underlined numbers. We use the notation 5? to

mean the binary representation of the number

5. So

52 = 101
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Similarly the number 12 is

12 := 1 x 2^ -p J_ x 2~ + Q x 2 1 + 0 x 2°

12z = 1100

and the decimal number M in ihe binary system is

14 = 1 x 2
3 + I x 21 + _l x 2

1 + 0 x 2°

142 = 11 li>

iTiese binary representations each used four digits.

They arc four-bit words. A decimal number like 5

is represemed by 101 lhat has only three bits. We
can make Lhat into four hits by adding zeros in

front. Til us decimal 5 becomes 0101 . The decimal

number 4 as a four-bit word is

4—1 x22 + 0x2‘ +0x2°

A) = 100 = 0100

With four-bit words (i.e, four digits), we can

represent only a finite number of numbers,

namely 2' 1 - 16 numbers. (This is because for

each of the four digits we have the choice of 0 or

I, Le. two choices. lire LOtal number of choices is

then 2 x 2 x 2 x 2 = 2
1 = 16.) These ate the

numbers from 0 to 15. To represent larger

n umbel's, we have to increase the number of bits

in i lie binary representation of the number.

Example questions

Qi

How many numbers can be represented with five-

bit words?

Answer

With five bits we can have at most 2^ = 32

numbers. These are the numbers from 0 to 31

.

Q2
Write the decimal number 65 as a binary number

using eight bits.

Answer

first write the number in terms of its coefficients

and powers of 2 as

65 — lx2s +Qx25 -j-0x2* + 0x2J

+ 0 x 2'
r + 0 x 2

1 +1 x 2“

65, = 1 000001

This uses seven digits. As an eight -hil word, the

number would be 01000001

.

Express the eight-bit binary number Of Ot 010 \ as

a decimal.

Answer

The number is shown below. We have pul the

appropriate power of 2 under each digit,

01010101
765412 TO

So

0101 0101 ^ 0 x 2
7 + 1 x 2'J + 0 x 2s + 1 x 24

+ 0 x 2
l +1 x 2- + 0 x 2' -hi x 2°

= 04- 64 +-04-16 + 0

+

4 + 0+1 = 85

Q4 tr ; r *+**

What is the least number of bits needed to express

The decimal number 2006 as a binary number?

Answer

The srnj//e.sf power of 2 that exceeds 2008 is 11,

since 2
11 = 2048 > 2008. Hence we musl use 1

1

hits in rhe binary representation of 2008 (in fact,

20oe a = nmoiiooo).

Given a number in binary form, we call the

fust non-zero digit the most significant bit

(MSB) and the last digit (the digil the number
ends with) the least significant bit (ESR).

Thus the binary number nmo has I as its

MSB and 0 as its LSB, Tire MSB is associated

with the highest power of 2, and so it is the

digit that mostly determines the value of the

number.

Analogue and digital signals

when one speaks into a microphone, a voltage

in created in the microphone. Hie voltage is

proportional (directly related) to the actual

physical movement of the diaphragm of the

microphone. A large voltage is created when Lhe

diaphragm moves fast, and a small voltage

when it moves slowly, lhe voltage signal so

generated varies continue us fy between two
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extreme values. Such signals are called

analogue signals. An example is shown in

Figure 1,1.

> Analogue signals are cont inuous signals,

varying between (wo extreme values in a

way that is proportion;!] to the physical

mechanism that created the signal.

voltage

A digital signal by contrast is not continuous, it

can only take a discrete set of values. An

example is shown in Figure 1.2.

>- A digital signal is a coded form of a signal

that Lukes the discrete values D or 1 only.

voltage

0 10 110 0 1

i

1 1 time

Figure 1,2 A digital signal.

Consider the potential divider circuit ofFigure

1,3, The cmf of the battery is B V. This means

that the reading of the voltmeter V can be any

number between 0 and 8 V depending on where

the lead (indicated by the arrow) connects to

the variable resistor R. Touching at the bottom

of the resistor gives 0 V and touching at the top

gives 8 V (assuming no internal resistance in

the battery). The signal generated in the

voltmeter is an analogue signal.

Figure 1.3 The voltmeter can have any reading

from 0 V to 8 V.

Imagine that we move the point of contact from

the bottom end of the resistor to the top at a

constant speed. Assume further that this is done

in 4 ms. Then, Llie reading of the voltmeter would

be the time-dependent signal shown in Figure l.4 r

vyv

Figure 1.4 The reading of the voltmeter Is an

analogue signal.

This analogue signal must then be sampled,

which means that it must he measured. This is

done at regular intervals of time. The number

of times per second the signal is sampled

(measured) is called the sampling rale or sampling

frequency. Sampling the signal means that we

observe it lor very short intervals of time, wait,

and then sample it again. Thus we do not. in

general, know how the signal behaves in



8.1 /Cl /F2 Analogue and digital signals 457

between the instants of time when it is

sampled. Typically, for audio signals, a sampling

rate of 8000 times per second is used. This

means that such an audio signal is sampled

every si®
= 125 h-s-

As an example, consider sampling the analogue

signal of Figure 1.4 every I ms. This would

result in the pulse amplitude modulated signal

(PAM signal) in Figure 1.5. The result of this

sampling is shown in Tabic 1.1.

v/v

Figure 1,5 The analogue signal of Figure 1.4 is

sampled every I ms.

Timejins PAM signaljv

0 0

i 2

2 4

3 ft

4 8

Table 1.1 The analogue signal has been discretized

by the PAM process.

Notice that the actual duration of one sample is

very short (c.g. 2.0 p.s, l .0 p.s or even much less),

which is why we represent the sampled signal

by vertical lines of practically zero width in

Figure 1.5. The fact that the actual sampling time

is very shori compared to the time in between

consecutive samplings will be important later on.

Now suppose we wish to convert the voltage

readings into binary numbers using two-bit

woixls, Tit is means that we can handle at most

2.
1 = 4 words, namely 00, 01 , 10 and 1 1 , We can

then splii the range of the original voltage

[Q-B V) into lour levels (0-2, 2-4, 4-6, 6-8), and

we will assign to each level a two-bit word. In

each level there is a lower boundary and an

upper boundary. The result is shown in Table 1.2.

PAM signal FJV Binary code

0^ V <2 00

2 ^ V <4 01

4 < V<6 10

fits V C8 11

Table 1,2 The analogue signal has been converted

into a digital two-bit binary code.

What we have done is to take the lower

boundary voltage in each level, divide it by 2

(because 2 - highest voltage divided by number

of words) to get the voltages 0. 3 . 2 and 3, We
then convert ihese numbers into binaries with

two digits. {Converting from binary numbers to

decimals gives rite voltages 0,1,2 and 3 V The

fact that we divided by 2 is not important, as it

is the relative size of the signals that matters,)

Obviously there is a loss of information in this

digitization or ihe original data, We can do

betLer by using a higher sampling frequency

(e,g, every 0.5 ms rather than every I ms) and

use three-bil words (a maximum of 2’ = 8} and

digitize the data as shown in Table 1.5.

PAM signal VJV Binary code

0* V < 1 000

1 ^ ^<2 001

2 ^ V <3 010

3 V <4 oil

4£V<5 too

5^ 101

6^V<7 110

7 ^ V<S 111

Table 1.3 The same signal is now in three-bil

binary code.
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Here we have taken the lower boundary voltage

and converted that inlo a binary number. It is

not necessary to divide by anything here since

the highest voltage is 8 V and the number of

words is also eight.

The process of dividing the range of l he

analogue signal (highest value minus lowest

value) into a set of levels is called quantization,

and the levels themselves are called

quantization levels. The number of

quantization levels is determined, as we have

seen, by the length of the word to be used, i.e.

by the number of bits used. With n bits, the

number of quantization levels is 2'V

Figure 1.6 The pits and the lands are placed along

a spiral on the surface of the disk.

'This gives rise to the notion ofquantization

error. Suppose that the analogue signal varies

from a minimum value orm to a maximum value

of VI and we use u-bit words to digitize it. The

number ofquantization levels is 2", and so at

each sampling the analogue signal will take one

of these
r

2!‘ values. The quantity q — is

known as the quantization error of the

digitization process. In Table 1,2 the

quantization error is 2 V and in Table 13 it

is t V. Two analogue signal values that

differ by less than the quantization error

nrc assigned the same binary number.

The distance between adjacent paths is very

small, 1600 nm, The width of a pit is 500 nm.
its length varies from 850 nm to 5560 nm. and

its depth is about 125 nm (Figure 1.7). Htese are

astonishingly small numbers. For example, the

pit width is comparable to the wavelength of

green light.

1 Unci

1—
T 500:13 [i

&30 3560nm

Compact disks

tag CUD CD-—C3
Figure 1 ,7 Two neighbouring tracks with pits and

lands.

A compact disk (CD) is a device on which

information can be stored in digital form. Flic

information can then be retrieved: for example,

if it is music that is stored, the music can be

played on a CD player or a computer. The CD is

a disk of diameter 12 cm. Consider, for

concreteness, a music CD, The analogue music

signal is first converted into a digital signal (a

series of 0 s and ‘
1 's as described above). This

sequence is now imprinted on the CD. This is

done by making marks called pits on the CD.

The parts of the path on the CD without pits

arc sometimes called lands. The edge of a pit

corresponds to binary ' V, A series of pits is

made along a path that spirals from the centre

of the disk outwards (Figure 1.6).

The bottom surface of the disk (the side that is

actually being read) is covered with optically

transparent material (a polycarbonate). The

question now is how to extract the information

from the CD This means reading the TVs and

the
1

1’s that have been imprinted on the surface

of the disk. This is done with a laser beam.

Consider a laser beam that is directed on the

disk (bottom side). Hie beam cannot have a

zero width. So when the beam is incident near

the edge of a pit, a few of the rays in the beam
will be reflected off the pit and the rest will be

reflected off the land (Figure 1,8). lids means

that these rays will interfere, because they are
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coherent (they are part of the same laser

beam). The 3ighl l hat gets reflected from a

land travels an extra distance 2d, and this is

the path difference between the two sets of

rays. If we choose 2d to be equal to half a

wavelength, i.e.

the interference will be destructive and the

reflected light will have zero intensity. Titus

when the detector of the reflected laser light

(a photodiode) receives zero intensity, the laser

is at a pit-land edge and this corresponds to

binary T.

Figure 1.8 Dest rut: live interference takes place

when the laser light is reflected near a pit

edge. (Note that a pit on the top surface

becomes a bump when looked at From the

bottom. For our purposes here it is largely

j r relevant wha t we cal 1 a pa rt icu lar spo t . The
objective is to be able to tell the difference

between the two. So we will call a pit/bump
by the name pit.)

The pit depth must then be

,

* 503
d = - = = 126 nm

4 4

The laser source moves ou twards and so follows

the spiral of the pits and lands as the disk

rotates. Because the circumference is getting

longer as we move outwards, the rate of

rotation of the disk is reduced, so that The laser

can sample the disk at the same rate. There are

dearly many technical problems to be solved

here, such as stability, focusing on the right

part of the spiral, and timing.

Example questions

Calculate the pit depth for CDs that are to

be read by a CD player operating with a

laser tin ihe polycarbonate) of wavelength

600 nm.

Answer

The pit deplh must be one-quarter of the

wavelength, and so the depth should be

1 50 nm.

Qt>

Information is imprinted on a CD at a rate of

44 IOC) words per second. The information

consists of 3 2- bit words (actually Two

channels of 16-bit samples each). A CD lasts

for 7

A

minutes. Calculate Ihe storage

capacity of a CD.

Answer

The number of bits imprinted on the CD is

44 100 x 32 * 74 X 60 = 6,27 x 1CF bits

Since 1 byte = 8 bits this corresponds to

6.27 x 10*
* ^ 780 x t0

fj

bytes = 780 Mbytes.

tup SI ill'

I I

pit

t
cilpe of ;j pir

bottom ride

la ser beam

The wavelength of the laser light used is about

780 nm in air. The index of refraction of the

polycarbonate material is about 1.55, which

means that the wavelength of light in the

polycarbonate is

A =
780

1.55
= 503 nm

Other storage devices

DVDs
The DVD (digital versatile disk) is similar to the

CD in many ways. Here the pit length is shorter

than on a CD, allowing more data to be stored
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along the spiral. In addition, data can inc stored

on both sides of the disk or in a double layer on

i be same side. Overall, this results in more than

seven times the storage capacity compared to

that of a CD.

IPs

In Edison's original sound recording in 1877.

sound was incident on a diaphragm, which

therefore began to vibrate. A needle attached to

the diaphragm then made marks on a rotating

tinfoil-covered cylinder. The "marks’ were a

direct, mechanical copy of the actual audio

signal. During playback* the needle retraces ihe

pattern scratched on the cylinder surface and

now makes the diaphragm move, thus

reproducing the sound stored. In the later vinyl

IPs the pri nciple of recording is essentially the

same, except that, instead of a rotating cylinder,

a flat rotating disk is used. During playback,

the signal is amplified electrically and fed into

a loudspeaker, rather than directly making a

diaphragm vibrate. LPs have a very limited

storage capacity and are subject to damage (by

scratches and dust}. They have been mainly

superseded by CDs. But some people insist that

Maria Cal las in Bellini's Norma is far more

sublime in the original LP than in any digital

version!

Cassettes

These devices, popular in the 1960s and 1970s,

but now completely superseded by CDs, use

magnetic recording lo sLore data in analogue

form. They are what are called sequential devices.

For example, if ten songs arc recorded on a

cassette and you want to get to song number G,

you must wind the cassette until you get to the

song you want, Tins takes time. The recording

lakes place on the ribbon of the cassette, which

is made oul of a strong plastic tape coated in

ferric oxide, a ferromagnetic material, which

means that it can be permanently magnetized

when exposed to a magnetic field. The analogue

audio signal of music, say, is converted to a

varying electric currenL. The varying current

produces its own varying magnetic field. When
the tape of the cassette is exposed to this

magnetic field, a ’copy
1

of this magnetic field is

created on the tape. During playback, the

mague lie field stored on the tape will induce an

electric current in a coil* which can be

converted into an audio signal playing the

music that was recorded.

The advantages of the cassette have been Its low

price and availability, and the fact that the rape

could be erased anti new material recorded. Its

disadvantages include the sequential nature of

the device and iLS limited storage capacity.

Cassettes are easily damaged by exposure to

high temperatures and careless handling.

Floppy disks

The floppy disk, like the cassette, uses magnetic

recording. Like the cassette, it has also been

superseded by the CD, The original S-inch

floppy disk was invented in the mid-1960s at

IBM as a way of inputting data into a computer,

as well as storing computer data. The name

"floppy disk' in the original device derives from

the flexible nature of the disk, iliese were

replaced by SW-inch floppy disks with a capacity

of 360 kbytes, as opposed to the 1 .44 Mbytes

of the 3Vi-lnch, non-flexible diskettes (but still

called ’floppy disks') that in turn replaced

them. Data was stored magnetically (in much
l lie same way as on the cassette) but it was

arranged on concentric rings, which had the

advantage that one could access data on an

outer ring without having to go sequentially

through the intermediate data as on a cassette.

This provided a direct access storage device. After

a 20-year period of dominance in the field of

computer data storage, floppy disks are now*

essentially, obsolete.

Hard disks

Once used only in computers* hard disks can

now be found in digital cameras and digital

video recorders, some mobile phones and other

devices, t hey store data in latge quantities. Hie

device iLself consists of a number of disks made

out of aluminium or glass arranged on a

spindle. The surface of the disks is covered with

material that can be magnetized (usually
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cobalt). The surface may be thought to be

divided into a very large number of tiny regions

(The size is of order 10 & m> i,e. 1 nm) f and each

such region is the seat of a '0
T

or a * 1
1

of

digitized data. The growth of hard disk capacity

has been exponential. Whereas the early

personal computers had a hard disk with a

capacity of just a few megabytes* today’s

personal computers boast a hard disk capacity

in the hundreds of gigabytes. The data is stored

in sectors and (racks. Tracks are concentric rings

and a sector is a part of the same track. The

data can be accessed almost instantly

irrespective of its position on the disk.

Advantages of digital storage

As indicated above, digital storage provides

enormous advantages over analogue devices.

'Ihese advantages include the following;

* Ihe capacity for data storage is huge in

digital devices.

The access ro particular stored data is fast.

* The retrieval of the data is fast.

* The storage is reliable,

* The stored data can be copied or erased easily.

* The stored data can be encrypted.

* The data can he processed and manipulated by

a computer,

* The data can he transported easily physically as

well as electronically.

On the negative side, whereas an analogue

storage system, such as ordinary photographic

film, degrades slowly with time, a serious

error with a digital storage device is usually

catastrophic, in the sense that the data may
never bo recoverable.

t Express the following decimal numbers as

binary numbers:

(a) 3; fb) 10; (c) 18; (d) 31. -

For each, slate the most significant bit and

least significant bin

2 Express the following binary numbers as

decimal numbers:

(a) 1 1 0; fb) 1 1 00; (c) 0101 ;
(d) 11110.

3 fa) State what is meant by (j) an analogue

signal and fii) a digital signal,

fb) Give one example each of (i) an analogue

signal and fii) a digital signal,

4 Consider ihe analogue signal of Figure 1 /J.

By sampling (Le. measuring) the signal

every 0. 1 ms r express the signal as a digital

signal. (Assign ihe nearest integer value

to each signal measurement.) H would help to

copy and fill in die following table.

Time/ Signal Three-bit Digital

ms strength!mV binary code signal

o

o.i

0,2

03

0.4

0.5

0.6

0.7

0.8

0.9

1.0
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5 The binary code tor a signal that is sampled

eight limes is shown in [he table below,

Binary code Digital signal Signal strength

noo

100 i

0010

0000

0010

1000

1110

Hit

iai Copy and complete l his table,

fb} Pet I lie individual signals together to

construct the complete digital signal,

(c) Reconstruct Ihe analogue signal,

6 Estimate the length of ihe spiral carrying pits

and lands on an ordinary CD of diameter

1 2 cm. Assume that adjacent parts of the

spiral are 1600 nm aparl. Explain your

method* listing the assumptions you have

made.

7 It takes 4,0 minutes to record a song on a CD
at a rate of 44 100 words per second, A word

has a length of 32 bits. How many bytes does

the song take?

8 Calculate the storage capacity of an 60-minute

CD that was recorded at a rate of 44 100 bits

per second using two channels of 1 6-bit

words each.

9 taj Explain how digital data Is stored on a CD.

(b) Explain how interference of light can be

used to distinguish a pit from a land,

(c> A CD player uses a laser of wavelength

680 nm. What is an appropriate pit depth?

10 A 12 cm diameter CD lasts for 30 minutes.

The laser source of the CD player moves

radially outwards as the CD rotates. The initial

rale of rotation of the CD is 500 rpm and the

final rate is 250 rprn,

fa) Calculate the average speed of the laser

source.

(b) Calculate the radius of the innermost track

at which the data is stored. Assume

that neighbouring spirals are separated by

1 600 nm.

1 1 The laser of a CD player has a wavelength of

740 nm in air. The lands and the pits on the

CD are covered by a polycarbonate of index

of refraction 1 .52,

(a) Calculate the wavelength of the laser in

the polycarbonate,

(b) Calculate a suitable pit depth, explaining

your reasoning.

12 Beautiful colours appear when white light is

incident on the underside of a CD, Suggest the

mechanism that creates these colours.

13 Why does a DVD have a larger storage

capacity than a CD,

14 List the features of a DVD recording of a film

that are not available on an old-fashioned

video cassette,

15 Suggest the role of the laser wavelength in the

storage capacity of devices sue h as CDs and

DVDs.

16 Explain why the recording of an LP is said to

be an analogue recording,

17 Is the image on ordinary photographic film

digital or analogue storage? Explain your answer,

IS State two similarities anti two differences

between a floppy disk and a hard disk,

T9 State and explain three advantages of digital

storage of data over analogue data storage.
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Digital imaging with

charge-coupled devices

Ehis chapter introduces an important device, the charge-coupled device (CCD), the basic

mechanism in the operation of the CCD is discussed,, and various applications are briefly

described.

Objectives

By the end of this chapter you should be able to:

* understand the definition of cupari turret?

;

* understand the basic operation of a charge^QMpkd device (CCD):

- define quantum ejffiderjcy, magnification and resolution;

* solve problems with CCDs;

* name the applications of CCDs in medical trudging.

Capacitance

Any two conductors that are separated by either

a vacuum or an insulator arc called a capacitor.

This might include two parallel plates a certain

distance apart, two conducting spheres in a

vacuum a certain distance apart or even a

single conducting sphere isolated from the

earth by an insulating stand.

Consider two parallel plates a distanced

apart, as shown in figure 2.1. The plates are

connected to a source of potential d ifference

V, provided, in this case, by a battery. When
the switch 5 is closed, a current will How for a

short time and then stop. The current will

flow in a anticlockwise direction (i.e, the

electrons will move clockwise). This means

that negative charge will accumulate on the

bottom plate, leaving behind an equal amount

(in magnitude) of positive charge on the top

plate.

o-

CEipackor symbol

Figure 2.1 A simple circuit with a capacitor, and

the symbol for a capacitor.

Flow much charge can accumulate on either

plate, given the potential difference of the

battery? This is determined by a property

known as rhe capacitance of the parallel plates.

The amount ofcharge (1 that can accumulate

on the plates is directly proportional to the

potential difference between the plates

l i e. Q ct V ), The constant of proportionality in

this relation is called the capacitance C of the

plates,



464 AHL - Digital technology / SL Option C - Digital technology

En ether v#t>rd^ capacitance is die charge per

unit potential difference that can accumulate

on. a conductor, ihe SI unit of capacitance is

the tans cl (F). with one farad fl F) being a

capaafcance ofone coulomb per volt ( I C V ').

The farad is a large capacitance, and here we

shall use smaller multiple units, the microfarad

0 pF= Kr6
F), nanofarad (l nF= 10“9 F) and

picofarad (I pF *= 10 u
F),

The capacitance of parallel plates depends on

the surface area of the plates, their distance

apart and the material between tine plates* In

an electric circuit* a capacitor is represented by

the symbol shown in Figure 2*1,

Example question

Qi

The capacitance of two parallel plates is 4*5 pf.

Calculate the charge on one of the plates when a

potential difference of 8.0 V is established

between lire plates.

Answer

Applying the formula defining the capacitance

gives

Q = CV = 4.5 x t(T
,J x 8,0 = 3,6 x KT E,C = 36pC

The charge-coupled device

The charge-coupled device (CCD) (see Figure

2*2}, Invented at Bell Labs in 1969* has

Figure 2.2 A charge-coupled device (CCD)*

revolutionized image acquisition in astronomy

by providing images of high resolution* in

digital form, that can be easily manipulated

and processed. These images can be obtained

lit a fraction of the time required using

conventional means such as photographic

film, and can be used to obtain images of very

faint objects*

Soon after the introduction of the CCD in

astronomy, many commercial applications

followed, such as digital cameras and digital

video recorders* scanners and many others. Ihe

image in Figure 2.3 is a photograph of

exceptional clarity and detail of the galaxy M31

obtained using a CCD on the Hubble Space

Telescope.

Figure 2*3 This Hubble Space Telescope image of
the galaxy M31 was obtained with a CCD,

The CCD is a silicon chip varying in surface

dimensions from 20 mm x 20 mm to 60 mm x

60 mm. This surface is covered with light-

sensitive elements called pixels {picture

elements), whose size varies from 5 x 10 * m to

25 x 10"6 m. Each pixel releases electrons when

light is incident on it by a process known as the

photoelectric effect (strictly electron-hole

production in a semiconductor). We may think

of each pixel as a small capacitor. The electrons

released in the pixel constitute a certain

amount of electric charge Q and therefore a

certain potential difference V develops at the

ends of the pixel equal to l' = where C is the

capacitance of the pixel. This potential
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difference can be measured with electrodes

attached to Lhc pixel.

The energy carried by a single photon of light of

frequency f is given by

£ = hf

where h = 6.63 x 10
"l

J s is the Planck

constant. Since f = {. where A is ihe

wavelength of light* we also have

E = —
A.

Imaging with a CCD is then made possible by

the following fact:

- Tin.1 nu in her of electrons released when

light is incident on a pixel is proportional

to the intensity of light* This means Lhat

the charge and so the potential difference

across a pixel are also proportional to the

intensity of light on that pixel.

Example questions

Q2
Calculate Ihe number of pixels on a 30 mm x

30 min CCD where the pixel sue is 22 x 1Q
-Cl

rn*

Answer

The collecting area of the CCD is

30 x 30 = 9*0 x 10
J mm’

= 9.0 x ID
2 x 10* nr

= 9.0 x icr
1 mJ

and that of a pixel is

22 x t0
h
x 22 x 10“* = 4.8 x 10

40

The number ol pixels is therefore

9.0 x 1 0
*

4.8 x 10- ,D

photons incident on each pixel in a period of

25 ms.

Answer

The area of one pixel is 4,0 x tQ
111 and so the

power incident on (his area is

F = 6.8 x 1

0

_B x 4.8 x HT10 = 3.3 x 1

0“16 W
The energy deposited in 25 ms is then

F = 3,3 x tCT
15 x 25 x 10

1 = 8.2 x 10' 7
J

The energy of one photon is

E = — = ^3xl0^3.0xl0« = w
X 5.0 x 10-7

and so the number of photons per pixel is

8,2 x 10-' 7

4.0 x 1 O'*
2 10

The diagram in Figure 2,4 shows rows of pixels

on the collecting surface of a CCD, When the

CCD surface is exposed to light fora certain

period of time (by opening a shutter), charge

and hence voltage begins ro build up in each

pixel. After the shutter closes, a potential

difference is applied to each row of pixels in

order to force the charge stored in each pixel to

move to the row below (this is the origin of the

name 'charge-coupled
1 - the charges in one row

are coupled to those in the row below).

pixel

nr

= 1.9x1

0

6

T

I

.

,

1 1 1 1 1

bottom row of pixels

Q3
Light of intensity 6.8 x 10 r

' W m - and

wavelength 5,0 x 10 m is incident on

the collecting area of the CCD of Example

question 2, Calculate the number of

direction of

eJiarpj? shift

register

AIX’

.irojilificr

Figure 2.4 The charges in ear It row arc moved to

the row below until they reach the register.

From there, they are read one by one. amplified

and converted into digital form.
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Starting from the bottom row* the charge

of each pixel is moved vertically down into

the register, and from there, one by one, the

charge is moved horizontally, where the voltage

is amplified, measured and passed through an

analogue-ro digital converter (ADC) until the

charge in the entire row is read. The computer

thaL is processing all this now has two pieces

of information stored. The first is the value of

the voltage in each pixel and the second is the

position of each pixel. The process is now
repeated with the next row* until the voltage

in each pixel in each row has been measured,

converted and stored.

The charge, and hence voltage, in each pixel is

proportional to the intensity of light incident

on the pixel, A digital copy of the image is then

stored since the intensity of light in each pixel

is now known. The process so described would

result in a black-and-white image* It can then be

displayed on a computer screen or an LCD

screen in general*

To form a coloured image, the pixels are

arranged in groups of four, with greet! filters

on two of them (the eye is most sensitive at

green) and one red and one blue for the other

two (see Figure 2.5). The intensity of light in

pixels of the same colour, say green, is

measured as outlined above. An algorithm

(a computer software program! is then used to

find the intensity of green light in each pixel

by interpolation based on rhe intensity in

neighbouring green pixels. In this way one has

the intensity in each pixel for each of three

colours: green, red and blue. Combining the

different intensities for differem colours gives

a coloured image.

figure 2.5 A group of four pixels wiih green, red

and blue filters.

CCD imaging characteristics

Quantum efficiency

Not every photon incident on a pixel will result

in an electron being released. Some may be

reflected and others may simply go through the

pixel. We use quantum efficiency to describe

this.

We define the tjiKJiifinn efiuiency uf a pixel as

the ratio of the number ofemitted

electrons to the number of incident

photons-

One of the great advantages ofCCDs is their

very high quantum efficiency, It ranges between

70% and SO'%. This is to be compared to 4% for

the best-quality photographic film and \% for

the human eye. (However, Lire quantum

efficiency is not constant for all wavelengths.)

CCDs are now routinely used to measure The

apparent brightness of stars. The apparent

brightness of a star is typically of order

10‘ 12 W m 1
*

Example question

The area of a pixel in a CCD is 8*0 x 1 0 nr

and its capacitance is 38 pF. Light of intensity

2.1 x T0 _i W m"z and wavelength 4.8 x ID" nr1

is incident on the collecting area of lhe CCD Tor

120 ms. Calculate the potential difference

established at the ends of a pixel, assuming that

70% of the incident photons cause the emission

of electrons.

Answer

The energy incident on a pixel is

2.1 x 1

0’ 1 x 8.0 x 10 40 x 120 x 10 3

= 2,0 x 1Q
IJ

J

The energy of one photon is

r
be 6.63 x 10 54 x 3.0 x JO8

“ T “
4.8 x 10- 7

= 4,1 x 10“ 19
I
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The number of incident photons is then

2,0x10 13
-— 4 r9 x TO5

4.1 x 10- 19

The number of absorbed photons is therefore

0.70 x 4.9 x 10’ = 3,4 x 10
s

The charge corresponding lo this number of

electrons is

3,4

x IQ5 * 1.6 x 10 1
- = 5.4 x 10

~u C

The potential difference is ihen

,, Q 5,4 x KT14
, , wV = = — - 1 ,4 mV

C 38 x 10^ 2

Magnification

Consider a CCD that is used to obtain an linage

of an object* As usual i n optics we define the

magnification of the CCD to be the ratio of the

length of the image as it is formed on the CCD

to the actual length of the object. The

magnification of a CCD system is determined by

the overall properties of the lenses that are

used to focus the light.

two points do not fall on the same pixel. This

means that ihe images must be at least one

pixel length apart* A safer and more

conservative measure is to demand that the

images of rite two points are two pixel lengths

apart. In this way, we are sure to resolve the

points without ambiguities.

> Two points arc resolved if their images are

more than two pixel lengths apart

I sample question

Q6
The magnlficalion produced by a 3,0 megapixel

digital camera with a collecting area of 12 mur

is 1.5. Determine if this camera can resolve two

points a distance 3,2 x 10
_) mm apart

Answer

The area of a pixel is found from

1 2 — 4.0 x 1 0
'' mnf

3.0 x 104

and so the length of a pixel is

Fxample question

Q5
A digital camera is used to take a photograph of

the eye of an insect, The area of the real eye is

1.4 x 10 b nr and the area of the image eye is

9.5 x 10"*' nr'. Calculate the magnification.

Answer

The ratio of image to object areas is

TTxTF*
= 6.76, and so the ratio of corresponding

linear sizes, the magnification, is V6.76 m 2.6.

Notice, of course, that for most applications with

a digital camera, the size of the image will be

smaller than the actual object (say a person, a

building or a galaxy).

Resolution

A very important characteristic of a CCD is its

ability to resolve two closely spaced points on

the object whose image we seek (E.e. to see them

as distinct), A rough measure of the resolution

ability is that the images (on i he CCD) of the

v'T.O x 10 "' = 2-0 x 10 1 mm

The images of the two points are a distance apart of

1.5

x 3,2 x 10
1 mm — 4.8 x 1G"

J mm

This is larger than two pixel lengths and so the

points are resolved.

Tlie resolution is dearly better with a high pixel

density |i.e, number oT pixels per unit area). An

image of high resolution is of better quality

since the image includes more detail than an

image oflow resolution. A higher quantum

efficiency means that the image will require

less time to form if the incident light intensity

is very low and is therefore of special

impor I anee in a st toiiom ica 1 images.

Medical uses of CCDs

In medicine the CCD has had a major impact in

endoscopy; an endoscope is a device (a thin
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lube) (hat can be inserted into a patient to

make observation of interna! organs possible.

CCDs are now used in endoscopes so that real-

time digital images can be obtained.

Driven by the needs of X-ray astronomers,

special CCDs have been developed in which

X-rays can be detected* These devices have been

adapted by medical imaging researchers for

medical use. For X-rays with energies below

150 keV (which is the case with most medical

applications of X-rays), photons incident on a

silicon pixel produce electrons via the

photoelectric effect, as does visible light. The

X-ray CCD can then act as a detector of X-rays,

replacing the old X-ray pick-up tube. One extra

advantage is that the sensitivity of the CCD
allows for shorter exposure Times* with an

obvious benefit to the patient. The negative side

is thai these devices are still expensive.

1 A parallel-plate capacitor of capacitance

1 2 gf has a potential difference of 24 V
applied to it. Calculate the charge on each

plate of the capacitor.

2 A charged parallel -plate capacitor of

capacitance 2.0 nf has 24 nC of charge on

each plate. Tiie capacitor is included in the

circuit of Figure 2 .6 . The value ofthe

resistance K is 6,0 £2. Calculate the initial

current that will flow in lire resistor when ihe

switch is closed. Expiain your reasoning.

1 3

i r

R

Figure 2.6 For question 3,

3

Consider a CCD with 500 x 500 = 2.5 x 10''

pixels (which is not a large number of pixels),

la) Assu riling that each pixel stores the

potential difference across it as an eight-bit

word, calculate the numbers of bits stored

by the CCD.

tb) Give every letter of the alphabet (26

letters) a number from I to 2b. How many

bits do you need to express a letter as a

binary number?

(c) Assume for the sake of an estimate that the

average number of letters in a word is six.

Calculate the number of words that have

the same content of bits as the hits in the

CCD of (a).

(d) Comment on the validity of the expression
r

a picture is worth a thousand words'.

4 Calculate the energy of a photon of

wavelength 5.8 x 10“ 7
in.

5 The collecting area of a CCD is 36 mm’ and

there are three million pixels on the surface.

Calculate the linear size of a pixel.

6 Define the quantum efficiency and

magnification of a CCD.

7 One-third of the photons incident on a CCD
do noi result in electrons being emitted.

Calculate the quantum efficiency of the CCD.

8 (a) State what is meant by resolution in the

context of imaging with a CCD.

(b) Stale the condition for two points to be

resolved in the image by a CCD.

9 Explain why a CCD with a large pixel density

will have a heller resolution than one with a

lower pixel density.

10 Stale three devices That use a CCD.

11 Outline how a CCD forms the image of an

object.

T2 One digital camera IX) has 1.0 megapixels

and another (Y) has 8.0 megapixels. The

collecting areas and quantum efficiencies are

the same. Outline differences in the images of

the same object obtained by the two cameras.

1 3 Two cameras have the same density of pixels

on i heir collecting surfaces but one has a

larger quantum efficiency. State and explain a

situation where an image taken by ihe higher

quantum efficiency camera would be superior

to the image made by the other camera.

14 Suggest a difference, if any, in the images

obtained by two digital cameras with the
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same density of pixels and quantum efficiency

but where one has a larger collecting area.

15 A digital camera is used to lake a photograph

of a flower seed. The area of the real seed is

6.2 x 10
Ll m2 and the area of the image seed

is 9.4 x Hl
-r

' rrr. Calculate the magnification,

16 The magnification produced by a 4,0

megapixel digital camera with a collecting

area of 16 mnrd is 1.3. Determine if this

camera tan resolve two points a distance

0,2 x 1 Q
-4 mm apart,

1 7 (a.) Calculate the number of photons per

second per unit area incident on the

surface of a CCD when the intensity or

light is 23 W m~J and the light has

wavelength 6.8 x 10 m,

(b) Repeat the calculation for light of the same

intensity but wavelength 4.4 x 1 0 ' m,

18 The number oi photons per pixel needed for

an acceptable image in a certain digital

camera is 6QGG. The wavelength of light used

is 4.8 x 10 r m and the intensity of the light

incident on the collecting area of the digital

camera is 1 .4 mW m z
. The area of a pixel is

5,0 x 10~ KI m\
(a) Calculate the time the shutter must remain

open in order to obtain an acceptable

image.

(b) In practice, a longer time than that

calculated in (a) will be needed. Suggest

why this is so.

1 9 I he collecting area of a CCD is 48 mm and

there are four million pixels on the surface.

The capacitance of each pixel Is 24 pF. I ighi

or intensity 5.2 x 10
1 W m ' and wavelength

6.3 x to m is incident on the collecting area

of the CCD for 80 ms. Calculate the potential

difference established at the ends of a pixel,

assuming a quantum efficiency of 75%*

20 Suggest a justification for the phrase charge-

coupled in the name of the CCD.

21 An energy of 3.65 eV is needed to create an

electron-hole pair in silicon by X-rays.

Calculate the number of electrons produced

by X-rays of energy 5.0 keV.

22 State the advantages of imaging with a CCD
compared to imaging with ordinary

photographic film.

23 CCDs used for very accurate astronomical

work are often cooled down to very low

temperatures. Suggest a reason for this.

24 Discuss which characteristics of the CCD are

of importance to astronomical imaging.

25 State one application of the CCD in medicine,

outlining the advantage it offers.
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OPTION SL Option A - Sight and wave phenomena

The eye and sight

This chapter iniraduees the basic features of [he human eye and the important concepts of

depth of vision and accommodation, [he function of the two different light-sensitive cells

in the eye, called rods and cones, is discussed, and their rote in vision under different

conditions is analysed. The role of cones in colour vision is also discussed. Primary colours

are introduced, and coloin addition and subtraction discussed. The chapter ends wilh a

brief note on the role of colour in perception.

I

The structure of the human eye

The human eye is a remarkable

‘instrument*. Higure A1.1 shows the

basic features of the human eye. The

eye is almost spherical in shape, with

a diameter of a!x>ut 2.5 cm. light

enters the eye through Lhe cornea

(a transparent membrane), where most

of the refraction takes place, lhe index

of refraction ofthe cornea is about

1.37, substantially different from Lhe

index or refraction of air (1.00).

In between the cornea and the eye

lens is a liquid-filled chamber called

the aqueous humour The liquid

filling the chamber is clear, mainly

water with small amounts of salts. Its

Objectives

By the end of this chapter you should be able to:

* make an arm Otated dfagram of t hv eye

;

* explain the function of the main parts of the eye;

* outline the differences in t he density of rods and cones across the retina;

1 define sea topic vision and photopk vision:

* account for the differences in sco topic and pfiatopic vision;

* understand i he terms primary colour and secondary colour;

1 understand the difference between addition and subtraction of colours:

* solve simple problems with colour mixing;

* understand the role of light in the perception of objects.

figure Al.l The human eye.

op! ic nerve
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index of refraction is 1 .33* essentially equal to

that of' water. This chamber is separated into

two parts by the iris (the coloured part of Lhe

eye). At the centre of the iris is the pupil, an

aperture through which the light enters the eye

lens. The pupil can increase or decrease in

diameter in order to adjust to varying

intensities of light. The eye lens is attached to

the ciliary muscle by ligaments - the ciliary

muscle controls the curvature of the lens.

Light passing through the lens then enters a

second chamber filled with a jelly-like substance

called the vitreous humour. The light finally

reaches tire back surface ot" the eye, the retina,

fire retina is covered with light-sensitive cells

that record the arrival of light. There are two

types of light-sensitive cells on tile retina, called

rods and cones. Light reaching the rods and Lhe

cones is converted into tiny electrical signals in

nerve fibres attached to these cells. The nerve

fibres all converge to the optic nerve, which

transmits the electrical signals to the brain.

Close to the beginning of the optic nerve, and

essentially on the principal axis of tile eye, is an

area called the fovea, a spot of diameter of

about 0.25 mm, where vision is exceptionally

acute. This is fillet! with cones, each connected

to a different nerve fibre (unlike elsewhere on

the retina, where many different cones are

connected to the same fibre).

principal axis of the lens. This point is called

the focal point of the lens, and its distance

from the optical centre of tile lens is called the

focal length.

Hgure A 1.2 focal point and local length of a

converging lens.

The eye cannot, at the same time, focus on two

objects at two different distances from the eye.

Rut ifyou focus on an object, O, far from the eye

and straight ahead, so that the object is seen

clearly, other objects closer and further than

that object wilt also he seen clearly enough,

even though the eye is not exactly focusing on

them. If the furthest object that can be seen

acceptably dearly is Oi and lhe closest is Ch,

then the distance Of 02 is called the depth of

vision lor depth of field) (see Figure Al.3).

The distribution ofrods and cones is not constant

along the surface of the retina. At the fovea we

have many cones but no rods. The density of

cones at the centre of the fovea reaches 150000

per mm 2
. The rods are mainly found at the edges

of the retina (i.e, away from the principal axis of

lhe eye), whereas the concentration

of the cones increases as we

approach Che principal axis.

* The depth qfvision is the range of object

distances from the eye within which

objects, or points on an object, can be seen

acceptably dearly.

Depth of vision
tkfUh of

Figure A 1.2 shows a converging lens and a set of

rays, all parallel to the principal axis of the

lens, incident on the lens. The rays refract and

all pass through the same point on the

Figure Ai,3 Diagram showing what is meant by

depth of vision.

The depth of vision depends on the distance to

the object, lire further the object is from the

eye, the larger the depth of vision. If the object



474 SL Option A - Sight and wave phenomena

ts pur dose to the eye, the depth of vision is

greatly reduced. However, if brighter light is used,

the depth of vision will increase. This is because

in brighter light the iris will reduce the pupil

diameter. Figure A 1.4 shows an increased depth

of vision in the presence of a smaller aperture.

said to be unnerarn model led. The lens has its

greatest focal length and the eye can focus on

distant objects without fatigue. By contrast,

when the muscle is contracted, the lens has the

shape shown in Figure At,5(b), its focal length is

the least and the eye is said to be urcommod tired.

The eye can then focus on

nearby objects. This is an active

process, leading to fatigue.

The nearest distance at which

an object can be seen dearly,

without undue strain on the

eye, is called the near point of

the eye. for a normal healthy

eye, this distance is about 25

cm. The Jbr point is the furthest

distance the eye can focus on

clearly. For a normal healthy

eye, this is infinity.Figure A1.4 A reduced pupil diameter means that

the rays entering the eye can be brought to focus.

Accommodation Scotopic and photopic vision

The term accommodation refers to the ability

of the eye lens to change its focal length. This is

done by contractions of the ciliary' muscle.

When the muscle is relaxed, the eye has the

shape shown in Figure A 1.5 (a) and l he eye is

Lens relaxes to ’bulging* shape

() ;avm-

M

ill' -i : : i

!

l’i. i

tens pulled n gin and Hat

shi

Figure A 1.5 Changes in the eye Jens in the case of

an accommodated and an unaccommodated eye.

There are major differences in the functioning

of the rods and the cones. Even though the rods

have different responses to different

wavelengths of light, the rods do nor transmit

this difference in a way that the brain can

interpret as a difference in colour. They are,

however, sensitive to light of low intensity,

because many different rods are connected to

the same nerve fibre. This means that, even if

the intensity of light in any one rod is low. the

signal given lo the nerve fibre will be the sum
of the individual signals and therefore can be

1arge. A disadvantage of connectrng d i fferen l

rods to the same nerve fibre is that in this way

we lose on detail in the image.

r Vision in which the rods are the main

detectors ofthe incident tight in the eye is

called sojtdpfc vision,

Ihe cones, on the other hand, do distinguish

different colours. Ill ere are three types of cone,

each sensitive to a different colour. Fewer of

them are connected to the same fibre, and this
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allows for more detailed images. The coties are

only sensitive when the intensity of light is

high (i.e. in bright light). This is why in very

low-intensity light (in the dark) it is not possible

to distinguish colours. Thus if you look at a

galaxy through a large telescope, you will see a

black-and-white image; you will not see the

brilliant colours that published photographs of

galaxies have in hooks and on posters.

js Vision in which the cones are the main

detectors of the incident light in the eye is

called pfieJcjpk vision. »

These facts are summarized in Table Aid .

Sco topic vision Photopic vision

Rods are titfed Cones are ti.sed (mainly)

Used at night and Used during tile day and

when there is very when there is a lot of

little light available light available

Distinguishes shapes Distinguishes shapes and

hut not colours colours

Distinguishes little Distinguishes a lot of

detail detail

Table Al.l Differences between s eutopic and

phoiopic vision.

i sample question

Explain why in low-intensity light it is easier to

obtain a clear image of an object by looking at

the object a bit sideways rather than directly at if

Answer

Since the intensity of light is low, vision takes

place mainly through the rods and not the cones,

I he highest concentrations of the rods are away

from the principal axis, and so we look a bit

sideways at the object for light to fall on the rods.

Figure A1.6 shows the relative sensitivity of

cones and rods to light of different

wavelengths. (Recall that rods do not

distinguish colour.) We see that rods are more

sensitive than cones for blue light.

sc run i Li v ity/urb i traiy u nit*.

Figure Ai.6 Overall relative sensitivity of cones

and rods as a function of the wavelength of

light.

Example question

Q2
Use the spectral response graph in Figure Alii to

answer ih is question. An object reflecting red tig hi

of wavelength 640 nm is viewed in

fa) low-intensity light and

lb) high-intensity light.

Describe what the observer sees.

Answer

(a) In low- intensity light, vision is through rods,

tight of wavelength 640 nm is beyond what

the rods can detect, and so the object cannot

be seen,

lb.) In high- in tensity light, the cones are used, and

the object can be seen dearly.

Colour

The perception of colour is made possible by

the Fact that there are three types of cone cell,

each type being sensitive to either blue, green

or red light. This was suggested by Thomas

Young as long ago as 1800. Figure A 1.7 shows

the spectral response curve for each type of

cell Adding together the three curves B. G and

ft lor the cones produces the overall spectral

response of the cones as already show n in

Figure A 1.6,
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jibsnrjHionAirbilrar}' units

wavdengih/nm

Figure A1.7 Relative sensitivity of the three types

ofcone celL

It can be seen from Figure Al,7 that light of

wavelength 550 nm will excite only the green-

and red-sensitive cones. The combination of

green and red (in equal quantities] gives yellow

light, and so this is the colour that the brain

understands for this wavelength of light.

Colour blindness

Colour blindness is a general term referring

to people with deficiency in the perception of

colour. It affects men more frequently than

women. Complete colour blindness is rare.

Since colour is perceived by the cone cells,

colour blindness is associated with non-

functioning cone cells or insufficient

numbers of one or more types of cone cell. It

can also be due to brain or nerve damage. The

most common form of colour blindness

involves Che red and green cone cells, and the

inability' to distinguish between red and

green colours. If one Lype of cone cell is non-

functioning, the colours that can be perceived

are only those that can be made by

combining the colours to which the other two

types of cone cell are sensitive. If two types of

cone cell are not functioning, then the person

is completely colour blind in the sense that

he or she cannot distinguish between any two

coloured objects.

Colour addition

It is an amazing fact that, by mixing light of

just three colours, we can make a very wide

range of other colours. Three is the minimum
number ofcolours needed. With two colours,

lor example green and red, we cannot make

blue. If we take the three colours to be blue (B),

green (G) and red (R). the combination

X^bB-F^G+rR

gives any desired colour, where b,tj and r are

the relative intensities of the blue, green and

red light used in the mixture. Hie three colours

used (in this case, blue, green and red) are

called primary colours. (But others might also

be used as primaries - see page 477.) In practice,

this means that ifyou shine blue, green and red

lighLs of various intensities onto a white screen,

the colour X would appear where the three

coloured beams overlap,

> Prltmuy fokswrs are colours which, when

overlapped, give a wide range of other

colours, Mu one primary can be made with

the other two. Adding three primary

colours of light, say B, G and R, in equal

amounts gives white light,W = 8 -

i G l
R.

To get the colour X = hB + _gG + rR, the three

primary colours are mixed with relative

intensities b v (j andr +

* Obtaining a colour of light by overlapping

different amounts of three primary colours

is called rebur addition.

Adding the primaries (here taken as blue, green

and red) two at a rime results in the three

secondary colours, of cyan, magenta and

yellow:

B 4- G = C
r

cyan (bluish green. i.e. turquoise)

R q- R = M, magenta (reddish purple)

R 4 G = Y, yellow
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It follows that adding a specific primary

colour to a secondary colour results in white

light, W:

C + R — w (because C = B + C)

M -f C = VV (because M =s B + R)

Y + E = W (because Y =t R + G)

The primary colour added lo the secondary

colour to give white light is called the

complementary colour of the secondary; for

example, red is complementary to cyan.

Example question

Q3
What colour of light is obtained when we overlap

equal intensities of magenta with yellow?

Answer

We get

M + Y =(R + 8H (R + Q
— (R +#+ G) + R

as W + R

This is red.

This means that

f/G =yY + bB-r R

G = -Y + - B - -R
9 9 9

In this way we have managed to get green out

of the three primaries Y, B and R, but this time

the coefficient of red is negative.

In other words, if we allow for negative

coefficients in the mixture, any three colours

can be used as primaries, and there is Therefore

no unique choice of primaries. (Notice that the

standard choice of primaries, red, green and

blue, also requires negative coefficients in order

to obtain certain colours. There is, in fact, no

choice of three primaries from which all other

colours may be obtained with only positive

coefficients in the mixture.)

Notice that the presence of negative coefficients

in the mixtureyY +i>B + rR is sometimes

referred to as colour subtraction. The proper

meaning of colour subtraction, however, is

discussed below.

As mentioned earlier, there is no unique choice

of the three primary colours, Blue, green and

red arc normally used because Lhey give a very

wide range of colours by colour addition. They

correspond to the three sets of cones present in

the eye. Ibis system is also used in colour

television and digital cameras. But other

systems can be used as well, for example,

consider the choice of red (R),

yellow (Y) and blue (B) as the

primaries. A wide range of colours

is obtained by using colour addition

with those three, but unfortunately

it is not possible to obtain green

light by adding any combination of

these three. However, a mixture of

yellow (Y) and blue (B) can be made

identical to a mixture of red (R) and

green (G). That is lo say

vY + frB = qG + rR

Colour subtraction

The term colour subtraction refers to white

light being transmitted through a coloured

filter. The transmitted light has the colour of

the filter because the filler removes (subtracts)

a certain colour from the white light. The three

primary filters used are yellow, magenta and

cyan fillers (see Figure Al.fi),

cyan

Figure A1.S The three primary filters, yellow,

magenta and cyan, remove blue, green and red

colour, respectively, from white light.



478 SL Option A - Sight and wave phenomena

White light transmitted through a yellow filter

has the blue removed, so that the transmitted

light has a colour given by

W-6 = {B + G + R) R

= Y

Le. yellow, as expected of a yellow filter

Similarly, a magenta filter removes green, and a

cyan filter removes red. In other wo rds t the

three filters each remove their respective

complementary colour.

If light is transmitted through a magenta filter

mid then through a yellow filter, the transmitted

colour will be

W-B-C = (B + G + R)-B-G

= R

Le. red.

IFwhite light is transmitted through Lhe three

primary filters of yellow, magenta and cyan, the

light will be absorbed and the three filters will

look black where they all overlap. Tins is

because

W-B-C-R= (B +C + R) — B — G“R = 0

Perception of colour and light

ITie perception of colour has. as we have seen,

its physiological basis in the functioning of the

cone cells in the eye. But the overall perception

of colour extends into the realm of psychology,

Tltis has been exploited by architects, designers,

interior decorators, advertisers and others, to

create effects based on the perception of colour.

Thus, a room painted in bright red or yellowish

colours gives a sense of a busy, hurried place.

Another painted In soft, pastel colours gives the

impression of a relaxed, calm place. Soft

reddish or orange colours create a "warm'

atmosphere, whereas bluish and violet colours

give the impression ofa cold or cool place.

Small rooms can be made to ‘look’ bigger by

painting them in light, soft colours, ami a low

ceiling can be "raised* by painting it with a

colour that is lighter than that used for the

walls. A floor will look smaller if painted in

dark colours rather than light colours.

Another effect is the inclusion of shadows. Deep

shadows give the impression oTa solid, massive

object, whereas light shadows, or the absence of

them, give the impression of a light and 'airy
+

structure.

1 (a) Make an annotated diagram of the human

eye.

4b) Explain the function of lhe parts you have

annotated,

2 (a) Explain why you cannot see clearly under

water.

(b) Why can you see clearly if you are

wearing a diving mask?

3 (a) Describe the function of cooes and rods in

vision,

(W State lhe distribution of cones and rods on

the retina.

4 Many different rod cells are connected to the

same nerve fibre. State and explain one

advantage and one disadvantage of this in the

context ol the eye's ability to see.

5 (a) State what is meant by (i) depth of vision

And (ii) accommodation.

(b) Outline why the depth of vision increases

when the eye's aperture is reduced,

fc) Hence explain the effect on the depth of

vision of an increase in the intensity of

light.

l) Define what is meant by (a) scotopic vision

arid (b) photopic vision,

7 Suggest why it is difficult to observe colour in

low- intensity light even though the outline of

an object can be clearly seen,

8 Explain why in high-intensity light an object

can be seen most clearly by looking directly al

the object but as the intensity is reduced (lie
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object is most dearly seen when it is observed

off the eye's principal axis,

9

id What h meant by colour blindness?

(bt Stale and explain whether colour blindness

is associated with damage (o rod cells or

cone cell s r

10 The density of cones on. the fovea is 1 50000

cones per square millimetre. The fovea may

be taken as a circ le of diameter 0.25 mm.

Ea) Calculate the average separation of cones

in the fovea.

(h) The diameter of the eye is about 2.5 cm.

Calculate the angle subtended at the pupil

of the eye by the separation between two

cones calculated in fa),

it) Diffraction at the eye's aperture limits the

resolution of the eye, Le. whether two

distinct objects are actually seen as

distinct. Hie minimum angular separation

between two objects that can be seen as

distinct is given by ft =: 1 .22^, where k is

the wavelength of light used and d is the

diameter of the aperture. Calculate 0 by

taking k = 5.5 x 10
7 m and a pupil

diameter of d= 1 ,5 x. 10
1

m.

fd) By comparing the values obtained in (b)

and (c), state and explain whether there

won Id be any i tn provemem in the

resolution ot the eye if the cones were

closer to each other.

11 (a) Explain why the depth of vision is

increased when looking at a page of text

through a hole in a piece of cardboard.

(b) Suggest why there is a limit to the increase

in the depth of vision that can i>e achieved

in this way.

12 fa) Sketch graphs to show the variation with

wavelength of the relative sensitivity of

cones and rods.

(b) Use your graphs to explain why reducing

the intensity of light shifts the wavelength

at which the eye is most sensitive towards

blue wavelengths.

13 fa) State what is meant by primary colours.

(b) How many primary colours are there?

U:) Explain why the choice of primary colours

is not unique.

14 Using the spectral response curve of Figure

A1J in the text, explain the colour perceived

when light of wavelength (a) k = 400 nm and

(b> k - 680 nm is incident on the eye.

15 State what is meant by fat colour addition and

fb) colour subtraction.

16 Determine the colour of light obtained when

(a) cyan and yellow and (b) cyan and magenta

are added with equal intensities.

17 Determine the colour of white light that is

transmitted first through a magenta filter and

then through a cyan filter.

10 What two primary fillers (cyan, in agent a and

yellow) must be used so that white light will

emerge green?

19 (a) Determine the colour obtained when

cyan, yellow and magenta arc added with

equal intensities.

(b) Determine the colour obtained when white

light is transmitted through overlapping

cyan, yellow and magenta filters.

20 Comment on the statement: 'Colour is a

construction of the mind and not The property

of an object'

21 Name one of your favourite buildings and

describe how the use of colour makes the

building special.

22 The three grey dots in Figure A1 TJ are

identical. Do they took equally bright? How
do you explain your answer?

Figure Al .

9

For question 22,



OPTION A2 SL Option A - Sight and wave phenomena

The Doppler effect

The content of this option is identical to that in Chapter AS of Topic 4, Oscillations and

waves, in the Core and AHl Material, to which the reader is referred.,

OPTION EE SL Option A - Sight and wave phenomena

Standing waves
The content of this option is identical to that in Chapter 16 of Topic 4, Oscillations and

waves, in the Core and AHL Material, to which the reader is referred.

SL Option A - Sight and wave phenomena

Diffraction

The content of this option is identical to that in Chapter 47 ol Topic 4 r Oscillations and

waves, in the Core and AHi Materia I, to which I he reader is referred.
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Resolution

The content of this option is [den ticol to that in Chapter 4,8 d Topic 4, Oscillations and

waves, in the Core and AHL Material, to which the reader is referred.

SL Option A - Sight and wave phenomena

Polarization

The content of this option is identical to that in Chapter 4.9 of topic 4, Oscillations and

waves, in the Core and ahl Material, to which the reader is referred
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Quantum physics

[he content of this option is identical to that in Chapters 6.4 and 6.5 of Topic 6
,
Atomic

and nuclear physics, in the Core and ABL. Material, to which the reader is referred.

OPTION SL Option B - Quantum physics

Nuclear physics

Ihe content of this option is identical to that in Chapter 6.6 of Topic 6, Atomic and nuclear

physics, in the Core and A1IL Material, to which the reader is referred.
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Analogue and digital signals

The content of this option is identical to that in Chaplet 8.1 of Topic 8 r Digital technology

waves, in the Core and AHL Material, to which tire reader is referred.

jjjjim G2 SL Option C - Digital technology

Data capture and

imaging using CCDs
The content of this option is identical to that in Chapter 8.2 of Topic 8, Digital technology

waves, in the Core and AHL Material, to which the reader is referred.
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i

SL Option C - Digital technology

Electronics

The content of this option is identical to that in Option F5 ol Option F, Communications,

to which the reader is referred.

OPTION G4 SL Option C - Digital technology

The mobile phone system
The content of this option Es identical to that in Option F6 ol Option F, Communications,

to which the readei is referred-



OPTION 01 SL Option 0 - Relativity and particle physics

Introduction to relativity

The content of this option is identical to that in Option HI of Option H, Special and

general relativity, to which the reader is relerred.

OPTION SL Option D - Relativity and particle physics

Concepts and postulates of

special relativity

The content of this option is identical to (hat in Option HZ of Option H, Special and

general relativity to which the reader is referred.

OPTION SL Option D - Relativity and particle physics

Relativistic kinematics

The content of this option is identical to that in Option H3 nf Optinn H, Special and

general relativity to which fhe reader is referred.
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Particles and interactions

[he content of this option is identical to that in Option J1 of Option J,
Particle physics, to

which the reader is referred,

Quarks

SL Option D - Relativity and particle physics

The content ol this option is identical lo that in Option J3 of Option J, Particle physics, to

which the reader is referred,
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Introduction to the universe

This chapter is an introduction to the bask properties of the solar system and an account

of the main celestial objects we meet in a study of asirophysits. The motion of the stars

as Ihey appear to an observer on the moving earth is also briefly discussed.

Objectives

By the end of this chapter you should he able to:

* describe the main features ofthe solar system;

* name the main objects making up the universe;

* give the definition of a Iigfi tyrar;

- state the average distances between stars rind between galaxies.

* ouLline the main facts abour the motion of stars as they appear to an

observer on earth.

around their respective planets. Characteristics

of the planets are given in Tables R1,1-R1,3,

All the planets except Mercury and Venus have

moons orbiting them. The earth’s moon has a

mass of 7,35 x IC
22 kg. a radius of 1 .74 x IQ

11 m,

an orbit radius around the earth of 3,84 x 1G
H m

and an orbital period of 273 days. Jupiter has

16 moons, four ofwhich are as big as earth's

moon. Saturn has 17 moons and a spectacular

ring system of millions of objects moving

around Lhe planet in circular, coplanar orbits,

Uranus has 15 moons and a ring system.

Pluto's moon, Charon , is almost as large as

Pluto itself so we may actually speak of a

binary system. Pluto's orbit crosses Lhe orbit of

Neptune, and at times Pluto is actually closer

to the sun than Neptune is. Pluto would have a

high probability of a collision with Neptune

were it not for the fact that the planes of their

orbits are different.

In a region of space between the orbits ofMars

and Jupiter is the asteroid bdL It consists of

thousands of small objects {small planets) in orbit

around the sun. The largest is called Ceres and

The solar system

We live in a part of space called the solar

system: a collection of eight major planets

bound in elliptical orbits around a star called

Lhe sun. (Pluto has been stripped of its status as

a major planet, and is now called a 'dwarf

plane!/ We shall not consider it as a planer in

this option.) The sun has a mass of 1 .99 x 10
s&

kg and a radius of 6.96 x I0
fl m. The elliptical

orbits of the planets have the sun at one of the

two foci of the ellipse (see Figure El -la). The

orbit of the earth is almost circular: that of

Mercury is Lhe most elliptical. The planes of the

orbits of the planets differ only slightly from

the plane of the earth's orbit, with the

exception ofMercury, which has an inchnation

of about 7 (see Figure El.lb). All planets revolve

around lhe sun in the same direction. This is

also rue of the comets, with a few exceptions,

the most famous being Halley’s comet. The

motion of the planets and comets around the

sun is dictated by Kepler's laws (we have seen

Kepler's third Jaw in Chapter 2.11), Kepler’s laws

are also obeyed by the moons in their orbits



408 SL and HL Option E - Astrophysics

f b> The outer solar system. (For chriiy. the pluiteis <mi

tu Binli are nut shown*)

Figure El,l Planets orbit the sun in elliptical orbits. The sun is at one of the two foci of the ellipse.

There is also a belt of small rocky asteroids between Mars and Jupiter,

'Pluto is no longer considered to be a planet.

Planet Massfkg Radhis/tu 0Tbit radiusjm (overage} Orbital period

Mercury 3,30 X 10
2"1

2.44 X 10'J 5.79 X 10
19 83.0 days

Venus 4.87 X 10 2<l 6.05 X 10* i.oa x io
H 224.7 days

Earth 5.98 X I0
2<

6.38 X 10
fl 1.50 X 10" 3653 days

Mars 6.42 X i0
Xl

3.40 X 10" 2.28 X 10" 687,0 days

Jupiter 1-90 x 10^ 6.91 X IQ
7

7.78 X 10" 11.36 yr

Saturn 5.69 x 10* 6.03 X 10
7

1.43 X I0
ia 29.42 yr

Uranus 8j66 x It)
23

2.56 X 10
7

2.88 X 10
li 33.75 yr

Neptune 1.03 X 10“ 2.48 X 10
7

4.50 X 10'tl 163.7 yr

Table ELI The solar system. The distance between the sun and ihe earth (1,50 x 10
1

1

m) is known as l he

astronomical unit (AU),
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Planet

Mercury (smallest!

Mars

Venus

Earth

Neptune

Uranus

Saturn

Jupiter {largest)

Table El.2 The planets listed in order of increasing

size.

Acceleration

Planet Radius Mass due to gravity

Mercury 0,379 0,056 0.36

Venus 0.972 0.S17 0.87

Earth 1.000 1.000 1.00

Mars 0.533 0.108 0.38

Jupiter 11.190 318 2.64

Saturn 9.470 95,2 1.13

Uranus 3.689 14.6 1.07

Neptune 3.496 17.3 1.41

Table EL.3 The relative size, mass and acceleration

due to gravity at the surface of Lhe planets

compared with earth, which is assigned a value

of i for all these properties.

has a diameter of 770 km; many are under 10 km
across, 'Hie asteroids revolve around their axes

wiLh periods under 12 h. There must have been

many collisions between asteroids and the earth

but traces ofonly a few such collisions remain.

One theory about the asteroid belt involves Lhe

disruption ofone planet into many pieces.

Another invokes the effect of nearby Jupiter,

whose large mass did not allow the material that

was there at the time of the formation of the

solar system to assemble into a planet.

Beyond the solar system

In the course of our study of the option on

astrophysics, we will meet various objects making

up Lhe universe. Table El .4 is an introduction to

the meaning ofthe various terms. Most of these

will be discussed in greater detail later on.

Example question

Take the density of interstellar space to be one atom

of hydrogen per cubic centimetre of space. How
much mass is there in a volume of interstellar space

equal to the volume of lhe earth? Give an order-ol-

magnftude estimate without using a calculator.

Answer

The volume of the earth is

v =
f*

J
X 3 X (6 X I0*y m3

ft 4 x 200 x lO
1 *

as 10
?l m*

Hence, the number of atoms in this volume is

1Q JI x 10* = 10J? atoms of hydrogen. This

corresponds to a mass of

10* 7 x 1.6 x U) 77 kg rj I kg

The light year

As we move away from the solar system, we enter

immense expanses of space. It is useful to have a

more convenient unit of distance than the metre.

We define the light year (ly) as the distance

travelled by light in one year. Thus

t ly — 3 v tQ
3 x 365 x 24 x 60 x 60 nr

- 9.46 x 10 m

Also convenient tor measuring large distances is

the parsec (pc), a unit that will be properly defined

in 1 pc = 3.26 ly = 3.09 x 1Q
N> m,

* The average distance between stars in a

galaxy is about 1 pc, an easy number to

remember fhe distance to the nearest

star (Proxima Centaurs) is 1 x ~\ 0
,r' m.

which is approximately 4,3ty = 1.3 pc. A
simple message sent to a civilization on

Proxima Cental) ri would thus take 4.3 yr

to reach it and an answer would arrive on

Ear tli another 4.3 yr later.

The average distance between galaxies varies

from about 100 kpc for galaxies within

the same duster to a few Mpc for galaxies

belonging to different dusters.
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Binary star Two stars orbiting a common centre

Riudt dwarf The remnant of a white dwarf after it has cooled down. It has very low luminosity

Rfarif PioTt- A singularity in space-rime; the end result in the evolution of a very massive star

Brown dwrrf Gas and dust that did not reach high enough temperatures to initiate fusion. These objects

continue to compact and cool down

Ceplicid varfebtr A star of variable luminosity. The luminosity irtri^ascs sharply and fells off gently with a well-

defined period. The period is related to the absolute luminosity of the star and so can be used to

estimate the distance to the star

Cijjshrs of galaxies Galaxies close to each other and affecting each oilier gravitationally, behaving as one unit

Comet A small body {mainly ice and dust) orbiting the sun in an elliptical orbil

Constellation A group of stars in a recognize bie pattern that appear to be near each other in space

DarE: matter Generic name tor matter in galaxies and dusters ofgalaxies that is too cold to radiate. Its

existence is inferred from techniques other than direct visual observation

Gaiety A collection of a very Eapge number of stars mutually attracting each other through the

gravkariorial force and staying together. 'Hie number of stars in a galaxy varies from a lew

million in dwarf galaxies to hundreds of billions in large galaxies, it is estimated that 100 billion

galaxies exist in the observable Universe

Infers tellur

medium

Gases (mainly hydrogen and helium
|
and dust grains (silicates, carbon and iron) filling the space

In between stars. The density of interstellar mass is very low. There is about one atom of g.is for

every cubic centimetre of space. The density of dust is a trillion times smaller The temperature

of the gas is about LOO K

Mo in sequence star A normal star that is undergoing nuclear fusion of hydrogen into helium. Our sun is a typical

main sequence star

Neutron star IF a red giant is very large (a supergiantL the end result of the explosion throwing off mass will

be a star even smaller than a while dwarf (a lew tens of kilo metres lit diameter f and very dense.

This is a star consisting almost entirely of neutrons. The neutrons form a superfluid around a

core of immense pressure and density. A neutron star is an astonishing macroscopic example of

microscopic quantum physics

Nom The sudden increase in luminosity of a white dwarf caused by material from a nearby star

falling into the white dwarf

Pkuiriaty nebulu The ejected envelope of a red giant star

Pttlsar A rapidly Totaling neutron star emitting electromagnetic radiation in the radio region. Pulsars

have very strong magnetic fields. Periods of rotation vary from a tew milliseconds to seconds

Quasars Powerful energy emitters. These are very active cores of young galaxies. 'The name stands for

quasi-stellar radio-emitting objects, a name given since the first observations of quasars

indicated a small, stellar-like size. Tile energy output from a quasar is greater than that of

hundreds of galaxies combined. Prom red shift measurements, quasars are known to move away

from us at very high speeds

Red dwarf A very small star with low temperature, reddish in colour

Red giant A main sequence star evolves into a red giant a very large, reddish star. There are nuclear

reactions involving the fusion of helium Into heavier elements

Sfelktr duster A group of stars that are physically near each other in space* created by the collapse of the same

gas cloud

Supertiovc The explosion of a red supergiant star. The amount of energy emitted in a supernova explosion

can be staggering - comparable rn ibe total energy radiated by our sun in its entire lifetime?

WJifte dwitir/ A ri ll giant at the end .stage of its evolution will throw off mass and Leave behind a very small

(the size of the earth), very dense star in which no nuclear reactions take place. It is very hot but

its small size gives it a very low luminosity

Table EI.4 Definitions of terms.
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Example question*

Q2
The Local Group is a cluster of some 20 galaxies,

including our own Milky Way and rhe

Andromeda galaxy. It extends over a distance ot

about 1 Mpc, Estimate the average distance

between the galaxies of [he Local Group-

Answer

Assume that a volume of

V = l**

1

7
x 3 x (0.5 )’ Mpc*

*s 0.5 Mpc 5

is uniformly shared by ihe 20 galaxies, fhen to

each corresponds a volume of

0.5
,

,— Mpc 1 = 0.025 Mpc1

The linear size of each volume is thus

y
;

'n.025 Mpt: * 0-3 Mpc

— 300 kpc

Sts we may take tire average separation of lhe

galaxies (o he 300 kpc.

Q3
Fhe Milky Way galaxy has about 2 x T0

|:

stars.

Assuming an average mass equal to that of the

sun. estimate the mass of the Milky Way.

Answer

The mass of the sun is 2 x 10 w kg and so lhe

Milky Way galaxy has a mass of about

2 x ID11 k 2 x t0
J1 — 4 x IQ*

1

kg

Q4 HfffliffimiuiiAuuunn

>

The observable universe contains some 1 00

billion galaxies. Assuming an average mass

comparable to that of the Milky Way, estimate the

mass of the observable universe.

Answer

I he mass is

100 x 10
9 x 4 x 10*' kg — 4 x Kl

s/
kg

The motion of the stars

The observation of the motion of rhe srars is

greatly complicated by the fact Lhat the earth is

itself moving. In the course of a night, stars and

constellations appear to move across the sky

from east ro west. The ancient astronomers

noticed, however, that the relative positions of

the stars and constellations remained

unchanged. That gave rise to the notion of the

celestial sphere, a huge sphere surrounding and

rotating around the earth on whose surface rhe

stars and constellations were firmly embedded

|see Figure Hi. 2). We know now that the

rotation of the stars and constellations is a

consequence of the rotation of the earth about

its axis. If the axis of rotation of the earth is

extended, it intersects the celestial sphere at

the nortit and south celestial poles. The scar

Polaris (the North Star) is right on the celestial

north pole and so appears not to move at all.

The rest of the stars and constellations appear

to rotate about it,

north trclc&Ci;i]

*

Figure Hi .2 The celestial sphere upon which the

stars seem to be embedded. The star Polaris is

right on the celestial north pole.

As shown in Figure El.3. the axis of rotation of

the earth precesses in space. The axis of
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rotation that now points to the star Polaris will

point to the star Vega in 12 000 years' lime.

Vega will then become the north star'.

<r__r?

Figure E13 The axis of rotation of the earth

precesses in space tracing out a cone. Now it

points at the star Polaris. In the year AD 14 000

it will point at the star Vega. The period of

precession is about 26 000 yr.

A long time exposure of the night sky would

show arcs traced by stars as the 'celestial sphere

rotates' - that is, as the earth rotates about its

axis (see Figure El .4).

Figure El .4 A photograph of tire night sky over a

long period of time shows stars moving along

arcs. Copyright: Anglo™Australian Observatory.

Photograph taken by David Malin.

As the earth rotates around the sun, the night

sky appears to be changing. As can be seen from

Figure El.5. at different times of the year the

night hemisphere points along different

directions in the sky and hence the view of stars

and constellations is different as well, Since the

earth completes one revolution in one year, it

follows that the change in the direction from

one night to the next is —p = 0.986 , or about

one degree. This is too small to be detected by

the unaided eye but in the course of a few

weeks the changes can easily be detected.

Virgo

Figure El.5 As the earth rotates around the sun,

the earth’s night hemisphere points at different

constellations. .Shown here are four of the

twelve constellations making up the astrological

zodiac.

1 The density of interstellar space is very low,

yet light suffers significant absorption on its

way to us from a distant star or galaxy. How
can that be?

2 How would you distinguish the photograph of

a star from that of a quasar?

i A neutron star has an average density of about

1Q
1?
kg m -J

. Show that this is comparable to

the density of an atomic nucleus.

4 A sunspot near the centre of the sun is

found to subtend an angle of 4 a reseconds

{1 arcseeond = 1/3600 of a degree). Find

the diameter of the sunspot.

3 Draw appropriate diagrams to show how the

phases of the Moon are created.
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6 How many earth volumes Jit into Jupiter?

7 Divide the planets among the students in your

class and ihen calculate the density of each

planet. List the planets in order of increasing

density.

8 On which planer would you expect the

escape velocity to be the greatest? Divide the

planets among the students an your class and

then calculate the escape velocity of each

planet. List the planets in order of increasing

escape velocity.

9 For the planets, make a graph of the logarithm

of (he period of revolution around the sun

versus the logarithm of the distance to the sun.

Draw a line of best tit and find the slope* What

is the formula relating the period to the

distance?

If] From Kepler's third law (see also question 9),

it can be deduced that the distance of Venus

from the sun is about 0.7 AU, where 1 AU is

the distance of the earth from the sun.

Assuming circular orbits, draw a diagram that

shows Venus and (he earth at their closest, A

radar signal is emitted from earth, bounces off

Venus, and is received back on earth 30Q s

later. From (his information, find (he value of

I AU in metres.

11

The resolution of the Hubble Space Telescope

is aboui 0*05 arcseconds ( i arcsecond =

1/3600 of a degree). What is the diameter of

the smallest object on the moon lhai can be

resolved by the telescope?

12 The moon never shows us its 'dark side".

What does this imply about its period of

revolution about its axis and its period of

revolution around the earth? Illustrate your

answer by diagrams. Find out more about

how this might come about.

13 Explain why (he sun always rises in the east

and sets in the west. Does (he moon do the

same? Do the stars do the same? Explain,

14 The speed of a body in orbit around another

can be determined using Newton's law of

gravitation* Let M lie the mass of the body at

die centre of a circular orbit and m the mass

of the orbiting body* Then, the force on m is

the force of gravity f — Equating this to

mass limes acceleration gives v1 = Use

this to find the orbital speed of the earth

around the sun,

15 Europa is a moon of Jupiter orbiting the planet

in 3,55 days at a distance of 671 000 km.

Find the mass of Jupiter.

16 The sun is at a distance or 28 000 ly from the

centre of the Milky Way and revolves around

the galactic centre with a period of 21 1 million

years. Estimate from this information the

orbital speed of the sun and the mass of the

Milky Way, What assumption have you made

in stating that your answer is indeed the mass

of the galaxy? (See the two previous questions.)

17 Why are the planets Venus and Mercury

always observed near the sun (for example,

just after sunset or just before sunrise)?
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Stellar radiation

This chapter introduces two main tools in the study ul slellai structure: the black-body

radiation law and the related Wien displacement law. The significance of stellar spectra

is discussed as well as the properties of a few special star systems, such as binary stars.

The chapter closes with a discussion of another major tool In astrophysics: the

Mettzsprung -Russel I diagram,

Objectives

By the end of this chapter you should be able to:

* understand that a star is in equilibrium under the action of two

opposing ibi ces, gravitation and the radtatfon pressure of the star;

* appreciate Lhat nuclearjusfori provides the energy source of a star;

* give the definitions of luminosity, i. = aA f
,
as the power radiated into

space by a star and apparent brightness, h -
, as the power received per

unit area on earih;

* stare the Wien displacement law, = 2.90 x 10 K in, and solve

problems using it;

* appreciate the kind of information a stellar spectrum can provide:

state the main properties of main sequence stars, red giants, white dwarfs

and binary stars;

* describe the structure ofan HR diagram and place the main types of stars

on the diagram.

The energy source of stars

A star such as our own sun radiates an

enormous amount ofenergy into space - about

1Q~6
J s f The source of this energy is

nuclear fusion in the interior of the star, in

which nuclei of hydrogen fuse to produce

helium and release energy in the process.

Because of the high temperatures in the interior

ofthe star, the electrostatic repulsion between

protons can be overcome and hydrogen

nuclei can fuse. Because of the high pressure in

stellar interiors, the nuclei are sufficiently

dose to each other to give a high probability

of collision and hence fusion. The sequence

of nuclear fusion reactions that take place

is called the proton -proton cycle and

consists of

i

H + J
H + lve

IH + .H- 2 Hie + qy

|He + |He -> |He-f2|H

Energy is released at each stage of the cycle

but most of it is released in the third and

final stage. The energy produced is carried

away by I he pliototis and neutrinos produced
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in the reactions. As these particles move

outwards they collide with surrounding

protons and electrons and give Lhcin some of

the energy. Thus, gradually, most of the particles

in the star will receive some of the kinetic

energy produced.
r

]lie motion of the particles

inside the star, as a result of the energy

they receive, can stabilize the star against

gravitational collapse. Note that the net effect of

these reactions is to turn four hydrogen nuclei

into one helium:

4]H jHc + 2e t 4 2iy + 2y

Helium, being heavier than hydrogen, collects

in the core of the star. The energy released in

The reactions above can be calculated by the

methods of nuclear physics we studied earlier.

The energy released per reaction is 26.7 MeV or

3.98 x 10- '"1

Nuclear fusion provides the energy that is

needed to keep the star hot. so that the

radiation pressure is high enough to

oppose farther gravitational contraction,

and at the same time to provide the

energy that the star is radiating into

space (see Figure E2.1J.

gravity

Figure F2.1 The stability of a star depends on

equilibrium between two opposing forces:

gravitation, which tends to collapse the star,

and radiation pressure, which tends to make it

expand.

Luminosity

> Luminosity' Is the amount of energy

radiated by the star per second: that is. it

is t he power radiated by the star. As

shown in the next section, luminosity

depends on Lhe surface temperature and

surface area of the star.

Consider a star of luminosity t . Imagine a

sphere of radius d centred at the location of the

star. If the star is assumed to radiate uniformly

in all directions, then the energy radiated In 1 s

can be thought to be distributed over the

surface of this imaginary sphere. A detector of

area a placed somewhere on this sphere will

receive a smalt Fraction of this total energy (see

Figure H2.2aj. The fraction is equal to the ratio

of the detector area Q to the total surface area

of the sphere; that is, the received energy' per

second will be ~r,
4™-

The received energy per second per unit

area of detector is called the apparent

brightness and is given by

4tt£F

The units of apparent brightness are

Wm-3
*

Tli is shows that the apparent brightness is

directly proportional to the intrinsic

luminosity, and varies as the inverse square of

the star's distance (see Figure F2,2b),

Apparent brightness is measured using a

chargecmipled device (CCD), which offers many

advantages over the conventional photographic

film method (see Chapter 8.2). A CCD has a

photosensitive silicon surface that releases an

electron when it is hit by a photon, lhe number

of electrons released is proportional to the

number of photons that hit the surface. Thus, the

amount of charge is a direct measure of the

brightness of the object being observed. The



496 SL and HL Option E - Astrophysics

Figure K2.2 {a| The sun’s energy is distributed over an imaginary sphere of radius equal to the distance

between the sun and the observer. The observer thus receives only a very smalt fraction of the total energy,

equal to i he ratio of the receiver's area to the total area of the imaginary sphere, (b) The inverse square law:

observed brightness oc -—I— ot -—-5—

—

T
area A {distance d)‘

silicon surface is divided into many smaller

areas, called pixels, and the charge released in

each pixel can then be used (with digital

techniques) to reconstruct an image of the object

being observed. CCDs are more than 50 times

more efficient in recording the photons arriving

at Lhe device than conventional photographic

film.

Black-body radiation

A body of surface area A and absolute

temperature T radiates energy away iii the form

of electromagnetic waves, according to the

Stefan-Boltzmann law.

i» Hie amount ofenergy per second radiated

by a star o I surface area -1 and absolute

surface temperature 1 (i.e. the lummoshy) is

given by

L = aAt4

when:* the constant et is called the

Srefan -Bolrzmann cotista f j t

(cr - 5.67 x 10
s Wm - K").

Ifwe now recall the definition of apparent bright-

ness given in the previous section, we see that

, vAT*

Example question

s

Q1 iT-TT-min^TTn rnp:

The radius of star A is three times that of star 8

and its temperature is double that of 6. Find the

ratio of the luminosity of A to that of 1L

Answer

La = ff4yr(«A>aV
Lb RnyV

(Ra

{ff^V

_
(3Rz)H2Ts )*

{R* >
2V

= 3
} x2J = 144

Q2 MMMMMMMMMMMMMMM
The stars in Example question 1 have the same

apparent brightness when viewed from earth.

Calculate the ratio of their distances.

Answer

W (4jrrfA
3

)

Lb/ £47rd9
3
)
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JU dr

q:i

The apparent brightness of a star is 6.4 x

10
11 Wnv J

. If its distance is 1 5 ly, whal is its

luminosity?

Answer

We use /js —try to find

!, =s h4xd'

=
^
6,4 x 10

-H—
j
x4jt x (15 x 9.46 x 1G

lS)W
= 1.62 x 10“W

Q4
A star has half the sun's surface temperature and

400 limes its luminosity. How many times bigger

is it?

Answer

VVe have that

400 =
L UJH

a4n(R )

?
7

i

a47i(R..un )

2 T*

_
mHT^/2)4

R-=
CRMn)

3 l6

of the body. The horizontal axis represents

wavelength in micrometres, Ibe vertical scale

has units ofW m 3
.

visible spectrum

—I f—

Relative

intensity

ultraviolet — i intntrcd

Wavelength (mx 10
" fc

3 < H.m>

Figure E2.3 Radiation profiles at different

temperatures, The broken lines show how the

peak intensity, and the wavelength at which
this occurs, vary with temperature. The overall

intensity is represented by the area under the

graph.

Most of the energy is emitted around the peak

wavelength. Calling this wavelength Ao, we see

that the colour of the star is mainly determined

by the colour corresponding to A-,. The area

under the black-body curve is the total power

radiated from a unit area, irrespective of

wavelength, and is thus given by <t7\

R2

„ = 400

R1

=> = 1 f) X 400
{R^y
R — 80
Q

The energy radiated by a star is in the form of

electromagnetic radiation and is distributed

over an infinite range ofwavelengths. Figure

E2.3 shows what is called the spectrum of a

black body, that is. the energy radiated per

second per wavelength interval from a unit area

>
J

lTte Wien displacement law relates the

wavelength A,, to surface kvnptmliire T

:

Au / -t constant = 2.9Q x 10 ’ K m

which implies that the higher the

temperature, the lower the wavelength at

which most of the energy is radiated,

Exiimpie questions

Q5
The sun has an approximate black-body spectrum

with most of the energy radiated a I a wavelenglh
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of 5.0 x 10
1 m. Tinrl the surface temperature of

the sun,

Answer

From Wien's law

5.0 * ICT7 m x T = 2.9 x 10
1 K m

ihm is

7 = 5800 K

Q6
The sun (radius R = 7M x 1

0" m) radiates a total

power of 5,9 x 1

0 '' W, Find its surface

temperature.

Answer

From l — fs AT't and A = 4 it R 2 we find

/ L \V4

T = — K ss 5800 K
\ct4jt R2

)

Stellar spectra

A great wealth of information can be

gathered about a star from studies of its

spectrum.

Temperature

The surface temperature of" the star is

determined by measuring the wavelength at

which most of the radiation is emitted (sec

Figure E2.4).

//ID11 w m 1

Figure F2.4 The spectrum of this star shows that

most of the energy is emitted at a wavelength of

about a = 5 x 10 m. Use of Wien’s law then

allows the determination of the surface

tempera hire o f the s tar.

For the star of Figure E2.4, Wien's law gives

XoT = 2.90 x TO
-5 Km

T 2.90 x KT3

=> r =
5 X la 7 K

= 5800 K

Chemical composition

In practice if is not always possible ro obtain a

spectrum like that of Figure E2.4, It is much
more common lo obtain an absorption

spectrum in which dark lines are seen

superimposed on a background of continuous

colour (shown in black and white in Figure

F2.5). Each dark line represents the absorption

of light of a specific frequency by a specific

chemical element in the star's atmosphere.

1 1 1

i 1

F

wavelength

Figure H2.5 Absorption spectrum of a star

showing three absorption lines, A real spectrum
would show thousands of dark lines.

It has been found, however, that most stars have

essentially the same chemical composition, yet

show different absorption spectra. The reason

for this difference is that different stars have

different temperatures. Consider two stars with

the same content of hydrogen. One is hot, about

25 090 K, and the other cool, about to 990 K.

The hydrogen in the hot star is Ionized, which

means the electrons have left the hydrogen

atoms. These atoms cannol absorb any light

passing through them, since there arc no bound

electrons that can absorb the photons and make

transitions to higher energy states. Thus, tile

hot star will not show any absorption lines at

hydrogen wavelengths. The cooler star, however,

has many of its hydrogen atoms in the energy

state n — 2. Electrons in this state can absorb
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photons to make transitions to states such as

n = 3 and rj = 4, giving rise to the characteristic

hydrogen absorption lines. Similarly, an even

cooler star of temperature* say. 3000 K will have

most of its electrons in the ground state of

hydrogen atoms and so can only absorb photons

corresponding to ultraviolet wavelengths. These

will not result in dark lines in an optical

spectrum.

In this way, study of absorption spectra gives

information about the temperature of the

star and its chemical composition. Of

course, as discussed in the last paragraph, the

understanding is that absence of certain lines

does not necessarily imply the absence of the

corresponding chemical element.

Stars are divided into seven spectral desses

according to their colour (see Table E2.1). As we

have just seen, colour is related to surface

temperature. 'Hie spectral classes are called 0,

R. A r F. G, K and M, (Remembered as Oh Be A

Fine Giri/Guy Kiss Me!}

Spectral class Colour TemperaturejK

O Blue 2SODO-50000

B Blue“white 12000-25000

A White 7500 12000

r Yellow-white 6000 7500

G Yellow 4500-6000

K Yellow-red 3000-4500

M Red 2000-3000

Table E2,l Colour and temperature characteristics

of spectral classes.

It is known from spectral studies that hydrogen

is the predominant element in normal main
sequence stars [see next section), making up to

70% of their mass, followed by helium with

28%; the rest is made up of heavier elements.

Radial velocity

If a star moves away front or toward us, its

spectral lines will show a Doppler shift. The

shift will be toward the red if the star moves

away, and toward the blue if it comes toward

us. Measurement of the shift allows the

determination of the radial velocity of the star.

Rotation

If a star rotates, then part of the star is moving

toward the observer and part away from the

observer. Thus. lighL from the different parts of

the star will again show Doppler shifts, from

which the rotation speed may be determined.

Magnetic fields

In a magnetic field a specs rat line may split

into two or more lines (the Zeeman effect}.

Measurement of t lie amount of splitting yields

information on the magnetic field of the star.

The Hertzsprung-Russell diagram

Astronomers realized early on that there was

a correlation between the luminosity of a star

and its surface temperature. The higher the

temperature, the higher the luminosity. In the

early part of the twentieth centu ry, the Danish

astronomer, Ejnar Hertzsprung, and the

American, Henry Norris Russell, independently

pioneered plots of stellar luminosities.

Hemsprung plotted luminosities versus

surface temperature and Russell plotted

absolute magnitude versus spectral class. Such

plots are now called Hertzsprung-Russell (HR)

diagrams. In the HR diagram that follows

(Figure E2.6), the vertical axis represents

luminosity in units of the sun's luminosity lie,

1 on the vertical axis corresponds to the solar

luminosity of 3*9 x TO2* W). The horizontal axis

shows the surface temperature of the star [in

thousands of kelvin). The temperature decreases

as we move to the rigid. Also shown at the top of

the diagram is the spectral class for each star,

which is an alternative way to label the

horizontal axis. The luminosity in this diagram

varies from 10
5
to 10

s
* a full 10 orders of

magnitude, whereas the temperature varies

from 3non K to 25 000 K. For this reason, the

scale on the axes is not linear.
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As more and more stars were placed on the HR

diagram, it became dear that a pattern was

emerging. The stats were not randomly

distributed on the diagram.

e» Three dear features emerge from the UR

diagram.

1 Most stars fall on a strip extend i ng

diagonally across the diagram from top

left to bottom right. This is called the

main sequence,

2 Spjme large stars, reddish in colour,

occupy Lite top right - these are the red

giants I large, cool stars).

3 The bottom left is a region of small stars

known as white riwntfi (small and hot).

o B
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Figure E2.6 The Hertzsprung-Russell diagram. The

(surface) temperature increases to the left, Note

that the scales are nor linear.

In fact, about 90% of all stars arc main sequence

stars, 9% are white dwarfs and 1% are red giants.

Another feature of ihe HR diagram is that, as we

move along the main sequence toward hotter stars,

the mass of Lhe stars increases as well. Thus, the

right end of the main sequence is occupied by

red dwarfs and the left by blue giants. Note that

as we move up the main sequence (right to left),

the mass of the stars increases. .

Note that, once we know the temperature of a

star (for example, through its spectrum), the HR
diagram can tell us the luminosity of the star

with an acceptable degree of accuracy, provided

it is a main sequence star. (The main sequence

is. after all. not a mathematical line but a broad

band.) litis observation is the basis For a

method that determines the distance to a star

called spectroscopic parallax (see Option E3).

Types o f stars

As we have just seen, the HR diagram makes a

clear division of stars into various types.

Main sequence stars

Our sun is a typical member of the main

sequence. It has a mass of 2 x 10
11

kg, a

radius of 7 x IQ* m, an average density of

1 A x Iff kg m 5 and radiates at a rate of

3.9 x 10
2i

' W„ What distinguishes different main

sequence stars is their mass. Main sequence

stars produce enough energy in their core, from

nuclear fusion of hydrogen into helium, to

exactly counterbalance the tendency of the star

to collapse under its own weight. The

luminosity of stars on the main sequence

increases as the mass increases.

Red giants

Red giants are another important class of stars.

They are very large, cool sLars with a reddish

appearance. Ihe luminosity of red giants is

considerably greater than the luminosi ty of

main sequence stars of the same temperature;

they can, in fact, be a million or even a billion

times bigger. Treating them as black bodies

radiating according to the Stefan-Boltzmann

law means that a luminosity of 10
s times bigger

corresponds to an area of 10
b times bigger,

which means a radius of 10
: times bigger. This

explains the name given to these stars. The mass

of a red giant can be as much as 1000 times the

mass of our sun, but their huge size also implies

small densities. In fact, a red giant will have a

central hoi core surrounded by an enormous

envelope ofextremely tenuous gas.
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White dwarfs

These are very common stars but their faintness

makes them hard to detect; A well-known white

dwarf is Sirius B, the second star in a binary

star system {double star}, the other member of

which, Sirius A, is the brightest star in the

evening sky. Sirius A and B have about the same

surface temperature (about 10 000 K) but the

luminosity of Sirius B is about 10 000 times

smaller. This means that Sirius B has a radius

that is 100 times smaller than that of Sirius A.

Here is a star of mass roughly that of ihe sun

with a size similar to that of the earth. This

means that its density is about 10* Limes the

density of the earth!

White dwarfs Form when a star collapsing

under its own gravitation stabilizes as a result

of electron degeneracy pressure. This means that

the electrons of the star are forced into the

same quantum states. To avoid that, the Pauli

exclusion principle forces them to acquire targe

kinetic energies. The large electron energies can

then withstand the gravitational pressure of the

star.

In addition, we may identify three other

important star types.

Variable stars

Whereas the luminosity or our sun and other

main sequence stars has remained constant over

millions of years, stars exist that show a

variation in their luminosily with time. These

are called variable stars. The variation of

luminosity wiLh time (a graph showing the

variation of luminosity' with time is known as

the light curve of Lhe star) can be periodic or non-

periodic. The reasons for the variable luminosity'

are mainly changes in the internal structure of

the star. For example, a normal main sequence

star will, as part of its evolutionary' process,

grow in size as its outer envelope expands. In

doing so, it may eject mass Ifom the outer

layers, forming what is called a planetary nebula,

with an ensuing increase in the star's

luminosity. Similarly, IT ihe star is substantially

heavier than the sun, the release of mass and

energy from the outer envelope is even more

dramatic, resulting in a supernova with

luminosity increases by lac tors of a million. In

the case of bi nary stars {see later), matter can be

transferred from one star to the other and, on

being beared, this matter can radiate, again

increasing the star's luminosity,

Cepheid*

Most prominent among the class of periodic

variables are the Cepheid stars, because There

exists a relationship between the period of the

light curve and the peak luminosity of these

stars. Thus, observation of a Cepheid over time

allows the determination of its period and hence

its peak luminosity. Knowledge of the luminosity'

is important since comparison with the apparent

brightness yields the distance or the star,

Cepheid s have periods from 1 to 50 days.

The study of variable stars is important since it

provides much information about the internal

structure of the star and is a testing ground for

theories about stellar structure.

Binary stars

A system of two stars that orbit a common
centre is called a binary star system. Depending

on the method used to observe them, binaries

fall into three classes:

* visual

* eclipsing

- spectroscopic.

Binaries are important because they allow

for the determination of stellar masses as

explained below.

Visual binaries - These appear as two separate

stars when viewed through a telescope. They are

in orbit around a common centre, the centre of

mass of the two stars, as shown in Figure E2.7 in

the simplified case of circular orbits.

It is shown in the chapter on gravitation that

the common period of rotation for a binary is

give it by

Ltm "f ivi2 )
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where d is the distance between the two stars.

Thus we can conclude that;

Measurement of the separation distance

and period gives the sum of the masses

making up the binary.

To determine the masses individually, we need

information about the orbit of each star. Note

that the inner star is tire more massive of the

two.

Figure E2.7 A binary star system. The stars rotate

abou t their centre of mass. The two stars are

always diametrically opposite each other-

separating the stars is d = rfl where r is the

distance to the binary. The angle mi List be

expressed in radians, that is T arc. seconds)

9 = 7.56"

7.56

” 3600

7.5b a
“ 3600 * ISO

= 3.665 x 10
-5

rad

The distance to the binary in metres is

r = 8 .79 x 9.46 x 10 1 *

= 8,31 x 10
1fc m

Hence the separation of the stars is d - 3,05

x

TO
1 - m. From the formula for the period

M, + Mi =
4jT ~ d l

cr a

4tt
jO.0S x 10

,2 >'

6.67 x If.

V

11
it (50 x 365 x 24 x 60 x 60)-

= 6.75 x 10® kg

or 3,4 scalar masses.

Example question

Q? ""
A visual binary with a period of 50 yr is at a

distance from earth oi 8,79 ly. The distance

Eclipsing binaries - [f the plane of the orbit of

the two stars is suitably oriented relative to that

of the earth, the light from one of the stars in

the binary may be blocked by the other,

resulting in an eclipse of the star, which may be

total or partial. If a bright star (light

grey circle) is orbited by a dimmer

companion (dark circle), the light

curve has the pattern shown in

Figure E2.9. Such an example is

provided by the system of AR
Cassiopeia,

between the stars subtends an angle at earth {l be

'angular diameter) of 7.56 arcsecunds. Find the

sum oi the masses in the binary.

Answer

See Figure F2,K.

Figure E2.8 shows what is meant by "angular

diameter' - ii is the angle Eh at the separation of

the stars subtends ai earth. 1 he distance

A B C D E

• o O o* ® »o
uppart rlL

hrightnesN A R V 13 E

Y u~~~~Y “
orbiui] period

4 fr 8 hme/days

Figure L-2,9 The light curve ot AR Cassiopeia shows

dips in brightness as the dimmer companion
disappears behind the brighter star. When
the dim star is in front, the dip is the largest.
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Example quest can

rr — mm
Discuss the light curve of the eclipsing binary

system Algol shown in Figure E2.10.

apparent

brightness

Y~^ Y
I 4

FigpLii^ B2.lt).

7 Itmc/d^ys

Ansin'r

This is an example of an eclipsing binary system

in which the brighter or the two stars partially

disappears from view every 3 days. The large dip

in brightness occurs when the brighter star is

behind the dimmer one. The small dip in

brightness occurs when the brighter star is In front

of lhe dimmer star.

Spectroscopic binaries - This system is

detected by analysing the light from one or

both of its members and observing that there is

a periodic Doppler shifting of the lines in the

spectrum, A blueshift is expected as the star

approaches the earth and a redshift as it moves

away from the earth in its orbit around its

companion (Figure E2.ll).

Figure E2.ll A binary star system. The stars rotate

about their centre of mass. If the light grey star

is the brighter, its light arrives at an observer

blueshifted in 1 he first diagram and redshifted

in the second, hi both positions shown, the stars

are said to be In conjunction.

If A0 is the wavelength of a spectral line and X

the wavelength received on earth, the shift, z t

of the star is defined as

if the speed of the source is small compared

with the speed of light, it can be shown that

7 _ v

c

which shows that the shift h indeed directly

proportional to the source’s speed.

llte top diagram in Figure E2,12 shows a

spectrum with one line and the other two

diagrams show what this line would look like

if it were blue- or redshifted.

llOniUll

1

btuesliifhid

|

redshifted

increasing wuvelength

Figure E2.12 A normal spectral line (observed

when the star's velocity is normal to the line of
sight) is periodically blue- and redshifted as the

star revolves in its orbit. In this example we are

assuming that the second star is very dim so its

light is not recorded. See questions 23 and 24
at the end of the chapter for the case in which
light from both stars is analysed.

There is more discussion of the Doppler effect

for light in Chapter 4.5 and on page 536.

Example question

Q9
The blues hiUs and red shifts oi the bright star in

Figure E2.12 aie 3.4 x 10 \ If it is known that Ihe

two stars are equal In mass and the distance

separating them is 2.8 x 10
13 m, what are ihese

masses?

Answer

From the Doppler formula,, v — zc — 1 0 200 ms 1

.

From

, _ CMi 1

V ~
d(M, + Mj )

CM
2d
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it follows that

Isrd

= 4.4 * 10™ kg

1 The light from a star a distance of 70 I y away

is received on earth with an apparent

brightness of 3.0 x TO s W in” '. Calculate the

luminosity of the star.

2 The luminosity of a star is 4.5 x 1G
7ft W and

its distance from earth is 88 ly, Calculate the

apparent brightness of the star.

3 The apparent brightness of a star is

8.4 x TO
-10 Wm '' and its luminosity

6.2 x 1 Qm W. Calculate the distance to the

star in light years.

4 Two stars have the same size but one has a

temperature that is four times larger,

ta) How much more energy f>er second does

the hot star radiate?

lb) The apparent brightness of the two stars is

the same; what is she ratio of the distance

of the cooler star to that of the hotter star?

5 Two stars are the same distance from earth

and their apparent brightnesses are 9.0 *

TO 11W

m

- "
(star A.) and 3,0 x 10" 13 W m 3

(star B), Calculate the ratio of the luminosity of

star A to that of star B.

6 Take the surface temperature of our sun to be

6000 K and its luminosity to be 3,9 x 10“W 1

Find, in terms of the solar radius r the radius of

a star with:

fa) temperature 4000 K and luminosity

5 2 x 10“ W;

(b) temperature 9250 K and luminosity

4.7 x T0
J7 W.

7 Two stars have the same luminosity. Star A Iras

a surface temperature of 5000 K and star B a

temperature of 10 000 K,

(a) Which is the larger star and by how much?

(b) If the apparent brightness of A is double

that of R, what is the ratio of the distance

of A to that of B?

8 Star A has apparent brightness 8.0 x

TO IJ WrrT? and its distance is 120 ly. Star R

has apparent brightness 2.0 x 10
1

' Wm J

and its distance is 150 ly. The two stars have

the same size. Calculate the ratio of the

temperature of star A to that of star B.

9 Two stars A and B emit most ot their light at

wavelengths of 650 nm and 480 nm

respectively. If it is known that star A has

twice the radius of star B r find the ratio of the

luminosities of the stars,

10 Explain how the surface temperature of a star

determines the spectral class to which it

belongs,

1 1 Describe how the colour of the light from a

star can lx-1 used to determine the surface

temperature of the star,

12 Explain why a star on the top left oi' the main

sequence will spend much less lime on the

main sequence than another star on the lower

right,

13 Describe the main features of the HK diagram.

What quantities can be plotted on the vertical

axis anti which on the horizontal? Why are

the scales non-linear?

14 Describe how a stellar absorption spectrum is

formed,

15 Figure F2J 3 shows the intensity of a

particular spectral line emitted by a non-

rotating star. On the same graph, draw what

you would expect if the star were rotating.

intensity

frequency

Figure F2.13 For question 15.

16 Show that, if the stars in a binary star system

have the same mass, they share the same

orbit,

17 Make a sketch of the light curve of an

eclipsing binary of period 20 yr in which:

la) both members are equally bright;

(b) the inner star is much brighter than the

other.
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(Assume that the line of sight is in Ihe orbital

plane.} In each case draw diagrams to show

the relative position of the two stars for

significant times during the period,

18 From redshift measurements in a

spectroscopic binary, it is known that the

ratio of the masses is 1 .20, If the period

of the binary is 40 yr, and from parallax

measurements it is known that the lwo stars

arc separated by a distance of 2 A * 10 1 -' m r

find the individual masses of each star in the

binary,

T9 A visual binary system is at a distance of

5.0 pc. The distance between the two stars

subtends an angle of 4.5 arcseeands.

(a) What is this distance?

(b) The period of the binary is 87.ft yr. What

is tiie sum of the masses of the stars

making up the binary?

(c) The radius of the orbit of one of the stars

subtends an angle of 1.9] artseconds.

What is the mass of eacli of the stars?

20 Describe what is meant by the term white

dwarf. List two properties of the star, i low-

does a white dwarf differ from a main

sequence star of the same surface

temperature?

21 A white dwarf, of mass half that of the sun

and radius equal to one earth radius, is

formed. What is the density of this white

dwarf?

22 Where on the HR diagram would our sun lie

at The time of its creation?

23 Figure E2.14 shows the spectrum of a

spectroscopic binary,

fa) Explain the structure of this spectrum.

(b) Explain how it can be deduced that the

stars arc not equally massive.

«— bhiesluic

Figure H2.14 For questions 23 and 24.

(c) Show by appropriate diagrams the relative

positions ol the two stars that give rise to

each of lhe four spectra shown.

24 For the binary star system described in

question 23, assume l hat the redshift in the

second diagram of Figure F 2, 14 is 3.4 x 10
-5

and the blueshift is 4.7 x 10 \ Find the ratio

of the masses of the two stars in the binary,

25 A binary star system consists of two stars that

have a ratio of apparent brightness equal to 10,

Explain carefully how we can deduce that the

ratio of the luminosities of the stars is also 1 0.

26 (a) Find the temperature of a star whose

spectrum is shown in Figure E2.15.

(h} Assuming this is a main sequence star,

what do you estimate its luminosity to be?

010" W nr 3
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Stellar objects

A major problem sn astrophysics is the accurate determination of the distance to a star

Ibis chapter discusses Three methods for measuring distances: the parallax method, the

spectroscopic parallax method and the Cepheid star method. The main tools in the study

ol stellar luminosity, such as absolute and apparent luminosities, and absolute and

apparent magnitudes, are also discussed.

Objectives

By the end of this chapter you should be able to:

* describe the method of parallax, d (in parsecs) = —
m.^
—

, the

method oFspectTO5copic parallax and the CepJidds method for determining

distances in astronomy;

- define the pur ser;

* state the definitions of apparent brightness, b = — , and apparent and

absolute magnitude, = I00 -m/5 — 2,312“^

;

* solve problems using apparent and luminosity;

* use the magnitude-distance formula.

The parallax method

The parallax method takes advantage of the fact

that, when an object is viewed from two different

positions, it appears displaced, relative to a fixed

background. If we measure the angular position

ofa star and then repeal the measurement some

time later, the two positions will be different,

relative to a background of stars, because of the

fad that in l lie intervening time the earth lias

moved in its orbit around the sun. We make two

measurements of the angular position of the star

six months apart; see Figure E3.L The distance

between the two positions of the earth is equal

to 0 = 2K, The diameter of the earth's orbit

around the sun (R = 1,5 x 10
1

in). The distance

to the star, d, is given by

. R
lan p=d

Since the parallax angle is very small, tan p p

July

Oarth

January

m
Figure E3.1 (a) The parallax of a star. |b) Two
photographs’ of (he same region of the sky

taken six months apart. The position of the star

(indicated by a cross) has shifted, relative to the

background stars, in ihe intervening six

months.

where the parallax p is measured in radians,

. R
and so a = —

P
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* The parallax angle is shown in Figure £3.1.

It is the angle ai the position of the star

that subtends a distance equal to the radius

of the earth’s orbit around the slmi. a

distance known as one astronomical unit,

I All - 1,5 x Id
1 m +

Parallaxes are measured quite accurately

provided they are not too small. For example,

parallaxes down to 1 arcsecond, symbol r (or

1/3600 of a degree), are easily measured.

* If the star is too 'far away, however, the

parallax is too small to be meas tired and

this method fails. Typically, measurements

from observatories on earth allow distances

up to 300 iy (roughly 100 parsec) to be

determined with the parallax method,

which is therefore mainly used for nearby

stars. (Using measurements from satellites

above the earth’s atmosphere, distances

larger than 500 pc can be dete rmined

using the parallax method.)

The parallax method can be used to define a

common unit of distance in astronomy, tile

parsec. One parsec (parallax second) is the

distance to a star whose parallax is 1 arcsecond,

as shown in Figure E3.2.

Figure E3.2 The definition of a parsec. A parsec is

that distance at which 1 AU subtends an angle

of 1 arcsecond.

In conventional units this means that

1,5 x 10"
1 pc — . , .

. j ,
m

(ir)(*y
= 3,09 x 10“*m

(The factor of2jt/360 converts degrees

into radians.) In terms of a light year fl ly =
9.46 x 10 m), 1 pc - 3.26 ly. In summary:

- 1 ALJ = 1*5 x I0
11 m

* 1 ly = 9.46 x lO
1

"
1 m

*
1 pc = 5.09 x I0

16 m = 3.26 ly

This means that If the parallax ofa star is

known to be p arcseconds, the distance is

] fp parsecs, or

tf tin parsecs i
= —:
—*— —

ft on arcseconds i

Table E3.1 shows the five nearest stars.

Star Distant:e/iy

I’rtixima Centauri 4.3

Barnard’s Star 53

Woifssy 77

Lalande 211*5 8,2

Sirius H.6

Table E3.t Distances to rite five nearest stars.

Absolute and apparent

magnitudes

The ancient astronomers devised a relative

system of classifying stars according to how
bright they appeared to an observer on earth.

Each star was given a number called the

apparent magnitude nr - the higher the apparent

magnitude, the dimmer the star. In the system

of Hipparehos and Ptolemy, six classes of

brightness were defined, and assigned numbers

f rom I to 6. A magnitude 6 star was supposed to

be 100 times dimmer than a magnitude 1 star.

Thus, a magnitude 2 star is 10OT/5 2,512 times

dimmer than a magnitude 1 star.

The modem system of assigning a measure to

apparent brightness conforms roughly to that

of the ancient astronomers. The modern

magnitude scale is defined as fol low's.
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^ Given a star ofapparent brightness /), we

assign to that star an apparent magnitude m
defined by

!’ = ioo-n •

K

nlle value

ba ^ 2.52 x 10
11 W m

is taken as the reference value lor apparent

brightness.)

Taking logarithms (to base 10) gives the

equivalent Form

m =
“l'°8 (£)

Since lOO 1
'

3 — 2.512 the first equation

above can also be written as

^ = 2 512"'"

to

As an example, consider a star whose apparent

brightness is 6.43 x 10
,J Wm Vfhen

Consider now two stars of apparent magnitude

mi and m2 and apparent brightness b, and b2+

We have

^ = 2.512“™' and fi = 2.512-"’1

Do bo

and so taking ratios gives

— ^ 2.512™*-'"'

P2

This allows us to compare the apparent brightness

of two stars given their apparent magnitudes.

Our sun has an apparent magnitude of 26.74.

Sirius A, the brightest star in the nigh I sky, has

apparent magnitude -1.5, Proxima Centauri

has 0.3 and Barnard's Srar has 9.5. Thus, we

find that the apparent brightness of Sirius A is

b— = 2,512
by

=>i> = 2.52 x 10“® x 2.512“ f
-

| -5j

= 1 x 10“7 Wm' 2

We may also compare the brightness of Sirius To

that of Barnard's Star to find

m = -2.5 log
6.43 x 10

-9

2.52 x 1G~*

= -2.5 log 0.2552

= 1.48

^Sirius

bRafJlilfd ' h

2 512
£S5+1 51

2.512"

« 25 000

Similarly, a star of apparent magnitude

m = 4.35 has apparent brightness given by

~ = 2,512
-ffl

Do

=* b = 2,52 x 10
R x 2.512-4 35

= 4.58 x 10“ 30 W m“2

Note that a star of apparent brightness equal to

the reference value ho = 2.52 x 10“ u W m 2
is

assigned an apparent magnitude m = 0.

t> tl is somewhat confusing so we repeat (his

point, nanlily lhat the magnitude scale is

defined so that the larger the magnitude,

the dimmer the star.

which means thal Sirius is about 25 000 times

as bright. Comparing the brightness of Proxima

Centauri to that of Barnard’s Star gives

jfrwagw __ 2 512^ 5

0&*TurtT»

= 2.512
s2

^ 5000

which means that Proxima Centauri is about

5000 times brighter than Barnard’s Star,

The human eye can detect a star ofapparent

magnitude not larger than abotil 6. With

simple binoculars the limit is raised to stars of

magnitude 9, The largest telescopes can record

images of objects of apparent magnitude as

faint as 27, (See Figure E3.3.)
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Figure H3.3 (a) Apparent magnitudes of stars,

(b) Absolute magnitudes of stars.

Two stars that have the same apparent magnitude

are not necessarily equally bright intrinsically,

since they may be at different distances. To

establish a system of absolute magnitudes that

will tell us ifone star is intrinsically brighter than

another, we imagine that all stars are positioned

at the same distance from earth. By convention,

this distance is taken to be 10 pc.

i he apparent magnitude a star vwuld have

if placed at a distance of 10 pc from earth

is called the aMuTc magnitudeM ofthe star

(sec Figure E3.4).

earth
true distance of Slar, tl

star

o
uppiirvni magnitude, m

CMTlh
10 pc

ittar

—

o

absolute magnitude, Af

Figure 03.4 Diagram used for the definition of the

absolute magnitude of a star

Absolute and apparent magnitudes and

distance are then related. Let us compare the

apparent brightness h of a star to the apparent

brightness B that it would haw if it was placed at

a distance of 10 pc. We have

— = -]GQ
_vn ~ ,lrl)/5

But also we have

b =
4^F

and 6 ”
4jt( 10 pc)2

and so

L /(4:rd ) _
t/(4*102

>

(4)
* = «r~""

Taking logarithms (to base 10) gives

!i°»(^)*(^T
!

)
k« ,oi>
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Finally wc obtain

m-M = Slofi(^j)

where it must be stressed that d is expressed in

parsecs (pc). If necessary we can solve for the

distance d to obtain

d - I0
(J" x 10 pc

Table V3.2 shows the five brightest stars in the

sky along with their apparent and absolute

magnitudes. Sirius appears to be Lhe brightest

but. of the five stars shown, Canopus is the one

with the largest luminosity.

Star m W

Sirius -1.43 1.4

Canopus -0.72 -4.3

Alpha Cemauri -0.27 4.7

Arcturus -0j0G -0.1

Vega 0.02 0.5

Table E3.2 Apparent and absolute magnitudes of

the five brightest stars.

Example questions

Calculate (he absolute magnitude of a star whose

distance is 25.0 ly and whose apparent magnitude

is 3,45.

Answer

We must first charge light years (3y) into parsecs

(pc). Since

25 ly =5 pc = 7,67 pc
3,<D

we have

M = 3.45 - 5log(Q.7G7)

M = 4.03

Q2
Calculate the distance to Sirius using the data in

Table L3.2.

Answer

From

d= 10°"-'V”' 5 x 10 pc

we get

c/ = X 10 pc

= 10 c
"

l 4i“M^ X 10 pc

= 10-' 61/5 X 10 pc

= 10
~°,w X 10 pc

d = 2.7 pc

Spectroscopic parallax

- The term sprrtfPSOipic paruUtix refers to a

method of finding the distance to a smr

gi veil The star's luminosity and apparent

brightness. The term is misleading in that

no use of parallax is being made.

Assume that we know the luminosity, l. , and

apparent brightness, ft, of a star. Since these two

quantities are related by

4;rd 2

it follows that

The question is then how to determine the

luminosity of the star. This is done by examining

its spectrum, from which, as we saw in the last

chapter, the temperature can be deduced.

Knowing the temperature and using the HR.

diagram (assuming the shir is a main sequencer star)

allow us to determine the luminosity as well.
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Thus, the distance can be found. Tills method

can be used to estimate distances to several

thousand parsecs,

t va tuple question

Q *

A main sequence star emits most of its energy at a

wavelength of 2.4 x 1 (r
? m. Its apparent

brightness is measured to be 4.3 x 10
H W m 2

.

How far is the star?

Answer

From Wien's law we find the temperature

of fhe star to be

X0 T = 2.9 x 10" 1 K

m

2>4 x 10~7

= 12 000K

From the HR diagram on page 500, we see that

such a temperature corresponds to a luminosity of

about. 1 00 times that of the sun, that is

L = 3.9 x 10MW

Thus

3.9 x I0ia

4tt x 4 3 x 10 ,>
m

= 3 5 x 3 0
1 m

sa 90 ly

ss 23 pc

The Cepheids

Cepheid variable stars are stars whose

luminosity is not constant in time but

varies from a minimum to a maximum
periodically, the periods being typically from a

couple of days to a couple of months. The

brightness of the star increases shar ply

and then lades off more gradually, as

shown in the light curve of a Cepheid in

Figure E3,5.

JJT

Figure i-3.5 The apparent magnitude of a Cepheid

star varies periodically with time,

'The first Cepheid was discovered by the

nine le en*yeano Id Engii sh astrot lomer

John Goodricke in 1743, two years before

his death.

The reason for the periodic behaviour of the

brightness of Cepheid stars has to do with the

interaction of radiation with matter in the

atmosphere of the star. This interaction causes

the oufer layers of the star to undergo periodic

expansions and contractions. The star is at its

brightest when the surface of the star expands

outward at high velocity. It is at its dimmest

when the surface moves inward,

At the beginning of the twentieth century,

Henrietta Leavitt discovered a remarkable

relationship between the peak luminosity of

Cepheids and their period. ’I Tie longer the

period, the larger the luminosity [see Figure

[3,6).
r

lhis makes Cepheid stars 'standard

candles' - observing a Cepheid and finding

its period allows the determination of its

luminosity. This, in turn, allows the

determination of its distance, as explained

below.

For example, the Cepheid whose light curve is

shown in Figure E-3.5 has a period of about 22

days. From Figure K3.6. t his corresponds to a

luminosity of about 7000 solar luminosities, or

about 1 — 2.75 x 10s0 W. Tire peak apparent
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InmiBiMiij

Figure F3.G There is a relationship between the

peak luminosity of a Cepheid star and its period.

The luminosity ss given in terms of the solar

luminosity |see Appendix 3).

magnitude of the Cephcid from Figure E3,5 is

about m = 3-7. The peak apparent brightness

can be found from

— as 2 512
" J"

2.52 x 10 B

=>b= 232 x 10
11 x 2.512

37

= 834 x 10" 10 Wm-2

Now, using the relationship between apparent

brightness, luminosity and distance,

b =

^ d =
i*Kb

I
2.73 x 10^

“
V 4jt X 834 X 10 10

= 1,6 x I0
19 m

^ 1700 ty

-c 520 pc

Thus, one can determine the distance to the

galaxy in which the Gepheid is assumed to be.

The Cepheids method can be used to find

distances up to a few Mpc.

Figure 1*3,7 summarizes the distances at which

each of the methods of determining stellar

distance is effective.

parallax Npt^tiuwopie parolla* Cepheid variables

1 1 r*

1 00 pc 30000 pc 15 Mpc

Figure E3.7 The ordinary parallax method allows

the determination of distances up to about

100 pc. The spectroscopic parallax method
ex Lends distance measurements to about

10 000 pc. The Gepheid variable star method
extends the scale further to 15 Mpc.

1 Describe with the aid of a dear diagram what

is meant by the parallax method in astronomy.

Explain why the parallax method fails for stars

that are very far away.

2 Give definitions of:

la) apparent magnitude of a star;

(b] absolute magnitude of a star,

3 find the distance to Procyon, which has a

parallax of 0.285*.

4 The distance of Epsilon Eridani is 10.8 ly.

What is its parallax?

5 Betdgeuse has an angular diameter of 0.01
6"

f'i.e. die angle subtended by the star's diameter

at the eye of an observer) and a parallax of

0.0067".

(a) What is ihe distance of Betelgeuse from

the earth?

fb) What is its radius in terms of the sun's

radius?

6 The parallax of a star is 0,025" and its

absolute magnitude is M = 0,8, Is its apparent

magnitude less than or greater than 0,8?

7 The parallax of Kapleyn's Star is 0.250" and its

apparent magnitude is 9,2,

(a) How far is it?

(b) Is this star visible to the human eye?

8 How many times brighter is a star of

absolute magnitude 2 than a star of absolute

magnitude 4?

9 Vega has an absolute magnitude of 0.5

and Capella an absolute magnitude

of -0,6, Which rs (he brighter star and by

how much?
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10 Table E3.3 contains information on apparent

magnitude and parallax for two stars.

(a) Which star appears brighter?

(b) Which star has the larger luminosity?

Star Apparent magnitude Parallax

A 4.82 0.(122"

a 5,315 0.034
"

Table E3-1 For question 10,

11 Table E 3-4 contains information on absolute

magnitude and parallax for two stars.

(a) Which star has the larger luminosity?

(b) Which star appears brighter?

Star Absolute magnitude Parallax

A 375 0.025"

B 3.75 0.040
r

Table F3.4 For question 11.

1 2 The two stars making up a binary star system

have apparent magnitudes of m= 5.1 (star Ai

and m — a. 2 (star B). Explain carefully how

we can deduce that star A has the greater

luminosity.

13 A main sequence star emits most of its energy

al a wavelength of 2.42 x 10
‘ r m .Its apparent

brightness is measured to be 8.5b x

10"'* W m How far is ihe star? (Use the HR

diagram on page 500.)

14 What is the apparent brightness and apparent

magnitude of a star of luminosity 2.45 x

10'"* W and a parallax of 0,034"?

15 (a) Altair has an apparent magnitude of m =

1 .0. Calculate its apparent brightness.

(b) Procyon has an apparent brightness of

1,78 x 10 RWm C Calculate ils apparent

magnitude.

16 Using Figure E3.6 in the text, calculate the

distance of a Cepheid variable star whose

period is 10 days and whose peak apparent

brightness is 3,45 x IQ-" Wm~2
.

1 7 Use the formula given on page 5 1 0 relating

absolute and apparent magnitudes to distance

to answer the following questions.

(a) Hind the distance of the star RigeL which

has absolute magnitude -7.0 and

apparent magnitude 0.1 +

lb) Alpha Centauri has an apparent magnitude

of -0,27 and a parallax of 0,760". What

is its absolute magnitude?

(c) Our sun has an apparent magnitude of

-2G.74. What is the greatest distance from

which this would be visible to the unaided

human eye?
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Cosmology
This chapter introduces OlbeiV paradox and its resolution, and the monumental discovery

by Edwin Hubble that the universe is expanding, the basic idea of the Big Bang theory is

introduced and the difficulties in determining the future evolution of the universe are

discussed.

Objectives

By the end of this chapter you should be able to:

* describe Others' paradox in Newton sail cosmology and how it is resolved;

* describe the main features of the Big Bung and the expansion of the

11 diverse;

* understand the significance of the cosmic background radiation;

- state i be meaning of the terms open universe and closed universe;

* ou tline the th eo ret i ca I possib E ! i ri es for ihe evdu Cion 0/ 1 he u n 1verse

;

* slate the meaning and significance of the term critical density;

appreciate the importance of various forms of dark matter.

Ol bers
r

paradox

The universe appears to be full of structures.

There are planets and moons in our solar system,

stars in our galaxy, our galaxy is part of a cluster

of galaxies and our duster is pan of an even

bigger supereluster of galaxies. If we look at Lhe

universe on a very large scale, however, we no

longer see any structures. If we imagine cutting

up the universe into cubes of side 300 Mpc
across, the interior of any one of these cubes

would look the same as the interior of any other

cube, anywhere else in the universe. This has led

to what is called the bamogenriiy principle in

cosmology. On a large scale, the universe looks

uniform.

Similarly, if we look in different directions, we

see essentially the same thing. If we look far

enough in any one direction, wc will count 1 tie

same number of galaxies. No one direction is

special in comparison with another. This has

led to a second principle ofcosmology, the

isotropy principle.

These two principles, homogeneity and

isotropy, make up what is called the

cosmological principle - a principle that has

had a profound role in the development of

cosmology.

The cosmological principle implies that the

universe lias no edge [for if it did, the part

of the universe near The edge would look

different from a part far from the edge,

violating the homogeneity principle}.

Similarly, it implies that the universe has no

centre (for if it did, observing from the centre

would showT a different picture from observing

from any other point, violating the principle

of isotropy}.
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Newton used an extreme version of i he

cosmological principle when he suggested that

the universe is infinite in extent, has no

beginning and is static, meaning it has been

uniform and isotropic at all trines. However, as

early as the eighteenth and nineteenth

centuries, serious theoretical problems were

posed for cosmological models such as

Newton's universe,

> The astronomers dc Cheseaux and Gibers

asked the very simple question of why the

night sky is dark. 'Their argument, based

on the prevailing static and infinite

cosmology of the period, led to a night

sky that would be bright!

Imagine a universe that is infinite and contains

an infinite number of stars more or less

uniformly distributed in space. The very distant

stars contribute very little light to an observer

on earth but there are very many of them.

Mathematically, let n stand for the number

density of stars, lhai is the number of stars per

unit volume of space. At a distance d from a

star of luminosity f , the received energy per

area per second (the apparent brightness) is

(see Figure E4.1.)

Figure H4.1 An observer (the black dot) in an

infinite universe is surrounded by stars whose
disiiibuiion is roughly uniform. The number of

stars in a thin shell (marked) around the observer

is proportional to Lhe square ofthe radius of the

shell and hence the energy emitted from those

stars is independent of the size of the shell.

The number of stars in a thin shell of thickness

l a distance d from the observer is number

density X volume — 4,tJ f]f. Hence the received

energy per second per area from all the stars in

the thin shell is

—^-rr x 4ird
2
iil = Lnf

This is a constant (i.e. it does not depend on

the distance to the shell d ). Since there is an

infinite number of such shells surrounding

the observer, and since each contributes a

consfunt amount 0/ energy, the in ted energy

received must be infinite, making the night

sky infinitely bright, which it is not. This is

Gibers' paradox,

Newton's static universe

Gibers' paradox cannot be eliminated in

Newton's universe. The obvious way to try to

solve the puzzle is to invoke absorption of the

radiation from the intervening stars and The

interstellar medium. Ill is does not work,

however, because in an eternal universe the

interstellar medium would, in time, be heated

up by the radiation il absorbed and would then

itself radiate as much energy as it received,

leading lo the same difficulty. There is, in fact,

no natural way to avoid this paradox in static,

infinite cosmological models.

In a finite, expanding universe (see next

section), however, the radiation received by the

observer is small and finite for two main reasons:

1 There is a finite number of stars and each has a

finite lifetime. This means that stars have not

been radiating forever, nor will they go on

radiating forever. Their total radiation is thus

small and finite compared with the infinite

energy they would emit if there were an

infinite number of them radiating for an

infinite amount of Lime.

2 Because of the finite age of the universe, stars

that are far away (beyond the ‘event horizon 'J

have not yet had time Ibr their light to reach

us.
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An additional reason that helps resolve 01 hers'

paradox is the following:

2 The radiation received is Fedshifted [because of

the expanding universe) and so contains less

energy.

The expanding universe

The dark lines in the absorption spectra of

distant galaxies correspond to wavelengths

that have been absorbed by the chemical

elements in the outer layers of the galaxies.

The positions of the dark lines are well known
from experiments on earth bur the observed

wavelengths from the galaxies, when compared

to those measured on earth, were found to be a

bit longer: they were red shifted (see Figure E4.2).

Tile same applies to the emission specLrum

of a galaxy, but that is usually too faint to be

seen,

® wvu
earth stationary star

earth star moving away

figure H4.2 Light from the star received on earth

has a longer than expected wavelength.

Hubble interpreted the red shift of the

spectral lines as evidence or a velocity of

the galaxy away /rani us. as in the Doppler

effect The faster the galaxy, the larger

the redshifL Hubble s observations thus

suggesi an expanding universe with

galaxies moving away from us and from

each other. It also suggests that in the

past the universe was much smaller. 'Hie

universe appears ro have started from a

kind of explosion that set matter moving

outward This is the idea of the Big Bang

model of cosmology.

It is important to realize that the universe is

not expanding into empty space. The expansion

of the universe is not supposed to be like an

expanding cloud of smoke that fills more and

more volume in a room. The gal.axies that are

moving away from us are not moving into

another, previously unoccupied, part of the

universe. Space is being created in between the

galaxies and so the distance between them

increases, creating the illusion of motion of one

galaxy relative to another.

The cosmic background radiation

In l%4, Pen zLas and Wilson, two radio

astronomers working at Bell Laboratories, made

a fundamental, if accidental, discovery. They

used an antenna they had just designed to

study radio signals from our galaxy. But the

antenna was picking tip a signal that persisted

no matter what part of the sky the antenna was

pointing at. The spectrum of this signal {i,e,

the amount of energy as a function of the

wavelength) turned out to be a black-body

spectrum corresponding to a temperature of

2,7 K, Tiie isotropy of this radiation fi.c, it was

the same in all directions) indicated that it was

nor coming from any particular spot in the sky:

rather it was radiation that was filling all space.

Penzias and Wilson did not know that this kind

of radiation had been predicted on the basis of

the Big Bang theory 30 years earlier by George

Gamow and bis co-workers and more recently

by Peebles and Dicke at Princeton, The

Princeton group was in fact planning lo start a

search tor this radiation when the news ofthe

discovery arrived.

- With help from the Princeton group,

Penzias and Wilson realized that the

radiation detected was the remnant of

Lhe hot explosion at l he beginning ol

Lime. It was the afterglow of the

enormous temperature that existed in Hit-

very early universe. As the universe has

expanded, the temperature has kepi

falling to reach its present value of 2.7 K.

Example question

Q1
Find the wavelength at which most of (he cosmic

background radiation is emitted.
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Answer

From the Wien displacement law
H
kT — 2.9 x

10" 1 K m, it follows that most of (he energy is

emitted at a wavelength k = 1,07 mm, which is a

microwave wavelength,

The Big Bang: the creation of

space and time

The discovery of the expanding universe by

Hubble implies a definite beginning of the

universe, some 14 billion years ago. The size of

the universe at that time was infinitesimally

small and the temperature and pressure

enormous. These conditions create (he picture

of a gigantic explosion at t =0. which set

matter moving outwards. Billions of years later

we see the remnant of this explosion in the

receding motion of the distant galaxies. This is

known as the Big Bang scenario in cosmology'. It

is important to understand that the Big Bang

was not an explosion that cook place at a

specific time in the past somewhere in the

universe. At the time of the Big Bang the space

in which the matter ofthe universe resides was

created as well. Thus, the Big Bang happened

about 14 billion years ago everywhere in the

universe (the universe then being a point).

The main experimental evidence in support of

the Big Bang theory includes the following:

1 The expansion of the universe - The universe

h now observed to expand. Hence in the past

the universe had a smaller size. Even further

into the past the universe must have been a

tiny object, which started to expand. This

points to a picture of an "explosion' that sel

the univei ise moving outward.

The cosmic background radiation - Today we

observe the background radiation at 2,7 K, This

is consistent with a small, hot universe in the

distant past, which began to cool down as it

expanded.

* Helium abundance - It is a prediction of the

Big Bang model that there should be an

abundance of helium in the universe, of about

25% by mass. Measurements of helium

abundance today, within our own galaxy,

nearby galaxies and clusters of galaxies, as well

as in newly bom stars, give a number that is

never Jess than 25%, El is very difficult to

account for this lower bound on helium in

such different measurements if we do not

accept the cosmological explanation of helium

formation.

The development of the

universe

Mathematically, the expansion of the universe

can be described in terms of a scale factor of

the universe in the following way. Ef the

distance between two galaxies was x0 at some

arbitrary time, then the separation of these two

galaxies at some time t later is given by tire

expression

x(t)^R(t)xa

The function R(() is called the scalefactor of

the universe and is of bask importance to

cosmology. It is sometimes referred to loosely

as the radius of the universe. Note that this is a

scalar function, not a vector, indicating the

standard assumption about the isotropy and

homogeneity of the universe on a large scale.

It is a basic problem in cosmology to discover

what this scale factor R(t) is. Application of the

laws of general relativity results in three

possibilities for K(f).

o The first possibility is that ft in starts from

zero, increases to a maximum value and

then decreases back m zero again. The

universe collapses after an initial period of

expansion. This is called a dosed universe.

In the second possibility , the scale factor

ft (I i increases without limit - the

universe continues to expand forever. This

is called an open universe.
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The third possibility is that the universe

does expand forever, but the rate of

expansion decreases. This is called a /hit

an iversa.

Tliese three possibilities are shown in

Figure E4.3.

\ii/c

equations far the evolution of Lhc universe. The

present time is indicated by 'now'* Notice that,

depending on which solution is taken, the age

of the universe is different. In other words,

different solutions imply a different age.

Which of the three possibilities is actually

realized depends on the value of the mass

density of the universe, p,

relative to a critical density

whose value (as shown

below} is about Euclidean p = a
A ^ ^ kg rn "

, Spherical p > a
* If p < a* the universe expands forever at a

slowing rate. The universe is called open.

* If p = An rhe universe expands forever at a

slowing rate that approaches zero. The

universe is called /led.

* If p > the universe collapses after a period

ofexpansion. The universe is called dosed.

General relativity actually gives an additional

interpretation to the three different scenarios for

R(t h General relativity says Lhai the geometry of

the universe (i.e, the rules ofgeometry) depend

on the amount of mass in the universe. The mass

in the universe bends or curves the space and

time in the universe. The amount ofbending

depends on how much mass there is.

The case p < a corresponds to an open universe

of infinite volume, whose curvature is

analogous to that of rhe surface of a saddle

(a hyperboloid). The case p > pt
corresponds to

a closed universe, with a finite volume and a

curvature similar to that of a sphere. This is a

universe without edges. Finally, p = pi

corresponds to an open* infini to. bur ffa

t

universe, analogous to the surface of an

ordinary plane.

These universes cannot be visualized. A closed

universe means that its volume is finite and

that it has no boundary. The inside of a sphere is

a three-dimensional space of finite volume but

it does have a boundary (the surface of the

sphere). We therefore try to visualize these cases

with two-dimensional analogies. For example,

imagine dots on the surface of a balloon

representing galaxies. As the balloon is inflated

(the universe is expanding! the dots move

further apart (the distance between the galaxies

increases). (See Figure E6.5 on page 538.)

Table F4.1 summarizes this information about

these three possible types of universe.

R;h (o|>l‘I\i Infinite For ever, but rare approaches zero

Closed Finite Strips, foil awed by collapse

Table F4.1 Characteristics of different possible

universes.

Supplementary material

Estimate of the critical density

The critical density can be calculated simply by

using Newtonian mechanics. Consider a

spherical cloud of dust oi radius r and a mass m
al ihe surface of this cloud which moves away

from the centre with a velocity v that satisfies

Hubble's law, v - Hr (see Figure 3
:
4,4). Here

[lie constant H stands lor the Hubble constant.

Its numerical value is 72 km s
1 Mpe \ This is

discussed in detail in Option Eft.

Geometry Density Type Volume Expansion

Hyperbolic p < A Open Infinite For wer, at slowing rate
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v

w

r

jrj

Figure E4.4 Estimating critical density.

The tote I energy of the mass is

1 , GMm
E =z ~mv

2 r

where M b the mass of the cloud. If we call the

density of this cloud p t
then M = pT.Tr1 and

using this together with v = Hr we find

The mass m will continue to move away if its

total energy is positive. The expansion will halt

a l infinity if the energy is zero, and contraction

will follow the expansion if the energy is

negative*

The criterion, therefore, is the value of

the density relative to the quantity

Determining the mass density

of the universe - dark matter
To measure the mass density of the universe

means measuring the mass of galaxies within a

large volume of space and dividing that mass by

the volume. There is an immediate problem in

all of this in that we know there exists 'dark

matter
1

, matter that we cannot see (because it is

too cold to radiate). The determination of the

density of the universe, p, is difficult. The

problem is made worse by the fact that

neutrino masses are not yet determined, so

their contribution to the density of the universe

is unknown. Dark matter could be in the form

of brown dwarfs and other similar cold objects,

but the existence of more exotic possibilities is

also hypothesized.

First arc WIMPS (non-baryonic, weakly

interacting massive particles). Neutrinos might

be classified as such but so also are various

other particles predicted by theories of

elementary particle physics.

Second are MACHOS (massive compact halo

objects), for example black and brown dwarfs.

Dark energy

The discussion of the previous sections is based

on the standard Big Bang model of the universe

and now appears to be outdated. Since 1998 it

has been known that distant supernovas are

moving away from us at much lasLer speeds

than those expected based on the standard Big

Rang model. Based on gravitation alone, we

would expect a deceleration in the speed of

recession of distant objects according to the

graphs of Figure E4.3.TIic data says, instead,

that the speed is increasing. What is causing

tins acceleration? It appears that the universe is

filled with a kind of all-permeating vacuum

energy called dark energy. The presence of this

energy creates a kind of repulsive force that not

only counteracts the effect of gravity on a large

scale, but actually dominates it. causing

acceleration in distant objects rather than the

expected deceleration. The domination of the

effects of dark energy over gravity appears to

have started about 5 billion years ago,

II thus appears that, even though the present

density or the universe is now believed to equal

the critical density, the universe does not

expand as the graph of Figure E4.3 would

suggest for ft = p<t but instead follows the

pattern shown in Figure E4,5.
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Figure E4.5 The rate of expansion of the universe

h accelerating. The dotted line is the expected

rate ofexpansion forp = a- based on the

standard Big Bang model.

There is now convincing evidence that p — pt

based on detailed studies of anisotropies in the

cosmic background radiation undertaken by

the Wilkinson Microwave Anisotropy Probe

[WMAP). Tire mass-energy density of the

universe is believed to be made out of

approximately 73% dark energy and only 27%

matter And of this matter in the universe, 35%

is estimated to be dark matter (i.e. 35% of the

27% matter), leaving a miniscule fraction [15%

of the 27% matter) of 0. 15 x 0,27 as 0.04, i,e.

abo tl l 4%, accounted for by ordinary matter.

These are dearly very exciting times for

cosmology]

1 State what you understand by the term O/bers'

paradox. Why is this 'paradox' a problem tor

finite cosmologies? How is the paradox

resolved in the Big Bang model of cosmology?

2 How many hydrogen atoms per m 1
does the

critical density p, ® 1 kg m
1 correspond

to?

3 Discuss three pieces of evidence [hat support

the Big Bang model of (he universe.

4 The temperature of the cosmic background

radiation measured from earth is about 2,7 K.

(a) What is the significance of the cosmic

background radiation? .

fb) What temperature for the cosmic

background radiation would an observer

in a very distant galaxy measure? Why?

% What will happen (n the temperature of die

cosmic background radiation if:

(a) the universe keeps expanding forever;

(b) the universe starts to collapse?

ft It is said ihat the Big Bang started everywhere

in space. What does lids mean?

7 In the context of the Big Rang theory explain

why the question "what existed before the Big

Bang?' is meaningless.

8 Explain, with the use of two-dimensional

examples if necessary, the terms open and

dosed as they refer to cosmological models.

Give an example of a space (hat is finite

without a boundary and another that is finite

with a boundary.

9 In the context of cosmology, what do you

understand by ihe terms:

(a) critical density,

(b) dosed universe;

fc) open universe!

I tl A student explains the expansion of (he

universe as follows: "Distant galaxies arc

moving at high speeds into the vast expanse

of empty space " What is wrong with (his

statement?

I I Explain what a comparison of the mass

density of the universe with the critical density

allows us to determine.

T2 What is the main difficulty in determining the

value of the mass density of the universe?

13 What do you understand by the term dark

matted Give three examples of dark mailer,

14 What was the temperature oi [he universe

when ihe peak wavelength of the background

radiation was equal to the wavelength of reel

light (7 x 1

0

‘ 7 ml?

15 (a) Draw a sketch graph to show Ihe variation

with wavelength of the intensity of the

cosmic background radiation,

(b) If the universe is in fact open, as recent

evidence suggests, explain how the graph

you drew in fa) will change many millions

of years in the future.
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Stellar evolution

this chapter is a detailed account of the nuclear fusion reactions that can take place In the

interior d a s la
r,
and how the sequence of Ifoese reactions determines the evolution and

death of a slar. The Hertzsprunc] Bussell (HR) diagram is used to show the evolutionary

paths of stars.

Objectives

By the end of this chapter you should he able to:

4 describe how a star is jbant'd;

* state the main sequences of nuclear reactions taking place in a star and

say how the mass of the star determines which sequences actually

lake place;

- describe Lhe main stages in the evolution ofa star and say how the muss

plays a determining role;

* describe the end stages of stellar evolution and appreciate the

significance of the Chandrasekfiar limit;

* srare the main properties of a black hole;

* state the main properties ofpulsars;

* state the main characteristics of quasars;

* s Late the meaning of the term gravitational lensfng.

Nucleosynthesis

Interstellar space (the space between stars]

consists of gas and dust at a density of about

IQ""
1 kg m 3

. This amounts to about one atom

of hydrogen in every cubic centimetre of space.

The gas is mainly hydrogen (about 74% by mass)

and helium (25%). with other dements making

up the remaining 1%. Whenever Lhe

gravitational energy of a given mass of gas

exceeds the average kinetic energy of the

thermal random motion of its molecules* the

gas becomes unstable and tends to collapse;

where k — Boltzmann's constant, T =

temperature and N = number of molecules.

Tills is known as the Jeans criterion. Stars

formed and continue to be formed when rather

cool gas clouds in the interstellar medium

(7 1 0 100 K} of su fficient Ey Ea rge in ass

(large enough to satisfy the Jeans criterion)

collapsed under their own gravitation. In the

process of contraction, the gas heated up.

Typically, the collapsing gas would break up

into smaller clouds, resulting in the creation of

more than one star. When lhe temperature

rises sufficiently for visible light to be emitted,

the star so formed is called a prntostar (see

Figure RS.If
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l;-:ls cloud

protoscar

Figure E5.1 The formation of a protostar out of a

collapsing cloud of gas.

Example questions

Qt
Show thal the jeans criterion can he rewritten as

m : = ^ ( 7™} r where p is the density of the gas

and m is the mass of a molecule of the gas.

Answer

Cube each side of the leans criterion equation

to find

using the definition of density and M - Nm,

where m is (he mass of one molecule.

Q2
Take the density of interstellar gas to be about

E 00 atoms of hydrogen per cm !

. What is the

smallest mass this cloud can have so that it

becomes unstable and begins to collapse?

Answer

The density' is

As the gas is compressed more (always under

the action ofgravity) its temperature rises and so

does its pressure. The pressure in the core of the

star is one way the star can become stable against

gravity and stay at a fixed size. However, the core

of the gas can get so hot (T = 5 x I0
1

to 10 K)

that nuclear fusion reactions take place, resulting

in the release ofenormous amounts of energy.

The vast quantity ofenergy released can account

for the sustained luminosity of stars such as our

sun. for example, over the 4-5 billion years of its

life so far. Thus, nuclear fusion provides the

energy that is needed to keep the star hot, so that

its pressure is high enough to oppose further

contraction and at the same time to provide the

energy that the star is radiating into space.

r> While on the main sequence, the main

nuclear fusion read ions taking place arc

those of the proton-proton cycle discussed

in Option E2. The net effect of these

reactions is to turn four hydrogen nuclei

into one helium

4
J

H — jHe + 2e+ + 2ve + 2y

wi 1 h a release ofabout 26 .7 MeV < >r

3.98 x 10
'

J of energy. Helium, being

heavier than hydrogen, collects in the core

of the star (see Figure E52\

The mass-luminosity relation

For stars on the main sequence, there exists a

relation between the mass and the luminosity

of the star. The mass-luminosity relation states

that

100 x 1,67 x ICT 37
kg

1

0

-6 m J
= 1,67 x 10 <9 kg

' 1

With T — 100 K in the leans criterion (see

example question 1 ) we find

M - 3.0 x m 3J
kg

- 1,5 x l0 3

Mu!,

This shows that the gas doud is quite large and

that il can break up, forming more than one star.

L tx .'VP

where the exponent or is between 3 and 4 , This

relation comes from application of the laws of

nuclear physics to stars. The uncertainty in its

value comes from the fact that the composition

of the stars (the equation of state) is not

precisely known.

One application of the mass-luminosity

relation is to estimate the lifetime of the star on



ES Stellar evolution 523

Figure E5J! The structure of a main sequence star

ofone solar mass. The numbers, 0.16, 0.99 ami

1.00 represent the fraction of mass enclosed

within each shell. The helium core consists of

about 02% helium and 36% hydrogen, showing

that nuclear fusion has already started

converting hydrogen it) to helium. The rest of

the star is predominantly hydrogen (73% i with

25% helium. The density in the core is about

164 kg m \ whereas in the outer levels the

density falls to 90 kg m \

the main sequence. Since luminosity is rhe

power radiated by the star, we may write I lint

where £ is the total energy radiated by ihe star

and T is the rime in which this happens. Now,

for rhe purposes of an estimate, we may assume

that the total energy that the star can radiate

will come from converting oil its mass into

energy according Lo Einstein's formula,

E =Mc*. Thus

F Mr2

J a AT => — « AT

=> T cx A

1

1

Assuming for concreteness LhaLo = 4, we see

that the lifetime of a star of mass VI is

proportional to

7 KW
Typically, a star with mass equal lo one solar

mass will spend about ID"
1

years on the main

sequence. A star with 10 times the mass of our

sun will spend a time on the main sequence

That is = 10~J less than the time spent by

the sun, i.e. 10 years.

Main sequence stars on the upper left-hand

corner of an HR diagram have very high

luminosity and therefore are very massive.

After rhe star has used about 12% of its

hydrogen (the

ifmil). its core will contract but its outside

envelope will expand substantially, making

it a very large star. Hie star will begin to

leave the main sequence and move over ro

the red giant branch.

A more detailed calculation of the lifetime is

given in the answer to the example question

below.

Example question

Q3
The lifetime of the sun. Our sun emits energy at a

rate (luminosity) of about 3,9 x 1 Q J|> W. What

mass of hydrogen undergoes fusion in a year?

Assuming lhat tire energy loss is maintained at this

rate, find the lime required tor the sun to convert

1 2% of its hydrogen into helium. (Mass of

sun = 1 .99 x 10™ kg.}

Answer

Assuming the proton proton cycle as the reaction

releasing energy by fusing hydrogen, we have

seen above that the energy released per reaction

is about 3.9ft * lo _,J
J. Since the luminosity of

the sun is 3.9 x IQ-
1

' W
r

it follows that the number

of fusion reactions required per second is

3.9 x 'IQ*

3.96 x 10 '

- 9-3 x 10
57

For every such reaction, four hydrogen nuclei

turn into helium and thus the mass of the fused

hydrogen is

9.3 x 10 ir x 4 x 1,67 x 10 17
kgs"'

= 6.5 x 10
11 kgV 1

or 2 x IQ 1 '' kg per year.
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At the lime of its creation, the son consisted of

75% hydrogen, corresponding lo a mass of

0.75 x t .09 * 1 0 iQ kg = I ,5 x 1 O30 kg

The Schonberg-Chandrasekhar limit of 1 2%
re suits in a hydrogen mass to be fused of

1.8 x 1 kg. The time for this mass to fuse is

thus

= 6.9 x Hf yr

Since rhe sun has existed for about 5 billion years,

it still has about 4 billion years left in its lifetime

as a main sequence slar.

Nuclear reactions beyond the

main sequence
With the hydregen in the core exhausted,

nuclear reactions there stop and hence the core

contracts under its own weight. The contraction

of rhe core releases gravitational potential

energy, which heats up the core and the

surrounding envelope ofhydrogen. The hydrogen

continues to fuse and Lhe released energy forces

the outer layers ofthe star to expand. At the

same time, though, rhe outer layers are getting

cooler because of the rapid expansion. Tire star is

thus getting bigger and cooler on the surface - it

is becoming a red giant. In tire meantime, the

core temperature is increasing.

What happens next depends on the mass of

the star,

Low-mass stars (mass less than 0,25

solar masses)
No further nuclear reactions take place. The

core stays a core of helium.

Mass between 0,25 and 4 solar masses
Tltc temperature of the core reaches the IQ

15

K

required for nuclear reactions in the core

involving helium to start. Since a helium nucleus

has two units of positive charge as opposed lo

one for hydrogen, higher temperatures are

required for helium nuclei to fuse. Tit is is because

the larger electric charge implies a larger electric

force of repulsion that has to be overcome.

Hie reactions involving helium produce nuclei

of carbon and oxygen. Examples of such

reactions are

iHe + jHe-* "Be* y

Jhe + jBe -> ,2

tC + y

jHe+'JC -> T
|G + y

The first two reactions occur in rapid succession

and have the net effect of converting three

helium nuclei into one ofcarbon. This is called

Lhe triple a Ip fan process. No further nuclear

reactions Lake place and the core now consists

of carbon and oxygen.

Mass between 4 and 8 solar masses
In this mass range, the core temperature rises

further and nuclear reactions involving carbon

and oxygen rake place, producing a core of

oxygen, neon and magnesium.

Mass over 8 solar masses
The evolution ofsuch a massive star is very

different from that of less massive stars.

Because of the large mass of the star, the

oxygen, neon and magnesium core will contract

further, reaching a temperature high enough

for these core elements to fuse, producing

heavier elements, in the outer layers helium

continues to produce more carbon, and

hydrogen more helium. This process repeats,

with ever heavier elements settling in the

central core. Eventually iron will be produced

by the fusing of silicon, and once this happens,

the iron will settle a l the core. Fusion cannot

produce elements heavier than iron, since the

binding energy per nucleon peaks with iron

and further fusion is not energetically possible.

Thus, a massive star ends its cycle of nuclear

reactions with iron at its core surrounded by

progressively lighter elements, as shown in

Figure T5.3. Hie outer layers of Lhe star have

since expanded lo a very large size, making the

star a reel supergitirU.



ES Stellar evolution 525

Figure E5.3 The t en l nil core of the star consists

of iron with layers of lighter elements

surrounding it.

Table E5.1 shows the temperatures at which

various elements participate in fusion

reactions.

Element 17# K Where

Hydrogen 1-20 Main sequence

Helium too Red giant

Carbon 500-800 Supergiant

Oxygen 1000 SupeFgiant

Tabic E5.1 The temperatures at which elements

participate in fusion reactions.

Evolutionary paths and stellar

processes

Once a star is formed out ofcontractmg gases,

its surface temperature is not particularly high,

but it has a large size, which means that the

star starts out somewhere to the right of the

main sequence in the HR diagram. As the star

continues to contract, its temperature increases

and the star moves toward the main sequence.

The time spent moving toward the main

sequence depends on the mass of i he star.

Heavier stars lake less time. Our sun has taken

about 20 to 30 million years to reach the main

sequence, (See Figure E5.4.)

Figure F5.4 Evolutionary tracks of protostars as

they approach the main sequence, Mpjn stands

for one solar mass. (Note that temperature is

increasing towards the left.)

j* The mass of the star is the factor that

determines its final fate.

Table K5.2 shows the various outcomes for

various stellar mass ranges. The table is

explained in greater detail in what follows.

Initial mass of

star [in terms

nf solar masses) Outcome

<0.25 White dwarf with helium core

0.25-4 While dwarf with carbon/

oxygen core

4-S While dwarf with oxygen/neon/

magnesium cone

8-40 Neii iron star

>40 Black hole

Table E5.2 The final fates of stars of various initial

masses.

Case 1 : Evolution of a star of mass

under 8 solar masses
We saw in the last section that, depending on the

mass of the star, nuclear reactions in the core

stop when the core is made mainly out of helium

or carbon/oxygen or oxygen/neon/ magnesium.
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Figure [-5.5 Helix: a planetary nebula. The star that

produced this nebula can be seen at the exact

centre. [Note: The name planetary nebula
1

is

rather misleading, since it has no connection

whatsoever with planets. Planetary nebulae were
thought to resemble pi alters when first seen

through a telescope, and the name has stuck,]

The energy released from the core contraction

and tile hydrogen or helium fusion in the outer

layers may force the tenuous outer layers to be

ejected Irom the star in what is called a plctnehuy

nebula (see Figure E5,5j. This leaves behind the

small core of the star. The mass of the core may
thus be substantially reduced compared with the

original mass of the star.

But the core is still contracting under its own
weight and getting smaller. Tile conditions in

the core mean that the electrons behave as a gas

and the pressure they generate is what keeps the

core from collapsing iurther tinder its weight.

This pressure is generated because of a quantum

mechanical principle, Pauli's principle, which

states that no two electrons may occupy the

same quantum mechanical state.

The core has now become a white dwar/ star.

Now exposed, and with no further energy

source, the star is doomed to cool down to

practically zero temperature and will then

become a block dwarf.

The electron pressure can stop

the further collapse of the core

and the star will become a

stable white dwarf only if

the mass of the core is less than

14 solar masses. This important

number in astrophysics is

known as the amridmsekhrjr

Ibii if If the mass ofthe core is

more than 1.4 solar masses, the

star will become a neutron star

or a black hole.

The Chandrasekhar limit is

named after the great Indian (and

later American) astrophysicist,

Subrahmanyan Chandrasekhar

(Figure ESA). His work on collapsed stars was

presented in 1935 at a meeting ofthe Royal

Astronomical Society' in England. His ideas were

publicly ridiculed by SirArthur Eddington, his

colleague and mentor at Cambridge University.

For lus work. Chandrasekhar shared rhe 1983

Nobel prize in physics.

Figure ESA Subrahmanyan Chandrasekhar.

The best known white dwarf is Sirius B, a star

that accompanies the star Sirius. It has a mass

of 1.02 solar masses, a radius of 5400 km and a

surface temperature of 10 000 K. Although hot.
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it is hard to see, mainly because of the small

stir face area from which the light is emitted (i.e.

the luminosity is low).

The transition from a white to a black dwarf

may be uneventful, but occasionally something

dramatic may take place. If the white dwarf is

part of a binary system, it may attract material

from the companion star, which may then be

drawn into the white dwarf. As this material

falls into the white dwarf, ii heats up and emits

light. In this way the luminosity of the white

dwarf may, briefly, increase by Lens of

thousands of Limes, Tit is temporary increase in

luminosity is called a nova |scc Figure E5.7).

Figure E5.7 A white dwarf star increasing in

luminosity during a nova.

Case It Evolution of a star of mass

over 8 solar masses

As wo saw in the last section, the end of nuclear

reactions has left a massive star with an iron core.

Tiro star is lull ofphotons that have been produced

in the various nuclear fusion reactions. They are so

energetic Thar they rip the iron nuclei apart into

smaller nuclei. The smaller nuclei arc in turn

ripped apart into individual protons and neutrons,

so that in a veiy short time the star is composed

mainly of protons, elections, neutrons and

photons, Because of the high densities involved,

the electrons are forced into the protons, turning

them into neutrons anti producing neutrinos that

escape from the star fe“ + p -* n -r ve ). The star's

core is now made almost entirely ofneutrons and

it is still contracting rapidly. Pauli's principle is

now applied to neutrons. The neutrons get too

close to each other and a pressure develops to

prevent them from getting any closer. But the

neutrons have overshot. iltey have become too

close together and the entire core will now*

rebound to a larger equilibrium size. The

rebounding of the core is catastrophic lor die star.

It creates an enormous shockwave travelling

outward that rears apart the outer layers ofthe

star. The explosion that takes place is much more

violent than a planetary nebula and is called a

supernova, The core that is left behind is called a

neutron star, and is more massive than the

Chandrasekhar limit of 1.4 solar masses.

The first calculations showing the details of

neutron star formation were performed by
J.

R.

Qppenheimer (the father' of the American

atomic bomb) and G, M. Volkoff in 1939.

Neutron pressure keeps the star stable, provided

the mass of the core is not more than about 3

solar masses - the ifruft

Black holes

If the mass of the collapsing star exceeds a few

tens of solar masses, the gravitational collapse

is unstoppable. The star will soon reach a radius

at which the escape velocity from the surface of

the sun equals the speed of light, and hence

nothing can escape from the star. This radius is

called the gravitational radius of the star, R
fi
,or

the Schwarzschild radius or the event horizon

radius. It can be found from

It can be calculated from this formula that for a

star of one solar mass the gravitational radius is

about 3 km. For the earth it is just 9 mm.
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The fact that light cannot escape from a very

massive object was known to Pierre Laplace as

early as 1795. The first detailed calculations of

how a star could actually collapse to form a

black hole were performed by OppenhcimcT

and Snyder in 1939.

¥ If the mass ofthe core ofa star is less than

the Ghandrasekhar 1 im it of abon i I A solar

masses, the star will become a stable white

dwarf in which electron pressure keeps the

sta r from col I a psi iig further.

Jf the core is more massive than the

Chandrasekhar limit, the core will

collapse further until electrons are driven

into protons, turning them into neutrons.

Neutron pressure now keeps the star from

collapsing further and the star lias

become a neulron star.

If the core is substantially more massive

than the Oppenheimcr-Volkof?limit of

bout 2-3 solar masses, neutron pressure

will not he enough to oppose the

gravitational collapse and i he star will

become a black hole.

Evidence for black holes

Even though a black hole cannot be seen

directly, its effects are observable. If it happens

to be in the vicinity of other stars, then the

strong gravitational field of the hole will

influence the motion of nearby stars, Tims, one

looks for binary star systems which are sources

of X-rays and in which one star is invisible: gas

forced into the black hole accelerates and

becomes very hot, radiating X-rays on iLs way

into the hole. There are now nine known
examples of binary star systems in which the

invisible member is a black hole. These include

the oldest black hole candidate, the powerful

X-ray binary Cygnus X-l, located near the centre

ofOur galaxy. Much heavier black holes exist in

OLher galactic centres. Fifteen of these are

known and their masses are in the millions of

solar masses.

Figure E5.K shows a schematic summary of the

life history of a star.

These evolutionary stages can be shown on an

I [R diagram (Figure E5.9).

Figure E5.8 The birth and death of a star. The star logins as a protostar, evolves to the

main sequence and then becomes a red giant or supergiant. After a planetary nebula
or supernova explosion, ihe core of the star develops imo one of the three final stages

of stellar evolution, a white dwarf, a neutron star or a black hole.
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E
Jiguve E5/J Evolutionary tracks oftwo stars, (a) This

is i he pat h of a star of one solar mass that ends

up as a white dwarf, which continues to cool

down, moving the star ever more to the right on

the HR. diagram, (b) This is the path of a star of

20 solar masses. It becomes a red supergiant

that explodes in a supernova. After the

supernova, the star becomes a neutron star,

whose Luminosity is too small to be plotted on

the HR diagram.

Pulsars and quasars

Pulsars

A neutron star may have a magnetic field of

quite large magnitude (lO
4
T) and may rotate as

well, with a period ranging from 30 ms to 03 s.

Rotating neutron stars emit electromagnetic

w aves in the radio part of the spectrum and so

neutron stars can be detected by radio

telescopes, (They can also radiate in the X-ray

pari of the spectrum,) Rotating neutron stars

that radiate in this way are called pulsars.

Despite the name, it is rotation not pulsal ion

that is responsible for the radiation. The

radiation emitted by the pulsar is in a narrow

cone around the magnetic iieki direction. If the

magnetic field is not aligned with the axis of

rotation, then, as the star rotates, the cone

containing the radiation precedes around the

rotation axis (see Figure E5.10). An observer who

can receive some of this radiation will then do

so every time the cone sweeps past. ITiis

explains the pulse nature of this radiation.

Pulsars were discovered by Jocelyn Bell (now

Professor J. Bell-Burnell), a graduate student at

Cambridge University, in 1967

Figure E5.10 If the axis of rotation of a neutron

star does not coincide with the direction of the

magnetic field, the emitted radiation shows a

beacon effect.

Quasars

In the early days of radio astronomy, a few radio

sources were discovered for which Lhere was no

obvious optical counterpart. Finally, a star-like

object was identified to be at die position of one of

these radio sources and its emission spectrum was

obtained. The spectrum was mysterious in that ir

contained lines dial could not be identified with
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any known element. The puzzle was resolved

when it was realized that the lines did belong lo

familiar elements but t hey were redshifted by

amounts never seen before. The hugest l edshift for

a quasar is just under 5. which corresponds to a

recession velocity ofalmost 95% ofthe speed of

light. Using Hubble's law placed the quasar at a

distance ofabout 4700 Mpc, The nearest quasar

is at a distance ofabout 240 Mpc and most are

more than 1000 Mpc away. This means that by

observing quasars we observe the univeree as it

was a very long time ago. Quasars (the name

stands for quasi-Stella r radio sources) are believed

to be the very active centres of very young galaxies.

The luminosity of quasars varies from TO™ W to

IQ
4- w, A luminosity of lO^' W is equivalent to

about 2 x 10
1

1

suns or 10000 Milky Ways! What
powers a quasar? Most theories involve the

presence of a huge black bole at the centre of

the quasar that swallows up stars at a rate of

perhaps 1000 each year. As the material falls

into the black hole, it heats up and radiates,

building the quasar's huge luminosity.

In 1979. two quasars were discovered in roughly

ihe same region of space, raising hope for a

binary quasar system. When tile two were

analysed further, they were found to have

identical spectra. The Two' quasars were in fact

two images ofjust one quasar, Ihe multiple

images were created by gravitational iensing.

Radio signals from the quasar travel past a

massive galaxy on their way to earth and are bent

by the galaxy in accordance with Rmstem's

theory ofgen oral relativity (sec Figure E5.ll),

Such multiple images of quasars provide valuable

information about the mass ofthe Lensing body.

lett&np htmiy

Q=—— ""erz^
earth

Figure ES.11 The radio signals from the distant

quasar are beni as they travel past a massive
galaxy. An observer an earth secs two images of
the quasar.

1 What would the evidence be lhai a black hole

exists at a particular point in space?

2 Using the known luminosity of the sun and

assuming that it stays consianl during the sun's

lifetime, which is estimated to he lO
1 ^ 1

yr,

calculate the mass this energy corresponds to,

according to Einstein's mass- energy formula.

3 A neutron star lias a diameter of 20 km and

makes 1 000 revolutions j>er second,

(a) Whal is the speed of a point on its equator?

(b) What fraction of the speed of light is this?

4 Comparing two main sequence stars of mass

1 and 10 solar masses, which would you

expect to stay longer on the main sequence?

Why?

5 Whar is a planetary nebula? Why do most

photographs show planetary nebulae as

rings - doesn't the gas surround the core from

all directions?

h How would you react to a claim of the

discovery of a star with a core of gold?

7 Assume that the luminosity of a main

sequence star is given by L « M\ Realizing

that the available energy that can be radiated

equals the rest mass of the star Me', show

that the lifetime of a star scales as t <x .VUb

Hence show that a star that is twice as

massive as the sun has a lifetime that is B

limes shorter than that of the sun.

6

~C

H I low would you react to the discovery of a

stellar cluster 100 million years old containing

a large number of class O stars? fSee

question 7 above and page 499.)

9 Assume that no stars of mass greater than

about 2 solar masses could form. Would life

as we know it on earth be possible?

10 Desc ribe Ihe evol u t ion of a ma in

sequence star of mass:

la) 1 solar mass;

fb) 10 solar masses.

11 Calculate the energy released in Ihe

reactions:

image I

qiW

image 2

(a) iHe+jBe

lb) !He + '*C

'iC + y;

"n O + Y
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(Atomic masses: He = 4.00260 u, Be —

6.0063 u, O = 15.9941 u.S

12 Why is the temperature at which helium

nuclei fuse higher than that for hydrogen?

13 What causes:

fa) a planetary nebula;

(b) a supernova?

14 Describe the significance of the

Chandrasekhar limit in stellar evolution.

15 Describe she formation of a red giant star.

16 Show an an HK diagram the evolution of a

star of 5 solar masses.

17 Consider the reaction 'I If + 'He — *Be + y

and look at Figure E5J2. The electrostatic

repLtlsion of the positive helium nuclei

prevents them from fusing unless the

temperature is very high. Estimate this

temperature by selling the kinetic energy of a

helium nucleus equal to { kT, where k is

Boltzmann's constant. Al the point of closest

approach the helium nuclei stop and if they

are close enough the strong nuclear force will

take over and force them to fuse. At this point,

set the electrostatic potential energy of the

nuclei equal to the sum of the kinetic

energies, a nr I thus show that the temperature

can be found from

4jfc0 d

Taking the distance of closest approach 1o he

d — 1.0 k 10
u m, calculate T numerically.

o—• *—

o

0.0
4

Figure H5.12 For question 17,

IS Table E5,3 shows the luminosity L of a star

and the corresponding mass M of the star. By

plotting the logarithm of the luminosity versus

the logarithm of the mass, find the relationship

Mass jin snlai

masses)

Luminosity (in solar

luminosities)

i i

3 42

5 238

12 4700

20 ZfiSOO

Table E5.3 For question IS,

between these quantities assuming a power

law of the kind L = kM"
t
giving the

numerical value of the parameter a.

19 The light from a Cephcid star shows blue- and

redshlfts of varying magnitude The b lues hi ft Is

observed when the star is al its brightest and

i lie redshift when a I Us dimmest, I low can this

be explained? When the shift is plotted against

time, a periodic curve matching exactly the

light curve of the Cep he id is obtained. How
can this be explained? Theories of Cepheids

as pulsating stars fired set that the period T and

density p are related by

T~p s= constant

Considering Cepheids of the same mass, show

that this implies that the longer-period stars

have larger luminosities.

20 Assume that the material of a main sequence

star obeys the ideal gas law, PV = NkT . The

volume of the star is proportional to the cube

of its radius R
t
and N is proportional to the

mass of the star, M. Show that PR cx AIT.

The stai is in equilibrium under the action of

its own gravity, which tends to collapse it,

and the pressure created by the outflow of

energy from its interior, which tends to

expand it. It can be shown that this

equilibrium results in the condition F tx p-.

(Can you see how?) Combine these two

proportionalities to show that T ot Use

this result to explain that, as a ‘tar shrinks, its

temperature goes up. Conclude this rough

analysis by showing that the luminosity of

main sequence stars of the same density is

given by t ex M 1 *,
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21 Compare the chemical composition of a

young star with that of a star of similar mass

bu( 10 billion years in age.

22 What is a mechanism for energy production in

a quasar?

23 What was so unexpected in quasar spectra?

24 Why is the radiation observed from a pulsar

pulsed and not continuous?

25

Is the energy emitted by a quasar much Jess

than, about the same as or much larger than

the energy emitted by a normal galaxy?

2b (a) Assuming a quasar swallows 1000 stars a

year, how long would it lake a quasar to

consume (he mass of die entire Milky Way
galaxy? (Assume that (he Milky Way
contains 2 x 10 Ji

stars.)

ib) What conclusion about a quasar's lifetime

can you draw from your calculation?
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Galaxies

This chapter discusses Hubble's scheme ten the classification of galaxies and provides

more details about Lhe expanding universe and Hubble's law. The main events in ihe

lifetime of the universe are ou l lined.

Objectives

By the end of this chapter you should be able to:

* understand the Hubble class iJicaUtm scheme of galaxies and describe Lhe

structure of the Milky Way galaxy;

* state the Hubble law and solve problems using this law, v = H d;

* state the meaning of the Hubble constant;

- identify ifgttfjkant epochs in the life of lhe universe;

* understand the term inflationary universe.

This section is nof required for

examine t ion purposes.

The Milky Way galaxy

Our sun as one of about 200 billion .stars

(2 x SO") making up rhe Milky Way, our

galaxy', which is a spectacular object to

scientist and non-scientist alike, that can

be dearly seen on a dear, dark night. The

Milky Way is a spiral galaxy with a central

disolikt1 bulge (see figure 116.1), The

galaxy has a diameter of some 100 000 ly.

Ar the edges i t has a thickness of about

2000 ly. Our solar system occupies a

position on one of the spiral arms a

distance of about 30 000 lv from t he

cent re, and orbits t he galactic centre,

completing one revolution every 223

million years , Assum i ng an avera go mass

for stars equal to that ofour sun

1 2 x I0'
,:

kgl results in a mass for the

galaxy of about I * 1

0

3

kg.

Galaxies were classified by Edwin Hubble

in 1924 into a scheme based mainly

cm appearance, Hubble identified three

basic types of galaxies, spiral [with a

subdivision into barred spirals), ritfptical

and irregular. The original scheme has

since been modified but it is still being

used today.

Spiral galaxies

Our own Milky Way and our dose

neighbour Andromeda are examples of

spiral galaxies. A spiral galaxy consists of a

central nucleus, a flattened disc in which

the spiral arms are found and a halo of

older faint stars, A spiral galaxy contains

old as well as young stars. Spirals range in

diameter from 6000 pc to 30 non pc and

From Iff to 10" :

solar masses. Our own

galaxy is a large spiral in both size and

mass. New stars are formed mainly in the

Types of galaxy
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100 000

Figure EG.l The size and structure orthe

Milky Way galaxy.

spiral arms where she density of inter-

stellar dust is the greatest. I he presence of

interstellar gp is seen from detailed

photographs as well as from the observed

radiation at a wavelength of 21 on that is

indicative ofsuch gas. The central nucleus

consists mainly ofolder stars. The

subdivision called barred spirals is a class of

galaxies that is a variation of the spirals;

some astronomers believe that they are

essent ially spirals and therefore don't need

a new class to describe them. Like spirals

they have spiral arms, but a ‘bar' of stars

and gas tnlis through the central bulge and

extends into the disc, The spiral arms

appear to start from the ends of the bar

and not from the central bulge as is the

case in the ordinary spirals. Spirals

are the most common galaxiesi

perhaps more than 50% of

all galaxies fall into this class.

Elliptical galaxies

These galaxies have a spherical or

ellipsoidal shape and consist

almost entirely of old stars. There

are giant elliptical galaxies

containing very massive stars (stars

of mass equal to 1U
]2
solar masses)

and extend in size to a few Mpc. A
good example of such a galaxy is

M87. The must common ellipticals,

however, are small galaxies

containing only a few million stars

that can be as small as 1 kpc in

diameter, A good example of such

a dwarf elliptical is the fen 11

system, which is so near our own

galaxy as to be influenced by the

M i 1ky Way 's gravity. E 1 1 iprica Is

differ from spirals in that they

have no, or very little, interstellar

gas. This means that there is very Little star

formation activity. About 45% of all

galaxies are ellipticals.

Irregular galaxies

About 5% of all galaxies fall into the class

of irregular galaxies. They have no definite

symmetry and are irregular or even chaotic

in appearance. Irregular galaxies seem, to

be undergoing intense star-making activity

with many young star clusters. Our closest

extragalactic neighbours, the Large and

Small Magellanic Clouds, are irregular

galaxies . I he i rreg u 1 a r sha pe of these

galaxies is believed to be [in some but not

all cases) due to the collision or close

encounter of two regular galaxies

The characteristics of the three types of

galaxy are summarized in Table EG,1, and

they are shown in figure EG,2.
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Spira Isfbarrcd spirals Ellipticals Irregulars

SIi ape Fla Cten ed cli sc
,
cen tra E b u Lge from Spherica l or dlipsoida'I in s Erape No ofrviou s si r li ctu re

which spiral arms start . Tn barred With stars fairly uniformly

galaxies, arms start from the ends distributed hi tin- galaxy

of the bar. Halo

Star content The disc contains both young and Contain mainly old stars Contain both young
old stars. Tile halo has mainly old and old stars

stars

C.is and dust The disc contains significant Contain little or no gas and dust Contain a tot of gas and

amounts of both. The halo does not dusT

Star formation Takes place in spiral arms No significant new star formation Very significant Mar

in the last it> billion years formation

Table R6;i Properties of the three- typos of galaxy.
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Galactic motion

As we leave our galaxy behind and enter

intergalactic space, we find that our galaxy is

part of a group of galaxies - the Local Group,

There are about 20 galaxies in the Local Group,

the nearest being the Large Magellanic Cloud at

a distance of about 2 million light years. In this

group, we find the Andromeda galaxy, a spiral

galaxy like our own and the largest member of

the Local Group. The Local Group extends over a

distance of about 10 million light years.

This grouping of galaxies into dusters is very

common. As we move even further out, we

encounter collections of clusters of galaxies,

known as superriusters, It is believed that our

local Group cluster belongs to a supercluster (or

supergalaxy) of size 15 x 10* pc across. Contrary

to whaL was believed until recently, the

distribution of clusters in space is not uniform

but there seem to be areas of linear size 10
s
ly

that are empty.

As early as 1914, V. M. Slipher announced his

measurements on 15 spiral galaxies. Thirteen of

these showed redshifted absorption lines,

indicating that these galaxies were moving

away from us. By 1925, the number or galaxies

studied by Slipher and his assistant,

M. Hnma son, had climbed to 45 and all but

the closest galaxies appeared to be moving away

at enormous speeds.

The velocity of recession is found by an

application of the Doppler effect to light.

Light, from galaxies arrives on earth

redshifted. This means that the wavelength

of the light measured upon arrival is

longer than the wavelength at emission.

According to (he Doppler effect b
this

implies that the source ofthe light the

galaxy is moving away from the observers

on earth.

The redshift in the light from distant galaxies

is, strictly speaking, an effect of general

relativity (the expanding universe) and is not

due to the Doppler effect.

Light emitted from galaxies comes from

atomic transitions in the hot gas in the

interior of the galaxies, which is mostly

hydrogen. Galaxies are surrounded by

cooler gas and thus light travelling through

is absorbed at specific wavelengths,

showing a characteristic absorption spectrum,

lire wavelengths corresponding to the

dark lines are well known from experiments

on earth but the observed wavelengths from

Lhe galaxies, when compared to those

measured on earth, were found to be a bit

longer: they were redshifted. The same

applies, of course, to the emission spectrum

of the galaxy, but that is usually too faint to

be seen.

If X fl is the wavelength of a spectral Line and A is

the (longer) wavelength received on earth, the

red shift, z, of Lhe galaxy is defined as

A — Ay

Aq

If the speed v of the receding galaxy is small

compared with the speed of light c, then

v
2 " —

C

which shows that the redshift is indeed directly

proportional to the receding galaxy's speed

(more correctly, die component of velocity

along the line of sight see Figure F6.3 and

Chapter 4.5),

star velocity

components

earth star

Figure E63 Using the Doppler effect we can

only measure the component of the star's

velocity along lhe line of sight not the total

velocity.



E6 Galaxies 537

Example question

Q1

A hydrogen line has a wavelength of 434 nm.

When received from a distant galaxy. lhh line is

measured on earth at 466 nm. What is ihe speed

of recession of this galaxy?

Answer

The redshift is

486 — 434

hence

v — 0.1 2c

^ 3.6 x 1 0 m s

Hubb le's law

In 1925, Edwin Hubble began a study to

measure the distance to the galaxies for which

Shpherand Eiumason had determined the

velocities of recession. In 1929, Hubble (building

on earlier work by V, M Slipher, and C. Wirtz

and K. Lundmark) could announce that galaxies

move away from us with speeds that are

proportional to (heir distance. This was a

monumental discovery,

;•> Nubble studied a large number-of

galaxies and found that, the more distant

the galaxy, the faster it moves away from

us. 111 is is Hubble's law. which suites that

the velocity of recession is directly

proportional to the distance, or

v = Hd

where iJf is the distance between the earth

and the galaxy, and t its velocity of

recession (see Figure F6.4). The constant of

proportionality, H
,
is t he slope of the graph

and is known as the Hubble constant.

r/knis- !

Figure 1-6.4 Hubble discovered that the velocity of

recession of galaxies is proportional to their

distance from us.

H is the constant of proportionality, known

appropriately as the Hubble constant. (It is

constant in space but it varies with lime,) This

was a dramatic discovery - it made the universe

a dynamic, evolving, expanding universe. There

is considerable debate as to rite value of the

Hubble constant. The uncertainties come

mainly from the enormous difficulties in

measuring distances to remote galaxies

accurately. The graph in Figure E6.4 assumes a

value of 72 km s
1 Mpc This is the mosi reeent

value of the Hubble constant, established after

a Hubble Space Telescope study ofCepheid stars

in 18 galaxies,

Hubble’s discovery implies that, in the past, the

distances between galaxies were smaller and,

moreover, that at a specific time in the past Ihe

enlire universe had the size of a point. This

specific point in time is taken lo be the

beginning of the universe. Mol only was time

created then but also the space in which Lhe

matter and energy of the universe reside. As the

space expanded, the distance between clumps

of matter increased, leading to the receding

galaxies that Hubble observed. It is conventional

to describe this threedimensional expansion of

the universe by a two-dimensional model that

can be visualized, Tf we draw two points on the

surface of a balloon, they will move apart from

each other as the balloon is inflated, as shown

in Figure EG.5.
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Figure E6.5 A two-dimensional model of Hubble's

law. The points on the balloon move away from

each other as the balloon is inflated.

This two-dimensional model can easily be

visualized since we can observe the expansion

of the balloon into the three-dimensional space

in which the balloon is embedded. The

expansion of the universe, on the other hand, is

three-dimensional and could be visualized only

ifwe could similarly view it as embedded in a

four-dimensional space. We cannot.

Figure E5,6 shows how the ‘radius’ of the

universe changes in an expanding universe.

Figure E6.G The ’radius
1

of the universe (in

arbitrary units) as a function of time.

I kibble's law does not imply that the earth is at

the centre of the universe even though die

observation of galaxies moving away from us

might lead us ro believe so. An observer on a

different star in a different galaxy would reach

this |erroneous) conclusion about their location

too. Suppose that a distant galaxy a distance r

front the earth has speed y as measured by us.

Let r be the vector joining the earth to the

galaxy. Then y = H f, Now consider a different

observer in a different galaxy a distance R from

us and moving away at speed V (see Figure

E6-7). Hubble's law applied to this galaxy slates

that V = H R,

Figure E6,7 Observers on earth are not privileged

when it comes ro determining Hubble's law

As far as this observer is concerned, the distant

galaxy has velocity v V, and position vector

r — R. Clearly

v V = H (f - R )

that is, Hubble*$ law is satisfied by the other

observer as well. Thus, all observers have the

illusion Chat they are at the centre of the

universe. The linear Hubble law is the only

possible law for wrhich this could happen.

^ If we assume that the expansion of the

universe lias been constant up to now, then

i /It gives an upper bound to the age of

the universe. This is only an upper bound

since the expansion rate, having been

faster at the beginning, implies a younger

universe. The time 1 / 1 f , known, as the

Hubble time, is about 14 billion years. The

universe cannot be older than that. The

more detailed argument that leads ro i his

conclusion is as follows. Imagine a galaxy,

which now is at a distance r from us. Its

velocity is thus v - Hr. hi the beginning

the galaxy and the earth were at zero

separation from each other. If the present

separation of r is thus covered at the same

constant velocity Hr, the1 time, T. taken to

achieve tit is separation must be given by

v = ~ - Hr , that is
7' - “.Time 7 is a

measure of the age of the universe.
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The numerical value of the Hubble time

with H = 72 x 10 ms 1 Mpc 1

is

t'-h
1

72 x Hi' m s‘ Mpc

1 — x 10* pc

X I0
f

' X 3.09 X I0
1
" m

72 x IfP ni s

1

72 x UP m s"
1

- 4,2« >: ItV's

4.29 x IQ
17
5

365 x 24 x 60 x 60,5 yr

= 15,6 x 10V

The evolution of the universe

[fwe extrapolate backwards in time, starting

with the present temperature of 2.7 K, we can

find the temperature of the radiation and the

matter filling the universe at earlier times.

Out of the fundamental constants of C > c and h

we may define a quantity with units of time.

This is known as the FJtimrb time and is assumed

to mark that time in the history of the universe

before which quantum gravitational effects

were dominant. Since no quantum theory of

gravity exists, the Planck time can be taken as

the furthest one can extrapolate backwards in

time. Il is given by the combination

At this early time after the big Bang, the

temperature was about 10
v

K. The thermal

energy associated with this temperature can be

calculated from E y
& |fc7\ giving an energy of

the order of 10 19 GcV (1 GeV = Iff eVj*

Whatever particles existed then would have had

a kinetic energy of this order of magnitude.

neutrinos* etc.) were indistinguishable from

quarks, and under the action of the unified force

these particles Ltirtied into each other.

Strong nuclear force separates: time =
10“ 3S

s

The next milestone in the evolution of the

universe occurred at a time of about IQ
-3

* s,

when the strong nuclear force decoupled front

the electroweak force. The temperature by then

had fallen to about 10
r

K.

inflation begins; time = lO
- * 1

s

There followed an extremely rapid period of

expansion, called the inflation ary epoch. It lasted

for no more than 10
-32

s but in this brief time the

size of I he universe increased by a factor of 10
50

!

See later for the necessity of inflation.

Forces separate: time = 10
_11

s

At a rime of about 10“ :J
s after t = 0, the

temperature was about 10
1j1

K and the four

fundamental forces, gravity, electromagnetism,

strong nuclear and weak nuclear, behaved as

separate forces. The size of the universe was

about 10
1(
" of its present size.

Nucleons form: time = 10“ 7
s

At ! = 10''

'

s, the temperature had fallen

sufficiently {to 10
11

K| for quarks to bind

together and to form protons and neutrons and

their ami part kies. The universe had a size of

about lCT
1(1 of its present size. At t = 1 s after

the big Bang, T = 10
10

K, and protons, neutrons,

electrons and their antiparticles were in

thermal equilibrium with each other.

Lxample question

Q2
Show that at temperature f — 10'" K there is

enough thermal energy to create d eelron-posi iron

pairs.

forces are unified: time - 10 43
s

The Strong nuclear force presumably joined with

the electroweak into one unified force. During

this period, leptons (i.e. electrons, muons.

Answer

The thermal energy corresponding io T — 10’" K

is xz ;L7
r that is

1,5 x ua k i<r
13

l = 1,3 Mev
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The rest energy of an electron is m^c2 **0.5 MeV,

so the thermal energy 1 .3 MeV is enough to

produce a pair.

Nuclei form: time = 3 min
At t — 200 s ( the first three minutes*), the

temperature had fallen down to 10
5 K and the

Lime was right for protons and neutrons to start

combining, creating the nuclei of the light

atoms. When the temperature was just over

Kf K, the thermal motion of nucleons inside

the nucleus was large enough to break ihe

nucleus apart. Therefore, no nuclei could have

existed prior to this time. This temperature sets

the time when nuclei began to form - the

period of nuctayrcthesfs. The relative numbers of

protons, neutrons and electrons differ because

of differences in mass, but can be determined

by applying the laws of thermodynamic

equilibrium. Using, in addition, the laws of

nuclear physics, which determine how nucleons

combine to form nuclei, one can predict the

relative abundances of the nuclei so produced

as the universe cools from 10
rj

K to lower

temperatures. For example, iL can be shown that

at this rime there were seven protons for every

neutron in the universe, or lourteen protons for

every two neutrons. The two neutrons can

combine with two protons to form one helium

nucleus, the remaining twelve protons forming

twelve hydrogen nuclei. Tire mass of twelve

hydrogen nuclei is about 12 u and the mass of

one helium nucleus about 4 u.

In this way, we can predict that there should

exist an abundance of helium-4 in the universe

of about 25% by mass. The fact that Lhe

measured abundance of helium is 25% is one of

the strongest pieces of evidence in favour of Lhe

Big Bang scenario.

After the formation of light mideb 3 min or so

after the Big Bang, the universe consisted

mainly of electrons, photons and light nuclei

(protons and deuterium and helium nuclei) up

to a time of about 104 yr (T = 10* K), The

universe then had a size of about 10
4 of its

present size.

Atoms form: time = 3 x 10 s
yr

There followed a period of recumbiTiiiiitm, in

which electrons joined with protons to form

neutral atoms of hydrogen at about 3 x I(T yr,

T - 3000 K. (The term recembinarfon is

misleading since atoms of hydrogen had not

existed earlier.) The universe was cooling

down sufficiently for maLter and radiation to

decouple. Previously, photons scattering off

electrons kept the electrons (matter) in

thermal equilibrium with radiation (photons).

The fact that electrons were now in atoms

and not free means that photons could move

larger distances without being scattered by

electrons. Barlier, the total energy carried by

photons was greater than the energy carried

by matter, but at these lower temperatures

equality was reached. Soon afterwards, the

energy carried by matter became the

dominant energy in the universe: the

universe became matter-dominated and

continues to be so today.

First stars and galaxies form: time -

0.5 x 10 6
yr

About halfa million years after ( = 0, matter

began to cool sufficiently to allow for the

formation of stars and galaxies. Nuclear fusion in

the interior of stars provided their energy and

heavier nuclei were formed. Our solar system

formed just over a billion years from lhe Big Bang,

Matter and antimatter

The universe we observe is made out of matter

and not antimatter. Yet in the very early

universe there were almost equal numbers of

particles and antiparticles. Note the word

‘almost
1

, for if the numbers of particles and

antiparticles had been exactly the same, we

would not be here - no maLter would exist.

Theories ofelementary particles predict that in

the very early universe an asymmetry in their

interactions produced a very slight excess of

particles over antiparticles (one extra particle

for every 10'* particle-antiparticle pairs in the

universe). The panicles constantly collided with

the anti particles and lurned themselves into
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photons. But the reverse process also occurred,

with photons turning themselves into pairs of

particles and anti particles. When the universe

cooled down to below 10
11

K, the energy of the

photons was so reduced that they could no

longer produce pairs of particles and

anti particles, 'flic annihilation of particles and

antipartides into photons continued, however,

until all particle-anti particle pairs were turned

into photons (permanently). This left behind the

one particle, in the 10<J

pairs, that was

unmatched. This is the matter that we see today.

it

(“) Virgo

tb) Ursa Major

(c) Corona

Bengalis

id.i Bootes

(e) Hydra

Figure T6.8 For question 7.

1 What type of galaxy is the Milky Way

according to Hubble's classification scheme.

2 Outline the structure of the Milky Way galaxy.

3 State and explain Hubble's law. Explain why

this law is evidence for an expanding universe.

4 Some galaxies actually show a blueshiit,

indicating that they are moving toward us.

Does this violate Hubble's law?

5 Galaxies arc affected by the gravitational pull

of neighbouring galaxies and this gives rise to

what are called peculiar velocities. Typically

these are about 500 km s~
T

. How far away

should a galaxy be so that its velocity of

recession due to the expanding universe

equals its peculiar velocity?

6 Suppose that sometime a detailed study of the

Andromeda galaxy and all the nearby galaxies

in our Local Group will be possible. Would

this help in determining Hubble's constant

more accurately?

7 Figure T6.S shows lwo lines due to calcium

absorption in the spectrum of five galaxies,

ranging from the nearby Virgo to the very

distant Hydra, Each diagram gives the

wavelength of the H line (.hydrogen line). The

wavelength of the H line in the lab is

656,3 nm. Use the Doppler shift formula (non-

relativistic version) to find the velocity of

recession of each galaxy. Using Hubble's law,

find the' distance to each galaxy.

(Use H = 72 km s
-1 Mpc-1

.}

For those taking the Special and

general relativity option

8

Take Hubble's constant now to be

H = 72 km s
1 Mpc 1

.

(a) At what distance from the earth is the

speed of a receding galaxy equal to the

speed of light?

(b) What happens to galaxies that are

beyond this distance?

(d Is the theory of special relativity

violated?

9

A spectral line, when measured on

earth,, corresponds to a wavelength of

4.5 x to
7 m. When received from a distant

galaxy, the wavelength of the same lane is

measured at 53 x ID
-7

m.

(a) What is the redshift for this galaxy?

(b) How fast rs this galaxy moving from us?

Find the answer by using the non-

relativistic formula

(c) How far is the galaxy?

(Take It = 72 km s Mpc
-1

.)

10 Explain why the inverse of the Hubble

constant, ! / H, is taken to be the 'age of the

universe'. How old would the universe be if

H “ 500 km s
_r Mpc" 1

(close to 1 1u Nile's

original value)?

11 Explain how the Hubble constant sets an

upper hound to the age of the universe,

12 Explain why the Hubble law does not imply

that the earth is at the centre of the universe.
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1

3

Consider a balloon and two points on its

equator (see figure E6.9). The radius of the

balloon is and is increasing with lime* The

distance between the two points is thus getting

bigger This distance is given by r — Rt) r where

0 is the angle that the arc joining Ihe two

points subtends at line centre of the balloon.

Assume that as (he balloon expands ihe angle ft

slays the same.

created so as to keep the density of the

universe constant. Taking the density of

ihe universe to be about TO
-2* kg m J

,

find at what rate matter must be created

in order lhal the density of an expanding

universe be kepi constant. Take

H = 72 km s''
1 Mpc

1

.

Figure H6.9 For question 13.

(a) Show I hat ihe velocity with which Ihe two

points move apart is proportional 10 I heir

separation (be* show that v — Hr, where

H — £““}. This shows that Hubble's law is

satisfied.

(b) Show that, if the radius of the balloon is

expanding uniformly (i,e, if R tx t), (hen

ihe Hubble 'constant' is actually

decreasing with time as H = ‘

.

(c) How shoutd the radius be increasing in

order that H l>e really constant in lime?

14 What do you understand by the term

nucleosynthesis?

15 Suggest why no atoms existed at times prbr to

about 1

0

5 years after the Big Bang.

16 What significant event took place three

minutes after the Big Bang?

1 7 The universe had almost equal quantities of

mailer and antimatter in its very early stages.

Outline rite reason why the universe today is

made out of matter only,

HJ All stars, regardless of age r contain at (east

25% helium by mass. How- is this significant?

19 An old theory of cosmology fthe steady state

theory) asserted that, as the universe

expanded, matter was constantly being

20 (The following very long problem is for

mathematically inclined students who might

enjoy it. It will certainly not be required in

the IB examination!)

imagine space to be filled with gas of density

p. A galaxy of mass m at a distance r from

the earth is thus attracted toward the earth by

the mass enclosed in a sphere of radius r

centred on the earth. Newton's laws (second

law and gravitation) then imply that

where the quantity in brackets represents the

mass of ihe gas in the sphere of radius r. Use

v — HRr0 — f-c., where R is the scale factor

of the universe and rn is the separation of

two points at some arbitrary time b.

Substituting into Newton's law we find

d R

~dV
4jt _ ,

+ —CpR 0

This Is (he equation obeyed by the scale

factor Pit), bin it still cannot be solved

l>ecause the density is also a function of

time. But by the law of conservation of mass

we must have (why?)

pR' = Aftfq

where Ihe zero subscripts indicate the values

of the density and (he scale factor now. Thus,

show that

d - R c
2 *—

d i
2 R'
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where The constant C has the value

C — ~p ft \ , Show that the differential

equation for R just derived is equivalent

to

where k is a new constant of integration,

dust differentiate litis last equation and

show that you get the old one.) This last

equation is known as the Friedmann

equation, II describes how The scale factor

varies with time. It was derived by

Newtonian mechanics but it (urns out

that it is also valid in general relativity as

well

Solve this equation for the case of k - 0

to find at t
2;i

r What does the rate

of increase of R become as time gets

large?

Hence show that H « j, The expansion will

stop if 77
x Q, Using the Friedmann

equation, show that this requires that k > 0.

Assuming that k > 0, show that the solution

of the Friedmann equation is given in

parametric form as

C
R{0 )

~
1 1 - cos fl)

2 k

where the parameter 0 varies from 0 to 2jt.

This is the equation of a cycloid. Sketch this

curve. Show that the largest value of the scale

of the universe is then R = and that this

lakes place at a time given by ^ . Show that

R becomes zero again al a time given by ^ ;

.

Show that, for small t, the solution for k 0

of the previous problem agrees with the

solution for k — U, that is

R(t) oc f
1 "'

Why is there such an agreement? At which

point in the lifetime ol the universe was the

expansion the fastest (i.e, largest rate of

change of R) ?
. What does this suggest?

Attempt to apply the same analysis to the

case k <- 0, (Hint: You will have to replace

sines and cosines by hyperbolic sines and

cosines.) What do you guess k represents?
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Radio communication
Communi cation, \he transfer of information in many different fotrns from one place to

another, is perhaps the dominant characteristic of our present global society. We are now

all dependent on computers, modems and mobile telephones lor very many aspects of

our daily lives. Thanks to rapid advances in just the past two decades, the average person

now has access to an unprecedented amoon t of information. This information can be

retrieved, stored and retransmitted with astonishing ease and speed. This option is an

introduction to the fascinating field of communications. Its proper study requires some

physics, a lot of electronics and a lot of very advanced mathematics. The approach taken

heie is non -mathematical and is intended only as a brief introduction to the subject.

I

Objectives

By the end of this chapter you should he able tot

* understand the difference between a carrier wave and a signal wave

(containing the information or message):

* sketch simple power spectra:

understand that modulation of the carrier wave is necessary in order to

transmit information;

* understand the process of amplitude modulation (AM);

4 define what is meant by sideband frequencies and bandwidth;

* solve problems with amplitude-modulated waves:

4 understand the process of firqucnry modulation

* describe the advantages and disadvantages of modulation by FM
compared to AM;

' describe the components and function of a simple AM radio receiver.

Now imagine that the first person makes the

same sound all the time, for example

pronouncing the letter C repeatedly. Unless, by

some prearrangement, this is supposed to

signify' something, the information submitted

to the second person in this way is zero. To

convey information, the signal (in this case the

C) must be modified in some way, One way to

modify the signal is to pronounce the letter C

at various intensities, loud and soft, or to leave

different intervals of time between one C and

the next. Modifying the signal in this way can

be used to transmit information ifboth the

Modulation

The most common form of communication

involves two people talking to each other. The

following example illustrates features common
to all communication systems. To communicate

we need a smircir (the first person speaks), a

carder (in this example, a sound wave) and a

receiver (the second person). To produce the

sound in the first place, a voice must be

available; and to receive it, an ear is needed. To

process everything, two brains are required as

well.
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source and the receiver understand the rules by

which the signal gets modified

.

Modifying a signed in some way so dial it

ain be used to transm it infororation is

called jtiixfrilaiiopi.The modulation that

takes place in modern communication

systems is electrical in nature.

Signals

We must distinguish between two types of wave:

- signal wave, which contains the information

or message to be transmitted, e,g, audio

(sounds or voice}, video (picture or movie) or

data:

* carrier wave, ihe means by which the

information is to be transmitted (usually an

electromagnetic wave), e g, a radio wave or

visible light or alternating current.

The simplest wave is a sinusoidal wave of

constant amplitude A and single frequency f

,

The displacement (‘displacement' here usually

refers to a voltage) of such a wave is

y = A sini27r/"(

)

Thus

y = 5 $in(20Qjrf)

represents a wave of frequency f = 100 Hz and

amplitude 5 units. Given a signal, we can find

its power spectrum. This means plotting the

power (amplitude squared) as a function of

frequency. Since our simple signal contains just

one frequency, we obtain the power spectrum

shown in Figure FIT,

Consider by contrast a more involved signal

consisting of two sine waves:

y — 10 sin(200,ir() 4 5,0 sinHOCbrf

)

The frequencies are 100 Hz and 200 Hz with

corresponding amplitudes 10 and 5,0 units. Its

power spect rum is shown in Figure F1.2,

power

0 ICX) frcquent^A-Ti;

Figure FIT The power spectrum of a single-

frequency wave.

power

—
0 1 00 200 frequancy/Hai

Figure FI.2 The power spectrum of a wave
consisting of two components with different

frequencies and amplitudes.

Most of the time %ve shall be concentrating on

harmonic waves, he, waves of the form

sin (2jtft ) or cos (2nft ), A famous result in

mathematics states that any periodic signal can

be written as a sum (perhaps an infinite sum) of

harmonic waves with specific coefficients. This

is why the study of harmonic signals is

important: through them, all other signals can

be obtained. As an example of this, consider a

periodic square wave, as in Figure FI.3*

This can be approximated with

y = sin(2jrft) 4 ^sinfdTrf/) 4 isin( 1Q?rft) H

where f = j , Figure F'1.4 shows the

approximation with just six terms in this series.



546 SL and HL Option F - Communications

d i s-plaCCmcnl

displacement

Figure Fl.4 Approximation of the square wave
with harmonic waves of odd frequency, f

,
3 f

,

5/ . etc. The approximation gets better when we
include more terms in the series above.

Amplitude modulation (AM)

Consider two simple signal (information) and

carrier waves. Assume that both arc sinusoidal

with displacements given by

y$ — A$ 5Jn(27rf$f ) signal wave

}'c = Ac sin(2jr/cO carrier wave

t In the process of amplitude modulation

(AM), the ampifhrdf of the carrier wave gets

changed (i.e. modulated) bv the addition of

the rastamaueoos displacement of the

signal wave.

So tile modulated carrier wave becomes

modulated

Vm = Ml + A$ sin (2jrfd )| sin {2jt ft t ) carrier

wave

With some trigonometry (the details ate not

required for examination purposes), this can be

rewritten as

Vm - Ac sm{2irid

)

+ \cos(2jt{ (l fs )I)

—cos{2jt( fc 4- fs>f)]

This shows that the modulated carrier wave

now has three components:

(a
)

rhe o rigi n al Carrie r wave, A c si n (2?r fc

l

)

:

(b) a wave ofamplitude and frequency

( fc — h):

(c) a wave ofamplitude and frequency

( fc + f$\~

Suppose that we have the sinusoidal signal

(information) wave shown in Figure FI. 5(a) and

the carrier wave shown in Figure Fl, 5(b), The

amplitude-modulated wave is then that shown

in Figure Fl.S(c), The power spectrum of the

amplitude-modulated carrier wave is shown in

Figure F1.6,

The frequencies ffL — f$) and (fc + fs) are

known as the lower and upper side

frequencies. The difference between the

upper and lower side frequencies is known
as the bandwidth:

A/ = (fc + h) -
(fc h)

-2h

In practice, the information signal wave will

carry more than one frequency. If the

inlbrmation signal wave carries a range of

frequencies from f\ to fM , then the modulated

carrier wrave will consist of a wave at the carrier

frequency fL and two sidebands. The lower

sideband will contain frequencies in the range

(fc - fn) to (fc — fi) and the upper sideband

will contain frequencies in the range (f
L

-4- f[ )

to ife + fin ), The power spectrum is shown in

Figure Fl.7.
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V/mV {a I signal wave

Figure F1.5 la) A signal (information) wave, (hj a

high-frequency carrier wave and (e) the

amplitude-modulated carrier wave produced.

The bandwidth is defined as the range of the

frequencies in the modulated signal and thus

equals

A f = (fc+ — (l"c — fn)

= 2 f„

> We Unis have the important result that, for

amplitude modulation . the bonrfwitcifh is

twice the highest signal wave frequency.

Figure Pi.6 The power spectrum of the AM wave

from Figure Fl,5 k which lias been amplitude-

modulated by a. single frequency in the

Information signal.

Figure FJ-7 When the signal {information) wave

has many frequencies, we have sidebands on

both sides of the carrier frequency.

From the earlier formula for the amplitude-

modulated carrier wave, we can see that the

amplitude has a maximum value equal to

Ac + A$ and a minimum value ofAc As- This

means that the difference between the

maximum and the minimum amplitude values is

(Ac + /Is)
- Me — /Is) = 2As

Le. twice the signal amplitude.

Example questions

Ql—

^

(a) A 2 kHz information signal is used to

amplilude-anodulate a 1 MHz carrier.

Calculate the bandwidth of the transmitted

signal.
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(bj I he informalion signal is now changed to a

signal with a range or frequencies from

0,20 kHz to 2,0 kHz. State the frequencies

generated by I fie modulator for the 0.20 kHz

and 2.0 kHz signals,

<c> Calculate The bandwidth for this transmitted

signal.

(d) Radio stations have been allowed to broadcast

in the frequency range 600 kHz to 1400 kHz.

How many radio stations can broadcast in this

range if the signal has the bandwidth

calculated in (c)?

V/mV

Figure Fl.8 An amplitude-modulated carrier wave.

Answer

(a) There will be two side frequencies at

(1 ±0,002) MHz, i.e. at 1.002 MHz
and Q.993 MHz. The bandwidth is

1 .002 - 0,998 = 0.004 MHz ^ 4 kl Iz,

tbJ The frequencies for the 0,20 Id tz signal

are (1 ± 0.0002) MHz, i.e. 1 ,0002 MHz
and 0.9998 MHz* For the 2.0 kHz signal

they are 1 .002 MHz and 0,998 MHz r as

before.

(cl The bandwidth is 1 ,002 - 0.998 =
0.004 MHz = 4 kHz, as before, iwice the

highest frequency in the information signal,

(d) Hie frequency range is 1 400 - f>00 = 800 kHz.

Thus we can have = 200 radio stations

in this frequency band.

Q2 «
Tlie graph of Figure F 1 .8 shows a carrier wave

modulated by a single audio frequency. Using the

graph, determine:

(a) the frequency of the carrier;

(b) the frequency of the information signal;

(c) the amplitude of the information signal.

Answer

(a) There are three full waves in a lime interval of

0.20 ms. Hence the carrier [jeriod is

approximately =0,067 ms. The frequency

is therefore ^ = 1 5 kFIz.

(b) To find the period of the information signal, took

ai the envelope of the carrier wave from peak to

peak tor trough to trough if more convenient).

This period is 1 ,30 - 0,30 = 1 ,0 ms. The

frequency is then = 1.0 kHz.

(c) The modulated signal has a maximum

amplitude of 1.80 mV and a minimum

amplitude of 0,20 mV, The difference in these

is equal to twice the amplitude of the

information signal, so amplitude of information

signal = = -4^ 0.80 mV.

I he modulation of a signal can be represented

as a block diagram as shown in Figure Fl.9, The

rest! It ofmixing the original audio

(information) signal with the carrier results in

the three components mentioned above. The

amplifier amplifies these three, but does not

amplify the original audio signal.

aerialW

audio signal
rnixliikiEOT ampliftcr

courier

Figure Fl.9 Block diagram for an amplitude

modulator.

Frequency modulation (FM)

In frequency modulation (FM), the carrier

wave's /rcqiiiLTtcy is changed (modulated)

according to the instantaneous displacement of

the information fm range) signal wave. The
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frequency of the modulated signal is greatest

when the information signal has its greatest

positive value, and the frequency is least when

the information signal has its mosL negative

value. (The information signal always has a

much lower frequency than the carrier, as is

also ( he ease with AM.) Thus consider the

information signal wave of Figure Fl. 10(a) and

the carrier wave of Figure FI. 10(b). The

frequency-modulated carrier wave that results

is given in Figure Fl.l.0(c|,

Frequency modulation (FM) involves

changing the Jhrquency of the carrier signal

according to the instantaneous value of the

information signal.

Notice that in the frequency-modulated signal

the frequency changes hut the amplitude stays

constant. This is important for the quality ofFM
transmissions - see page 550,

voltages (it) signal wave

Figure Fl .10 (a) A signal (information) wave
modulating (b) a carrier wave, resulting in (c) a

frequency-modulated carrier wave.

Supplementary material

The mathematics ol frequency modulation h

complex and beyond the scope of this hook, For

a carrier signal = A sin^jrftf), the

modulated FM signal may be written as

= A s

i

o(27t fij t -i-0), be, the process of

modulation introduces a phased (recall what

we have learned about simple harmonic motion

in Chapter 4,1), 3n frequency modulation, the

phase is related to the information signal. The

precise way they are related is that the rate of

change with lime of the phase $ is proportional

to the instantaneous information signal ydA r.o,

= kysith This defines frequency modulation.

The parameter k is called the frequency

deviation constant and is related to the

modulation index p through the relation

fi — “(.where A\ and f\ are the amplitude and

maximum frequency of the information signal.

You can experiment on your graphics calculator,

or preferably a computer, with various

information signals and carrier waves to see

what kind of frequency modulation you obtain

as you vary k.

In frequency modulation we have a parameter

fi. called the modulation index:

Here. A f = / - fc is the maximum deviation of

the modulated carrier's frequency f relative to

the unmodulated carrier frequency /c. Also, f]

is the highest frequency in the information

signal. The importance of this index is That it is
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related lo bandwidth. Hie FM bandwidth is

given (approximately) by

FM bandwidth ^ 2( Af -+ f,}

In radio FM broadcasts, A f — 75 kHz and the

modulation index 0 used is high, typically 5.

In frequency modulation the bandwidth

depends on the maximum information signal

frequency t] and the modulation Index A

Example question

Q3
A high-quality FM radio station has a frequency

deviation of 75 kl I? and contains audio signals

varying from 50 Hz to 15 kHz. What is the

modulation index and the bandwidth of the FM
transmissions?

Answer

Applying the formulas in the text gives

fi
—

|J
— 5 and bandwidth = 2(75 + 15) =

1 00 kHz (This is larger by 1 50 kHz compared

to an AM transmission containing the same audio

information.)

received signal. Notice that, when amplifying

an AM signal, the noise gets amplified as

well.

* In FM t the amplitude of the carrier is small

compared to the amplitude of the sidebands.

Tills means that most of the power in

transmission goes to Lhe sidebands, which is

where the information is.

* The same information can be transmitted with

less power with FM compared with AM,

* The bandwidth for FM is greater than that for

AM.

* The modulators and demodulators tor FM are

more complex compared with those for AM.

The AM radio receiver

An AM receiver may be represented

schematically as in the block diagram of Figure

FIJI. It consists of an aerial {antenna), a tuning

circuit, an RF (radio-frequency) amplifier, a

demodulator, an AF (audio-frequency) amplifier,

and a loudspeaker. The role and function of

each block is described below.

aerial

The power sped rum of frequency V
modulation is much more complex

than that for amplitude modulation.

Even with one frequency in the

Information signal the power

spectrum has many sideband

frequencies. The advantage of a high

modulation index fi is that in that case the

amplitude of the carrier wave decreases relative

to lhe amplitude o IT the sidebands. This means

that most of the power (98%) is transmitted in

the sidebands (where the information is) and

not in the carrier.

Comparing AM and FM

* FM has a better signal-to-noise ratio. This is

because noise adds to the amplitude of the

carrier wave and so is nol included in the

lulling RF AF
circuit ompEifier

ttertiraluEaror
amplifier

loudspeaker

Figure Fl.11 A block diagram of an AM radio

receiver.

Aerial

The aerial (antenna) is needed in order to pick

up the carrier signal that has been emitted by

lhe transmitter. The carrier wave is an

electromagnetic wave and so contains a time-

varying electric field. The electric ticld forces

electrons in the aerial to move, and this in turn

creates a small current. Hie aerial is exposed lo

the carrier waves of many transmitters (radio

s La lions, for example). In general, the electrons

in the aerial move as a result of the electric

fields of Lhe very many carrier waves that the



FI Radio cornrnunication 551

aerial picks up. So a way must be found to

isolate the particular radio station one wants to

tune to.

Tuning circuit

The role of the tuning circuit is to isolate the

particular carrier wave that one wants to tune

to. We may think of this circuit as an electrical

oscillating system that has its own natural

frequency. 'Hie natural frequency can he altered

by changing the capacitance of a variable

capacitor in Lhe circuit. Hie situation is then

analogous to a mechanical system that is driven

by an external periodic force. The system will

respond when it is in resonance with the

external force. In other words, by making the

natural frequency of the tuning circuit equal to

the frequency of a particular carrier wave, we

ensure that only that particular carrier will be

picked up. Thus a copy of the modulated

wave is now present in the Lulling circuit

as a small current. This current can be

turned into a voltage and fed into the RF

amplifier.

RF amplifier

Hi is stands for radio-frequency amplifier. The

voltages sent by the tuning circuit to the

demodulator are generally extremely small.

They have to be increased so Lhat the

demodulator can work. This is the function of

the RF amplifier.

Demodulator
In this important part of the receiver the

information carried by the carrier is extracted

and the carrier rejected. In the first step the

signal from rhe RF amplifier is fed into a diode.

The diode only allows the passage of current in

one direction and not the other. Ill is means

that the negative voltages in the graph in

Figure Fl .12 are ignored.

Recall that the carrier wave has a much larger

frequency than that of the information signal

wave. So the diode output is passed through a

filter, which essentially cuts out the high-

frequency carrier and leaves only the slowly

voll a

Figure FL12 An amplitude-modulated (AM) wave.

oscillating audio-frequency information signal.

This is the "envelope" of the carrier wave shown

in the graph in Figure Fl.l2wtth the dashed line.

AF amplifier

This stands for audio-frequency amplifier. The

signal sent by the demodulator is small and

needs to be amplified before sending it to the

loudspeaker; otherwise the loudspeaker cannot

be driven.

Loudspeaker

Hie audio-frequency signal is still electrical in

nature. This signal will then drive the diaphragm

of the loudspeaker, so that the sound content of

the information signal can be recovered.

1 Calculate the frequency of the following

signals,, where [he lime f is measured in

seconds:

U) 3.0 sin (2000W + G + 1

)

(b) 4.0 sin <66000

(d 12 x 10-*sin(^r + i)

2 (a) In the context of communications,, state

the meaning of modulation.

(bJ State and explain whether AM or FM
transmissions are more likely lo be

affected by noise.
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3 Describe the process of amplitude modulaiion,

4 A Sinusoidal information signal has

frequency of 5.0 kHz and is to amplitude-

modulate a sinusoidal carrier of frequency

4.0 MHz.

in) State die frequencies in the amplitude

modulated signal.

(b) Sketch the power spectrum
a .

, . i r
|

WlttV
oi the modulated signal. *

10 The graph in Figure FI .13 shows a carrier

wave modulated by a singte audio frequency.

Using the graph determine:

(a) the frequency of the carrier;

(b) the frequency of the information signal;

(c) the amplitude of the information signal

5 In the context of modulated

carrier waves, stale the

meaning of sideband

frequencies,

6 Referring to the discussion of

the square wave on page 545,

draw a sketch graph of the

power spectrum of a square

wave.

7 Speech and music cover (he

frequency range from about

50 Hz to about 4.5 kHz. What

is the bandwidth required by

an AM radio station?

8

A 3 kHz information signal is used to

amplitude-mod u late a 1 .5 MHz carrier.

(a) Calculate the bandwidth of the transmitted

signal.

(bj The information signal is now changed

to a signal with a range of frequencies

from 0.20 kHz to 20 kHz, Calculate the

range of frequencies In the lower

sideband and in the upper sideband, and

slate the bandwidth for this transmitted

signal,

(d Radio stations have been allowed to

broadcast in the frequency range 800 kHz

to 1 200 kHz. How many radio stations

can broadcast in this range if the signal

has the bandwidth found in tb)?

in radio communications the frequency range

30 kHz to 300 kHz is known as LW (long

wave). You are given permission lo operate a

radio station in the LW frequency range.

Explain why you would not be given the

choice between AM or FM modulation for

your transmissions. What would you be forced

to use?

1 ! Describe the process of frequency modulation.

12 State and explain three advantages of

frequency modulation over amplitude

modulation in radio transmissions.

13 Outline the significance of bandwidth in the

transmission of a rad in station broadcast.

What would happen, in practice, if the

bandwidth allotted to a particular radio station

were lo be reduced lo, say, half its original

size,

14 In many countries, the range of frequencies

used for FM radio station transmissions is

88 MHz to 108 MHz. The bandwidth required

is aboul 1 MHz,

(a) How many radio stations can one have in

this frequency range?

(b) In practice, many more radio stations use

this frequency in any one couni ry. Explain

how this is possible.

1 5 The graphs in Figure FI .1 4 show a carrier

wave modulated by a single-frequency audio

wave.
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V7mV (a) carrier wave

JUi: graph in Figure 1 1 .15 shows a detail of the

frequency-modulated wave near f = 0,5s,

WiuV

Use the graphs to estimate:

fa) the carrier frequency;

(b) the information signal frequency;

(c) the modulation index l.e, the ratio of

the maximum deviation of the modulated

carrier's frequency to the information

signal frequency;

(d) an approximate value for the bandwidth

available for this FM transmission.

(e) Discuss how the answers to the previous

parts could have been obtained from the

graph of the FM-modulated wave atone,

i.c. just the graph in Figure Ft ,1 5.

f fi An FM radio station has a frequency deviation

of 75 kHz and contains audio signals varying

from tOO Hz to 12 kHz. For the FM

transmissions, calculate:

fa) the modulation index;

(b) the bandwidth,

17 Outline the operation of an AM receiver.

18 fcx plain the role of resonance in the tuning

circuit of a simple AM receiver.
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Analogue and digital signals

This chapter will introduce analogue and digital signals and the important concepts of

sampling and sampling frequency, Binary numbers will he introduced, and I he process

of convening an analogue signal into a digital signal and vice versa discussed. We wifi

discuss the transmission of digital signals and Ihe advantages this offers compared to

analogue signal transmission. The chapter will end with a discussion of time division

multiplexing (TOM), which is commonly used to transmit many digital signals along the

same channel at the same lime.

Objectives

By the end of this chapter you should he able to:

* convert a decimal number into a binary number and vice versa;

* distinguish between an analogue signal and a digital signal;

* understand the meaning ofsampling and the importance of sampling

frequency;

* explain the significance of bit rate.

* understand the meaning of quantization level and quantization error,

;

state the advantages of the digital transmission of a signal;

* solve problems in anulogucto-digita J convertton of signals;

describe the main processes involved in the Transmission arid reception of a

digital signal;

* und erstund the importanee of rime division mu 1

t

iplexmg.

Binary numbers

This section is identical to the corresponding

section in Chapter 8.1 ofTopic 8, Digital

technology, in the Core and AH L Material, to

which the reader is referred.

Analogue and digital signals

This section is identical to the corresponding

section in Chapter 8,1 ofTopic 8, Digital

technology, in the Core and AHL Material, to

which the reader is referred.

Bit rate of a digital signa l

The bit rate refers to the number of bits that

can be transmitted per second. Ifeach bit has a

duration of r seconds, then the bit race is given

by

bil rale - -
r

Furthermore, if the number of bits per sample

is n and the signal is sampled / times per

second, we must also have

bit rate = f x n
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Le,

bit rale = (sampling rale)

x (number of bits per sample)

Example question

Q1
Calculate the bit rate for a signal that is sampled

8000 limes per second and has 16 quantization

levels*

Answer

mfHsnTULEiort

Since 2
1

* = 16, we have four bits per sample and

so the bit rate is

Bonn x 4 = 32000 bit s~ ' - 32 kbit s
1

The duration of one bit is

I

32000
= 3.1 x I0~

fl

s = 31 MS

The bit rate is important because it determines

the bandwidth that will allow a given digital

signal to pass through a channel of

communication (e.g. a cable or an optic fibre -

see Option F4). A small bandwidth will

distort the pulses to such an extent that

reconstructing the analogue signal from its

digital form may be impossible.

It can be shown that the bandwidth for i he

transmission of a digital signal is in tact

equal to the bit rate.

The sampling rate (i.e. the sampling frequency)

is of crucial importance when the time comes

to reconstruct an analogue signal from the

digitized signal. To see this point, consider an

audio signal of frequency 500 Hz (Figure F2.1)

that is being sampled al a sampling rate of

357 Hz, i.e. 357 times per second.

Since the sampling frequency is 357 Hz, the

sampling will take place every = 2.80 ms.

The resulting pulse-amplitude modulation

(PAM) signal is shown in Figure F2.2.

Fitting a smooth curve lo these points results

in the reconstructed analogue signal of

Figure F2.3. Clearly this signal is not a

samples

Figure F2.2 The PAM signal wit h a sampling

frequency of 357 Hz.

faithful reproduction of the original. The

frequency is much lower than that of Lhe

original signal. The appearance of tins low-

frequency signal is called aliasing* This

happened because the sampling frequency

was much loo small.

rccoTiJiirucieiJ Puipvt

Figure F2.3 The reconstructed analogue signal

after sampling at 357 Hz.

A low sampling frequency (compared to

the information signal frequency) results

In aliasing, i.e. unfaithful reconstruct! cuts

of the signal,
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A mathematical theorem known as the

Shannon.-Nyqiiist sampling theorem states

that, to avoid rhis problem, the sampling

frequency must be at least twice as large as the

largest frequency in the information signal.

This is known as the Nyquist frequency.

Example questions

Q2
A signal lias frequencies ranging from 400 Hz

to 5.4 kl Iz. What is the minimum sampling

frequency that will result in a faithful reproduction

of this signal?

Answer

By [he Shrjnnun-Nyquist sampling theorem, any

frequency higher than 2 x 5.4 ^ 1 1 kHz will do.

Q3
Consider the audio signal represented by the

graph in Figure F2,1 above. Sample this signal

with a frequency of 2.0 kHz (i.e. 2000 times

per second), and ploi a graph of the resulting

reconstructed signal along a time axis. Compare

the result with that obtained above when

sampling at 400 Hz.

Answer

The result of the sampling and (he reconstructed

analogue signal are shown in figures F2.4 and F2.5.

samples

Figure F2.4 The PAM signal with a sampling

frequency of 2.0 kHz.

reconstituted output

I

| 1 1 1

r
1 '+ r-'ms

0 2 4 6 8 10 12 14

Figure F2.5 Tire reconstructed analogue signal after

sampling at 2.0 kHz resembles the original signal.

The sampling frequency here is very high {the

Shannon- Nyquist sampling theorem is more than

satisfied), and as a result we have a very faithful

reproduction of the original signal, unlike In the

case of sampling at 400 Hz.

Q4 uw«iuiJOTU,nin^Hwwii<i iiti iiifi i iig

The signal in Figure F2.6 is sampled every

millisecond with lb sampling quantization levels.

(a) Construct the PAM signal out of this analogue

signal.

fb) Express the signal as a binary code.

(c) Convert the signal into a digital signal.

Figure F2.6 The analogue signal that has been
sampled every l.G ms.

Answer

(a) The PAM signal is shown in Figure F2.7*

(b) The signal has values at the sampling limes as

shown in the second column of Table F2.1.

These values are converted into four-bit binary

code in the third column. We use four-bit

words since there are lb quantization levels,

{cl The binary code must now be converted into

a digital signal. The codes 1010, 0110 and

01 00 are represented by;
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Working similarly with the rest of the binary

codes, we obtain the digital signal shown in

Figure F2,8.

,J

TTT

B-

r
9 -

8

6 -

H
l

-

44-Si

yj~H'U1,

4

-H-

.

t
* jt/fttt

-r+T

-M-

Figure F2.7 The PAM signal of the analogue signal

in Figure F2 ,6 .

Ttraefms Signal (V Binary code

D 10 1010

\ 6 0110

2 4 0100

3 3 1000

i 9 0100

s 12 1100

S 14 0110

7 2 0010

Table FZ.l The analogue signal has been

discretized by the PAM process and converted

into a digital four-bit binary code.

The transmission and reception

of digital signals

The transmission and reception of a digital

signal is shown schematically in the block

diagram of Figure F2..9.

signal in sample

uiul lm hi

sampling

frequency

Ar>c
parallel

Id stria]

dock

serial lo

parallel
DAL

signal

oul

.

clock

Figure F2.9 Block diagram for the transmission

and reception of a digital signal.

The analogue signal arrives at the block called

sample and hold, In this device, the signal Is

sampled according to the sampling frequency

used and momentarily stored. (For the sake of

discussion, we may take Lhe sampling

frequency to be 8 kHz, the frequency used

universally in the telephone system.) In the

next block, the ADC (anaiogue-to-digital

converter), every sample of the signal is

converted into an n-bit binary code. {For

concreteness we rake n to be ft.) The output of

the ADC is a set of eight bits making up one

sampled signal. The eight bits are registered in

one step in the device called the paralld-to-

serial converter. Each bit is then transmitted

one by one from this device along a single

conducting line. At the other end. the bits,

arriving one by one, are registered in the device

called the serial-to-paralJel converter. Once all

the biLs have arrived, they are put together to

make one eight-bit word. The eight bits are

then simultaneously fed into the DAC (digit al-

to-analogue converter], where the digital signal

is now turned into an analogue signal. The

purpose of the devices labelled 'clocks' is lo

Figure F2,8 The digital signal constructed out of the analogue signal of Figure F2.6.
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control the process of transmitting the bits in

1 he paralleltoseria l and the serial-to-parallel

converters. Tire bits must be sent before the

next batch of bits arrives.

Time d ivision multiplexing

Time division multiplexing jTDM) is a method

commonly used to transmit many digital

signals along the same channel at the same

time.

As noted earlier, the actual time required for

sampling is very short compared to the time in

between two consecutive samplings. Thus,

consider the three signals of Figure F2.10, The

time in between two pulses is wasted time. In

TDM the same channel is used lo transmit

many different signals, as shown in

Figure F2.ll.

voltage

Mixing of individual signals so that they can be

fed along the transmission line is achieved in a

device known as a multiplexer (Figure F2.12),

* mnULplexer
TDM signal

ihrtje dtlYerem

PAM signals

Figure F2,12 Block diagram fora time division

multiplexer

The advantages of digital

communication

Communicating by the transmission of digital

signals has a very large number of advantages

over communication by the transmission of

analogue signals. Whereas the initial ( 19?0s) costs

associated with the digital equipment necessary

were high, and the transmissions

themselves were unreliable, digital

communications now are the standard

because mass production and technical

advances have made possible very low-cost,

sophisticated, reliable integrated circuits.

time The advantages of digital communications

include the following:

volume

* time

“ Digital signals can be regenerated perfectly,

i.c. noise and distortion can be eliminated,

despite transfers over large distances,

* Digital circuits are relatively inexpensive,

reliable and readily available.

-+ imiiz

Figure F2. 10 Three separate signals.

voltage

Error-correcting codes can be applied to

digital signals to ensure that errors in the

transmission of the signals arc eliminated.

Tire signals can be encrypted, by

scrambling the bits in the signal, so that

they can only be read at the desired

destinations, providing privacy and

security.

urr'iL:

%Ure F2.1 1 The time between signals can be used to transmit other signals along the

same line.
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* The signals can he stored, processed and

con trolled by computers,

* Digital signals can be stored on devices such as

CDs and DVDs that are readily available and

inexpensive,

* Digital signals can be compressed.

* Time division multiplexing can be used with

digital signals.

Supplementary materia!

There is very sophisticated physics and

mathematics in error-correcting codes. The topic

could be of interest to students taking either of

those subjects or computer science.

Astonishingly, there is a deep connection

between a certain error-correcting code, a

certain lattice of points in 24 dimensions, and

the problem of the closest packing of spheres in

24 dimensions! Equally astonishingly, there is

also a connection with string theories!

1 Express the decimal numbers (a) 7, (b) 19 and

[c) 67 in binary form,

2 Express the binary numbers (a) 01001 ,
(I>1

11101 and Id 10101 in

decimal form.

3 How many bits arc

needed to express the

decimal numbers (a) 16,

(b) 32 and (c) 64 as

binary numbers?

4 How many bits do we

need to express the

decimal number 1453 in

binary form?

5 How many quantization

levels are there when we

use five bits to represent

a sampled signal?

b An analogue signal

varying from —ID mV
to + 10 mV is sampled

with five-bit words. Estimate the quantization

error involved.

7 A sampled signal will be represented with

an n-bit binary number. Slate one advantage

and one disadvantage of using a high value

of n.

B Distinguish between an analogue signal and a

digital signal,

9 Give three examples of an analogue signal

and three examples of a digital signal.

Ill You listen to your favourite radio station by

using the aerial (antenna) of your radio to pick

up the signal. Is the signal that your aerial

picks up an analogue or a digital signal.

Explain, Is the signal transmitted by the

loudspeaker of your radio an analogue ora

digital signal?

11 Distinguish between a binary code and a

digital signal.

12 (a) Slate what is meant by sampling and

sampling frequency.

(hi Explain why the sampling frequency must

he higher than the frequency of the signal

being sampled,

(c) The graph in Figure F2.13 shows part

of a 250 Hz signal that is to be sampled

with a sampling frequency also of 250 Hz.

The first sample is taken at t = 0.

Figure F2.13 For question 12.
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(i) Make a graph to show the pulse

a nap I i lu de moduhted signal,

(if) Use the result of (c){i) to reconstruct

the analogue signal. Comment on your

answer,

1 3 What do you understand by the term

'Shannon-JMyquist sampling theorem"?

What is the significance of the Nyquist

frequency?

14 A sampled signal is assigned the binary code

01 001 , Make a drawing to show the digital

signal constructed out of this code.

15 Reconstruct the binary code for the digital

signal shown in I igure F2.14. The sampling

has produced three-bit words.

16 The graph in Figure F2J5 show's an analogue

signal. Assume that the signal is sampled

every 0,1 ms. Copy and complete the table

below. Use the table to draw the digital signal

so constructed using three-bit words.

TLme/ms SignaljinV Binary code Digital signal

0.1

0.2

03

0.4

0.5

0.6

0.7

0.3

0.9

1,0

Figure F2.M Far question 15.

Figure F2.15 For question 16-
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M The table below has been obtained by sampling

an analogue signal*

(a I Copy and complete this table.

(b) Put the individual signals together

to construe! the complete digital

signal.

(e) Reconstruct the analogue signal.

Binary code Digital signal Signal strength

till

toot

atm

aooi

0101

1010

1100

1101

1ft The digital signal in Figure F2,H> has

been c onstructed using three-bit words.

Reconstruct lhe analogue signal from thrs

digital signal.

19 A signal is sampled with a frequency of 5.0

kHz and the sample is converted into an

eight- bit word. Determine;

(a) the bit rale;

(b) the bit duration.

20 The sampling rate during the playback of a

compact disc (CD) is 4a. 1 kHz. Each sample

consists oi a 32-bit word.

(a) Calculate lire bit rale during playback.

(b) Estimate the duration of a single bit.

21 Calculate the time between samples

transmitted along a line when the signal is

sampled at a frequency of 4.0 kHz.

22 Make a block diagram to show the main

features involved in

(a) the recording of a CD;

(b) the playback of a CD.

23 Make a block diagram to show the main

features involved in the transmission and

reception of a telephone call along an

ordinary conducting line.

24 One of the elements in the transmission of a

digital signal ts a para lie Edo-serial converter.

Explain the role of I his converter. Why is it not

feasible to transmit a signal represented with,

say, eight bits using eight parallel wires at the

same time^

25 Explain what is meant by time division

multiplexing.

26 A telephone call is sampled with a sampling

frequency of 8,0 kHz in eighubil words. The

duration of one bit along the transmission line

ss 2,0 ps.

(a) Calculate the lime between consecutive

words on the transmission line.

(b) Estimate the number of different phone

calls that can be transmitted on the same

line.

(c) Would your answer to (b) increase,

decrease or stay the same if the sampling

frequency were to increase to 16 kl \?<

27 Fast digital communications have made

profound changes to the dally lives of

many millions of people* Stale and discuss

three such changes by referring once to

(a} ethical., (b) social and (e) economic

factors.

Figure F2,1G For quest ion 18,
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Optic fibre transmission
This chapter introduces one very important channel of communication, the optical fibre.

We discuss the optics of the optic fibre and the concept of the critical angle. We introduce

two types of optic fibres, multimode and monomode fibres, and discuss these in the

context of dispersion and attenuation. The chapter ends with a discussion of sig nal- to-

ne ise problems.

Objectives

By Ihe end of this chapter you should he able to:

* understand the phenomenon of total internal reflection;

* calculate the critical tingle;

* solve problems with total internal reflection;

* understand the structure ofa step-index opttc/ibre;

* distinguish between multimode and moriomode optic fibres;

understand and distinguish between material dispersion and modal

dispersion;

- appreciate the limitations on bit rate and /rvqucno caused by dispersion;

* understand the terms attenuation and specific attenuation;

* sketch the variation with wavelength of the specific attenuation;

* solve problems with attenuation;

* understand the term noise:

* solve 5%nal-l0-rt0to ratio problems.

Total internal Reflection

When a ray of light enters a medium of low

r efractive index from a medium of high

refractive index, the refracted ray bends away

from the normal, as shown in Figure F3.1,

This means that the angle of refraction &T (the

angle between the refracted ray and the

normal, in the medium with the lower

retractive index! is always larger than the angle

of incidence (\ (the angle between the incident

ray and the normal, in the medium with the

higher refractive index). As the angle of

incidence is increased, the angle of refraction

will eventually become 90' (Figure F3.2). The

normal

refleeted fay

Figure FtJ.L A ray of light incident on a boundary
partly reflects and partly refracts* The angle of
refraction is larger than the angle of incidence.

angle of incidence for which this happens is

called the critical angle.
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tk tnria I

Figure F3.2 Hie angle of incidence is the critical

angle 0f when the angle of refraction is 90'%

> The critical angle is that angle of incidence

tor which ihe angle of reflection is 90

Ihe critical angle 8
t can be found from Snells law:

m sin^ = n 2 sin90

iL
strife = —

rt
i

„ * n2
£c = a resin—

ni

For iiiv angle of incidence greater than the

critical angle, no refraction takes place. The ray

simply reflects back into the medium from

which it came (Figure F3„3). This is called total

interrial reflection.

E.xam |i le q nestion s

Qi

A ray of light in water (refractive indent 1 .33) is

incident from water on a water-air boundary.

Calculate the critical angle of the water-air boundary.

Answer

from Snell's law, we have

1 .33 x sin f?r = 1 ,00 x sin90

1 .00
5inWc ~ 1.33

too
8, = a res in—

-

9t = 48.8'

Q2

In Figure F3.4 the ray shown emitted at point P is

totally internally reflected What can we deduce

about the refractive Index of the liquid?

m^rinat

refractive

i ndca

P

Figure F3.4.

Answer

From the diagram, the angle of incidence 8

lias a tangent equal to tan B — ^ and so

Figure F3.3 Four rays emitted From the same point in the medium with high refractive

index. The angle of incidence increases as we move to the right. The angle of incidence

for the rightmost ray is greater than the critical angle. There is no refracted ray. The ray

just reflects.
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$ — arctan ~ = 34 , The critical angle can be at

most 34*. Then the refractive index must be

greater than n, where n sin 34° = 1.00 X siri90“,

i greater than n = = 1

Optical fibres

One important application of total internal

reflection is a device known as an optical fibre.

'Ihe optical fibre consists ofa very thin glass

core surrounded by a material of slightly lower

refractive index (the cladding). Such a thin fibre

can easily be bent without breaking, and a ray

of light can be sent down the length of the

fibre's core. For most angles of incidence, total

internal reflection occurs (figure F3.5), so that

the light ray stays within the core and never

enters the cladding.

Acceptance angle

The maximum angle of incidence that a ray

can make upon entering the fibre that will

result in total internal reflection is called the

acceptance angle of the fibre. Let us call this

angle A (see Figure F3.G). It may be calculated

as follows. Applying SnelTs law at the entry

point for this limiting maximum angle, we
find

1.00 x sin/1 — U] x sine?

But a =90 — #c , so that

sin/1 — nrsin(90
1 - &c)

= N|COSfrc

=i/n ?
" ni

The acceptance angle is thus given by

Figure F3.5 A ray of light follows the shape of the
fibre by repeated internal reflections.

Ifni and n z are the indices of refraction for the

core and the cladding, respectively (so n
,

> n z),

the critical angle can be calculated as usual

from

sinf?L- = — ft- = aresin —
n

\
n

}

It is convenient also to find an expression for

cosf?c . Since costfc = yf\ — sin2#Ct we find

A a* arcsiry rtf — n\

This means t hat, if we want to have every ray

entering the fibre to suffer total internal

re flection, we must have A — 90® and so

sirt90' = Jn |
— n \ = 1,

Figure F3.6 The acceptance angle A is the

maximum angle of incidence for total internal

reflection in the fibre.

Example question*

Q3
I he refractive index of the cone of an optical fibre

is 3 .50 and that of the cladding is 1 ,40. Calculate

the acceptance angle of the fibre.

CO$0C -
rii .

Answer

from the expression above, the acceptance angle

(maximum angle of incidence lor total internal
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re fleet ion} is

A = arcsin^nf - nl

= a resinvi -50^ - 1.4tP

= a resin ^2.25 - 1.96

“ arcsin-/0.29

= arcsmG.5385

A = 33*

Q4—

—

The refractive index of l he core of an optic fibre is

1 .50 and the critical angle of the core-cladding

boundary is 75®.

(a) Calculate the refractive index of the cladding,

(b) Calculate the acceptance angle of the fibre.

Answer

(a) Applying Snell's law at the core -cladding

boundary, we find that the cladding refractive

index n2 is

1.50 x sin75' = x sin 90

This gives n2 = 1 .45.

tb) The acceptance angle is

A — arcsin^/of jnd

= arcsin v 1 .SO2 - 1 .45-

A s= 23

Dispersion

Rays of light entering an optic fibre will in

general follow different paths. Rays t hat

undergo very many internal reflections over a

given distance are said ro follow ftfgh-otder mode

paths. while those suffering fewer reflections

follow low-order made paths (Figure F3.7).

high-order

mude ray

]<iw order

inode ny

Figure F3.7 Low-order and high-order mode rays in

an optic fibre.

Because the refractive index of a medium
depends on the wavelength of the light

travelling through it, light of different

wavelengths will travel through the glass core

of an optic fibre at different speeds. This is

known as material dispersion. Therefore, a set

of 1 igh t rays of d i theren X wave! eng t h s wi 1 1 reach

the end of a fibre at different times even if they

follow [he same path.

Thus, consider a pulse of light created by

turning on, say, a light-emitting diode (LED) Ibr

a short interval of time. The power of I he signal

as a function of time as it enters I he fibre is

represented on the left-hand side of Figure F3,8,

The area under the pulse is the energy carried

by the pulse. In the output pulse, on the right-

hand side of Figure F3.8, the area is somewhat

less because some energy lias been lost along

the transmission.

power inpul power oulptil

time time

Figure FX8 The effects of material dispersion.

Now consider another set of rays that have the

same wavelength but follow different paths (i.e.

they have different order mode paths}. Those

rays travelling along low-order paths are more
straight', travel a shorter distance, and so will

reach the end faster than higher-order rays. Tills

leads to what is called modal dispersion. The

effect on the input signal of Figure P3.S is file

same.

In practice, a set rays will have different

wavelengths and will follow different paths, so

they will be subject to both material and modal

dispersion. This is the case in multimode fibres

(Figure F3_9a). Multimode fibres have a core

diameter of about 100 pm and the cladding is

about 30pm thick.

Of special interest are monomode fibres

(Figure F3.9b), In which the light propagates

(approximately) along the same path. The

diameter of the core of a monomode fibre is
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l OO (,4m

Figu I'f 173 9 (a) A multimode optic fibre. (b| A
monomode optic fibre.

Example question

Q5
The length of an optic fibre is 5.0 km. The

refractive index of ihe core of [he optic fibre is

1 .50 and the critical angle of the core-cladding

boundary is 75°. Calculate the lime taken for a

ray of light to travel down the length of the

fibre:

(a) along a straight line parallel to the axis of the

fibre;

(b) by suffering the maximum number of internal

reflections in the fibre.

Answer

The speed of light in the core of the fibre is

determined by the refractive index:

very small, about 8-10 pin. only a few times

larger than the wavelength of light entering

it. The thickness of the cladding is

correspondingly much larger, about 125 pan in

diameter, in order to make connecting one fibre

lo another easier. The propagation of light in

such a fibre is not governed by the conventional

laws of optics that we are using in this chapter.

The lull electromagnetic theory of light must be

used, which results in lhe conclusion (hat light

follows, essentially, just one path down the fibre,

eliminating modal dispersion. Monomode fibres

are now used for long-distance transmission of

both analogue and digital signals.

3,00x10*
c— = 2.00 x 1 0* m s

1,50

(a) The distance travelled by light in this case is

5.0 km and so the lime taken is

5,0x10’
l = t z

—- = 25 fis,

2.00 x 1
0*

(b) The ray must travel as shown in Figure F 3, 10

with the angle &
t
being infinitesimally larger

than 75".

Then s — -j£“. The lolal distance travelled by the

ray is then

Figure F3,9 also illustrates the meaning of the

term step-index fibre. This means that the

refractive index of the core is constant and so is

that of the cladding, but at a slightly lower value.

The refractive index thus shows a 'step* (down) as

wc move from the core lo the cladding. This type

of fibre is to be contrasted with a graded-index

fibre, in which the refractive index decreases

smoothly from the centre oT the core (where it

reaches a

maximum)
to the outer edge

of the core. The

refractive index

in the cladding

is constant.

5.00 c , n1
$ = — = 5. 1 8 km

srn 75

and the time taken is

5.1 fi x 1

0

3

t -
2.00 x 1 0*

- 26 fj.s

Figure 173, 10.
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Tli is 'smearing
1

effect on the output pulse

means that it is no longer exactly clear where

the pulse ends and where it begins. Since the

pulse width is wider in the output signal, the

bit rate (the inverse of the bit width) is reduced

as a result of dispersion, Also, to transmit a

pulse of width t, the associated carrier wave

must have a period of at least 2t so that bits do

not overlap (Figure F3.ll).

— r

Figure IsJ.ll The period of the carrier is at leas!

twice the pulse duration.

Since Lhe width increases as a result of

dispersion, the associated carrier wave period

increases as well, and this implies that the

maximum frequency i hat can be transmitted

decreases.

^ Dispersion limits the bit rate and the maximum
frequency that can be transmitted.

Attenuation

Any signal travelling through a medium will

suffer a power loss, litis is tailed attenuation. It

may be necessary to amplify the signal for

Further transmission. In The case of optic fibres,

attenuation is mainly due to impurities in the

glass core. Th e massive introduction of optic

fibres in communications has been made
possible by advances in the manufacture of very

pure glass. For example, the glass in lhe

window of a house appears to let light through

without much absorption of energy, Bui the

window pane is less than 1 cm thick. Class of

the same quality as that found in ordinary

windows and of thickness of the order of

kilometres would not transmit any light at all.

t Attenuation in an optic fibre is caused by

the impurities of the glass core. The

amount of attenuation depends on [l ie

wavelength of light being transmitted.

To quantify attenuation, we use a togarh hinic

scale. We define the power (oss in decibels (dB)

as

power Joss = 10 log—— ( in dB

)

’ iniltil

This is a negative quantity.

Thus a power loss of IG decibels means that the

initial power of, say, S.O mW has been reduced

to;

16= 10 log
'

initial

1 .6 = log
8.0

_ irj-lip _ 1

8.0 40

Hence

^ final — ^ ^initial

ao
40

=* 0.20 mW

This idea can also be applied to signals t hat are

amplified, as lhe next example shows.

fxnmple question

Q*
An amplifier amplifies an incoming signal of

power 0.34 mW to a signal of power 2,2 rnW,

Calculate the power gain of lhe amplifier in

decibels.

Answer

The amplifier is shown schematically in Figure

F3.12.
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Figure F3.14 The overall gain in this arrangement
oftwo amplifiers is the sum of the individual

gains.

Also useful is the concept of the specific

attenuation. i,e. the power loss in decibels per

unit length travelled, he.

10 fog^
specific attenuation — —

This is measured in decibels per kilometre

(dBkm -1
).

Fsample quest ions

Q8
A signal of power 12 mW is input to a cable of

specific attenuation 4,0 dbS km Calculate the

power of the signal after it has travelled 6.0 krn in

the cable.

Answer

The loss is 4,0 x 6.0 = 24 clB. Then

-24 = 1° IoR
f̂ i«

-2.4 - log
Hn

~ = I O'*

P<rt = 3,98 X 10“3 Pta

= 3.96 x 10"J x 12

= 0.048 mW

Q9 mm*
A signal travels along a monomode fibre of

alternation per unit length 5*0dB km
-1

. The

signal enters a number of equally spaced

amplifiers each providing a gain of 25rfl3. How
many amplifiers must be used so that, after having

travelled a total distance of 300 km, the signal

emerges from the Iasi amplifier with no power

losstf

Answer

The total power loss without any amplifiers would

have been —5.0X300 = -1500 d8. The net gain

of the amplifiers must then be +1500 dl3, and so

we need = 60 amplifiers.

The specific attenuation (he. the power loss in

dB per unit length) actually depends on the

wavelength of the radiat ion travelling along rhe

optic fibre. When the specific attenuation is

plotted as a function of the wavelength, the

graph of Figure F3.15 is obtained.

allenualion per unit tcngLh/dft kiti
(

wavdengih/nm

Figure F3.13 The variation with wavelength ofthe
attenuation per unit length (the specific

attenuation) in a monomode fibre.

The graph shows minima at wavelengths of

1310 nm and 1550 nm, which implies that

these are the desirable wavelengt hs for

optimal transmission, These are infrared

wavelengths.

Detection

The light that enters an optic fibre will travel

down the length of the fibre, and at some point

the arrival of the light must be registered and

detected. This Is usually done with a

photodiode, A simplified detection system is

shown in Figure F3.16.
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Figure F3.16 A light detector circuit with a

photodiode.

The photodiode with zero bias works us a

photovoltaic cell. In this case, for the purposes

of detection, tlte reverse bias voltage is arranged

so that, in the absence of any light falling on

the photodiode, the current is zero. When
light of a specific wavelength falls on the

photodiode* a current is allowed to How of a

magnitude that is approximately proportional

to the intensity of the incident light.

Noise

The term noise collectively refers to unwanted

signals That travel along a given medium with

the signal of interest If the medium is a cable,

the main source of noise is the random motion of

electrons in the cable, which creates additional

electric fields contaminating the signal, 'litis

increases with increasing temperature. Charged

particles emitted by the sun during intense solar

activity also create noise that can be picked up by

a signal in a cable, as does lightning and other

atmospheric disturbances.

The great advantage of the optic fibre over cables

is that the fibre itself docs not cause any

appreciable noise. The causes of noise in an optic

fibre include the contamination of lhe light

entering the fibre from noise created by the

transmitter of the light. But the main source of

noise in an optic fibre is the tlurk current in the

photodiode, i.e. the small current that exists even

when The photodiode is dark. This current has to

do with radiation falling on rhe photodiode other

than the light it is intended to record, as well as

the workings of the semiconductor junctions in

the photodiode. The current depends cm the bias

voltage used as well as on temperature.

As with i lie everyday meaning of the word, noise

is a nuisance. In a room full of people talking to

each other, you cannot follow your conversation

and you cannot make out conversations of other

people (the famous cocktail-party effect
1

in

acoustics). Communication becomes impossible

when the power of the noise is comparable to

the power of the signal.

We define the signal- to-noise raLio (SNR) in

decibels |dB) to be

SNK = 10 log
' iwise

where P^n, i
and PIW1H. are, respectively, the power

of the signal and the power of 1 lie tioise.

Exampte questions

Q10
The minimum SNR considered acceptable for a

certain signal is 30 dG. It" the [rower of the noise is

2.0 mW, calculate the least acceptable signal power.

Answer

From the definition of the signaE-to-noise ralio we

have

SNR = 10 log

30 =

tOg^L = 3.0p
2.U

_ jqE

2.0

P^i = 2.0 x t0
]

= 2.0 W
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Q11 T?nt i ^ f i*i j t f

~

ti j : i
t :

-

A given signal is red into an amplifier of gain (in

dB) G. Calculate the new signal-lo-noise ratio

after amplification in terms of the SNR before

amplification.

Answer

The amplified signal and noise powers, and

P'tio will be related to the power before

am p I i f i cat ion Ihrough

C=10loB^
P

>

r 4lKfljl _
1

qG/iu

Signal

P rip-1 = Prip-I

and

signal i n pur signal nuiput

Figure FJJ7 Amplification of an analogue signal

with noise.

Hie transmission of digital signals, however, is

inherently different because digital signals can

be perfectly regenerated (reshaped and

amplified). Figure F3J8 shows a digital signal

that has been contaminated with noise.

Amplification and regeneration results in a

distortion-free digital signal without loss of

information.

G — TO log —

^

o pj
f nom

P 1
. ~ p v 1 DC/1ftt nam? — 1 none ^ 1 L-J

Thus the new signaMo- noise ratio SNR' is

SNR' = 1 0 log-—
!rgn,ll

1 0 log
F'fru! * 10™"

Fn„i„ X 1
0^1P

= 1 0 log

= original SNR

'Hi is example makes ir clear that amplification

is not of any use in improving the signal-to-

noise ratio. The amplifier amplifies the signal

but it amplifies rhe noise as well.

Regeneration

The transmission of analogue signals is plagued

by noise. As we have seen, amplification does

not improve the signs l-to-noi sc ratio because

the noise gets amplified along with the signal.

This is shown in Figure F3.17,

signal auinui
>i,l! Tnl! i ii put

* jt

Mnn •

tlTTl’C

time L^_

Figure F3. IS The digital signal can be perfectly

regenerated.

Regeneration can be achieved with a device

known as a Schmitt trigger, which is discussed

in Option F5 on electronics (HL only). Optic

fibres, with their ability to transmit digital

signals in the form of light pulses, are therefore

ideal for high-quality communications.

1 Calculate the speed of tight in the core of an

optic fibre of refractive index 1,45.

2 (a) State what is meant by total internal

reflection,

(b) Define the critical angle.

(cl Explain why total internal reflection can

only occur for a ray travelling from a high

to a low refractive index medium and not

the other way around.
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3 The refractive indices of the core and the

cladding of an optic fibre are 1 .SO and 1 Ah,

respectively. Calculate the critical angle at the

core-cladding boundary.

4 The refractive index of the cladding of an

optic fibre is 1.42. What should the refractive

index of the core he so that any ray entering

tiie fibre gets totally internally reflected?

5 Calculate the acceptance angle of an optic

fibre with core and cladding refractive indices

equal to 1.52 and 1.44, respectively.

6 Slate one crucial property of the glass used in

(he core of an optic fibre.

7 (a) What is meant by dispersion in the context

of optic fihres?

<b) Distinguish between modal and material

dispersion.

8 Outline reasons why a laser is superior to a

light-emitting diode for transmission along a

fibre.

9 An optic fibre has length 0.00 km. The core of

the optic fibre has refractive index 1 .52, and

the core-cladding critical angle is 82
a

.

(a) Calculate the speed of light in the core.,

lb) Calculate the minimum and maximum

times taken for a ray of light to travel

down the length of the fibre,

TO The pulse shown in Figure FT, 19 is input in a

multimode optic fibre. Suggest the shape of

the output pulse after it has travelled a long

distance down the fibre.

Figure F3.19 For question 10.

1 1 (a) Distinguish between mortomode and

multimode optic fibres,

fbl Discuss the effect of reducing the fibre

core diameter on the bandwidth that can

be transmitted by the fibre.

12 List the advantages of optic fibres in

communications.

13 Outline the effect of dispersion on (a) the bit

rate and (b) the frequency that can be

transmitted along an optic fibre.

14 State the main cause of attenuation in an optic

fibre.

15 A signal is said to have a signal-to-noise ratio

of 30dB. Explain what is meant by this

statement.

16 The signal-to-noisc ratio in a certain signal is

10 dB, The signal passes through an amplifier

of gain 6.0 dB. What will be the signal-to-

norsc ratio after amplification?

17 Two amplifiers of gain (in dB) Gi and Q;

amplify a signal as shown in Figure F3-20.

Calculate the overall gain produced by the

two amplifiers.

Figure 13.20 For question 17.

10 A signal of power 4,60 mW is attenuated to

3.20 mW. Calculate the power loss in

decibels.

19 A signal of power 8,40 mW is attenuated to

5,1 0 mW after travelling a distance of 25 km
in a cable. Calculate the attenuation per unit

length of the cable.

20 A coaxial cable has a specific attenuation of

12 dBkm :

. The signal must be amplified

when the power of the signal falls to 70% of

the input power. After how much distance

must the signal be amplified?

21 A signal is input to an amplifier of gain

+15dB, The signal then travels along a cable,

where it suffers a power loss of 12 dB \ Figure

F 3, 2 1 ). Calculate the ratio of the output power

to Ihe input jxiwer.
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+15 dl) -l2dB

Figure FtJ.21 For question 21.

22

A signal is input to an amplifier of gain

+7.0dB (Figure E3I.22!. The signal then travels

along a cable, where it suffers a power toss of

1 0dB, and is then amplified again by an

amplifier of gain +3,0dB t Calculate the ratio

of the output power to the input power.

Figure ¥322 For q nest ion 22,

23

In the arrangement of Figure E3.23, the output

power is twice the input power. Calculate the

required gain G of the amplifier.

.UllJjILfjCL

24 In a telephone cable, the power of the noise is

measurer! to be 45 mW The signal is

considered barely acceptable if the s igna I -to-

ne ise ratio is 20 cfB. Calculate the least signal

power for a signal to be barely acceptable.

25 (a) Sketch a graph {no numbers are required

on the axes) to illustrate the variation with

wavelength of the specific attenuation in

an optic fibre.

(b) Explain why infrared wavelengths are

preferred in optic fibre transmissions.

2G (a) Slate what is meant by noise in

communications,

(b) Slate the main causes of noise in (i) copper

wires and {it) optic fibres.

(c) Suggest a way to reduce noise in (i) copper

wires and Cit) optic fibres.
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Channels of communication
In previous chapters we saw how a carrier wave can be modulated so that it can carry

the information contained in an information signal. The carrier wave must then cany this

information from the transmitter to its destination receiver. The carrier wave must thus

propagate in a medium. There are many media or channels ofcommunication available.

Depending on the signal being transmitted, one or more channels may be used, in this

chapter we will examine various channels of communication

Objectives

Gy the end of this chapter you should be able tor

* recall the main charnels of communication (i.e. copper wires, wire pail's,

coaxial cables, optic fibres, radio waves, microwave links and satellite

conimu nica tion s
J

;

* understand the characteristics and usljs of these channels of

commu nitration;

1 solve simple problems involving attemiatfon in the channels mentioned

above;

understand the differences between polar satellites and geasjrodircmaits

satellites;

* solve simple problems wtih satellite motion.

Copper wires

When the telephone network was first

established, copper wires were used to transmit

the electrical signal sent by one’s telephone to

the local exchange (Figure F4 3 j, In many places

around the world, copper wires arc still in use.

They can be seen stretching from telegraph pole

to telegraph pole along roads. The wires carry

current and the current is not constant. This

means that the magnetic field it produces

varies as well. A wire nearby will be affected hy

the magnetic field and this will result in cross-

talk, i.e. noise and interference in the call

carried by ihe nearby line. It is therefore

desirable to have the wires as far apart as

feasible in order to reduce the effects of

interference of one wire on another. Other

disadvantages of copper wires include the very

low bandwidth that can be transmitted (about

20 kHz) and the frequent need for amplification

of the signal (every 10 kmf
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Wire pairs

To reduce the effect ofmagnetic field interference

from one wire to another, twisted wires were

developed, in which two copper wires are twisted

around each other so ihat at a try point the currents

in the two wires are in opposite directions, resulting

therefore in a much reduced nel magnetic field

(Figure F451). In addition, twisted wires reduce the

flux linkage (lay minimizing Lhe area eX[iosed to

magnetic fields) and so minimize the unwanted

signals created by electromagnetic induction. Each

wiie is insulated before twisting, and both ate then

insetted into an insulated outer cover.

cunduclor

insulation

I

outer insukuon

Figure F4.2 Wire pairs*

Wire pairs reduce but do not completely

eliminate cross-talk. I hey suffer from serious

attenuation (the average distance between

amplification of the signal is of the order of

a km), especially at high frequencies, and they

distort the transmitted signal due to dispersion,

i c. due to the fact that radio waves of different

frequencies travel at different speeds in the

wires* Another disadvantage of wire pairs is the

reduced bandwidth of the signal that can be

carried along them (a maximum of the order of

500 kHz).

Coaxial cables

The problems of the wire pair were mostly

solved with the development of the coaxial

cable (Figure F4.3)*This consists of' a central

copper wire surrounded by insulation and a

second copper conductor, usually braided, that

completely surrounds the inner copper wire.

Hie inner and outer conductors thus have Lhe

same axis, hence I he name coaxial.

inner tmplaloc crater initiator

(polythene)

Figure F4J3 Coaxial cable.

The main advantage of the coaxial cable

relative to the wire pair is the higher

bandwidth Lhat can be carried (up to 500 MHz)

and the reduced (but not eliminated)

attenuation and cross-talk effects. The average

distance between amplification varies a lot with

frequency. At frequencies of a few megahertz

(used for telephone signals) amplification is

needed every 10 km, whereas at I GHz (used for

cable TV) amplification is necessary every 100 nr

or so.

Coaxial cables were used to carry high-

frequency radio waves and were the standard in

telecommunications until the appearance of

the optic fibre and satellite links. Coaxial cables

used tor telephone call transmission are usually

buried underground, and this adds to their cost

and creates delays in their implementation. Hie

main use of coaxial cable today is to carry cable

TV signals to consumers.

Optic fibres

Optic fibres have been discussed in the previous

chapter. They are now replacing the coaxial

cable for most telephone communication needs.

They can carry very high-frequency signals

(approaching the terahertz range) and have a

very large bandwidth (10 GHz). Attenuation is

Iqwt with amplification being required every

80 km or so.
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Radio waves

Table F4.1 shows the vast radio spectrum used

in radio communications and a few of the uses

to which particular members of this family of

waves are put.

A radio wave can travel from its emitting aerial

to its destination receiver in essentially three

forms. These are surface waves. sky waves and

space waves. The following is a brief description

ofeach.

Surface waves
These are waves of frequency below about

3 MHz. The associated wavelength is therefore

>. iS
= 100 m or more. This is a large

wavelength, which means that these waves

are substantially diffracted by the earth’s

surface. These waves can therefore travel by

following the curvature of the earth's surface

and can travel large distances, well beyond

the horizon of the transmitter (Figure F4.4),

The actual distance travelled depends on
many factors, such as the power of the

transmitter, rhe actual frequency used, and

the conductivity of the ground over which the

wave travels. For AM radio transmissions the

range is a few hundreds of kilometres, and for

powerful transmitters at low frequencies

(3 kHz) the range can be thousands of

kilometres.

Frequency band Classification Abbreviation Wavelength Typical uses

3 Hz-JO Hz extremely low ELF 10
s
- IQ

4 km submarine communication

3a Hz-300 Hz ultra-low ULF lOMc3 km submarine communication

300 H/-3 kHz infra-low ILF lOMo3 km baseband telephone signals

3 kHz-30 kHz very low VLF IQ* -10 km long-range navigation

30 kHz-300 kHz lew LF 10-1 km lotigrange navigation

AM radio broadcasting

300 kHz-3 MHz medium MF 1 km-lOU m maritime radio

direction rinding

AM radio broadcasting

3 MHz-30 MHz high HF 100-10 m international radio broadcasting

amateur radio

long-distance ship commit ni cation

30 MHz-300 MHz very high VHP 10-1 m FM radio broadcasting

television broadcasting

aircraft communication

aircraft navigational aids

300 MHz-3 GHz ultra-high UTTF 1 m-10 cm television broadcasting

mobile phones

microwave links

navigational aids

radar

3 GHz-30 GHz super-high SHF 10-1 cm mobile phones

microwave links

radar

satellite communications

30 GHz-300 GHz extremely high HHF 10-1 mm radar

radio astronomy

300 GHz-3 THz tremendously high

Table F4.1 The radio wave spectrum.

THF 1-01 mm research
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Figure F4.4 Surface wave propagaiion.

Sky waves
Radio waves in the frequency range 3 Mils;

to 30 MHz propagate as sky waves. This

means that the waves are directed upwards

towards the atmosphere where they suffer

(a complicated) total internal reflection from a

layer of the atmosphere called the ionosphere

(Figure F4,5),The waves therefore return to the

surface of the earth a certain distance away

from the transmitter. This distance is called the

skip distance. They arc then reflected from the

surface of the earth back into the atmosphere,

where the process is repeated. The waves suffer

substantial attenuation in the ionosphere. The

ionosphere extends from a height of about 30

km above the earth's surface up to 500 km.

This is a zone where ultraviolet radiation from

the sun ionizes air molecules, creating

electrons and positive ions. It has different

layers with different concentrations of

electrons. The actual electron concentration is

affected by the sun’s 11 -year cycle of solar

activity. The lowest layer disappears at night

when the incoming ultraviolet radiation is not

present.

"Ill is form of' radio wave transmission is used by

amateur radio operators, international radio

broadcasts and ship communications. Due to

varying skip distances, unpredictable

ionosphere conditions and interference* these

communications tend to be unreliable.

Space waves
These are waves of frequency above 30 MHz, At

these frequencies the wavelength is 10 m or less

and Lhe waves travel along straight lines (3ime-of-

siglit propagation! (Figure F4 +6f The ionosphere

has no effect on these waves. The range is then

dictated by the height of the transmitting

station and is typically a few tens of kilometres.

This is the method used for radio l M
transmissions as well as earth-hound and

satellite TV transmissions.

Microwave transmission through

free space

Microwaves have a higher frequency than radio

waves (a few gigahertz) and so can carry a larger

bandwidth ( 100 MHz), making multiplexing

possible. They can travel along straight l ines

from one point to another, and suffer

substantially less attenuation than coaxial

cables (Figure F4.7).

Figure F4.5 Sky wave propagation,

ionosphere

Figure F4.7 A microwave link.

The information above is summarized in

Table F4.2.
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Average distance Specific

Channel Carrier frequency Bandwidth between amplifiers attenuation dB tan
-1

Copper wires 20 kHz 20 kHz 10 km 10

Wire pairs 10 MHz 500 kHz 5 km 25

Coaxial cable
2 MHz (telephone! 10 km 6

500 MHz
100 m 2001 GHz (TV)

Microwaves in free space 5 GHz 100 MHz 50 km distance-dependent

Optic fibres 02 lUz 10 GHz SO km 0,20

Table F4.2 Typical characteristics of various channels of communication.

Example questions

Qi mmmmmmmmmmmmmmmmmmmmmm
The specific attenuation of a coaxial cable is

1 4 rEB km -1
. A signal of initial power 200 rnW is

Input to such a cable.

fa) Calculate the power of the signal after ii lias

travelled a distance of 3.0 km along the cable.

(b) State whether a signal of similar power to that

in (a) but of much higher frequency would

suffer a larger or smaller attenuation.

Answer

(aj The attenuation alter a distance of 3.0 km is

3.0 x 1 4 = 42 dB. The power is then found

from

Answer

The power is distributed uniformly over a sphere

of radius d. The power ;*er unit sphere area is

therefore -rrji and so the power collected by the

antenna is

P

And2
A =

2 f5 X ur
4jt(1 0 5

)
j

1.2 = 0,37 mW

(b) The power loss in dB is

10
0.27 x 1

0

2-8 x 10^

-3

)=- no dm

This corresponds to a specific attenuation of

ts = ’-1 dBtair'.

-4J = K,,0< 20o)

log(^)="4-2

^6.3 x IQ"
5

P = 0.01 3 mW

fb) Attenuation in coaxial cables is very

frequency-dependent. There is much more

attenuation at higher frequencies.

Q2 II III

A microwave link station emits microwaves of

power 28 MW uniformly in all directions.

(a) Calculate the power received by an antenna

dish of area A = 1 .2 rrr of this signal at a

distance of 1 00 km.

(b) Determine the attenuation of- the signal in dB,

SatelHte communications

In 1945. the science-fiction novelist Arthur G.

Clarke published his pioneering essay "Extra-

terrestrial relays' {largely based on earlier

work by other scientists), in which he

suggested that geosynchronous satellites

orbiting the earth could provide worldwide

radio coverage. It wasn't until 1953 though

that it became possible to launch the first

satellite, Syncom 2, in such an orbit. Today,

there are over 150 known saiellites orbiting

the earth, more than 100 of which are in

geosy ii ch ronou s orbits.

Geosynchronous (geostationary)

satellites

An orbit is geosynchronous if it is directly

above the equator and its period {the time for
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one complete revolution) is equal to the

period of rotation of the earth around its

axis, i.e. 24 hours. The reader with knowledge

of gravitation should be able lo show that

this orbit must be a distance of approximately

41000 kin from the earth's centre. The

great advantage of the geosynchronous

satellite is that, since the satellite and the

earth rotate with the same period, the

satellite is always above the same point

on the earth's surface (which is why they are

also called geostationary), and that point must

be on the equator. Because the orbit is above

the equator, you can see’ geosynchronous

satellites if you look south from a place

in the northern hemisphere and if you look

north from a place in the southern

hemisphere. Geosynchronous satellites are

very far from the earth. Putting a satellite

into such an orbit is very expensive (in

addition to the cost of buying or renting the

satellite).

Example question

Q3
The distance ol a geosynchronous satellite from

the centre of the earth is 42 GOO km. How much

of the earth can the satellite 'see? Take the radius

of the earth to be 0400 km.

Answer

figure 1*4.0 shows the geosynchronous satellite in

orbit. The dashed lines are tangent to the surface

of the earth at points A and B.

From trigonometry, we have

R
cos 8 =

d

6400
“ 42000

= 0.1 52

This means that & = arccos (0.1 52) = 0 1%

With some more advanced geometry (see the

'just for fun' end-ofehapter question 17 in

Option H5), it can be shown t hat this is about

42% of the entire surface area of the earth.

This means that three satellites can more than

cover the entire area of the earth's surface

(except for the polar regions, of course, which

are never accessible to a geosynchronous

satellite).

Fsample question

Q4
(a) In lhe previous example, calculate the time

between the emission of a signal at A and

its arrival at R via the geosynchronous

satellite,

(b) For what kind of transmission would this time

delay, possibly, be annoying?

Answer

(a) By Pythagoras, the distance x can be found

from d'
1 = R ? + x 7

* So the distance travel led

by the signal from A to B is 2x = 2^/d 1 - R 1 =

8,3 x 1 0 7 m. At l he speed of light

c= 3 x 10a ms'? the signal would then take
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Geosynchronous satellites are obviously

extremely important in communications. Data

(telephone calls* images, video* etc*} can be

transmitted from a transmitter ai a particular

place on Ihe earth s surface towards the

satellite, and the satellite can then redirect the

signal to a receiver somewhere else, A TV
station* for example* can use the satellite to

redirect its signal to a vast geographic area.

'Hie signal from the transmitter Lo the satellite

must be very well focused so as to avoid loss of

power in the signal when it arrives aL the

satellite. To make the expensive satellite

operation worthwhile financially, a very large

bandwidth must be available, so that a large

number of different data can be transmitted

simultaneously, using for example

multiplexing. (This requires digital signals.) In

addition* the satellite must be able to transmit

the signal without using too much power,

simply because the satellite has limited power

supplies (solar cells that can produce only a Few

hundred watts of power). These considerations

impose constraints on the range of frequencies

that can be used.

The requirements of a well-focused,

large-bandwidth signal that can deliver

reasonable power ,n a relatively low

amplitude dictates that the frequencies

that can be used for satellite

communications must be in the

gigahertz (GHz) range,

The frequency used to transmit to t he satellite

is called the up-Imfc frequency. The frequency

used by the satellite to transmit down to earth

is called the down-link frequency. Tire up-link

and down-link frequencies are always different,

with the up-link frequency being Lhe larger of

the two (by convention).

The reason for this difference in frequencies is

to avoid the following problem. Tim receiver on

the satellite operates at the up-link frequency'. It

is designed to be able to pick up. very small

signals and so is very sensitive. The transmitter

on the satellite operates at the down-Iink

frequency, and is powerful. If the up-link and

down-link frequencies were the same,

resonance would occur. The arrival of a tiny

signal would create a larger output signal at the

same frequency. Because it is so sensitive* the

receiver would also pick up this signal, and

would create an even larger oulput signal, and

so on. Til is is called positive feedback,

A typical up-link frequency is 10 GHz, in the

microwave region of the electromagnetic

spectrum. The corresponding wavelength is

3 x 1G8

10 x 10*

?=3x I0
_J m

i,e. 3 cm, a typical microwave wavelength, Hie

bandwidth available is of Lhe order of 500 MHz.

Table F4.3 lists some typical values for satellite

communications,

Up-liiik Down-link

frequency GHz frequency GHz BamfwidthfMKz

ft 4 500

14 n 500

30 20 1500

Table F4.3 Satellite frequencies and bandwidth.

Polar orbit satellites

These satellites have north-south orbits passing

over the poles of the earth. They are typically in

low orbits (a few hundred kilometres above

the earth as opposed to the 42 000 - 6400 =
35 600 km ofgeosynchronous satellites above

the surface).

At a height of 500 km the orbital period is

about 95 minutes. A low polar orbit satellite

will pass any one point on the earth's surface

twice in the course of one day and will be

visible
1

to an observer at that point for a period

of approximately 10 minutes (see Example

question 5).
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Fxampte question

Q5 MHPPBIBHIiMVMHMMMMMMMfe
A satellite is in a polar orbit at a height of 500 kin

from the earth's surface. The satellite completes

one orbit in 95 minutes and has a speed of

7,6 x 10’1 m s“‘

.

(a) Calculate the angle by which the earth has

rotated during one revolution of the satellite.

Assume that at t
— 0 the satellite is directly

overhead the observer at O.

(b) Estimate the rime for which the satellite is

visible to an observer on the equator.

(c) Show that the satellite will pass any one point

on the earth's surface twice in the course of

one day as claimed in the text.

Answer

in Figure F4.9 the dashed circle represents the

orbit of the satellite at a height, h from the surface.

The observer is at O and the vertical line

represents the horizon of the observer. (The

observer can see what is to the right of the line.)

The satellite therefore conies into view at A and

disappears at B.

(a) The earth rotates by 360° in 24 hours, and so

in 95 minutes it will rotate by

360 x
95

60 x 24
= 24

tb) The angle 0 is given by

k

R+h

6400

69LJ0

= 0.928

B = 22“

The arc length AH is equal to

. 20
AB - 2jt( R+ h) —

—

360'

= 2jm6900)
44

360

5300km

The time to cover this distance (remember to

convert speed to km s“’J is

5300

— 697 s a? 12 min

This is the time for which the satellite is

visible to the observer at O.

(d We have seen that the earth moves by about

24 for every revolution of the satellite. If

the satellite is above observer O at f = 0 f

then by the time the satellite returns to the

same point in space the observer will have

moved out of sight. The satellite and the

observer may meet after the observer has

made a 160 rotation; this lakes 12 hours.

In these 1 2 hours the satellite has made
ss 7,5 full revolutions. This is a half-

integral number. This means that the satellite

is again directly overhead the observer and

so the satellite and the observer meet twice a

day, as claimed earlier, at diametrically

opposite points on the equator.
Figure H4.9.
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This example makes it clear that polar orbit

satellites while having the advantage of being

able to see the whole of the earth at some point

or other, are visible to a particular observer for

only about 12 minutes out of the 95 minutes of

each orbit period. This means that the satellite

It as to pick up a signal from a transmission

station underneath, store It, and then transmit

it Idler when it passes over the destination

receiver. This is nor convenient for the

transmission of a telephone call, unless many

such satellites are involved. The advantage of

the low orbit polar satellites is that they are

cheaper to put into orbit, require less power to

transmit up-link signals, and serve the polar

regions that are unreachable by

geosynchronous satellites.

In order to transmit to the satellite, one must

know where the satellite is, and so tracking

systems are necessary to pinpoint the position

or the satellite at any one time.

Polar orbit satellites have many vises other than

communication, for example, geological

survey i ng an d ca rtog raphy, in ereoro I ogy,

oceanography, and military espionage.

1 Identify the main sources of attenuation in

copper wires, wire pairs, coaxial cable, optic

fibres and microwave links.

2 A network of computers in a small business

uses twisted wire pairs. Explain why wire pairs

rather than coaxial cables or optic fibres are

an acceptable solution in this case,

3 Explain why coaxial cable would be preferable

over twisted wire pairs for connecting a

computer modem to an internet provider.

4 Slate and explain the advantages of optic fibre

transmissions over transmissions in ordinary

cables. What is the physical nature of the

signal transmitted in an optic fibre?

5 The strength of a signal in a coaxial cable

varies with distance as shown in Figure F4.lt).

The highest signal to-noise ratio during the

transmission is 50 dB and the lowest is 20 dB,

It may be assumed that the noise level is

constant throughout the cable,

fa) Calculate the specific attenuation in ihe

cable.

tb) Calculate the gain at each amplifier station,

(e) The input power of the signal is 600 mW.

Calculate the power of the signal after

15 km if no amplifiers are used.

sinen^ilV

iirbiiniry units

6 fa) Slate typical values of frequencies ai

which satellites emit and receive,

tb) Suggest why ihe up-link and down-link

frequencies are different.

7 Stale three uses of satellites in the

communications field.

8 Suggest a reason why a satellite should have

as large a bandwidth as possible.

9 State the advantages of geosynchronous

satellites over polar orbit satellites.

10 fa) State approximate values for the orbital

radii of

(
i ) a geosy no h ronous satel I ite;

til) a low polar orbit satellite,

tb) Consider a transmitter that emits a total

power P uniformly in all directions.

Deduce that at a distance d from the

transmitter Ihe power received per unit

area of the receiver is given by

fc) Assuming that a low polar orbit satellite

and a geosynchronous satellite receive the

same power per unit area from their

respective transmitters, calculate, using

your estimates in (a), the ratio of the
‘ ‘pulu

powers radiated by the respective

transmitters.
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(d) 1
1 ) practice the ratio ~ is much less

than your answer in (c). Suggest reasons

why this is so.

11 A satellite is in a polar orbit al a height of

600 km from the earth's surface. The satellite

completes one orbit in 97 minutes and has a

speed of 7.56 x 1
0’ ms-

’

.

la) Calculate the angle by which the earth has

rotated during one revolution of the

satellite. Assume that at t — 0 the satellite

is directly overhead the observer at O*

(b) Estimate the distance that a point on the

equator of the earth has moved during one

period of the satellite.

(c'l Estimate the time for which the satellite is

visible to an observer on the equator.



OPTION F5 Extension HL Option F - Communications

Electronics

This chapter Introduces a versatile and uselul device in electronics, the operational

amplifier (op-amp). The inverting and non-inverting amplifiers are discussed, as well as

applications ( the op-amp tn simple circuits. The chapter ends with an important

application of the op-amp, the Schmitt trigger, which may be used to reshape digital

signals.

The operational amplifier

(op-amp)

The op-amp is a very versatile device and one of

the most useful integrated circuits in all of

electronics. This is because of its simplicity and

the fact that many interesting circuits result

by connecting it to just a few external

components.The op-amp was used in the old

analogue computers because of its ability to

perform mathematical operations such as

addition, subtraction, differentiation and

integration. This function has now been

superseded in the modern digital computer.

The schematic diagram for an op-amp is shown

in Figure P5_1(a) and even more simply in Figure

F5.1 (b). The op-amp can amplify both DC and AC
voltages Its main features are as follows:

* The op-amp has very high gain in the output

voltage fup to 10*').

* It has very high input resistance, which implies

that it does not draw any appreciable current

from the input signal,

* It has very low output resistance, which

implies that any load can be driven no matter

how low its resistance.

* It is a differential amplifier, meaning that it

gives an on
i
pm signal that is proportional to

the difference between two input signals.

The commonly used op-amps come in a

design with eight pins. We will be interested

in only live or these eight available pins, as

listed below.

1 The inverting input: an inpul here will

be changed in sign: we cat! this input

voltage r .

2 'the non-inveiling input: an input here will not

be changed in sign; we call Lhis inptu voltage V+.

3 Output: this is the output signal of the op-amp;

we call this ourout voltage 14,.
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Figure F5.1 ja) The circuit diagram for an op-amp
showing the high (2MQ) input resistance and
the low (200 O) output resistance, fb) Simplified

diagram for the op-amp.

4 Hie positive supply of voltage: this is indicated

by+K
5 The negative supply of voltage: this is indicated

by - IA

In most circuit diagrams involving the op-amp,

the power supply voltages ± V are usually

omitted. Figure F5.1 is a 'block diagram' for the

op-amp. The internal circuit components are

noi shown - they are complex and beyond the

scope of this book. Art equivalent way of

drawing the op-amp is shown in Figure F5.2.

Figure F5.2 The circuit diagram for an op-amp
showing the power supply voltages.

This shows more clearly the power supply

voltages and also shows the output signal being

fed into an externa! load. The thick line is the

zero volt (0 V| line, i.c, the voltage of the earth.

It is the voltage relative to which all other

voltages are measured.

The first result about the op-amp is that the

output voltage, Vo. is directly proportional to

the difference between the two input

voltages, V+ and V.. In equation form this is

written as

K> = GnS.k* — VJ)

The variable G,, is known as the open loop gain

and, typically, Gq — 10
6 for DC and low-

frequency signals, The gain decreases with

increasing input signal frequency.

Care must be taken with this equation. The

graph in Figure F5,3 shows the variation of

the output voltage 14 with the input voltage

difference V+ — V~. The formula can be used

only for the non-horizontal part of the graph.

This is because the output voltage can never

exceed the power supply voltage +1/ or be

less than — V* (In practice, the saturation

values of the output voltage are about

±80% V

.
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uEiljml vnltaj-c

Figure F5.3 Variation of output voltage with iiipiil

voltage difference for an op-amp.

fsample question

Q1

An op-amp has an open loop gain of Q, = T 06
.

The power supply voltages are - 1 5 V to - ! 5 V.

(a I What is the I argest vo Itage d i fTerence between

the input signals for which the equation

Vq = Gq ( V+ — VL)can be used?

(b) What is the output voltage for fi) V+ - V =

8.0 pV and (ii) V + - V. = 26 p.V,

Answer

ta) The maximum supply voltage land therefore

the maximum output voltage) is 15 V, so

* 1 5 jtV

For an input voltage difference oi at most

15 jxVr we can use the equation

VJj = Cq( V+. VI) to calculate the output

voltage, for input voltage differences larger

than 15 pV, the output voltage will be

saturated, i.e, constant at -15 V or +15 V,

fb) (i) Since 8.0 pV is less than the maximum of

1 5|ulV, we can use the equation to get

Vn = Ga{V+ - V_)

= 106 x 8,0 p.V

== 8.0 V

(li) Here 26 p.V is more than the maximum and

we have saturation, so Vf, = 1 5 V. {In a real

op-ainp, as opposed to an ideal one, the

saturation voltage would be somewhat less

than I S V.)

The inverting amplifier

Figure F5.4 shows an op-amp acting as an

inverting amplifier. The output voltage is Vo

and the input voltage is applied to the inverting

input of the op-amp, The resistor labelled Hi is

called the feedback resistor. Notice that part of

the output (at X] is Fed back as input to the op-

amp. Because Lhe input is through the inverting

input of the op-amp, this signal is out of phase

with the original input signal by ISO" and the

feedback is called a negative feedback. This means

that the gain of the amplifier is reduced (which

is a strange thing to do in an amplifier). The

advantage ofdoing so is that in this way the

gain is stable (constant) over a wide range of

voltages and frequencies, and independent of

the characteristics of the op-amp itself

h R?

Figure F'5.4 The inverting amplifier.

Let the open loop gain be Co, which as we know

is typically of the ol der of TQ
ft

. We have

V+ = 0 V. so the voltage l/_ at point E is and

therefore very small, practically zero. Assuming

that the voltage at E is zero means that we are

making the virtual earth approximation, i.e. we

are assuming that point li is connected to the

earth, which has zero voltage. The potential

difference across resistor 1? is then l„*. and the

current flowing through this resistor is
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The current in resistor K| is

The negative sign is tit ere since the potential IH

is negative. (Remember that current flows

towards lower potential - since the potential at

E is zero, the potential at X must be negative.)

In this way the current Ij is defined as a positive

quantity.

The current in R flows towards B. Since

practically no current flows in the op-amp, we

must have that fi J2 , i.c. that

1 =3
R Ri

or

^ = _«F
VSn R

(b) In the ideal case the op-amp saturates at ±15 V,

The smallest positive in pul voltage that causes

saturation is therefore l S V (see figure F525L

output v oltape

Figure F5.5 Variation of output voltage with

input voltage for the inverting amplifier of

Example question 2,

The ratio G = is known as the closed loop

gain of the inverting amplifier and so

Vq _ R f dosed loop inverting

Vin R amplifier gain

Q3—II 1 I » I H »*W WTTIS

Calculate the closed loop gain of the inverting

amplifier (such as lhal of Figure F5.4) whose output

input characteristic is as shown in Figure F5.6.

Example questions

Q-
la) Calculate the closed loop gain of the inverting

amplifier shown in Figure F5.4 when

R=} 00 k£2 and = I -0 MS*.

(bj The op-amp works with a power supply of

±1 5 V, Calculate the Input voltage for which

the op-amp will saturate.

Answer

(a) From the equation above, the closed loop gain

of this inverting amplifier is

1.0 x 10s

_
100 x !GJ

= -10

Fhis means that a single input voltage of, say,

0.25 mV will result in an (inverted) output

voltage of Vf, = 2.5 mV.

ouipot/V

Figure FS.6 Output-input characteristic for the

inverting amplifier ofExample question 3.

Answer

From V0 = CV we see1 that the gain is the

gradient of the graph and equals -5. (The negative

sign indicates that this is an Inverting amplifier,)
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The non-inverting amplifier

Figure F5.7 shows an op-amp acting as a non-

inverting amplifier. The two resistors R and

Rr act as a potential divider {see Chapter 5.5)

and so divide the potential difference Vq in

the ratio Rr :R. The voltage at point X is

therefore Vo and hence this is also the

voltage at Y* i.e, the input voltage at the

inverting input.

Figure F5.7 The non-inverting amplifier. The
resistors R and R h act as a |X>tential divider.

Kut by definition, Vq = G Vm > where G is the

closed loop gain, and so

G^ = Co(^-^CK„)

Solving for G we find

C —
1 + wh;G '-'

In the denominator, ^—Go » 1 so we may
neglect the term with just the 1 . Then

C — Gq

1

^ Gt>

R+Rf
GQ

R + Rf

R

This is the closed loop gain of the non-

inverting amplifier and so

To see this more precisely, we may argue as

follows. Let the potential at X be V. Then the

potential difference across R is K The current \

in R and Rf is the same and the to Lai resistance

of R and /?f is R 4- Ri . Then we get

If = lR and Vq =f (R 4- R,

)

Eliminating the current gives

R
V = Vn

R + Rf

So for the input voltages we now have

V* = V, and V. =
R

R 4* Ri

If the open loop gain is Go {we apply the

definition of the open loop gain to the box in

dotted lines), then Vq = Go(!/_ - h_), and so we

get

Vb

R
i

closed loop non-inverting

R amplifier gain

[sample question

Q4
{a) Calculate the dosed loop gain of the non-

in verting amplifier shown in Figure F5.7 when

R = 10 kft and Rr — 100Q,

(b) The op-amp works willi a power supply of

± 1 5 V. Draw and label the output-input

characteristic for this non-inverting amplifier.

Answer

(a) From the equation above, (he dosed loop

gain ol (his non-inverting amplifier is

r i ^ *'
C =! + -

= 11
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(b) The output-input

characteristic of the

non-inverting amplifier is

shown in Figure F5.8,

The slope of the non-

horizontal part of the

graph is the dosed bop
gain.

R2

— 15V

Figure F5.9 A circuit that compares the output

voltage of the signal generator to the voltage at

ihe inverting input.

these two resistors can be replaced by a

potentiometer)

Assume that V_ = 0. 'Hie signal generator sends

a sinusoidal signal to the non-inverting input.

This means that V,b varies as shown in Figure

F5.10 [also shown in the figure is Ihe reference

voltage VT = 0,

ompui voltage

Figure K5.8 Output-input characteristic of the

non-inverting amplifier of Example question 4.

Simple op-amp circuits

The op-amp is capable of comparing one voltage

relative to another. Many simple circuits can be

constructed that exploit this comparator

property of the op-amp, Generally* the voltages

to be compared are fed as inputs into the op-

amp. Let's assume thai we use a 15 V supply* so

that the theoretical saturation voltage is ± 15 V.

With the op-amp as in Example question 1, in

the open loop state, we saw that the output will

saturate when the absolute value of the

difference between the two input voltages is

greater than -1-15 pV, That is to say

vtv

Figure F5.10 A sinusoidal input voltage V\ that is

to be compared to a zero reference voltage.

V. = 0.

Vo = +15 V V+- K_ >*l5pV

Vb = -15 V V+-V- < 4-15 pY

In the circuit of Figure F5.9 the resistors R\ and

R 2 determine the voltage input to the inverting

input of the op-amp. (If they are equal, then

V = 0. To have a variable reference voltage.

The output fed into the oscilloscope is shown in

Figure F5.ll. In the first 0.5 ms the sinusoidal

signal (TV) is larger than the reference voltage

{V = 0) by more than 15 pV
r
and so the output

saturates at T15V. In the next 0,5 ms signal V+

is less than the reference voltage V by mote
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than 15 pV, and so the output again saturates,

but now at 15 V. This repeats again and again.

Vfl/V

Figure F5.ll Oscilloscope reading for the circuit of

Figure F5.9.

Consider now the circuit of Figure F5/I2, where

the output of the op-amp is connec ted to a

buzzer that operates (is on) when the voltage

across it is 50 V. There is a thermistor connected

in the circuit This is a resistor whose resistance

decreases with increasing temperature. The

voltage at the non inverting input of the op
amp is determined by the voltage at point X,

which can be taken as the reference voltage.

Assume that the resistors R\ and R? are equal.

Then the reference voltage at X is zero. When
the thermistor is cold, its resistance is high, the

voltage at the non-inverting input is high

(positive) and so the output voltage saturates at

+ 15 V. The potential difference across the

buzzer is zero and so it is off. Now if the

temperature increases, the voltage ai the non-

inverting input will decrease and will

eventually become negative if l be temperature

rises sufficiently. The output voltage now will

saturate at -15 V and the potential difference

across the buzzer will become 30 V, The buzzer

w ill then go off as a warning of the increased

temperature. |A potentiometer can replace the

resistors R
j
and Kj.)

In a variation of this circuit, we may replace the

buzzer with two light-emitting diodes (LEDs), as

in Figure F5.13, Depending on whether the

output voltage saturates at a positive or a

negative value, one or other of the LFDs will

light. We may then use two different colour

LEDs, say green and red, to indicate that the

temperature is low or high.

Reshaping digital pulses - the

Schmitt trigger

+ 15V

Figure F5.12 A circuii that activates the buzzer
when the temperature increases above a

predetermined level*

In the transmission of a digital

signal, noise and other factors

may contribute to a distortion of

the signal. An example of such a

distorted signal is shown in

Figure F5.14,

Unlike analogue signals,

however, a digital signal can

easily be regenerated. This may
be done with a device known as

the Schmitt trigger. This device

has an input-output

characteristic that can be

described by the graph of Figure

F5.15, The graph shows the

variation with input voltage of the output

voltage of the device.

15v
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Figure F5.I3 A variation of the previous circuit

using LEDs,

vyv

Figure F5.14 A very corrupt digital signal that

must be reshaped*

For zero input voltage* the output is - Vo- As

the input voltage increases* the output remains

at - to (follow the lower horizontal line) until

the input reaches the threshold voltage IA. The

output then jumps abruptly to the value + IV IF

now the input signal decreases, the output stays

at +lo until the lower threshold Vj is reached,

at which the output now jumps abruptly to

— Vo- The output is thus determined by the two

threshold voltages V\ and I T

The Schmitt (rigger therefore works as a

standard comparator (it compares the input

voltage to a reference value) but also has the

behaviour of Figure F5.15, he, the reference

value is different when the input is increasing

( IA ) from when it is decreasing (Vjh

As an example, consider values V\ — 0.40 V,

Vr = 0,75 V and = 3.0 V. Assume that

\ lsv the signal of Figure F5,14 is

the input signal to the

Schmitt trigger. The signal

starts very low and the

Schmitt trigger outpuL will

be -V0 ” 3,0 V. The output

will remain at —3.0 V until

the signal has a value just

higher than the upper level

of the trigger (here taken to

be V2 — 0.75 V). The output

will then stay constant at a

high value (Vo = +3,0 V)

until the signal Falls below

the lower level of the trigger

(here taken to be V] = 0.40 V), at which point

the output becomes -3.0 V again. This would

result in the graph of Figure F5.16.

i unpin

Figure F5.15 Input output characteristic of the

Schmitt trigger.

Figure F5-16 Regeneration of the digital signal.

Mote that the scale tor the regenerated signal

(in grey) is different from that for the original
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The Schmitt trigger is built around op-amps and

uses the comparator properties of the op-amp.

In the circuit of Figure F5.17 with J?i = 15 kft

,

ffa — lOkfl, R — 100 and a reference voltage

of 5,0 V* the Thresholds are 0.75 V and 0.40 V
(sec below).

+Vn

Figure F5.17 The op-amp as a Schmitt trigger,

Let us now calculate the threshold voltages.

Consider first the case in which the input is

Less than the voltage at the non-inverting

input, V+, Tile output will then he 14 The

potential difference across resistor R2 is

ho h+ The currenL through ft? is h — v^f
.

Similarly,the potential difference across ffj is

Vo - V+ and the current through Rz is

Ij = ^IT
- Finally, the potential difference

across /?i is 14 + VG and the current through Ki

is f . The three currents are related by

ft = h + h

With K, =15kQ,fo = ]QkS2
p Rz - 100 kQ and a

reference (output) voltage of Tq = 1 .0 V, we geL

two possible values for V+f 0.40 V and 0,75 V,

for output voltages I/q = + 5,0 V.

1 The open loop gain of an op-amp is 1G1 and

the supply voltage varies from - 15 V to +15 V.

Calculate the output voltage when the input

voltage ( Vt
- V ) is: Ea) 250 jjlV, (b) 1 20 pY

(cl -60 pY and (d) -340 pY

2 An op-amp operates with a supply voltage of

±9.0V and has an open loop gain of 1 0+

(a) State what h meant by open hop gain and

saturation.

(b) The output voltage is a linear function of

the input voltage difference only for a range

of voltage differences. Calculate this range.

3 Calculate the theoretical gain of the amplifier

circuit in Figure F5J 6.

i .0 MCI

which implies that

V+ +V0 Vo -14 Vo 14

R
, R2

' ff*

4 Show that an alternative drawing of the non-

inverting amplifier is given by the diagram in

Figure F5*T 9,

Solving for the voltage 14 at the non-inverting

input wc get the value for the high threshold

RxRi + RsR.-RzRz
R iRz 4* J?2^j +

high threshold

Working similarly we can find tile value for the

low threshold

14 = Vo
RzR i

- R
}
RZ RpJU

RiR2 + R2^ + RiRt Figure F5.19 For question 4.

low threshold
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S Compare the circuit of the previous

problem (Figure F5.19) with the circuit in

Figure F5.20*

0 V line (earth)

Figun? F5.2D For question 5.

(a) What values of R and tfr are needed to

convert Figure F5.19 to Figure F5.20?

(b) Calculate the gain of the circuit in Figure

F5,2fL

(c) Suggest a use of this circuit.

6

(at In the circuit in Tigure T5.21, both resistors

have the value 1 .0 kft. What is the voltage

across resistor j?2 ?

<b) A voltmeter of resistance t .0 kQ is

connected across resistor R< - What will be

the reading of the voltmeter? Comment on

your answer*

(c) The circuit is now changed to that in

Figure F 5 .2 2. What is the reading of the

voltmeter now?

1

I I -

Figure F‘5.22 For question 6,

7

The diagram in Figure F 5,23 shows an ideal

op-amp* The point V is referred to as a virtual

earth.

*F

0V line (earth)

Figure F‘5.23 For question 7.

fa) Explain what is meant by the term virtual

earth.

(b) Derive an expression for the voltage gain

of this amplifier*

(d The resistor R( is replaced by another

device, l he current through the device is

related to the potential difference across it

by /= 7o Q
~k

v

. Deduce (hat

(d) Suggest one advantage of this inverting

amplifier over the conventional one

discussed in the text.

8

Explain how the circuit shown in Figure F5.24

can be used to measure the amount of charge

on the capacitor C.
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Figure F5.24 For question S.

9

A signal of 4,0 mV is input in the circuit

shown in figure FS,25. The op-amp is

assumed to be ideal.

5Q0 kLi

Figure F5.25 For question 9.

(a) State the voltage at X.

!b) Calculate the current in the 250 k £2 resistor,

(d Calculate the output voltage at O.

10

Consider the circuit in Figure F5.26. The op-

amp output voltage saturates at ±1 5 V.

(a) Calculate the voltage at the inverting input

of the op-amp,

(b) The input signal is 6.Q V and the output

voltage is +1 5 V, What is the smallest

input voltage change that will make the

output voltage saturate at —15V?

11

The circuit in Figure rS/27 contains a diode,

which only allows the flow of current in one

direction ('down' in this circuit). A positive

voltage is fed into the non-inverting input ol

the op-amp.

Figure F5,27 For question 11.

The input voltage varies with time according

to the graph of figure F5.28. Fk plain why the

potential difference across I fie capacitor after

1 s will be equal to the maximum value of the

applied input voltage.

Figure F5.28 For question 11.

12

In the circuit in Figure F5.29, R = I6k£2,

R, = M kO and the op-amp operates with a

power supply voltage ranging from 1 5 V to

+15 V,

fa) Calculate the output voltage when the

input voltage is +4.0V.



FS Electronics 595

tf
F

OV line (earth)

Figure Rj.29 For question 12

{b) The input voltage h replaced by the signal

shown in Figure F5.30. Draw a sketch

graph to show lire variation with time of

the output signal.

13 Outline the use of a Schmitt trigger in

reshaping a digital signal*
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The mobile phone system
This chapter is 0 very brief introduction to the mobile phone system. It discusses the

main features of the struclure of llie system, namely the cellular organization of the base

stations and the cellular exchange.

Mobile phones have become an integral part of

life in many parts of the world. The concept of

the mobile phone system was developed by

engineers at Bell Laboratories, in the USA, in

1947, The first mobile phone system was

established in the Nordic countries in the early

1980$. Modern mobile phone systems arc

digital, which makes communications secure

and difficult to tap into, unlike the early

analogue systems.

The main ingredients of the mobile phone

system include the mobile phones themselves,

base stations and the cellular exchange, A
mobile phone has the dual function ofa

receiver and a transmitter of radio waves. 'Hie

frequencies used in modern digital systems arc a

few gigahertz (GHz). The wavelength associated

with a radio wave of frequency 1 GHz is

3 x IG*

“
I x 10*

= 0.3 m

The handsel (the mobile phone), when turned

on, sends a radio signal that registers its

presence to the nearest base station. Like the

phone itself, the base station is a transmitter

and a receiver of radio waves. The base station is

located at the centre of a cell, an area from

within which the base station can receive and

transmit, radio signals. The linear dimension of

a cell varies from 0.5 km (in densely populated

urban environments) up to 30 km in hill-free

countryside. The base station is connected via

cables to the cellular exchange, which controls

the operation of very many base stations.

The idea is that very many adjacent cells provide

coverage over a large geographical area. The

shape of each cell is circular, since it contains an

omnidirectional aerial ithat of the base station)

at its centre. The base stations are arranged in

an approximately hexagonal array. In this way, a

given geographical area can be covered without

'gaps'. This is shown in Figure F6.1, The cells are

shown as hexagonal rather titan circular. This is

a convention to show a frilly covered area

wiLhout overlapping circles.

The cellular exchange offers entry into the

regular (fixed! telephone system network.

Consider a phone call to a fixed telephone

number made from a mobile phone. The signal
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1 M
cellular

exchange

Figure F6.1 base stations connected to a cellular

exchange thai gives access to the public

switched telephone network (PSTN).

will leave the mobile phone and will he received

by the base station in the cell where the mobile

phone is located. From the base station it will

travel to the cellular exchange, and From there

to the destination fixed telephone number. If

the mobile phone moves during the call, from

one cell to another* the cellular exchange will

automatically reroute the phone call to the base

station at the centre of the new cell.
J

Fhe range

of the base station is essentially equal to the

linear dimension of the cell.

A main function of the cellular exchange is to

allocate a range of frequencies to each cell, with

neighbouring cells being allocated different

frequency ranges in order to avoid overlap and

interference between calls.

the base station within the cell will then select

a frequency for a particular call The same
frequency can lie used for other calls at the

same time using the time division multiplexing

technique. The frequencies emitted are

different from those received and are usually

separated by 50 MHe.

Mobile phones offer tire user the ability to send

text messages, pictures, video and music, and

allows access to electronic mail and the

internet, making them an unusually powerful

tool of communication.

1 State one advantage and

one disadvantage in

making the cell radius very

large, say 1 00 km,

PSTN 2 Suggest a reason why

mobile phone antennas are

small.

3

Base stations have a power

output that is small. Consider a power output

of 5.0 W. Calculate the intensity of the

radiation (power per unit area! a distance ol

3,0 km iram the base station.

4 The mobile phone, like base stations, emits at

low power (less than I W today compared to

about 3 W in the old analogue phones). Stale

and explain one advantage of low-power

transmissions, other than health

considerations.

5 Describe the role of (he cellular exchange in

mobile phone communications.

6 The analogue signal that is input to a mobile

phone is sampled 8000 times a second, and

the digital signal created by [he analogue-lo-

digital converter is an eight-bit word,

(a.) Calculate the bit rate.

(b) The digital signal is actually compressed

so that the bit rate is reduced to about

1 3 kbit s
T
. Slate one effect oi this

compression on the quality of the sound

transmitted.

7 Tine base station transmission rate on one

particular carrier frequency is about

270 kbit s” and the signal emitted by a

mobile phone has transmission rate of

1 3 kbits . How many different calls can be

multiplexed on the same carrier?

li Based on your study of the earlier chapters,

suggest a block diagram showing the main

components of a mobile phone outlining the

function of each pan you include.
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Light

I his chapter describes Michelson's experiment to measure the speed of light, which is

one of the most important physical constants, the various members of the large family

of electromagnetic waves are in traduced and their properties described. The dependence

of the index at refraction on wavelength (the phenomenon of dispersion) is discussed

and the chapter closes with a discussion of the laser and its applications.

Objectives

By the end of this chapter you should he able to:

- describe one experiment that measures the speed 0/ light:

* understand the nature ofan electromagnetic wave and how it is produced;

- name the main members a/ the electromagneticfamily of waves:

* state the meaning of the term dispersion and calculate the speed 0/ light

from the index of rtfruction of the medium, n =

* describe what the loser is and list a few of its uses;

* state the meaning of the terms rnonochromatte and coherent;

A very accurate terrestrial method to measure

c was developed by the American physicist

Alter L Michelson in 1926. Michelson used a

rotating octagonal prism whose rare of

rotation could be very accurately controlled,

A ray oflight from a very strong source is

reflected off Face Fi of the prism (see Figure

Gl.ll and allowed to move a very large

distance (about 35 km) to a spherical minor,

from which it is reflected back to the prism.

A final reflection off face F-, of the prism

brings the light into an observing telescope.

If the prism begins to rotate, the light in the

telescope disappears, since the prism has the

wrong orientation relative to the rays from

the mirror. As the speed of rotation is

increased, light will again become visible in

the telescope. This is because, in the time it

has taken light to cover the distance from

the prism to the spherical mirror and back,

the prism has turned by exactly one-eighth of

a revolution.

The speed of light

One of the most important physical constants is

the speed of light in a vacuum. This is the

limiting speed for all material objects according

to Finstein's theory of relativity. A very early

attempt to measure the speed of light was made

by Galileo in 1600. A lantern was uncovered at a

predetermined time and an observer some

distance away was supposed to record the time

that he first saw the lantern's light. Dividing

his distance from the lantern by the time he

recorded would give the speed of light.

Obviously the experiment failed because the

time taken by light to cover the known distance

was so small that it could not be measured. The

first measurement of the speed oflight was

made by the Danish astronomer Ole Koemer in

1676, who devised an ingenious method based

on observations of eclipses of one of the moons

ofJupiter. Roemer was thus the First to show

1 hat the speed of light is finite.
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Figure Gl.l A simplified diagram or the

arrangement used by Michelson to measure the

speed of light. The distance of the prism to the

spherical mirror was about 35 km so the

diagram is very much out of scale.

Michelson saw light in the telescope with the

prism rotating at a rate of 530 revolutions per

second. Thus, he calculated a speed of light (in

air) to be

c =
2 x 35 km

(1/8) x (1/530) s
- 2.97 x lO^m s'"

1

figure C12 An electromagnetic wave has an
electric and a magnetic Held at right angles to

each other and to the direction of motion of Lhe

wave.

direction (normal to both fields). As long as the

plane along which the electric field oscillates

stays the same, the wave is called plane

polarized.

The theoretical prediction ofelectromagnetic

waves was the crowning achievement of the

Scottish theoretical physicist James Clerk

Maxwell in J 867. The experimental verification

of Maxwell's ideas came from the German

physicist Heinrich Hertz in 1887, eight years

after Maxwell's death.

Electromagnetic waves

There exists a very large family ofwaves called

electromagnetic waves* This family has the

following characteristics:

they can travel in a vacuum;

* they travel at a speed of 3 * KT m s
_1

in a

vacuum - the speed of light;

* th ev a re t ran sverse waves*

Hie displacement in electromagnetic waves is

actually a pair of quantities: an electric and a

magnetic field at right angles to each other,

which vary with position and rime. Both fields

are at right angles to the di rection of

propagation of the wave, which makes

electromagnetic waves transverse. In Figure Gl.2

the electric field oscillates in Lhe z-y plane and

the magnetic field in the x-y plane. The

direction of propagation is along the y

The various members of this family of waves

are distinguished by wavelength or frequency

as well as their method of production.

Electromagnetic waves include light, gamma
and X-rays, ultraviolet and infrared light,

microwaves, TV and radio waves. The

wavelengths range from 10
H m for very

energetic gamma rays to 10
1 m for radio waves.

Ordinary visible light occupies a small window
in the electromagnetic spectrum; violet light at

400 nm (7.5 x 10 15
Hz| to red light at 700 nm

[4,3 x IQ
14 Hz) see Tabic Gl.l,

The entire electromagnetic spectrum is shown
in Figure G 1,3. The frequency increases as we
move to the right. The photon energy increases

from about 10
Le eV for a radio wave photon to

10*

* eV for an energetic gamma ray. This means

l hat the photon* which represents the particle

nature of light, becomes more dominant as we

move toward the righi in Figure Gl*3.
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Wavelength Frequency/

rangeJam |- HT*
1

m| Tttz {= 10^ Hz| Colour

390-455 659-769 Violet

455-492 610-659 Blue

492-577 520-610 Green

577-597 503-520 Yellow

597-622 4 82- 503 Orange

622-780 384-4S2 Red

Table Gl.i Wavelengths and frequencies of visible

light.

t- Pkctmntagnetie waves are produced when:

* an electric charge is accelerated:

or

* molecules, atoms or atomic nuclei

make transitions to lower energy states.

Radio waves
'These were (tie waves Hertz first observed . They

are generally produced in various kinds of

electrical circuits m which electrons are forced

to accelerate. Hie emission antennas of radio

and TV stations are typical examples of

accelerated electron motion followed by radio

wave emission.

Microwaves
Microwaves are now used extensively in

communication, remote control devices and

heating and cooking food. They are produced in

molecular transitions* The energy associated

with the rotational and vibrational motion of a

molecule is quantized and the molecule finds

itself in one of a n umber of energy levels, just

as the electron's energy in a hydrogen atom is

quantized, giving rise to molecular energy

levels. When the molecule makes a transition

from a high to a lower energy level, microwaves

may be produced* Hydrogen gas emits

microwave radiation with a wavelength of

21 cm - this has been detected from sources

inside our galaxy, greatly increasing our

knowledge of galactic structure. Microwave

radiation with a wavelength ofabout 1 mm fills

space and is a remnant of the Big Bang that

created the universe.

Infrared

Just below the optical part of the spectrum (in

frequency) is infrared (IR) radiation, Elrst detected

by Sir William Herschd in 1S00- Commonly

associated with this radiation is thermal

radiation - the electromagnetic waves emitted

by objects up to temperatures oforder 10
1

K,

IR radiation is emitted by human bodies, hot

pieces of coal, light-bulb filaments and the sun.

Some nocturnal hunting animals
, such as pit

viper snakes, are sensitive to IR radiation, IR

radiation is produced in molecular transitions.

Light

Occupying a tiny window in the huge

electromagnetic spectrum is the all-important

visible light. The wavelengths range from (very

accelerated inabtular

transitions

radio microwave

molecular atomic Atomic

tra.miitmrri irjnsilifHiTi miosi t ions.

Infrared optical ultraviolet

atomic

transitions

X-ray%

nuclear

transittons

gamma rays

I |
Q-

1 JO-3 ID'' 3 to-4 IE)-* 10“* 10-Z 3(M [0-9 10- '0 I0 M 10-12 J0-U m

m* to
1
* I 0 >° 1011 E012 to 13 10 14

I 0 14 101* 10 17 10 ls
E 0 ,y 10w Hit

Figure Gl.3 The electromagnetic spectrum with wavelength expressed in metres and

frequency in hertz. *
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roughly) 400 nm for violet Light lo about 700 nm
for red. Light is produced in atomic transitions

(for example in a discharge tube) or by acre! era ted

electric charges (for example in the hot filament

of a lamp where electrons are accel era ted in

constant collisions). The human eye is a detector

of optical light and can record the arrival of as

few as just 10 photons of light.

Ultraviolet

Ultraviolet |UV) radiation was discovered by

Johann Ritter in 1801, UV radiation is very

energetic and can ionize air (producing the

ionosphere). UV radiation is harmful but most

UV rays from the sun are absorbed by ozone (ChJ

in the aLtnosphcre. UV radiation is produced in

atomic transitions.

X-rays

These were discovered by Wilhelm Conrad

Rdntgen in 1895. They are produced when
electrons are rapidly decelerated as they

collide wi th atoms (Brcmsstrafilung). or when
electrons make transitions from very excited

stares down to the ground state in liigb atomic

number elements. They are very penetrating

and have important applications in medicine.

X-rays have been observed from galaxies, stars

and black holes, greatly increasing our

understanding of the universe by

complementing knowledge derived from

optical observations.

Gamma rays

These arc the most energetic members of the

electromagnetic spectrum with wavelengths of
10“ '' m or less. They are produced when nuclei

make transitions to lower nuclear energy levels

or when particles annihilate in collisions with

their antiparticles.

Properties ofJM waves

Dispersion

When a beam of white light falls on a

triangular prism, the colours of the rainbow

will emerge from the other side of the prism

(see Figure Gl.4). This is because the index of

refraction of glass actually depends on the

wavelength of light entering the glass. This is

the phenomenon of dispersion. In fact. The

index of refraction is slightly smaller for red

light than it is for blue. This means that red

light will be bent by a smaller amounL than

blue and so the beam that emerges splits into

the colours of the rainbow. If the various

colours arc recombined, while tight is again

obtained. The graph in Figure Gl.4 shows the

variation with wavelength of the refractive

index for Two substances: acrylic plastic and

Hint glass. In both cases the refractive index is

lower for red wavelengths.

Figure Gl.4 The index of refraction depends on
wavelength and is smaller Ibr red light. White
light entering a prism splits into the colours of
the rainbow in a phenomenon known as

dispersion. The index of refraction for red light

is smaller than that for blue and so a red ray has

a larger angle of refraction 0lr
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Scattering of light

When electromagnetic radiation is travelling

through a material medium, the electric field

associated with the radiation will force electric

charges (eg. electrons) in the molecules of the

medium to oscillate. These oscillating electric

charges produce electromagnetic radiation in

alt directions. We call this phenomenon

scattcring of rad i a l ion

.

' Scattering ofelectromagnetic radiation by

matter is a general phenomenon involving

the interaction of radiation with molecules

r matter. Scattering results in the radiation

being redirected without being altered in

any other way.

In particular, light from the sun will scatter

in the atmosphere, as shown in Figure Gl.5«

The details of the scattering depend on many

factors, one of them being the size of the

particles doing the scattering relative to the

wavelength of light, X. The scattering of light

by particles that arc small compared to the

wavelength of light fi e. molecules of the gases

in the atmosphere) was studied long ago by

Lord Rayleigh, in 1871. Rayleigh's law stales

that the amount of scattering is proportional

to the inverse fourth power of the wavelength

(
ec •

I

4 ). Ill is means that sunlight entering

the atmosphere will have its blue components

scattered much more than other wavelengths

because blue light has shorter wavelength

Figure Cl.5 Scattering of sunlight in the

atmosphere.

i Iran the other colours. Therefore, if one

looks at the sky in a direction other than

that of the incident light (i.e. away from

the sun), the short wavelengths (i.e. blue)

scatter the most, giving the sky iLs

characteristic blue colour. (In the absence

of an atmosphere, the sky would look black.)

During sunsets and sunrises, the snn is low in

the atmosphere, and so ihe light that reaches

an observer is the one that is least scattered,

i.e. red.

However, if the size of the particles scattering

light is larger than the wavelength of light,

then colours other than blue are dominant in

scattering. This partly explains the reddish

colour of the sky over deserts where the

atmosphere contains large dust particles. (The

explosion of the volcano on Krakatoa in 18811

produced large quantities ofvolcanic ash that

stayed in the atmosphere for years, with reports

of unusual colours Tot the sun. the moon,

sunrises and sunsets.)

Absorption

If the energy of the photons In the

electromagnetic radiation matches the energy

difference between energy levels of the

molecules of the matter, then those photons

will he absorbed and will cause the excitation

of the molecules to higher energy states. As we

have discussed in Chapter 7.2 on the

greenhouse effect, gases such as water vapour,

carbon dioxide and methane have energy' levels

that differ in energy bv amounts comparable to

infrared photon energies. Jhis means thaL

infrared radiation gets absorbed by these gases,

leading to the ‘greenhouse effect
1

and increased

global temperatures. Similarly, ozone, while

capable of absorbing infrared radiation (and is

therefore a greenhouse gas), also absorbs

harmful ultraviolet radiation, and so forms a

protective layer in the atmosphere.

Transmission

Finally, we have the phenomenon of

transmission of electromagnetic radiation from

one medium into another. As we have seen.
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when radiation is incident on the boundary

between two different media, part of Hie

radiation will be reflected and part will be

refracted, i.c. transmitted into the second

medium.

The laser

Physicists for a long time searched for powerful

yet concentrated, coherent sources of light

over very narrow ranges of frequency (Le.

monochromatic). The emission of light from the

hot filament of an ordinary light bulb is

incoherent in the sense that rhe emissions of

photons from different atoms in the filament

are totally uncorrelated. We have no control

over the emission times of photons front the

various atoms. One way to make the source of

radiation more coherent ts to reduce the area

from which radiation is being emitted. Reducing

the area. Though, in general means that the

intensity of rhe light is also reduced, for

example, the sun emits an enormous amount or

energy per second, about 19 x ID"
6 W from its

entire surface area, but this energy is emitted

over all frequencies. The power radiated within

1 MHz around a wavelength of 500 nm (the

wavelength at which most of the sun’s energy is

emitted) is only 7.5 x 1G~- Wm" 2
. Making the

area I mm3 means that the radiated power is an

insignificant 7.5 x 10
:

W, The laser is the

answer to this problem. Tit e first laser was

constructed by ’Ifieodore H, Maiman in 1960

following earlier work in the microwave region

by Charles Townes in the USA and Aleksandr

Prokhorov and Nikolai Basov in the USSR. The

word laser is an acronym and stands for Light

Amplification by Stimulated Emission of

Rad Eat ion.

The laser is a source of very intense, very

directional, monochromatic, coherent

radiation.

Figure Gl,6 shows a cross-section of a laser

beam. All points in the cross-sect ion have the

same phase.

Figure Gl.6 The meaning of coherent light: points

on the same vertical plane through a laser beam
have the same phase. The phase difference

between widely separated points on the beam
stays the same as time goes on.

The production of laser light

We know from atomic physics that, once an

electron finds itself in an excited stare, it will

quickly return to a lower energy state,

emitting one photon as it does so. The energy

of (he emitted photon is equal to The

difference in energy between the levels

involved in the transition. This emission of

radiation from atoms is called spontaneous

emission. If we imagine very many electrons

performing the same transition in very many
different atoms, we will get very many photons

emitted that will have just one thing in

common, their energy. They will differ in

p ractic a I ly eve ryth ing e Ise
;

i n pa r i icu Jar, they

will be moving in different directions, they

will have different polarizations, and they will

not be in phase.

There is another way to get photons emitted

from atoms, and this is called stimulated

emission. Imagine that an electron is in an

excited state. (Assume, for simplicity, that rhis

is the first excited state above the ground

state, and that the energy of this state is l

:

above the ground-state energy.) A photon of"

energy £ incident on the electron wilt

stimulate, i.e. force, the photon to make the

transition to the ground slate. In this way, we
have two photons, the one Incident on the

electron and the one emitted in the transition.

These two photons have the same energy, of
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course, but also move in the same direction

and have Lhe same phase.

Stimulated emission is the basis of the

operation of the laser. To achieve this, we

must have many more atoms in the excited

state than in the ground state (see Figure

G 1,7). In the diagram, a line indicates an

-— — — — excited slate -+

population inversion

ground ’Slate —r — —
Figure G1,7 Normally there are more atoms in the

ground state than in an excited stale. With
population inversion, the opposite is true.

0,05 eV from its kinetic energy and is now

back in its ground state
)
In this way there

are more atoms in the neon meta stable state

than in Lite first excited state, which has

energy 18.70 eV above the ground state.

Population inversion has been achieved in

neon.

Transitions from the neon state with energy

20,66 cV to the state with energy 18,70 eV

result in photons with energy 1 96 eV being

emitted. This corresponds to photons of

wavelength 652.8 nm (calculated using the

most accurate values available]. These photons

are reflected from mirrors at the ends of the

laser tube, causing stimulated emission in

other neon atoms in the metastable stale. One

unoccupied state in an atom, and a line with a

dot on it signifies an occupied state. This is

called population inversion. Normally, atoms

arc in the ground state, so any incident

photons (of the right energy) will simply be

absorbed and will not cause stimulated

emission. To achieve population

inversion, we must have mtfdsttfbl?

states. These are excited states where

electrons stay for unusually long times.

Normally, an electron in an excited state

will make the transition to a lower state

in a time of 10
_s

s. In a metastable state,

the lifetime of an excited electron may

be as long as 10
3

s. The explanation for

the existence of metastable staLes is beyond

the level of this book.

of the mirrors is partially transparent to light,

and so some of these photons exit Lhe tube,

producing the laser beam. In this way we

produce light with unique characteristics: very

monochromatic, very intense, very directional

and coherent.

,96 cV

20.66 cV

IftJOcV

Nc

Figure Gl,8 Energy levels for helium and neon,

showing the metastable states in both atoms.

In the helium-neon laser helium is used to

create population inversion in neon. Hie two

gases are kept together at low pressure in the

ratio of 85% helium to 15% neon. An electric

field is used to excite helium atoms to a

metastable state of energy 20,61 eV above t he

ground state of helium (Figure CIS). Because

this state is metastable, a helium atom stays

in it long enough to collide with a neon atom,

exciting it into a neon metastable state 20.66 eV

above the ground state of neon. (This means

that helium must provide an additional

Uses of lasers

The introduction of lasers has revolutionized

many areas of industry and medicine. In

medicine, lasers arc used to:

* destroy tumours;

* reattach damaged retinas (the laser damages

part of lhe tissue so that l he resulting scar

welds the retina back into place):

* unblock arteries and heart valves (by

destroying the plaque and other residues

that dog them);
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* cut and seal nerves in neurosurgery:

* correct vision defects such as myopia in

cornea operations.

To industry and defence their uses include:

welding;

- cutting and drilling metals;

* opera ling] as er and compact d is cs

;

* measuring distances accurately in surveying;

* measuring distances accurately between

the earth and the moon by reflecting laser

beams off minors left on the moon;

* reading barcodes;

* communication, where coded signals Lravel

in optical fibres transmitting telephone

conversations;

* sophisticated 'smart weapons’, where a laser

beam guides the weapon to its target.

1 In Galileo's attempt to measure the speed of

light, the two lanterns were about 8 km apart,

la) How long would light take to travel this

distance?

{h} How does it compare with a typical

reaction time of 0.1 s?

2 In Armand Fizeau s measurement of the speed

of light in 1849, a gear [toothed) wheel was

used tsec Figure G1 .9), Light from a source

faffs on a plate P and part of it reflects

through a hole Hj in the gear wheel. The

wheel is initially at rest. The light travels to a

distant mirror and is reflected back through

the same hole into the observer's eye. As the

wheel begins to turn, the observer will no

longer see light. This is because on its return

trip, the light ray hits a tooth and is

intercepted. If, however, the speed of rotation

is increased to a critical value, the observer

again sees light. This is because it takes light

as much time to travel the distance D and

back as it takes hole H; to lake up the

position previously held by H
L . In Fizeau's

experiment, a wheel with 720 teeth was used.

Light was seen when the wheel revolved aE

25.2 revolutions per second ami the distance

D to (he mirror was 8,65 x 10* m. Find the

speed of light obtained by l izeau.

Figure Gl.9 For question 2,

3 The index of refraction for blue tight of

wavelength 4.5 x to
7 m for a particular

kind of glass is 1J2R and for red light of

wavelength 6.5 x 10 m it is 1 .321. An

equilateral triangular prism is made out of

this glass and white light is incident on it

parallel to one of its bases. Find the angles

the blue and red rays make with the normal

as they emerge from ihe prism. What is the

deviation of each ray?

4 What is the difference between tight emitted

from a light bulb and light from a laser?

5 Find out in detail how exactly a laser is

used in:

(a) a CD;

(b) surveying;

(cj reading a barcode.

6 Distinguish between spontaneous emission

and stimulated emission.

7 Outline how laser light is produced.

8 State whal is meant by population inversion.

9 (a) Explain why a point source of ordinary

light, of power F, will have an intensity

(power per unit area) given by l = -£p at

a distance d away from the source.

(b) Does the same result hold for a laser

source? Explain your answer.

10

(a) Calculate the intensity of light from a 60 W
ordinary light bulb a distance of 4.0 in

away.
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(b) A He-Ne laser has a power of 8,0 mW
anti exits a laser tube from an aperture of

diameter 2,0 mm. Calculate the intensity

of this laser beam,

n (a} A He-Ne laser has wavelength A = 632.8 nm

and the beam diameter as it exits the laser

tube is <7 = 0.50 mm. Determine that the

angular spread of the beam is given by

ft = - using ideas based on (i) diffraction

and (IT) the uncertainty principle.

(b) Calculate the numerical value of die

angular spread.

{c) What is the diameter of the laser beam

when it is incident on a target a distance

of 500 km away?
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Optical instruments
In this chapter we discuss the formation of images by lenses and two optical instruments -

the compound microscope and the refracting telescope. The chapter closes with brief

remarks about lens aberrations.

Lenses

Just as the behaviour of mirrors is determined

by the law of reflection, the behaviour of lenses

is determined by the law of refraction. A ray of

light that enters a lens will, in general, be

deviated from its original path.

The amount of deviation depends on the index

of refraction of the glass making up the lens,

the radii of the two spherical surfaces that the

lens is polished to and the angle of incidence of

the ray.

We will make the approximation that the lens

is always very thin, which allows for

simplifications. The two sides of the lens are

not necessarily cut from the same curvature

glass surface and may be convex, concave or

planar. Various types of lens are illustrated in

Figure G2.1.

The straight line that goes through the centre

of the lens at right angles to the lens surface

is known as the principal axis of the lens.

Converging lenses

Lenses that are thicker at the centre than at the

edges are converging lenses, which means that a

ray of light changes its direction towards the

axis of the lens (see Figure G2.2a). Rays of a

parallel beam of light converge towards each

other after going through the lens.

A beam of rays parallel to the principal axis

will, upon refraction through the lens, pass

through the same point on the principal

axis on the other side of the lens (see

Figure G2.3a).
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prindj^l

axis

u

Y7.
,principal

LA

principal

axis

/

tisivti^ing (diverging

figure G2.1 Various Lvpes of lens.

cne surface is plana*. die surfaces have

oiher spherical and convex differcnl curvature

Figure G2J2 (a) A converging tens, (b) A diverging lens, A beam of rays parallel

to the principal axis converges toward the principal axis in the case of a

converging lens but diverges from it in the case of a diverging lens.

Figure G2.3 (a) Rays that are parallel to one another and are also parallel to ihe

principal axis pass through the focal point of the lens, a point on the principal

axis, after refraction, (bf If the rays arc not parallel to the principal axis, the rays

will go through a common point that is in the same plane as the focal point.

> Rays that are parallel to the principal axis

will, after infraction in the lens, pass

through a point on the principal axis

called the jfccul point. The distance of the

focal point from the centre of the lens is

called the /oral length anti is denoted by (

.

Optometrists usually use the inverse of the

local length Ei> specify lenses. The power of

a lens is defined as

I

When the focal length is expressed in

metres, the power is expressed in dioptres

(D), 1 D = 1 m~\

If the parallel beam of rays is not parallel

to the axis then the rays will again go

through a single point. This point and the

focal point of the lens are in the same

vertical plane (see Figure G 2.3b)*

For example, a lens with a focal length of

/ — 25 cm has a power of

(The point on the other side of the lens at a

distance f from Lhe lens is also a focal point, A
ray parallel to the principal axis and entering

the lens from right to left will pass through F
J

.)
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We now know how one set of rays will refract

through the lens. We may call a ray parallel to

Lhe principal axis 'standard ray 1

Another set of rays whose refraction through

the lens is easy to describe is the set that

first pass through the left focal point of the

lens. They then emerge parallel to the principal

axis on the other side of the lens, as shown in

Figure G2.4. We may call such a ray standard

ray 2\

Figure G2.4 A ray passing through the focal point

emerges parallel to the axis.

A third light ray whose behaviour we know

some! hing about is one that is directed at the

centre of the lens. Tit is ray will go through

undeflected, as shown in Figure G2,5a. We may

call such a ray 'standard ray 3\

The reason for this behaviour is that near the

mid-point of the lens the two lens sudaces are

almost parallel. A ray oflight going through glass

wish two parallel surfaces is shown in Figure

G2.5b. The ray simply gets shifted parallel to itself.

The amount of the parallel shift is proportional to

the width of the glass block, which is the width of

the lens. Since we are making the approximation

of a very? thin lens, this displacement is negligible,

which proves our result.

With the help of these three ‘standard rays' we

can find lhe image of any object placed in front

of a converging lens. These rays are shown

together in Figure G2,6,

Figure G2.5 (a) A ray going through the centre of die lens is undeflected, fbj A ray

entering a glass plate is shifted parallel to itselfby an amount proportional to the

thickness of the plate.

Figure G2,6The refraction of the three standard rays in a converging lens.
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We will get different kinds of images depending

on the distance of the object from the lens. The

distances of the object and the image are

measured from the centre of the lens.

An image can be real or virtual A real

image is one where acrual rays of light pass

through it. A real image can be projected

and seen on a screen. A virtual image is one

where no rays of light pass through, only

their mathematical extensions. A virtual

image can nor be projected onto a screen.

In describing the image we would like to know:

its distance from the lens;

* if it is real or virtual;

Measuring the distance from the lens to the

image we find about 10 cm. The height of the

image is about 1 cm. The image is the same size

as the object. To see this image the eye must be

put in a position where refracted rays enter the

eye. Any position to ihe right of the lens will do.

Note that ifyou cover any part of the lens t the

image will still be formed. But because less light

passes through the lens, the image will not l>c as

bright. No other change in the image will be seen.

Consider next what happens when the object is

placed at a distance from the lens equal to the

focal length. Here we make use of standard rays

1 and 3 leaving the top of the object, as shown

in Figure G2.S*

* if it is inverted or upright;

if it is larger or smaller than the

object and by how much.

We consider first an object of

height 1 cm that is a distance of

10 cm from a lens of focal length

5 cm. Using alt three standard rays,

starting from the top of the object

we construct the image of the top point by

finding where the refracted rays intersect* The

image of the bottom of the object must be

formed on the principal axis* By symmetry, the

image will be at right angles to the principal axis

and so if we find the image of the Lop. the full

image can be drawn. (If t he object is at an angle

to the principal axis then rays from the bottom

must also be considered.) Tire full image is then

as shown in Figure G2.7.

We see that the image is inverted. It is also real

since rays of light actually pass through it.

A
Figure G2.8 The image of an object that is placed

at the focal point is formed at infinity.

Here the refracted rays are parallel and so do

not meet. In this case we say that the image is

formed at infinity.

For the final case, consider an object, placed

closer to the lens than ihe focal length, a

distance of 3.5 cm from the lens. (The focal

length is 5 cm). We again make use of standard

rays 1 and 3 leaving the top of the object (see

Figure G2.9),
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Figure G2.9 The1 object; is placed closer to the lens

than the local length.

The refracted rays do not intersect. When
extended backwards they do intersect to form a

virtual image. The eye receiving the refracted

rays is tricked into believing that they

originated from the position where the

extensions intersect. This is where the image is.

The image is upright and larger than the object.

Measuring the distance to the image we find

about 11.7 cm. The height of the image is

measured to be about 3.3 cm.

The methods described above are graphical

methods for finding the image. These are very

useful because they allow us ‘to see the image

being formed
1

. There is, however, also an

algebraic method which is faster.

The algebraic method uses an equation that

relates the object, and image distances to the

focal length of the lens. We derive this equation

as follows. The object is placed in front of the

lens as shown in Figure G2.10.

Figure G2.10 The image of an object placed in

front of a converging lens.

Let ii be the distance of the objecL from the lens

and v that of the image. Triangles AUM and

A'B'M are similar (angles are dearly equal) and so

ft _ iY

it v

h* v

h ” u

The lens is thin and so P and F
r

may

be considered to be the same point.

Then, triangles MPF and A'B'F are

also similar, so

h _ If

f~ v — f

h
r

v - f

~r
(note that fvl P = h). Combining Lhe two

equations gives

v v — f

Z
~
~T"

=*vf =uv - uf

=> vf + uf = uv (divide by uvf )

I 1 I

=> — + - = 7
It V f

^ The equation

1 _ 1 l

7 u '

v

is known as the thin lens equation ami can

be used to obtain image distances.

fo examine whether the image is larger or

smaller than lhe object we define lhe linear

magnification, m, of the lens as the ratio of the

image height to the object height:

image heigh I

object heigh I

Numerically, the linear magnification is m = J,

It is much more convenient, though, lo

introduce a minus sign so that we define linear

magnification as

_ image height

object height

- }L
~h

v

u

The usefulness of the minus sign will be

appreciated as soon as we look tit an example.

The Lhin lens equation and the magnification

formula allow a complete determination of The
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image without a my diagram. But to do that a

number of conventions must be followed.

The conventions used here are:

* i is positive for a converging lens;

* u is positive;

* v is positive for real images (Le. those

formed on the other side of the lens

from the object t;

* i is negative for virtual images (i.e, those

formed on the same side of the lens as

the object):

* m - 0 means the image is upright:

* m 0 means the image is inverted:

* jni| l means the image is larger than

die object;

- jnrl < 1 means the image is smaller Ilian

the object.

Txa tuple questions

Q1
A converging lens has a local length of 15 cm. An

object is placed 60 cm from the lens. Determine

the Image.

Answer

The object distance is u = 60 cm and the focal

length is I' — 15 cm. Thus,,

! _ 1 _ 1
v f u

1 1

” 15 60

_!=
20

^ v = 20 cm

The image is real (positive v) and is formed on the

other side of the lens. The magnification is

20m = ——
60

1

~~3

The negative sign in the answer for magnification

tells us that the image is inverted. This is why we
defined magnification in the way we did. The

magnitude of the magnification is less than one.

The image is 1 limes shorter than the object.

(Construct a ray diagram for this example.)

Q2 m^iiiftuiiuuiHiii^iitsuufUHiiH:

An object is placed 1.5 cm in front of a

converging lens of focal length 20 cm. Determine

the image.

Answer

Applying (he lens equation again we have

1 ] I

v f u

1 1

" 20 15

1

” ~60

=* v — —60 cm

The image is virtual (negative v) and is formed on

the same side of the lens as the object. The

magnification is

= +3

Thus, the image is 3 times taller than the object

and is upright (positive ml. The lens here is acting

as a magnifying glass. (Construct a ray diagram for

this example,)

A converging lens can produce a real or a

virtual image depending ou rhe distance of

the object relative to the focal length.

Supplementary material

Diverging lenses

(Diverging lenses are in< hided here for

completeness - they are not part of the IBO
syllabus and will not he examined,)

Lenses that are thinner at the centre than ai the

edges am diverging lenses, which means that a ray

of light changes its direction away from the axis of

the lens (see Figure G2.2b). Rays of a parallel

Iteam of light diverge from each other alter going

through the lens.
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Figure G2.ll (a) Rays parallel to the principal axis diverge from the lens in

such a way that I he extensions of the rays pass through the focal point of the

lens on tlie same side as the incoming rays, (b) Ollier parallel rays at an angle

to the principal axis will appear to come from a point off 1 he principal axis

at a distance from the centre of the lens equal to the focal length.

With small but important changes, much of the

discussion for converging lenses can be repeated

for diverging lenses. We therefore need lo know

the I.K.
ihtiviour of three standard rays in order to

construct an image graphical ly.

first we need a definition of the focal point or a

diverging lens. In a diverging lens, rays coming

in parallel to the principal axis will, upon

refraction, move away from the axis in such a

way that their extensions go through a point on the

principal axis called the focal point of the lens.

The distance of the local point from the centre of

the lens is ihe focal length of' the diverging lens

(see Figure G2.1ta). This is our 'standard rav V

for diverging lenses.

If the beam is not parallel to the principal axis, the

extensions of the refracted rays will all go through

the same point a distance from the lens equal to

the focal length (see Figure G2.11b},

Tlie second standard ray is one ihat is directed at

the local point on the other side of the lens. This

ray will refract parallel to the principal axis, as

shown in Figure G 2,1 2, This is 'standard ray 2*.

Figure G2.12 A ray directed towards the focal

point on the orher side of the lens emerges

parallel to the principal axis.

Finally, a ray that passes through the centre at the

lens is un deflected, as shown in Figure G2.13.

This is 'standard ray 3 ‘

.

Figure G2.13 A ray directed at the centre of the

lens passes through undeflected.

The behaviour of all three standard rays is shown

in Figure G2J4,

Figure G2.14The refraction of the three standard

rays in a diverging lens.

With this knowledge we can obtain the images

of objects placed in front of diverging lenses.

Consider an object p faced a distance of 8 cm in
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front of a diverging lens of focal length 6 cm.

The height of the object is 2 cm. Using all three

standard rays {even Ihough only two are

required) we see that we form an image at a

distance of about ZA cm from the lens, The

image is virtual {it is formed by extensions ol

rays i. it is upright and has a height of about

0.86 cm. (See Figure G2.1 5.)

It can be shown that the same formula relating

object and image distances and focal length

that we used for converging lenses applies to

diverging lenses as we lb with the very

important difference that in using the formula

the focal length must he taken as a negative

number. The rest of the conventions are the

same as for converging lenses.

As an example, consider a diverging lens with

focal length 10 cm and an object placed a

distance of 15 cm from the lens. Then

I _ ] 1

v f u

1 1
'

10 ~ 15

25

15 x to

\

6

v -- — 6 cm

The negative sign for v implies that the object is

virtual and is formed on the same side of the lens

as the object. The magnification is

S= 4-0,6

implying an image 0.6 of the height of lhe

object and upright.

> When the object Ls real (Le. u - 0), a

diverging lens always produces a virtual

image (i
' 0), The magnification is then

always positive implying an upright image.

Virtual objects

Let us finally consider an example involving

non-real of virtual objects. Let two lenses

of focal lengths /j and f2 be placed very

close to each other, as shown in Figure G2.16,

{We have drawn two converging lenses but

the results we will obLain will hold for any

pair of lenses,) An ob ject is placed a

distance u from the centre of the two-lens

combination.
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Figure G2.16 Image I is formed by completely

ignoring the second lens. This image will act as

the (virtual} object to the second lens.

Ignoring tor a moment the second lens, the

Linage will he formed at a distance r' given by

_ J_ _ 2
v*

~
fj u

This image seizes as the object to the second

lens. It is a virtual object, however. Tills is

because the rays are actually entering the

second lens from left to right but the ‘object*

is situated to the right of the second lens

(he, on the 'wrong
1

side). As it is virtual, the

distance of this object must be taken as

negative, which means that u' of this virtual

object is the negative of %vhaL we found for v'.

Thus, the distance v of the final image is

found from

Thus, the combination of the two lenses acts as

a single lens of focal length f given by

I _ I I

f ~ h
+

ft

The image is virtual and upright. Ibis image acts

as the object to Ehe second lens. The distance of

[he object from the second lens is

as, 7 + 6,5 = 92,2 cm

The object is a real object for the second lens and

so u= +92.2 cm. The new image is thus formed

at a distance found from

I 1 _ \_

92.2 ’ v
~

75

=> v — 402 cm

The final image is thus real. The first lens

produces a magnification of

H
ffli-7

n

/ -85,7 \

l 40 i

H s +20.4 cm

The second lens will magnify this image to a new

si/e given by

tf

=> h" = -fiS.7 cm

Example questions

Q3
An object of length 9.5 cm lies on a table, A

converging lens of focal length 75 cm is placed at

a distance of 4f) cm from the object. Determine

the image formed by this lens, A second

converging lens with the same focal length is now

placed above the first lens at a distance of 6.5 cm

front the first lens. Determine the image formed

by ibis combination of lenses. -

The overall magnification is given by

hn
m
~~h

-887

9.5

= —9.34

The image is inverted, li can be checked that the

overall magnification is the product of the

magnifications of each lens.
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Figure G2.17 shows the formation of an image

in a converging lens of focal length 4.0 cm,

ignoring the presence of the diverging lens {of

focal length 6.0 cm). Determine the position of

the image when the diverging lens is taken into

account and complete the ray diagram.

final image is therefore at a distance found

from

J_ 1 _
—4 ^ v -6

v — 1 2,0 cm

The image Is thus neat. The magnification of the

lens system is given by

Figure G2.17.

8 12
_

fj

* _
^4

_J

which implies that the final image is

inverted and three times as large as

the original object. Figure G2.18 is a

ray diagram of the problem.

Answer

ignoring the diverging lens, the image is at a

distance from the converging lens found from

I
1 _ 1

8 v~ 4

=> v = 8,0 cm

Its distance from the diverging lens is therefore

4.0 cm, Fhis image acts as the virtual object for

the diverging lens. Hence u= -4.0 cm. The
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Optical instruments

Much of our knowledge about the natural world

in which we live is owed to optical instruments

based on mirrors and lenses. These have enabled

the observation of very distant objects through

telescopes and very small objects through

microscopes.We have already seen how a single

converging lens can produce an enlarged upright

image ofan object placed closer to the lens than

the local length, tit us acting as a magnifying glass.

[Tie apparent size ofan object depends on the size

of the image that is formed on the retina, In turn,

tliis size depends on the angle subtended by Lhe

object at the eye. This is why we bring a small

object closer to the eye in order to view it - the

angle subtended at the eye by the object increases.

figure G2.20 A converging lens acting as a

magnifier.

Let the distance of the object to the lens be u

If Lhe image is to be formed at a distance of

25 cm, then (remember the image is virtual,

hence its distance is negative)

> The closest point on which the human eye

can focus without straining is known as

the near pot fit of the eye. This distance is

taken to be about 25 cm for a normal eye.

but h depends greatly on age. The largest

distance die eve can focus on without

straining is called the far point. The lar

point is taken to be infinity for a normal

eye. In practice, infinity means anything

larger than a few metres.

Thus, let an obseiver view a small object at a

distance of 25 cm from the eye and let stand

for the angle that lhe object subtends at the eye,

as shown in figure G2.19. Assuming the angle is

small, we have approximately that 8 - (the

approximation involved isSsstarri?).

Figure G2.19 The apparent size of an object

depends on lhe angle subtended at the eye.

If the object is now viewed through a lens and

is placed closer to the lens than the focal

length, a virtual, upright, enlarged image will

be formed (see figure G2.20], .

1 I— - +~
u -25

=
25 f

25+ f

Let 0
f

be the angle That the image subtends at

the eye through the lens, from simple geometry

we obtain

25 cm

h _ h(2S + f

)

u 25 f

The angular magnification M is defined as

h(25+f)/25f „ h\= ~hj25 (
SmCe* = 25j

25+ f

~
f

This is the magnification of the magnifying glass

when the image is formed 25 cm from the lens.

Hie lens is assumed to be veiy close to the eye.

If the object is placed at the focal lengt h of the

lens, the image is formed at infinity and the eye

viewing this image is said to be relaxed. In this
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case, u = f, and so the angular magnification is

M = tiff

;7/2S

25
“ T

(Here the lens need not be very close to the eye,)

In both cases, the magnification can be

increased by decreasing the local length of the

lens. Lens defects known as aberrations (see page

620) limit the angular magnification to about 4.

The microscope

To increase the magnification more requires a

microscope. A compound microscope (Figure G2.21)

consists of two converging lenses. The object is

placed at a distance from the first lens (the

objective) slightly larger than the focal length

(the objective usually has a focal length that is

less than 1 em u A real inverted image is formed

at a distance from the second lens (the eyepiece)

that is equal to the focal length ofthe eyepiece

(which is a few centimetres}. This image acts as

an object for the eyepiece and tills lens now
forms an enlarged, virtual, final image at infinity,

the eyepiece thus acts as a simple magnifying

glass on the image formed by the objective. 1 he

first image is formed a distance /. to the right of

the objective's focal point. Manufacturers arrange

for this distance (known as the tube length) to be

16 cm. Let u be the distance of the object from

the objective. The image formed by the objective

is a distance of /„ + 16 from the objective and so

(using the lens equation) u and fa are related by

The magnification of the microscope is the

product of the magnification produced by the

objective times the magnification produced by

the eyepiece.

The eyepiece has an angular magnification of

VI = y (fc is the focal length of the eyepiece

-

the final image is at infinity).

- The final magnification of the microscope

is therefore

h ]bZ5M-a

Note: If the image by the objective lens is

formed at a distance past the objective

focal point other than 16 cm, the

magnification is

where d is the distance of the image in the

objective past the objective focal point. In this

formula the local lengths must be expressed in

centimetres.

A compound microscope is illustrated in Figure

G2.21.

1 1 _ 1

u
F

fa + 16
~~

fa

= fa ( L + 16)

16

Thus, the objective produces a lateral

magnification of

16 + f0m =
u

16 + f0

[

fnl 16+

16 J

]6
“

fo

Figure G2.21 A compound microscope consists of

two converging lenses.
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Example question

Q5
A microscope I ias an objective of focal length

0,500 cm and an eyepiece of focal length 3,00 cm.

What is the magnification of the microscope?

Answer

The magnification is

16 25

16 25

0.500
X

3.00

= -267

The refracting telescope

The function of a telescope is to allow the

observation of large objects that are very

distant. A star is enormous but looks small

because it is far away. The telescope is then

used to increase the angle at which the star is

observed relative to the angle at which the

star is observed by the unaided eye. The

telescope is thus not used to provide a lateral

magnification of the star, since the image

in that case would be many orders of

magnitude larger than the earth. A refracting

astronomical telescope (see Figure G2 22)

consists of two converging lenses. Since the

object observed is very far away, it follows that

the image produced by the first lens (the

objective) is at the focal plane of the object Eve

lens. It is this image that is then magnified by

the eyepiece, just as by a magnifying glass.

The second lens (the eyepiece) forms a virtual,

inverted image of the object. The final image

is produced at infinity and so the distance

between the two lenses is the sum of their

focal lengths.

The angular magnification of the telescope is

defined as the ratio of the angle the object

subtends through the telescope divided by the

angle subtended by the object at the unaided

eye. Thus

h/ T
h/fa

[o

The {wsition of the eyepiece can be adjusted to

provide clear images of objects other than very

distant ones. The objective lens should be as large

as possible in order to allow as much light as

possible into the telescope. Because it is difficult

to make very large lenses, telescopes have been

designed to use mirrors rathe r than lenses,

I sample question

Q6
A refracting telescope has a magnification of 70,0

and the two lenses are 60,0 cm apart when

adjusted for a relaxed eye. What are the focal

lengths of the lenses?

A

Figure C2.22 A refracting astronomical telescope.

The final Image is inverted, .

Answer

From

s 70

=> K, — 70 C

and

f(t + fv = 60 cm

=>71 tr = 60 cm

=> fc = 0.645 cm

fn = 59,2 cm
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Lens aberrations

Lenses do not behave exactly as described

above - they suffer from aberrations Two main

types of aberration are important for lenses:

spherical and chroma be.

Spherical abcjTLTiTrins' occur because rays that

enter the lens far from the principal axis have

a different focal length from rays entering

near the axis.

In figure G2.23. rays hitting lhe lens far from

its mid-point refract through a point on the

principal axis that is closer to the lens than

rays LhaL hit the lens closer to the middle.

This means that the image of the point is not

going to be a point image but a blurred patch

of light. Spherical aberration can be reduced

by reducing the aperture of the lens (its

diameter - this is called stopping down), but

Ural means that less light goes through the

lens, which results in a less bright image. A
lens with a smaller diameter would also

suffer from more pronounced diffraction

effects.

Figure G2.23 Spherical aberration. Rays from a

distant point source are not brought to focus at

a single point. The image is not a point image.

The fact that the focal point varies tbr rays Lhat

are further from the principal axis means that

the magnification produced by the lens also

varies. This leads to a distortion of the image, as

shown in Figure G2.24.

Figure G2,24 An example of distortion due to

spherical aberration. The grid is distorted

because the magnification varies as one moves
away from the principal axis,

i> The second aberration, dimmuric afoeiralioN,

arises because the lens has different

refractive indices for different wavelengths.

Thus, there is a separate focal length for

each wavelength (colour! of light.

This makes images appear coloured - there are

lines around the image in the colours of the

rainbow (see Figure G2.25a). Chromatic

aberration obviously disappears when

monochromatic light is used. Chromatic

aberrations can be reduced, again, by a

combination of lenses, A diverging lens of

different index of refraction placed near the

first lens will eliminate the aberration for

two colours and reduce it for the others

(see Figure G2,25b).

Figure G2.25 (a) Light or different colour bends by

different amounts and hence different colours

are focused at different places, {bf An
achromatic doublet consists of a pair of lenses

ofd i (ft re n i i n d ices of refraction

.
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1 Define:

(a.) focai point of a converging lens;

(b) focal length of a converging lens.

2 Explain what is meant by:

(a) a real image formed by a lens;

(b) a virtual image formed by a lens.

3 Explain why a real image can be projected on

a screen but a virtual image can not ,

4 A mirror appears to reverse leil and right.

Does a lens do the same? Explain your

answer.

5 A student wants to buy lenses for a homemade

telescope. Should she look for a short or long

focal length objective Sens?

6 A converging tens has a focal length of 6,0 cm.

Determine the distance x in Figure G2.26.

8 An object 2 cm tail is placed in front of a

converging lens of focal length 10 cm. Using

my diagrams, construct the image when the

object is at a distance of:

fa} 20 cm;

fb) 10 an;

(c) 5 cm.

Confirm your ray diagrams by using the lens

equation.

9 Using the graphical method, determine the

image characteristics of an object of height

2.5 cm that is placed a distance of 8.0cm in

front of a converging lens of focal length

6.0 cm. Confirm your ray diagram by using

the iens equation.

1 0 Using the graphical method, determine the

image characteristics of an object of height

4.0cm that is placed a distance of b.Ucm in

front of a converging lens of focal length

8.0 cm. Confirm your ray diagram by using

the lens equation.

1 1 Consider a converging lens of focal length

5,00cm. An object of length 2.236 cm is placed

in front of the lens as shown in Figure G2.28

{not to scale) so that the middle of the object is

on the principal axis, by drawing appropriate

rays, determine the image in the lens. Is the

angle the image makes with the principal axis

the same as that of the object?
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(a) Explain how these data can be used to

determine the focal length of the lens,

lb) Determine the focal length quoting the

uncertainly in Its value.

«/cm ± 0,1 cm 12,0 16,0 20.0 24.0 260

vfan ±0.1 cm 60,0 27.2 1 9.9 17.5 16 B

Table G2.I For question 12.

13 An object is placed in front of a converging

lens which rests on a plane mirror as shown

in Figure G2,29. The object is moved until the

image is formed exactly at the position of the

object. Draw rays from the object to form

the image in this case. Explain how the focal

length of the lens can be determined from this

arrangement.

14 A converging lens has a focal length of 15 cm.

An object Is placed 20 cm from the lens.

(a) Determine the image (i.e, its posilion and

whether it is real or virtual, upright or

inverted) and find the magnification,

(b) Draw a ray diagram to confirm your results.

15 An object is at a distance of 5,0 m from a

screen. A converging lens of focal length

60 cm is placed between the object and the

screen so that m image of the object is

formed on the screen.

(a) At what distanced) from the screen should

the lens be placed?

(b) Which choice results in the larger image?

16 Two converging lenses each of focal length

10.0 cm arc 4.00 cm apart. Find the focal

length of this lens combination.

17 An object is viewed through a system of two

converging lenses L, and l£ ho the right of L,h

l.i has focal length of 1 5 0 cm and L3 has focal

length of 2,0 cm. The distance between the

lenses is 25.0 cm and the distance between

the object (placed to the left of LJ and L| is

40.0 cm. Determine:

(a) the position of the image;

tbj the magnification of the image;

(c) the orientation of the image,

IB An object is viewed through a system of two

lenses Li and L, (to the right of L,), !., is

converging and has a focal length of 35,0 cm; L*

is diverging and has a focal length of 20,0 cm.

The distance between the lenses is 25.0cm and

the distance between the object (placed to the

left of Lp) and I
,

is 30,0 cm. Determine:

(a) (he position of the image;

(b) ihe magnification of the image;

(c) lhe orientation of the image.

The pupil of the human eye through which

light enters the eye is about 3 mm in radius.

Find out how much more light a telescope

with a radius of 5.0m can collect.

20 A converging lens of focal length 10,0 cm is

user I as a magnifying glass. An object whose

size is 1 .6 mm is placed at some distance from

the lens so that a virtual image is formed a

distance of 25 cm in from of The lens.

(a) What is the distance between the ob|ect

and the lens?

(b) Where should the object be placed if the

image is to form a I Infinity?

(c) When the image is at infinity, find rts

angular size,

2T Your IBO Data Bookies lists the formula for the

angular magnification of the simple

magnifying glass as AT = J.

(a) By drawing suitable diagrams, show ihe

angles that are entered iriLo this formula.

(b) A simple magnifying glass produces an

image at ihe near point. Explain what is

meant by near point,

(c) Show that when a simple magnifying glass

produces an image at the near point., the

magnification is given by M = 1 4 y f

where f is The focal length of the lens.
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22 The normal human eye can distinguish two

objects a distance of 0,1 2 mm apart when

they are placed at the near point. If a simple

magnifying glass of focal length 5,00 cm is

used to view the images at the near point,

how dose can the objects be and stilt be

distinguished as distinct?

23 The objective of a microscope has a focal

length of U.80 cm and the eyepiece has a

focal length of 4,0 on. Find the magnification

of the microscope. (The final image is at

infinity.)

24 The moon is at a distance of about 3-3 x ter m
and its diameter is about 3.5 x 10' m.

I a) Determine that the angle subtended by tine

diameter of the moon at the eye of an

observer on earth is about 0.31 .

lb) A very large telescope objective lens has a

focal length of about 20m + Calculate the

diameter of the image of the moon formed

by such a lens,

25 A telescope consists of an objective, L, which

is a converging lens of focal length 30,Hem

and an eyepiece of focal length 20.0cm.

The object is very far from the objective

{effectively an infinite distance away) anti

the image is formed at

infinity.

la) What is the angular

magnification of this

telescope?

(b> The telescope is

used to view a

building of height

65,0 in a distance of

2.50 km away. What

is the angular size of

the final Image?

26 A refracting telescope has an eyepiece focal

length of 3.0 cm and an objective focal length

of 67-0 cm.

(at What is the magnification of the telescope?

(b) What is its length? {Assume that the final

Image is produced a| infinity,)

27

A refracting telescope has a distance between

Ihe objective and the eyepiece of 60 cm. The

toe: a I length of the eyepiece is 3.0 cm, The

eyepiece has to be moved 1 .5 cm further from

the objective to provide a clear image of an

object some finite distance away. What is this

distance? {Assume that the final image is

produced at infinity.)

26 [a) Describe the two main lens aberrations

and indicate how these can he corrected,

(b) In an attempt to understand the distortion

caused by spherical aberration, a student

considers the following model. She places

an object of height 4,00 cm at a distance of

a.00 cm from a converging lens. One end of

the object is 1 .00 cm below the principal

axis and the other 3.00 cm above. She

assumes (hat rays leaving the bottom of the

object will have a focal length of 4.00 cm

and the rays from the top a local length of

3.50 cm. (See I igure G2,30.) ii) Under these

assumptions, draw rays from the bottom

and top of the object to locate the image,

(ii) Draw the image again by using the

4.00 cm focal length for all rays and

compare.

f
Figure G230 For question 23,

29 An object is placed in front and to the left of a

converging lens, and a real image is formed

on the other side of the lens. If the distance of

the object from the left focal point is \ and the

distance of the image from the right focal

point is y, prove that xy — /’,

S.OOcm *A 4.00an

-x> o-

3 St>cni

object
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Interference and diffraction
in Chapter 4 3 and (he previous chapter, we saw the behaviour Of Eight in the geometrical

approximation, which is when the important phenomena of diffraction and interference

ate neglected, so that we can treat light propagation along straight lines, this chapter

gives a detailed account o! the phenomenon of interference from two coherent sources,

if also deals with multiple-slit diffraction and the diffraction grating.

Objectives

By the end of this chapter you should he able to;

appreciate the meaning of the terms coherence and coherent sources;

* give tire meanings of the terms phase difference and potfi difference;

* describe Young's hvo-sftt experiment;

* derive, understand and use the formula d sin fJ — riX for constructive

inter/erertce, and derive from this the formula

XD
S ~~

~d~
l

* d escribe onc m ethod to meas u re the wavelerigth of l igUt
* appreciate that under the l ight conditions, interference takes pkcejbr off mhc^;
* show the effect on the intensity of light of adding more narrow sifts with

the same slit separation,;

* solve problems with the diffraction gratingformula, d sin 6 = nX. which
gives the positions of the maxima.

Two-source interference

In Chapter 4.4 we saw that, when identical

waves are emitted from two coherent sources

and observed at i he same point in space,

interference will take place (see Figure G3.1).

The principle of superposition allowed us to

determine the following;

^ If the path differenc e is an integral multiple

ofthe wavelength, amsimtbv interference

takes place:

path difference - nX,

tt -0, ±I,±2,±3...

IF the path difference is a half-integral

multiple of the wavelength, tlr*rmthv

interference takes place:

palh difference - fn + £)!,

n — 0. il
,
—2, ±3 . ,

.

Figure G3.t Interference from two coherent

sources. The waves arriving at P from the two
sources travel different distances in getting

there and hence arrive with a path difference,
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The two sources (black circles) in Figure G3,2

emit circular wavefronts (four are shown From

each source). These represent crests* At points

such as A, R and C crests of one source meet

crests from the oilier and so constructive

interference takes place. The path difference for

each case is zero, since these are equidistant

from the sources. Constructive interference also

takes place for a point such as D, for which the

path difference is three wavelengths (a distance

of one wavelength from one source and four

wavelengths from the other). On Lhe other hand,

for a point such as E. destructive interference

takes place. This is because point E is a distance

of two wavelengths from one source hut three

and a half from the other, resulting in a path

difference ofone and a halfwavelengths.

Figure G3.2 Interference between circular

wavefronts.

Two-source interference tor light, sound and

water waves can be studied using the

arrangements in Figure G3.3.

In the case of light, monochromatic light (i.e,

light of one specific wavelength) from a

laser is allowed to fall on two very thin slits

separated by a small distance (0.1 mm or

less). Interference fringes are observed on a

screen some distance away. Constructive

interference means bright light, and

destructive interference means points of

darkness.

Sound interference can be observed if sound

from a signal generator is fed into two

loudspeakers and an observer some distance

away listens to both speakers, or if a

microphone picks up the sound and feeds it

into an oscilloscope. At points of constructive

interference the oscilloscope signal will be

large,. corresponding to high intensity of

sound, and at points of destructive

interference it will be almost zero,

corresponding to low intensity.

For water waves, two-source interference is

observed if a signal generator drives two

dippers in a ripple lank. Where destructive

interference takes place, the water surface is

almost flat.

If the path difference is anything other than an

integral or halfintegral multiple of the

wavelength, then the resultant amplitude of the

wave at P will be some value between zero and

2A r where A is rhe amplitude of one of the

waves.

lighl sound water waves

Figure G3.3 Experimental arrangements to observe interference for light, sound and water waves.
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Interference for light

In Figure G3.4, monochromatic laser light falls

on rwo slits, which then act as the two sources

of coherent light. Hie precise meaning of

coherence and coherent light will be given later.

Point Z is such that the distance S,P equals the

distance ZP. The path difference is thus S-Z, We
want to calculate this path difference in order

to derive rhe conditions for constructive

interference at P. Note that, in practice, rhe

distance between the slits, d, is only 0.1 mm and

the distance to the screen is a Few metres. This

means that, approximately, the lines S
L
Pand ZP

re parallel and the angles PS^ and PZS] are

right angles. Thus, the angle S£S{1 equals 0 . the

angle defining point P (since these two angles

have their sides mutually perpendicular),

Figure G3,4 The geometry of the problem that

enters in the calculation ofthe path difference.

The nth maximum at P is a distance sn from the

centre of the screen.

The distance S 2Z (i.e. the path difference} is (by

trigonometry) equal to d sin # and so:

The condition for ronstrudfwe interfcrirtice at

P becomes

d sin H --
ftA

Here, d is the separation of the two slits. As

implied above, the angle # is quite small, so

sin it
1

is small, which means we can approximate

sin a by tan# (check on your calculator that for

small angles 0. in radians, it is an excellent

approximation that sin# - tan# — #). But

lan# = (see Figure G3.4) where D is the

distance of the slits from the screen and s
r]

stands lor the distance MP. i,e. Lhe distance of

the point P from the middle point of the screen,

lire suffix n in sn signifies that we are

considering the nth maximum in the

interference pattern. Thus,

nkD

The linear separation, .v, on a Screen of

two cojjseTfurivc maxima is thus

,
W >.D

s -s„ = (n + 1)~ n r
u a

kD
s = 7

Therefore, in an interference expen men i.

measurement of the separation 5 between

two successive m axima, and of the

distances D and <J. gives a value for Lire

wavelength X of the wave.

This last formula shows that the maxima of the

interference paHern are equally separated.

Additional work shows that these maxima arc

also equally bright.

Young's two-slit experiment

Modern versions of the two-slit interference

experiment are performed with laser light, his

makes sure that the rwo slits act as coherent

sources of light. An early demonstration of the

phenomenon of interference for light was

performed by Thomas Young in I SOI,
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Monochromatic light from a source S falls upon

a small slit as shown in Figure G3.5. As a result

of diffraction, the light spreads around the

single slit, which acts as a coherent source

illuminating two narrow, parallel slits separated

by a very small distance. The interference

pattern is observed on a screen placed some

distance from the sliLS. A filter placed in front of

the light source ensures the light hitting the

slits is monochromatic. The lens between the

source and the single slit is there to make sure

that l he wavefronts hitting the single slit are

planar (this is a technicality known as

Fraunhofer diffraction and need not concern us

further)* The lens, filter and single slit are

unnecessary if a laser is used.

©
Filter

l^rti

double slil

single slil I

Figure G3.5 Young's two-slit experiment.

I sample question

Q1
In a Young's two-slit experiment, a source of light

of unknown wavelength is used to illuminate two

very narrow slits a distance of 0,1 5 mm apart. On

a screen at a distance of 1 .30 m from the slits,,

bright spots are observed separated by a distance

of 4,95 mm. What is the wavelength of light being

used?

Answer

By straightforward application of the result s = ^
we find a wavelength of 571 rim.

Why must the two sources be coherent?

We have postponed until the end a discussion of

the very important fact that for interference to

be observed the two sources must be coherent.

First, we introduce the concept of phase. The

equation giving the displacement of a wave

travelling toward the right with amplitude A ,

period T and wavelength X is given by

y = A sin

where the angle $ is known as tile phase of the

wave. Two waves given by the equations

y i
= A sin pp

and

y2 — A sin
2rrf

~T
lux

+

are identical in that they have the same

amplitude, frequency and wavelength but are

said to have a phase difference between them of

If the phase difference between the waves

stays the same as time goes on, the sources

are said to be coheren t. Coherence means a

constant phase difference between two sources*

Two loudspeakers connected to the same

amplifier would produce sound waves with a

constant phase difference between them

(usually a zero phase difference); they would be

coli erent sources. Similarly, waves produced on

two identical strings by two people shaking the

ends of the strings in identical fashion without

stopping would also produce coherent waves on

the strings.

The case of light, however, is very different.

Unlike a loudspeaker* which produces a

continuous stream of sound waves, a source of

light, such as a lamp, produces a non-continuo us

stream of light waves. Assume that the lamp is a

point source of light, i.e, that just one poi nt in

the lamp filament produces the emitted light. If

we could film that point while it is emitting

lighL and then play the film in slow motion

(slowed down by a factor of a few bill ion times)

we would see the point being on for while, then
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off for a while, and so on. Consider now two

such lamps. Even if the lamps are identical,

the light emitted from one lamp will not be

correlated with that from the other. Even if tile

on-off times coincide * there is no reason why the

phase difference between the waves emitted will

be the same as time goes on. The two lamps are

incoherent sources of light.

The conditions derived earlier for two-slit

interference hold for the case where the phase

difference between the two sources initially is

zero. If the sources are coherent but there is a

phase difference 0 between them, the relevant

path difference now is ^ A + where d]

and d2 are the distances from Sp to Pand from

S- to P„ respectively.

Working precisely as before, the condition for

constructive interference is

. , 0
di — = nA + -

- A
2?r

n = 0, 1 ,

2

t 3, . .

.

and for destructive interference, we get

di “ c/2 = (fl + |) A Hr —A
n = 0 , 1 , 2 , 3 , ..

.

For 0 = 0, these conditions give the familiar

ones derived earlier.

T3ie conditions for arbitrary phase difference

explain, finally, why the two sources must he

coherent. Coherence between lhe two sources

means that the phase difference between them.

0 (whatever it is, not necessarily zero) stays I he

same as time goes on, I fit does not remain

constant (if 0 is some function of time, 0 (f)).

then at a particular point P Lhe issue ofwhether

we get a maximum or a minimum also depends

on time. For example, if 0 starts from zero,

increases to 2jt and then drops back to zero

again periodically, with a period of. say, 10
''

s,

then what is observed at P is a rapid succession

of maxima and minima with a period of IQ
9

s,

lhe observer thus only secs an average of these

effects - there is no interference pattern at all.

Intensity in two-slit interference

Tlie fringes in a Young's two-slit experiment, where

the slit width is ussumed negligible, are equally bright.

The formula for intensity is a function of the

angle &. defined in Figure G3A This is graphed in

Figure G3.6 for the case ofd = 2A, five horizontal

variable is & (in degrees). It is seen that the

fringes are equally bright as mentioned earlier.

intensify

Figure G3.6 The intensity pattern for two slits of

negligible width. The separation of the slits is

d = 2A.

For larger slit separations the maxima are

closer to each other. Figure G3.7 shows the

intensity tor d = 4k.

intensity

Figure G3.7 The intensity pattern for two slits of

negligible width. The separation of the slits is

d - 4k.

k- This shows that, for accurate measurement

of the fringe separation, as small a slit

separation as possible should be used;

Example question

Q2

Calculate the fringe separation for light of

wavelength 680 nm that falls on two slits
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separated by 0.1 mm when ihe screen is placed

1 .3 m from the slits.

Answer

X i J

680 x 10“’ x 1.3 __

0 1 x Vo - '

= 8.8 mm

The width of the slits has not entered in

this discussion. This is because we arc

assuming that the two slits have a

very small width compared with the

Wavelength of the wave in this idealized

case, the conclusions we stated are valid.

in a more realistic case, the width is also

important and, because of diffraction at each

slit, there is a modulating effect on the

interference pattern (t.e. the fringes are no

longer ofequal intensity). In the thin-slit

approximation, covering one of the sl its would

completely wipe out the interference pattern

fno dark and bright fringes -just uniform

illumination) - see Figure G3.8.

an interference no interference pattern is

pattern is observed observed if the slit width is

on the screen assumed very smalt.

Figure C3.S In the idealized case of negligible slit

widths, covering one slit destroys the

interference pattern.

In the realistic case, covering one slit would still

result in a complicated diffraction pattern on

the screen.

Two-slit experiments can also be performed

with water waves in a ripple tank, sound waves

(two speakers connected to a signal generator),

microwaves, radio waves, etc. All waves show

interference phenomena.

Multiple-slit diffraction

As the number of slits increases, t he interference

pattern increases in complexity. We will consider

here the simplified case in which the width of

each slit is very small compared with the

wavelength being used. Consider the case of four

slits separated by a distance d, as shown in

Figure G3.9. If the path difference between the

ray leaving slit 1 and the ray leaving slit 2 is an

integral number ofwavelengths, then by similar

triangles the path difference between tiny two

rays is also an integral number of wavelengths.

The path difference between the rays from slits I

and 2 is tl sinfl and so constructive interference

takes place whenever

d sin H = jta, n — 0, il
(
i2, if , f .

that is. the same condition as in the two-slit case.

Here d is the separation of two successive slits.

- Thus the maxima of the multipleslit

interference pattern are observed at the

same angles as the corresponding two-slit

pattern with the same sli t separation.

Figure G3.9 The path difference between
the first slit and any other slit is an
integral multiple of the path difference

between the first and second slit. Thus, if

the path difference between the first and
second slit is an integral multiple of a

wavelength, constructive interference

from all slits takes place.
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At points for which the condition above is nor

satisfied, there is cancellation of the waves from

the four slits. buL the cancellation is not always

complete, giving rise to secondary maxima.

The number of secondary maxima is n- ?.

where N is the number of slits. The intensity of

the principal maxima is proportional to J\'~ and

their width is proportional to 1 /N Thus, as N

increases, the intensity of the secondary

maxima decreases and becomes completely

negligible (see Figures G3.10 and G3.lt]. This

means, therefore, that for large N the primary

maxima arc bright and thin, making the

measurement of their separation easy.

The minima are observed at

. ,
m

d sin 0 = —X
N

where m = I T 2. 3, , . , , but m = N . 2N f 5\r

, ... are

excluded. Here N stands lor the number of slits.

Figure G3.1Q (a) The intensity distribution for two

slits, (b) The intensity distribution for four slits.

Note how the width of the maxima decreases

but their position stays the same.

<b)

Figure G3.ll (a) The intensity distribution for six

slits, Mote how the width of rhe maxima
decreases but their position stays the same. Mote

also how the relative importance of the

secondary maxima decreases with increasing

slit number, (b) The intensity pattern for two

slits (topi, (bur slits (middle) and very many slits

(bottom). Note that the principal maxima are

observed at the same positions. For rV = 4 there

are two secondary maxima. As iV increases, the

secondary maxima become unimportant and

the primary maxima become very narrow. In all

cases we assume the slit width to bo negligible.

Example question

Q3
What is the slit separation for the intensify

distribution patterns of figure G 3. 11(a)?

Answer

The firs! primary maximum occurs al & ^ 30 and

since

c/ sin 0 = a

sin 30*

- 2\
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The diffraction grating

The diffraction grating is an important device

in spectroscopy (the analysis of light) whose

main purpose is the measurement of the

wavelength of light. A grating is simply a large

number of parallel slits whose width we take

to be negligible. Instead of actual slits, modern
gratings consist of a transparent slide on

which lines or grooves have been precisely cut.

The first diffraction gratings were constructed

by the American astronomer David

Rittcnhouse in 1785 and a Tew years later by

the German Joseph von Fraunhofer, who made

significant discoveries with it. The advantage

of a large number of slits is that the maxima
in the interference pattern arc sharp and

bright and can easily be distinguished from

their neighbours. Tills makes measurement of

their separation easier. The maxima of the

pattern are observed at angles given by the

formula

d sin 0 — nk
t

n = 0r 1 , 2, 3, . .

.

In practice, a diffraction grating is stated by its

manufacturer to have *X lines per centimetre

{millimetre)
1

. This means that the separation of

the slits is d = ~ cm (mm). It is quite common
to find diffraction gratings with 600 lines per

mm corresponding to a slit separation of

d = 1.67 x 1G _(J m.

Example question

Light of wavelength 680 nm falls normally on a

diffraction grating that has 600 lines per mm.
What is the angle separating the central maximum

(n - 0) from the next tn = 1 )? How many maxima

can be seen?

Answer

The separation between slits is

— x 0
-, m

600

With n = t we find

sin# = 1 x 630 x 10
q
x 600 x lO*

= 0.408

Hence

8 = 24.

r

For n = 2 we find 8 = 54.7' and no solution can

be found for n — 3; the sine of the Angle becomes

larger than I „ Thus, we can see the central

maximum and two orders on either side.

1 In a Young's two-slit experiment it is found that

an nth-order maximum for a wavelength of

680.0 nm coincides with the tn + 1 )lh

maximum of light of wavelength 510,0 nm*

What is n?

2 Two loudspeakers are 1 .00 m apart and are

connected to the same audio oscillator. An

observer walks along a straight line a distance

of 1 2.0 m from the loudspeakers as shown in

Figure G3.12, The observer hears a loud

sound at M but almost no sound by the time

she gets to point P a distance of 2,00 m from

M. Explain how this Is possible. Find the

wavelength of sound emitted by the

loudspeakers.

Figure G3J2 For question 2.

3 In a Young's two-slit experiment, a coherent

source of light of wavelength 68Q nm is used

to illuminate two very narrow slits a distance

of 0,1 2 mm apart. If a screen is placed at a

distance of 1 .50 m from lbe slits, find the

separation of two successive bright spots.

4 Explain why Iwo identical flashlights pointing

light to the same spot on a screen will never

produce an interference pattern.
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5 Explain what will happen to- the interference

pattern in a Young's two-slit experiment if one

of the slris is covered with transparent film

that absorbs some of the light through it,

G In a typical classroom demonstration, Iwo

loudspeakers are connected to the same audio

signal generator and students are asked to

stand at various positions in the room to listen

to the sound produced. Depending on where

they stand, the sound is sometimes loud and

sometimes very soft. What wave phenomenon

does this demonstrate? Give three reasons

why there are no spots where the intensity of

sound is completely reduced to zero.

7 Discuss the effect on the bright spots in a

Young's two-slit experiment oft

(a) decreasing the separation of the slits;

(b) increasing the wavelength of light;

(cl increasing the distance to the screen;

id) increasing the distance of the source from

the slits;

(e) using white light as the source.

8 light of wavelength 644 nni (in air) is incident

normally on two narrow parallel slits a

distance of 1 min apart. A screen is placed a

distance of 1 ,2 m from the slits.

(a) Determine the distance on the screen

between the central maximum and the

frith bright spot.

(b) If this experiment were repeated in water

{index of refraction 1 ,33); how would your

answer change?

{> A car moves along a road that is parallel to

the twin antennas of a radio station

broadcasting at a frequency of 35.0 MHz (see

figure C3.13). The antennas are 30.0 rn apart

and the distance of A from the mid-point of

the antennas is 2.0 km. When in position A,

B

o

o
Figure G3.13 For question y.

the reception is good, but it drops to almost

zero at position 0. What is the distance Ah?

10 Two radio transmitters are 80.0 m apart on

a north -south line. They emit coherently at

a wavelength of 1 .50 m, A satellite in a

north -south orbit travelling at 7.50 km s
1

receives a signal that alternates in intensity

with a frequency of 0.560 Hz. Assuming that

the signal received by the satellite is the

superposition of the waves from the individual

transmitters, find:

(a) the distance between two consecutive points

where the satellite receives a strong signal;

(b) tire height of the satellite from the earth's

surface.

11 Figure G3.14 is the intensity pattern from a two-

slit interference experiment. Determine the

separation of the slits in terms of (he wavelength

of light used.

intensity12

What will the intensity pattern for the two

slits of question 1 1 be if the siil separation is

halved?

1

3

In a two-slit interference experiment with slits

of negligible width, five maxima are observed

on each side of she central maximum. When

the slits are replaced by two slits of finite

width separated by the same distance as

before, the third maximum on either side of

the central maximum is missing (i.e. the

intensity of light there is zero). Calculate the

width of the slils in terms of their separation, d
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14 Two very? narrow, para 9 lei slits separated by a

distance of 1.4 x IQ’* m are illuminated by

coherent, monochromatic light of wavelength

7,0 x 10' 7 m,

(a) Describe what is meant by coherent and

monochromatic fight.

1b) Draw a graph to show the intensity of light

observed on a screen far from the slits,

(c) By drawing another, graph on the same

axes, illustrate the effect on the intensity

distribution of increasing the width of the

slits m 2.8 x 10 u m.

1 5 A diffraction grating with 350 lines per mm
produces first-order maxima at angles 3,34^ and

8.56° for two separate wavelengths of light,

la) What are these wavelengths?

(b) What angle separates the second-order

maxima oi these wavelengths?

16 A grating with 400 lines per mm is illuminated

with light of wavelength 600.0 nm.

(a) At what angles are maxima observed?

(h) What is the largest order that can be seen

with this grating and this wavelength?

1 7 Visible light ranging in wavelengths from

400.0 nm to 700,0 nm falls on a grating with

400 lines per min. Describe the spectrum that

is observed.

18 (a) Draw a graph to show the variation with

angle of the intensity of light observed on

a screen some distance from two very

narrow, parallel slits when coherent

monochromatic light falls on the silts.

(b) Illustrate by a graph on the same axis the

effect on the intensity of light of replacing

the two 5 1 its by five very narrow sills

whose separation is the same as that of the

original two slits.
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X-rays

This brief chapter looks at X-rays, including their production, x-ray scattering and diffraction,

and the Bragg condition.

Objectives

tty the end of this chapter you should be able to:

* describe the mechanisms tor the production of X-rays;

predid [he effect on the X-ray spectrum ofchanges in the accelerating

voltage and the nature of the target material;

* explain how X-ray dtjjrachon res nils from scattering of X-rays in a crystal;

* derive the Bragg scattering condition and solve problems involving it;

* outline how X-rays may be used ro determine the structure 0/ crystals.

The prod uction of X-rays

Suppose that electrons emitted from a hot wire

(as in a cathode-ray rube) are accelerated

lb rough a very large potential difference. $ay

30 kV We then let these electrons hit a piece of

material (e.g, tungsten) called the 'target'. (See

Figure G4.1.)

X-rays

Figure C4,t Apparatus for producing X-rays. The

emitted electrons are accelerated toward the

target by a high potential difference.

Figure G4.2 gives the intensity of the radiation

(Le. the number of photons emitted for a given

wavelength times the energy ofone of those

photons) as a function of t he wavelength.

Figure G4.2 The spectrum of X-rays. Increasing the

accelerating potential decreases the minimum
wavelength.

As we saw earlier, when charges accelerate, they

emit electromagnetic radiation. Here the

electrons are rapidly brought to rest by the

collisions with the atoms of the target and thus

radiate electromagnet ie radiation. The radiation

emitted will have a whole range of wavelengths.

Hie striking feature is the existence of a

minimum wavelength below which no radiation

is emitted. How is this explained? Let us imagine

that the electrons have been accelerated through

a potential difference of V volts. Then, just before
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hitting the target, the electrons have kinetic

energy r ^
~ eV . When an electron converts all of

this energy into a single photon, we must have,

by conservation of energy, y ~ pK, and thus we

obtain a minimum wavelength

This shows that an increased accelerating voltage

results in a smaller minimum wavelength. If

l he electron converts part of its kinetic energy to

one photon and the rest to another, this results

in photons of wavelengths larger than the

minimum one we just found {see Figure G4.3).

a
electron single photon emitted wth energy eV and

minimum wavelength - election slop*

O

—

deciron

J
multiple.' photon emission results

in linger wavelengths

Figure G43 Ways in wrhich an electron can give its

energy to photons.

Of the total energy supplied to the electrons by

the accelerating voltage, only a small pari (a

fraction of 1%) is radiated as energy of X-rays.

The resi heats up the target, which means that

it must be cooled if it is not to melt.

The spectrum of X-rays indicated in Figure G4.2

has (wo parts, the continuous spectrum whose

origin we just discussed and the discrete

spectrum, which is the set of spikes on top of

ihc continuous spectrum, at specific

wavelengths. Ifwe increase the accelerating

voltage, the positions of these wavelengths

remain unchanged This suggests that the

spikes have to do only with the target material.

What happens is that the incoming electrons

knock electrons out of their ground state in the

target atoms. Electrons in the atom in higher

states then make the transition to occupy the

now empty ground state, thus radiating

photons (sec Figure G4,4)*

Figure G4.4 An inner-shell election is ejected from
ihc atom by the incoming electron. Its place is

then taken by a higher-shell electron, which
emits a photon in ihc transition.

These photons have wavelengths in the X-ray

region. (In a big atom, the energy of the ground

state can lie many keV. Tungsten's ground state

energy is —67 keV, This is why the emitted

photons are in the X-ray region.) As we already

know, these photons will have specific

wavelengths corresponding to the energy

difference between thegFound state energy and

the energy of ihe state they came from. This

energy difference is, of course, characteristic of

the atoms of the target and thus does not

depend on the accelerating voltage V. If we

change the target, we will find spikes at

different wavelengths.

Example question

Q 1 hi— linn

What is the minimum wavelength oi X-rays

emitted in a 50 kV lube?

Answer

The minimum wave length is

= 2.49 x 1(r'
:

m.

Xray diffraction

Soon after the discovery of X-rays by

W. Rontgen, i he German physicist Max von Lauc

suggested that a beam of X-rays directed at the

regular arrangement of atoms (or ions) in a

crystal would show interference effects in a way
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similar to light diffracting through a diffraction

grating. Ill experiments performed in 1912. X-

rays from an X-ray rube were directed at a

crystal, as shown in Figure G4.5.

Figure G4.5 X-rays scattered by atoms in the

crystal are observed at a detector. The intensity

of the received X-rays is maximum at certain

angles # and minimum at others.

X-rays i scattered by the atoms in the crystal,

were received at a detector, which at that time

would have been photographic film. As the

posi tion of the detector was varied, it was found

that there were certain angles at which the

intensity of the X-rays reaching the detector was

a maximum and others for which the intensity

was practically zero. This is typically what

happens in an interference pattern. These early

experiments gave support to the idea that X-

rays were electromagnetic waves. (The physical

mechanism behind this effect is X-ray

scattering. The incident X-rays are

elect i omagnetic waves and so carry an electric

field. Tli is field causes the atoms it falls upon to

vibrate, and therefore Ihese radiate at the same

frequency as the frequency of the incident

waves. The radiated electromagnetic waves are

the scattered/ re flee ted /diffracted X-rays.)

The atoms (or ions) in a crystal are arranged in

regular patterns. As von Lane suggested, the

interatomic distances in the crystal are of the

same order of magnitude as the wavelength of

X-rays, and so could play the role of the slits in

an ordinary diffraction grating used with

visible light. Consider a cubic crystal, such as

that of ordinary salt, sodium chloride (NaCl). in

which the ions (Na and Cl
-

)
are arranged at

the vertices ofcubes* as shown in Figure G4.6,

Figure G4.G The arrangement of the ions of Na

'

and Cl
-
in the crystal ofordinary salt, NaCl.

{The chloride ion Cl" is about five times bigger

than I he sodium ion Na ‘

, but lor clarity it is

drawn only about twice as big.)

To begin to understand the process of scattering

of X-rays from a crystal, consider first a two-

dimensional analogy in which atoms are

arranged in rows, as shown in Figure G4.7 (two

rows are shown). Ihe figure shows X-rays

scattering from adjacent atoms in the top row

as well as from adjacent atoms in the second

row, The angle of incidence is O it which is

defined as I he angle between the incident ray

and the row {and not the angle between the

incident ray and the normal* as is customary in

optics). Similarly the angle of scattering

(reflection) is &i.

Figure G4.7 Two rows of atoms in a two-

dimensional array. The distance between

adjacent atoms in the same row is taken to be o,

and i be distance between two adjacent rows is

taken to be d, In a cubic crystal, u and d would

be equal.
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From the geometry of Figure G4,8 t we see that

the scattered (reflected) rays front two adjacent

atoms have a path difference between them of

AC — ED = a cos (fr a cos 9\

The two rays will therefore be En phase if

6 ]
= 92 ,

Figure G4.S X-rays scattering from two adjacent

atoms in the same row. The two rays shown will

interfere constructively if the path difference

between them, e cos&2 - u cosfV is zero. This

implies that fli = (The dotted lines are at

right angles to the rays,)

Now consider the scattering involving an atom

in the first row and one directly below it in the

second row, as in Figure G4.9. The diagram

assumes that the condition 0] — % is satisfied

and we have set 0i = 02 = 0.

Figure G4.9 The path difference between the rays

scattered from atoms in two adjacent rows is

ZJ sin 9. (The dotted lines are at right angles to

the rays,)

The path difference between the two scattered

rays is

d sin 6 + d sin 9 = 2d sin 9 -

Therefore we will have constructive interference

between (he (wo rays if

2d sin 9 — nk

This is known as the llragg condition, named

in honour ofWilliam Bragg and his son

Lawrence Bragg, who analysed X-ray diffraction

in the manner described above.

In other words, we will get strong scattered

(reflected) beams in those directions for which

both conditions arc satisfied:

1 9\ = &2 (rays scattered from atoms in first row

are in phase):

2 2d srn & = nk (rays scattered from atoms in first

row and from atoms in second row are in phase).

The first condition is equivalent to saying that

the angle of incidence is equal to the angle of

reflection. The second is similar to the

diffraction grating condition, but notice

carefully the factor of l as well as the fact that

the angle 9 is defined differently here.

This discussion can be extended to a real three-

dimensional crystal by now considering planes

of atoms rather than rows. The same conditions

may then be derived, except that now the

distanced will stand for the distance between

planes of atoms. Because we can have many

different sets of parallel planes in a crystal, we

will have many different values ofd and many
angles for which constructive interference will

take place (see Figure G4. 10). This means that

the interference pattern will, in general, be

quite complex.

Example question

Q2 uuiiiiMiuwm—

w

i—
X-rays of wavelength 1,45 x 10" 10 m are reflected

off a crystal. When (he angle between the X-ray

beam and the face of the crystal is increased from

zero, a strong reflected beam is detected when

the angle becomes 36.4°„

(a) Calculate the spacing of the crystal planes

responsible for this reflection.

(b) Are there other angles al which strong

reflection is observed?
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Figure G4.lt) In a three-dimensional cubic crystal

there are many parallel atomic planes. In the

upper diagram the distance between the planes

is u. In the lower diagram the distance between

the planes is

Answer

(a) Using the Bragg condition,, we find

jiA.

2

sin if?

1 x 1 .45 x 1
0~m

2 sin 36,4*

= 1.22 x 10“ 10 m

(b) With Ihe value of d just calculated, we have

nX
sin 0 =

2d

— n
1.45 x 10- 10

2 x 02 x lO-m

— n x 0.59

No Other angles exist, since lor n — 2 or higher

we gel sin# > 1, which is impossible.

X-ray diffraction played a crucial role in the

determination of the structure of the DNA
molecu I e . Rosa 1 ind Frank 1 i t i began si ud 1 es o f

X-ray diffraction with the DNA molecule in the

1950s. James Watson and Francis Crick

discovered the helical structure of DNA in 1963,

1 la) Describe how X-rays are produced,

tb) What is the minimum wavelength of

X-rays emitted in a 67.0 kV machine?

2 fa) Describe what happens to the maximum

frequency of the X-rays produced in an

X-ray lube when the accelerating voltage

is increased,

(bj In a television screen, electrons are

accelerated by a potential difference of

30 kV. How fast arc the electrons moving

just before they hit the screen?

(c) WhaS is the maximum frequency of ihe

X-ray* produced when the electrons in (b)

arc brought to rest?

3 it is said that the production of X-rays and the

photoelectric effect are 'opposite' phenomena.

Make this statemem precise.

4 In an X-ray lube, the accelerating voltage is

40,0 kV and the current between the cathode

and the anode is 20.0 m A.

fa} Whal is the smallest wavelength of X-rays

produced in this tube.

(b) If only 0.50% of the total energy

supplied is converted into X-rays, the rest

going to heat up the anode, find the rate

al which heal must be removed from Ihe

anode in order to keep it at a constant

temperature.

5 X-rays of wavelength A are incident on a

crystal whose atomic planes are a distance d
apart. The incident beam makes an angle $

wish ihe face of the crystal. State and explain

the fvvo conditions that must be satisfied for a

strong reflected beam to be observed at an

angle 0 to the face of the crystal.
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6 The separation of the slits to a diffraction

grating is about tfv
!

’ m. Suggest why, though

suitable for diffraction with visible light, this is

unsuitable for diffraction with X-rays.

7 X-rays of wavelength 6.3 x 10
11 m are

incident on a crystal whose atomic planes are

separated by a distance of 4.4 x 10
10 m.

Calculate the first two angles at which strong

reflection is observed.

0 X-rays of wavelength 6.26 x 10“ 11 m are

incident on a NaCl crystal. The first strong

reflection is observed at an angle of 6.41
c

.

Calculate the distance between the atomic

{actually ionic) planes of MaCb

9 First-order (n = 1) diffraction is observed

at an angle of 1 2.4° between the direction

of the incident X-ray beam and I lie crystal

face. Assuming that the atomic planes

responsible for this effect are separated

by a distance of 2.5 x ID ,u m„ calculate:

(a) the angle at which second -order

diffraction takes place;

(b) the wavelength of the X -rays.

10 Figure G4.1 1 shows a cross-section of the

arrangement of the atoms in a cubic crystal.

The distance between adjacent atoms in the

same row is d.

(a) Calculate, in terms of d, the distance

between the planes indicated by pairs of

dotted lines (i) and (ii).

{b> Outline, using your answer to (a), how

X-ray diffraction can be used to determine

the structure of a crystal.

(i) tii)

Figure G4.ll For question to.
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Thin-film interference

This short chapter looks a! interference due to thin films, commonly seen as the coloured

patches in soap bobbies and on thin layers of leaked oil floating on water. It also looks

at the use of I bin air wedges to measure smalt distances.

Objectives

iiy the end of this chapter you should be able to:

* appreciate that phase changes may be introduced upon rejection or a ray of

light;

explain the role of phase difference in interference;

* understand interference in thin films and thin, air wedges by division 0/
amplitude;

* describe how interference may be used to measure small distances.

Parallel films

This phenomenon is commonly seen as the

coloured patches on thin layers of leaked

oil floating on water on streets, on thin layers

of grease floating on water in a cup and in

soap bubbles. To understand this phenomenon
we must first realize that, upon reflection, a

ray oflight may undergo a phase change (see

Figure G5.1).

Consider now a thin film with parallel sides

surrounded by air (see Figure G5.2).

Let si be the thickness of the film of oil Then

the path difference is 2d assuming we view the

film normally from above. There will be a phase

change of jr at the first reflection at tile air-oil

interface since oil has a larger index of

refraction than air. At the second reflection at

the oil-air interface there is no phase change.

Using the condition fbr constrtictive interference in

the presence of a phase difference 4> - jt (with

the wavelength in oil 1 we get

path difference = Jca0 + kQ
27T

k = 0, 1.2,3, _

that is

path difference - ^
^ )

ft- » 0, 1.2.3*..,

low LoJl'X of

refraction

ihtire is a phase

change hem of jt

higher imlex of

refraction

high index, of

refraction

there. is tio phase

change here

lower index of

[^FnLclion

Figure G5.1 A ray of light reflecting off a medium
with higher index of refract ion will undergo a

phase change of jt .
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Figure G52 Thin-film interference in oil is

explained by the phase difference due to the extra

distance covered by one of the rays and by the

phase change upon reflection at the top surface.

which means we get a maximum if this path

difference is a half-integral multiple of the

wavelength. However, the wavelength of light in

oil (Xu) is nor the same as that in air. Rather, in oil

X0
— A/n t where n is the index of refraction of

oil and X the wavelength of light in air.

'Hie wavelength that shows constructive

interference for a particular thickness of the

film will lend its colour to the film.

Tli us. constructive interference takes place

when

that is

2dn -- 4
.1,

|
K k — integer

Example question

Q T

A solar cell must be coated in order that as little

as possible of the light falling on it is reflected, A

solar cell has a very high index of refraction

(about 3,50), A coating of index of refraction 3 ,50

is placed on such a cell. What should its

minimum thickness be in order to minimize

ret lection of light of wavelength 524 nm?

Answer

We will have phase changes of 1 80° at both

reflections (from the lop of the coating and the solar

cell surface), hence the condition for a minimum is

2ofn = iX

524 x Hr9

~~
~4 x 1.50

— 87,3 nm

Thin air wedges

Another example of interference is provided by

an arrangement in which two flat glass plates

are put on top of each other with a thin piece

of paper 1
of thickness D] in between them so

that a very small angle is formed between the

plates (see Figure G5.3). Air is trapped between

i he glass plates, forming an air wedge of

variable thickness. Fringes are seen when the

4 L -

(a) <b>

Figure G5.3 (a) Two flat glass plates have a thin wedge of air between them,

(b) A ray oflight coming down vertically (solid line) splits at A (the interface

between Lite top plate and the air wedge underneath it). The ray is partially

reflected upward (dotted line) and the other part (dashed line) traverses the

air gap twice, undergoing reflection at R.
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glass plates are observed from above after being

illuminated by light from an extended source.

The problem is essentially that of interference

in thin films except that here the thickness of

the film is variable.

We assume that the glass plates are coated so

that no reflection takes place from the top

surface of the top plate and Lhe bottom surface

of the bottom plate.

A ray oflight coming vertically down will then

partly reflect from point A (the interface of the

top plale and the air wedge underneath it) and

partly continue to point B. Point B is at the top

face of the bottom plate. It will reflect from this

point and move up where it will interfere with

the ray that reflected from A. The path

difference is thus 2d, where d is the thickness

of the air wedge at the point of impact of the

light ray. The ray undergoes no phase change at

A (A is on i he inside ofthe top plate) but there

is a phase change of n at B, Applying the

cond Elion for ronstnirtive interference we find

2d = (k + ~
)
A, k = integer

Thus the bright fringes occur for th icknesses

given by

, k 3A 5a
d = “-h —

r — ,
and so on

4 4 4

We see that the fringes are equally separated

(see Figure G5.4J.

t
pl ales join heic

Figure G5.4The fringe pattern of the air-wedge

system.

Measuring small distances

The air wedge can he used to measure small

distances such as D in Figure G5.3. To do that

we need to find the angle of the. wedge. From

Figure G5.3. ci = x Ian & and so the difference of

air-wedge thicknesses corresponding to

successive bright bands. Ad, obeys

Ad = Aa lan£. Since Ad = A/2 it follows that

A

2
Ax lan u

=> tan 0 =
A

2hx

But Ax is the bright fringe separation, which can

be measured [by measuring the separation of

many fringes and dividing appropriately), and

hence the angle of the wedge can be determined.

Having determined the angle, measurement of

tile length L allows the determination of the

small distance D (see Figure G5.3).

Example question

Q2

A wire of diameter D is placed between two glass

plates of length 4 cm forming a thin air wedge as

shown in Figure G52L When the plates are

illuminated with light of wavelength 590 nm, 20

dark Cringes are observed across the lop plate.

Find the diameter of the wire.

Answer

The separation of the dark fringes is the same as

that of the bright fringes. It is simply

A cm

20
ss 0.20 cm

The angle of the wedge is thus found from

A
tan H —

2Ax
590 nm

2 x 0.20 cm

590 x 10 * m
~~

2 x 0.20 x 10* m
= 1.48 k ItT

4

that is

& = 1-48 x to 4
rad (since the angle is small,

6 tan 9 )

Hence

D = L tan 9

= 4 cm x 1 .48 x 10
4

= 5.92 x 10 * cm

(see figure G5,3).
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1 When a thin soap film of uniform thickness is

illuminated with white light, it appears purple

in colour Explain this observation carefully.

2 A piece of glass of index of refract ion 1.50 is

coated with a thin layer of magnesium

fluoride of index of refraction 1 .36. If it is

illuminated with light of wavelength 680 nm,

what is the minimum thickness of the coating

that will result in no reflection?

1 A thin soap bubble of index of refraction

1.33 is viewed with light of wavelength

550.0 nm and appears very bright. What is

a possible value of the thickness of the soap

bubble?
.

4 A soap film will appear dark if it is very thin

and will reflect all colours when thick.

Carefully justify these statements using

interference from thin films,

5 In the thin-air-
1wedge interference pattern, how

would the separation of the bright fringes change

if the angle of the wedge is made smaller?

6 In a thin- air-wedge interference experiment,

1 2 maxima are observed within a length of

5 cm when the plates arc illuminated with

light of wavelength 500 nm. Calculate the

angle between the plates.
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The principle of

special relativity

At the end of the nineteenth century, it seemed that all the problems in physics had

been solved and that scientists had a complete understanding of (he laws of nature,

Mechanics was triumphant, with daily applications in engineering as well as explanations

o! the motion of the heavenly bodies. Electricity and magnetism had been shown by

James Maxwell to be two faces of the same thing (electromagnetism), thus unifying a

large range of phenomena. The kinetic theory of gases provided an understanding of the

workings of matter at the molecular level. Two problems defied solution, however, and

they were about to bring down the entire structure of classical physics. The first was the

attempt to understand the spectrum of the radiation emitted by a black body. The

resolution to this problem came many yeais later, it involved the concept of a photon

and the birth of quantum mechanics. The second problem had to do with the velocity of

light: it is said that Albert Einstein, as a hoy, asked

himself what would happen if he held a mirror in front

of him and ran forward at the speed of light. With

respect to the ground, the minor would be moving at

the speed of light. Rays of light leaving young

Einstein's face would also be moving at the speed ol

light relative to the ground. This meant that the Fays

wuuld not be moving relative to the miFror, hence

there should be no reflection in it. This seemed odd to

Einstein, He expected that looking into the mifrot

would not reveal anything unusual. Some years later,

Einstein (left) would resolve this puzzle with a

revolutionary new theory of space and time, the

theory of special relativity.

Objectives

By the end of this chapter you should be able 1o:

* state the meaning of rhe term frame of reference]

* sta tc what Cia Iffeu n reiatfvfcy mcan s

;

* solve problems of Galilean relativity;

* understand the significance of the speed of light;

* state the two postulates of the principle 0/ relativity;

* appreciate that absolute time does nor exist and that simultaneity is a relative

concept.
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Frames of reference

In a physics experiment, an observer records the

occurrence of events; the time and place at

which these events take place,

i The observer along with the rulers and

clocks that he or she uses to measure

distances and times constitute what is

called a fmme of reference. If rhe observer is

net nccclemfrd. tire frame is called an

Irterffal/mtrie of reference, (See Figure H1.1,)

Figure HU In this frame of reference the observer

deckles that lightning struck at time t = 3 s at

position x — 60 m.

To discuss motion we must first specify the

frame of reference with respect to which the

motion is to be described. Thus, an observer

with rulers and clocks who is firmly attached to

the surface of the earth will conclude that a

train travelling From one city to another moves,

and the distances travelled and times taken can

be calculated. The same events can also be

viewed by another observer in a different frame

of reference. Consider, therefore, the following

situation involving one observer on the ground

and another who is a passenger on rhe train. In

Figure HI.2, a train moves past the observer on

the ground (who is

represented by a thin

vertical line) at time t — 0

and is struck by lightning

3 s later. The observer on

the train is represented by

a thick vertical line. The

Lrain is travelling at a

velocity of v = 15 m s
1

as

far as the ground observer

is concerned.

Let us see how the two

observers view various

events along the trip. Assume firsL that when
the docks carried by the two observers show

zero, the origins of the rulers carried by the

observers coincide. The stationary observer uses

Figure III .2 The origins of the two frames of reference coincide when docks in both
frames show zero. The origins then separate. Lightning strikes a point cm the train.

The observer on the train measures the point where the lightning strikes and finds

the answer to be x The ground observer measures that the lightning struck a

distance x from his origin.
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the symbol x to denote the distance of an event

from tile origin of liis ruler. The observer on the

train uses the symbol As shown in Figure Hi.

2

These arc related by

x'=x-vt
V = t

since in the time off s the train moves forward

a distance iri. These equations express the

relationship between the coordinates of the

same event as viewed by two observers who are

in relative motion.

Thus, to the event of Figure HI.2 (^Lightning

strikes’ll the ground observer assigns the

coordinates x = 60 m and t = 3 s. The observer

in the train assigns to this same event the

coordinates V= 3 s and a" = 60 — 35 x 3 = 35 in.

We are assuming here what we know from

everyday experience (a guide that, as we will

see. may not always be reliable): that two

observers always agree on what the time

coordinates are; in other words, time is

common to both observers. Or as Newton wrote:

Absolute, true and mathematical time, of

itself, and from its own nature, flows equably

without any relation to anything external.

Of course, the train observer may wish to

consider herself at rest and the ground below

her to move away with velocity —v.

> It is impossible for one of the observers to

claim I ha I he or she is really
1

at rest and

that the other is 'really' moving. There is

no experiment chat can be performed by

the train observer, say. that will convince

tier that she 'really' moves (apart from

looking outside the window's), Ifwe

consider bis teat! a space station and a

spacecraft as our two fiames, out of earth's

view, even looking out of the windows will

not help. Whatever results the train

observer gets out ofher experiments, the

ground observer also gets out of the same

experiments performed in his ground

frame of reference.

The equations

y' = x rf

\ =1

reflect what is called a Galilean

transformation: Ike rekinon between

ttwrffmtres of rwnfs vvfinr one frame, moves past

dir other widi uniform vetodry on a straight

line, frames moving with uniform velocity

past each other on straight lines are called

nirrtiidjhamt’s preference* These are nun'

accelerating frames. Both observers are

equaIly j tisl i fled in con s idc ring themselves

to be at rest and the descriptions they give

are equally valid.

A non-inertia I frame, by contrast, is an

accelerating frame, and in this case it is

possible to distinguish the observer who is

'really' moving. An observer in an accelerating

frame will feel forces pulling him back into his

seat if he is accelerating, or thrown forward if

he is decelerating, A mass hanging from a

string will make an angle with the vertical in

the accelerating frame but will hang vertically

if the frame is inertial (he. moving with

constant velocity). Similarly, in a rotating frame

of reference, the surface of water in a bucket

would not be I eve I

.

Galilean relativity has an immediate

consequence lor the Ju;v of addition of velocities:

Consider a ball that rolls with velocity u' as

measured by the train observer. Again assume

ihat the two frames, train and ground,

coincide when l =V = 0 and that the ball

first starts rolling when r = 0. Then, after

time V the position of the ball is measured

to be at x' =ij‘t by the train observer (see

Figure HI.3).

The ground observer records the position of the

ball lq be at x =x' + vt = iu
!

-F v)t (recall f =t')

and so as far as the ground observer is concerned

the ball has a velocity' (distance/ time) given by

u = u
1

-j- v
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x' ^ uY

Figure 11 1 3 An object rolling on I he floor of the 'moving' Frame appears to move faster

as far as the ground observer is concerned.

IExample question

Q1 HBMMHHMOMmaMMMI
A ball rolls on Ihe floor oi a train at 2ms 1

(with

respect to ihe floor). The train moves with respect

lo ihe ground (a) to the right at 12 m s
-1

, (b) to

ihe left at 12ms 1

, What is the velocity of the

ball relative to the ground?

that accelerated electric charges produced a pair

of self-sustaining electric and magnetic fields at

right angles to each other, which eventually

decoupled tfom the charge and moved away from

it at the speed of light Maxwell discovered

electromagnetic waves and thus demonstrated the

electromagnetic nature of light;

Answer

(a) The velocity is 14 m s ’.

(b) The velocity is - 10 in s \

This apparently foolproof argument presents

problems * however, if we replace the rolling ball

in the train by a beam of light moving with

velocity c = 3 * 10” m s
1

as measured by the

train observer. Using the formula above implies

that light would be travelling at a higher speed

relative to the ground observer. At the end of

the nineteenth century, considerable efforts

were made to detect variations in the speed of

light depending on the state of motion of the

source of light. The experimental result was

that no such variations were detected!

The speed ofjight

In 1864, Maxwell corrected an apparent flaw in

the laws of electromagnetism Ity
introducing his famous 'displacement

current' term in Lhe electromagnetic

equations. The result is that a changing

electric 11ux produces a magnetic Held

just as a changing magnetic flux

produces an electric field (as Faraday had

discovered earlier). An immediate conclusion was

One prediction of the Maxwell theory was that

the speed of light is a universal constant. Indeed,

Maxwell was able to show that the speed of

light is given by the expression

where the two constants are ihe electric

permittivity and magnetic permeability of free

space (vacuum): two constants at the heart of

electricity and magnetism.

In other words, the speed of light docs not

have anything to do with the 5p$jed of the

source that created it.

This results in a conflict with Galilean relativity.

According to Galilean relativity, if the speed of

light takes on the value c in the 'train’ frame of

reference then it will have the value c 1 v in the

ground' frame of reference (see Figure Hi A).

figure H1.4 An observer in ihe uain measures the

speed of light to he r. An observer on the ground
would then measure a different speed, c + v.

souroe of light

* V1
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Maxwell believed that light, and other

electromagnetic waves, required a medium (the

ether) for their propagation (as all other waves

did). He was thus forced to admit that his

equations were not in facl valid in ail frames of

reference but only in a small subset, namely those

inertial/mmes that were at rest relative to the ether

(see Figure Hi.5).

bght sujiicce

ill T£St

with rcsprcl

to tin' ether

elher

Figure HI,5 If the source moves through the ether,

the speed of light in the direction of motion is

expected to he Jess than when the source is at

rest with respect to the ether.

The ether, the medium for light waves, was

hypothesized to be an all-pervading medium. If

you moved in the ether, you would experience

an 'ether wind', much the same as a car

travelling in still air experiences an opposing

wind. I f while moving through the ether you

were to emit a light signal in the direction of

motion, the velocity of light was expected to be

less than the velocity of light would be if you

were at rest relative to the ether.

Experiments to detect these variations in the

speed of light depending on the slate ofmotion

of the source failed, however, to produce any such

difference. The most famous experiment In this

regard was the Michelson and Morley

experiment, which is discussed in Option H3,

This puzzle of classical physics was resolved by

Einstein in 1905, who simply threw away the

entire notion of the ether. Light, like all other

electromagnetic waves, does not require a

medium and the speed of light in a vacuum is

the same /or dl observers. Tire laws of physics

(including Maxwell’s electromagnetism) are the

same in d! inertial /mines of reference. Ibis means

immediately that the laws of Galilean relativity

have to be modified. Einstein was thus led to a

modification of the Galilean transformation laws,

from

x'=x — W: T = f: v' = u - v

The new transformation laws showed that the

speed o flight was the same I or all inertial

observers. The price to be paid, though, was that

now Newton’s laws ofmechanics were not Tire

same for all inertial observers ifone used the new

transformation equations! Einstein did not hesitate

to change the laws ofNewtonian mechanics as

welt, creating what is called relativistic mechanics.

The laws of relativistic mechanics are presented in

a later chapter (Option H4).

The principle of special relativity

The constancy of the speed of light for all

observers is Einstein's iirst building block for

the theory of relativity. The second is his

observation that absolute morion does not

exist. As we discussed earlier, it is impossible

to perform any experiment within a closed

box that moves with constant velocity relative

to an inertial frame of reference, the purpose

of which will be to let the occupants of Lhe

box find out whether they move or whether

they are at rest. Further, if the occupants

perform a series of experiments in order to

discover the laws of physics, they will reach

exactly the same laws as the occupants of any

other box that is not accelerating. All inertial

frames are equivalent. This leads to the

principle of relativity with the two

postulates:
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* The laws of physics are the same in all

inertial frames,

* The speed of light in a vacuum is the

same for all inertial observers.

These two postulates of relativity, although they

sound simple, have far-reaching consequences.

The fact that the speed of light in a vacuum

is the same for all observers means that absolute

time does not exist. Consider a beam oflight.

Two different observers in relative motion to

each other will measure different distances

covered by this beam. But if they are to agree

that the speed of the beam is the same for both

observers, it follows that they must also measure

different times of travel. Thus, observers in

motion relative to each other measure time

differently. The constancy of the speed of light

means that space and time are now inevitably

linked and are not independent of each other as

they were in Newtonian mechanics.

A related consequence is the concept of

simultaneous events. Imagine three rockets

A, B and C travelling with the same constant

velocity (with respect to some observer) along

the same straight line. Imagine that rocket R is

hall-way between rockets A and C, as shown in

Figure Hi .6.

At a certain time rocket B emits light signals

that are directed toward rockets A and C. Which
rocket will receive the signal first? The

principle of relativity allows us to determine

that as far as an observer in rocket B is

concerned the light signals are received by A

signal + Kignal

Figure H1,6 ft emits signals to A and C. These are

received al the same time as far as ft is

concerned. Bui the reception of the signals is

not simultaneous as far as the ground observer

is concerned.

and C simultaneously (i.e. at the same lime),

This is obvious since we may imagine a big box

enclosing all three rockets that moves with

same velocity as lhe rockets themselves. Then,

for any observer in the box, or ill the rockets

themselves, everyl hlng appears to be at rest.

Since B is halfway between A and C. dearly the

two rockets receive the signals at the same time

(light travels with the same speed). Imagine,

though, that we look ai this situation fro in the

[joint of view of a different observer, outside the

rockets and the box. with respect to whom The

Fockets move with velocity it This observer sees

that rocket A is approaching the light signal,

while rocket C is moving away from it (again,

remember that light travels with the same

speed in each direction). Hence, it is obvious to

this observer that rocket A will receive the

signal before rocket C does.

We are thus forced to admit the following as a

consequence of the principle of relativity;

Events (i.e. occurrences] that are

simultaneous for one observer and which

take place at different paints in .space, are not

simultaneous for a not her observer in

motion relative to the First.

On the other hand, if two events are

simultaneous for one observer and take

place at the same point in space, they are

simultaneous for all other observers as well.

Example question

Q2
Observer T is in the middle of a train carriage that

is moving with constant speed to [he right with

respect to the train station. Two fight signals arc

emitted al Ihe same lime as far as the observer, T,

in the train is concerned (see Figure HI .7),

(a) Are the emissions simultaneous for observer C
on the ground?

(b) The signals arrive at T at the same time as far

as T is concerned. Do they arrive at T at the

same time as far as G is concerned? According

to G, which signal is emitted first?
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G

Figure HI .7,

Answer

(a) No, because the events (i.e, the emissions from

A and 8) take place at different points in space

and so if they are simultaneous tor observer T

they will not be simultaneous for observer G*

ib) Yes, because the reception of the two signals

by T takes place at the same point in space

so if they are simultaneous for I, they must

also be simultaneous for G, From C's point

of view, T is moving away from the signal

from A. So the signal from A has a larger

distance to cover to get to T. If the signals

are received at (he same time, and moved

at the same speed (c), it must be that the one

from A was emitted before that from B.

Simultaneity, like motion, is a relative concept.

Our notion of absolute simultaneity is based on

the idea of absolute time: events happen at

specific times that all observers agree on,

Einstein has taught us that the idea of absolute

time, just like the idea of absolute motion*

must be abandoned.

1 It was a very hotly debated subject

centuries ago as to whether the earth goes

around the sun or the other way around,

Does relativity make this whole argument

irrelevant since 'all frames of reference are

equivalent'?

2 Give as many examples as you can of events

that are simultaneous for one set of observers

but not for others.

3 Two trains are travelling at constant speeds on

two parallel straight lines. The first, A, is

travelling at 5 ms" 1

, the second R, at

2ms". An observer at the station observes

both trains* At a given instant of lime, a

passenger in A, a passenger in E3 and the

observer at the station are all aligned along a

line normal to Ihe motion of the trains* At that

point, a passenger in A drops an ice cube

from his drink which he is holding at a height

of 1.40 m. Using Galilean relativity, where

will the ice cube land as far as each of the

three observers is concerned?

4 Discuss the approximations necessary in order

to claim that the rotating earth is an inertial

frame of reference.

5 Imagine that you are travelling in a train at

constant speed in a straight line and that

you cannot look at or communicate with the

outside. Think of the first experiment that

comes to your mind that you could do to try

to find out that you are indeed moving.

Then analyse it carefully to see that it wilt

not work*

6 Here is another experiment that can be

performed in the hope of determining whether

you move or not.

The coil in Figure HI.8 is placed near a strong

magnet and a galvanometer attached Lo the coif

registers a current. Discuss whether we can

deduce that the coil moves with respect to the

ground.

Figure Hi..8 For question 6.

7 What experiment might you perform in a train

that is accelerating along a straight line that

would convince you that if is accelerating?

Could you also determine the direction of the

acceleration?
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8 How would you know that you find yourself

in a rotating frame of reference? What

experiment would convince you of that?

9 An electric current flows in a wine (see

Figure A proton moving parallel to the

wire will experience a magnetic force due to

the magnetic field created by the current. From

[he point of view of an observer travelling along

with the proton, the proton is at rest and so

should experience no force. What do you say?

o . 0

Figure Hi.9 For question 9.

Ifl Imagine a 'train' that is 5400 000 km long

travelling at 240 000 km s
_1

to the right.

Two laser beams are emitted from the middle

of (he train toward the ends of the train,

giving the signal to open the front and rear

doors.

fa.) When will the doors open according to an

observer at the middle of the train?

(b) Which door will open first according to an

observer on the platform? I he platform

observer is standing level with (he train

observer when the laser signals are

emitted.
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The effects of special relativity

1 he principle of relativity has immediate consequences. Time runs differently foi two

observers who are in relative motion and these observers disagree about length

measurements. This chapter discusses three bask relativity phenomena: time dilation,

length contraction and velocity addition.

Objectives

By Ihe end of Ihis chapter you should he able to:

give the definitions of proper time interval and proper length;

describe the behaviour of the gamma factor y — 7T
state the meaning of time dilation and solve problems using

lime interval = y x proper time interval;

derive the time dilolfmt Jbrmula;

state the meaning of length contraction and solve problems using

length = r^kl
,
^h

;

use the law of velocity addition and appreciate its significance,

u = —£7 or, solving for v\ if =
+

,3
’ 3

appreciate that time dilation and length contraction are both

symmetrical effects;

describe and resolve the twin paradox.

Time dilation

A direct consequence of the principle of

relativity is that observers who are in motion

relative to each other do not agree on the

interval of time separating two events. To see

this, consider the following situation: a train

moves with velocity v with respect to the

ground as shown in Figure H2.1.

From point A on the train floor a light signal

is sent toward point ]J directly above on the

ceiling. The time it takes for light to travel from

A to B and back to A is recorded and equals fhV.

Note that as far as the observers inside the train

are concerned, the light beam travels along the

straight-line segments AB and BA, From the

point of view of an observer on the ground,

however, things look somewhat different. 111 the

lime it lakes for light to return to A, B (which

bigurc 112.1 A signal is emitted at A, is reflected

off B and returns to A again. The path shown is

what the train observer sees as the path of the

signal. The emission and reception of the

signals happen ai the same point in space.
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moves along with the train) will have moved

forward. This means, therefore, that as far as

this observer is concerned, the path of the light

beam looks like that shown in Figure H2*2,

This is called the time dilation formula. It is

customary to call the expression

1

Y
~

\[] - r?

Figure H2.2 The ground observer sees things

differently. In the time it lakes the signal to

return, the train has moved forward. Thus, the

emission and reception of the signal do not

happen at the same |>oint in space.

Suppose that the stationary observer measures

the time it takes tight to travel from A to B and

back to A to be At . What we wil t show now is

thy l, if both observers are to agree that the

speed of light is the same, then the two time

intervals cannot be the same.

It is clear that

J#
21

AY = —
C

At =
2JL* + (vAt/2)2

since the train moves forward a distance I'Af. in

the time interval Af that the stationary observer

measures for the light beam to reach A, Thus,

solving the First equation for L and substituting

in the second (after squaring both equations)

(Af f =
^

^

r
J

i £,t ’

v

11

^

i- - j r i

~

^

C-(Aiy =cHAt'f+ V {At)

(C
2 — v

2
)(At }

2 = C
z
(At

f

)

2

c
2 {At ')2

So finally

At

{At) =

AY

the gamma factor, in which

case Ai = yAF, Note that y > 1.

A graph of the gamma factor

versus velocity is shown in

Figure H2+3. We sec that the

gamma factor is approximately

one for velocities up to about half the speed of

vtc

Figure H23 The gamma factor as a function of

velocity. The value of y stays essentially close to

one for values of the velocity up to about half

the speed of light but approaches infinity as the

velocity approaches the speed of light.

The time interval for the time of travel of the

light beam is longer for the ground observer’s

clock. This is known as lime dilation. If the

train passengers measure a time interval of

AY = 6 s and the train moves ai a speed

v = 0.60c, then the time interval measured by

the ground observer is

6
AI =

6

VI -0.64
J

_
6
_"

0,6
S

= IQ s



654 HL Option H - Special and general relativity

which is longer. It will be seen immediately

that this large difference came about only

because we chose the speed of Lite train to be

extremely close to the speed of light. Clearly, if

the train speed is small compared with the

speed of light, then y ^ I. and the two time

intervals agree, as we might expect them to

from everyday experience. The reason that our

everyday experience leads us astray is because

the speed of light is enormous compared with

everyday speeds. Thus, the relativistic time

dilation effect we have just discovered becomes

relevant only when speeds dose to the speed of

light are encountered. Otherwise, small speeds

result in differences in time intervals that can

only be measured with super-accurate atomic

docks, as indeed has been done in the

HaTele-Keating experiment (see page G55 ),

Example questions

Qi

The time interval between the ticks oi a clock

carried on a fast rocket is half of what observers

on earth record. How fast is the rocket moving

with respect to earthy

Answer

From the time dilation formula it follows that

c ? A

t

4

^ v « 0 . 8&fac

ff an observer measures that two events take

place at the same point in space, the time interval

between the events is very special and is called a

proper rime interval. All other observers moving

with respect to this observer will measure a longer

time interval separating the same two events.

A proper
1 lime intcrrol is the lime separating

two events that take place at the same jjohit

tra space.

An observer who sees the two events take

place at different points in spare will

measure a lime interval given by

time interval = y a proper lime interval

* proper lime interval

where v is the speed of the observer relative

to the observer who measures the proper

time interval.

Note that there is no question as to which

observer is right and which is wrong when it

comes Lo measuring time intervals. Both are

right. Two inertial observers moving relative to

each other at constant velocity both reach valid

conclusions according to the principle of

relativity.

Q2 uumiimmi

A rocket moves pasi an observer in a laboratory

with speed v — 0.35c. The observer in the

laboratory measures [hat a radioactive sample of

mass 50 mg (which is at rest in the laboratory) has

a half-life of 2.0 min. What ha I ('-life do the rocket

observers measure?

Answer

We have two events here. The first is that (he

laboratory observer sees a container with 50 mg

of the radioactive sample. I'he second event is

that the laboratory observer sees a container with

25 ing of the radioactive sample. These events are

separated by 2,0 min as far as the laboratory

observer is concerned. These two events take

place at the same point in space as far as the

laboratory observer is concerned and so the

laboratory observer has measured the proper time

interval between these two events . Hence the

rocket observers will measure a longer half-life of

time interval = y x proper time interval

1

—
r

— x 2.0 nun
s/I 0,S5 ?

— 3.80 min

The point of this example is [hat you must not

make the mistake of thinking that proper time

intervals are measured by 'the moving' observer.

There is no such thing as 'the moving' observer;
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ihe rocket observer is free to consider herself at

rest and the laboratory observer moving with

velocity v — -0.55c,

Q3 I'

in Ihe year 2010, a group of astronauts embark

on a journey toward the star Betelgeuse in a

spacecraft moving at v — 0.75c with respect to

the earth. Three years alter departure from the

earth fas measured by the astronauts' clocks) one

of l tie astronauts announces that she has given

binh to a baby girl. The other astronauts

immediately send a radio signal to earih

announcing the birth. When is the good news

received on earth (according to earth clocks)?

Answer

When the astronaut gives birth, three years have

gone i>v in (he spacecraft's clocks. This is a proper

time interval since the events 'departure from

earth' and 'astronaut gives birth' happen at the

same place as far as the astronauts arc concerned

(inside the spacecraft). Thus, the time between

these two events according to the earth clocks is

time interval = y x proper time interval

= 4,54 yr

This therefore is also the time for which the

spacecraft has been travelling as far as the earth is

concerned. The distance covered is las far as

earth is concerned)

distance = vr

= 0.75c x 4,54 yr

— 3.10c x yr

= 3.40 ly

This is the distance that the radio signal must then

cover in bringing the message. This is done at the

speed of Eight and so the time taken is

3.40 ly 3.40c x yr

c c

= 3-40 yr

Hence, when the signal arrives, the year on earth is

2010 — 4,54 4- 3,40 — 201 R (approximately).

The time dilation effect just described is a "rear

effect. In the Hafele Kea ling experiment,

accurate atomic docks taken for a ride aboard

planes moving at ordinary speeds and then

compared with similar docks left behind show

readings that arc smaller by amounts consistent

with the formulae of relativity. Time dilation is

also a daily effect in the operation of particle

accelerators. In such machines, particles are

accelerated to speeds that are very dose to the

speed of light and thus relativistic effects must

be taken into account when designing these

machines. The time dilation formula has also

been verified in muon decay experiments. This

is discussed separately (see page 666).

Time dilation is symmetric

Consider now the following situation. A rocket

travelling at Q,80t starts from space station P

and is directed to space station Q_a distance of

864 million km away (as far as observers in both

space stations are concerned - the stations do

not move relative to each other). A passenger on

the rocket sets his watch as the rocket leaves

space station P by looking at the space station's

dock. The time is zero. When the rocket arrives

at space station Q, he checks his watch against

the space station’s clock. He will find that

because of time dilation his clock is slow.

Indeed, the trip lasted a time interval of

864 x IQ9

At — S
0.80 x 5 x 10*

’

= 3600s

= 60 min

according to the space station clocks. Thus, Lite

clock in space station Q shows 1 h when the

rocket comes whizzing by. The traveller’s watch

measures the proper time interval between the

events ‘took ai dock in space station IT and

'look at clock in space station (£ and since

time interval — y x proper lime interval

I h =
8— x proper lime interval

V4 -O.SCM

so

proper lime interval = 1 h x y I
— Q.6G2

= 36 min
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The passenger's watch is slow by 21 min. Let us

carefully review what the passenger actually

did, First he compared his watch with the space

station dock at P. Then he checked it again

against the space station clock at Q. He found

that the interval oftime between leaving space

station P and arriving in space station Qwas 36

min. The interval of time was 60 min according

to the stations' clocks. (See Figure H2.4.)

lime ^ 60 mirt slaiiOH Q

lime = 36 min

Figure H2.4 The passenger on the rocket records a

time of travel from A to B of 36 min. The station

docks record 60 min.

What wou ld happen, however, if the

stationmastser at Qsaid that the rocket was at

rest and that it was he (and the space station)

that moved toward the rocket (as ho is entitled

to say)? Imagine that the rocket has a very long

rod reaching from space station P to space

station Qand that docks are placed at regular

tunc

^ >,tiine = 36 min

ft j stalionmiistcr at Q

time = 60 min

intervals along the rod. The stationmaster at Q
sets his watch by looking at the dock on the

rod in front ofhim. The watch now shows zero.

Tile stationm aster now thinks he is moving.

Eventually, the station master will see the rocket.

He again compares his watch with a clock on

the rocket. He will find that his watch shows

36 min while the rocket clock shows 60 min.

(See Figure H2.5)

What we have

described is that the

time dilation effect is

a symmetric ef fect.

Both observers are

free to call themselves

at rest and Lhc other

moving and vice

versa. Both are correct

in their measurements of time since the

principle of relativity states that all inertial

observers make equally valid measurements.

The twin paradox
What if the rocket ofthe previous discussion

moved, instead, on a long circular path. The

rocket sets offfrom space station P and wilt

eventually come back. The passenger in the

rocket sets his dock by

looking at the station's dock.

'lTie time is zero. When he

returns, he looks .ie his watch

and finds that it is slow

compared with the station

clock. Thus, if the trip lasted,

say. 6 years by the passenger's

watch, the passenger is 6 years

older. However, the

passenger's twin brother, who
is the station master, is older

by 10 years (We are assuming

that the rocket moves at a

speed of v = 0.80c so that

Y

irtaimnmnster

t 3 W
\

r, V

Figure H2.5 The stationmaster is moving and the

rocket is at rest. The sialionmasters watch
shows 36 min when he sees the rocket. The
rocket's clock shows 6C min.

By the previous argument, the

stationmastcr may claim that it was he who
moved away. So when the stationmastcr again

meets the rockeL passenger, he will claim that
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his dock is slower than the passenger's. So the

starionmaster is only 6 years older while the

rocket passenger is 10 years older. How can that

be? Which of the twins is the older when they

meet again?

This Es often referred to as the twin paradox. It

is not a real paradox, though, because unlike

the discussion of the previous section, the

situation here is nut symmetric. At all times the

stationm aster was in an merttal frame. However,

Lhe rocket had been moving in a circle (thus

experiencing centripetal acceleration) and so

the rocket's frame had not been inertial. Careful

application of the laws of relativity to this

asymmetric situation leads to the conclusion

that the stationmaster has aged by 10 years and

the rocket twin by G years, Bven if the rocket

moves in a straight line and then reverses

direction to return to the space station, this

does not help because in this case the rocket

must decelerate and then accelerate. So the

rocket passenger again finds himself in a non-

inertial frame for part of the time. This again

ruins the symmetry of the situation; the rocket

passenger is younger than his twin brother

when they are reunited.

length contraction

Suppose now that the observers inside a fast-

moving train or rocket place a rod on the floor

pointing in the direction of motion ofthe train

(see Figure H2.6),

rod al rest un [rain

floor

Figure 112.6 The rod is at rest in lhe moving
frame. To an observer on the ground, the rod

moves with the velocity of the frame.

They measure the length of this rod and find it

to be fo. What is the length of the rod when

measured by the observers on earth with

respect to whom the rod moves at speed v? To

find the length of a rod means that one must

record the positions of the ends of the rod

simultaneously. The length Lq for this rod was

the result of a simultaneous measurement of

Lhe rod's ends in the frame of reference in

which the rod is at rest (i.e. by the observers in

the train). Measurements that are simultaneous

lit one frame of reference are not, however,

necessarily simultaneous in others, as we saw

earlier, and this will imply that an observer

with respect to whom the rod moves will

measure a different length for the rod.

Supplementary materia/

Imagine that the observers on the train send a

light signal from the left end of the train to lhe

right end, where a mirror reflects the light back

to its source (see ligure H 2.7k The time taken

lor Lhe return trip of (ho fig hi beam is A /
1 = ;--

r

where £ 0 is the length of the train as measured

by the train observers. An observer with respect

to whom the train moves with velocity v sees

the light signal emitted at time zero* say, but in

the time it lakes for lhe signal to return to the

emitter the emitter has moved forward along

with (he train. I el At, be the lime interval for

the light beam to reach the mirror for this

observer and /. the length of the train as far as

this observer is concerned. Then,

cAf, = L + vAf, giving A f,
- Similarly, il

Atj is the Lime tor the light beam to reach (he

emitter an-d

receiver nf lighi

j—

-

H *
!

-2 o o o

minor

v

ligure H2.7 Set-up for derivi lg the length

contraction formula. A signal is emitted

from lhe back of the box and is reflected

back by a mirror on Lhe from. The signal is

thus emitted and received at the same point

in space as far as the observer in the box is

concerned

.
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emitter from the mirror we have

cAh - L - vAf2 so that A r “ —.Thus; the

total time for ihe return trip is

At — A f
,

4- Ar2

L L— -h
c - V C + V

2Lc

21

"‘0 $)

Recall now that Af anti AT are related by

At -
(
~

—

since At is a proper time interval

v’-S

(why?). Thus

2L _ 2 Lg

c(l - §)
=

giving

i =

or

L =
Y

I hat is

length - |,r,,>wr 1,,n,
-!'
h

As with time dilation, length contraction is a

real effect as well as a symmetric effect. Take

two identical rods of proper length 1 m and

put one on a rocket moving at high speed and

keep the other on earth. The observers on the

rocket measure the length of their rod and find

I m. The observers on earth measure the

length of the rocket rod and find it less than

1 m. The rocket people, on the other hand,

measure the length of the earth rod and find it

less than 1 m, whereas the earth observers will

of course measure l m for their rod. Both sets

of observers are correct according to the

principle of relativity.

f \ample quest ion

Q4
5LAC stands lor the Stanford I inear Accelerator In

this accelerator, electrons of speed v - 0,%c
move down the 3.0 km long linear accelerator

{a I How long does this take according to

observers in the laboratory?

(b) How long does ii take according to an

observer travelling along with the electrons?

(c> What is the speed of the linear accelerator in

(he rest frame of the electrons?

Answer

(a) In the laboratory the electrons take a time of

3,0 x 1 0
1

0,96 x 3 x 10*
s = \ .042 x 10"*s

So. we can define proper length as follows;

The length ofan object measured by an

inertial observer with respect to whom the

object is at rest is called proper length.

The observers with respect to whom the

rod moves at speed r measure a shorter

length. This is called length contraction:

length - >,,0pgr lmSth

Y

Note that it b only lengths in the direction

ofmotion that are contracted.

lb) I he arrival of the electrons at the beginning

and the end of the accelerator track happens at

the same point in space as far as the observer

travelling along with (he electrons is concerned

and so that is a proper time interval. Thus

time interval = y x proper time Interval

I

1 ’

v'l - 0,96 J

= 3,571

1,042 x 10
-5

s — 3.5?! x proper time interval

proper time interval — — s
1

3,571

= 2.9 IS X Itr* s
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(c) The speed of the accelerator is obviously

v = 0.%c in the opposite direction* Rui this

can be checked as follows. As far as the

electron is concerned,, the length of l he

accelerator track is moving past it and so is

length-contracted according to

length =
pf0pCr lOTi!lh

Y

3,0 km=
3*571

= 0.0401 km

and so has a speed of

0.8401 x 10 J

Speed =
2.918 x IQ" 6

= 2.B79 x 10
a m s“

* G,9bc

Addition of velocities

Consider a frame S' (for example a train) that

moves at constant speed v in a straight line

relative to another frame S (for example the

ground). An object slides on the train floor in

the same direction as the train (S
k

)
and its

velocity is measured by [he observers in 5' to be

u \ What is the speed of this object as measured

by the observers in 5? (See Figure H2.8.)

t
^

Figure H2.8 The speed of the moving object is u

'

in the frame S’. What is its speed when
measured from frame s?

S is given by

u
1

-\- v
u = 7-

' + f
or* solving for tfl

1 1tv
1 “T

It can be easily checked that* irrespective of how

dose u ' or v are to the speed of light, u is always

less than c. In the case in which u* = c, then

n = r as well, as demanded by the principle of

the constancy of the speed of light (check this).

On the other hand, if the velocities involved are

small compared with the speed of light, then we

may neglect the term p: in the denominator, in

which case Einstein's formula reduces to the

Familiar Galilean relativity formula u — u -\-v.

Example questions

Q5
An electron has a speed of 2.00 x 1 m s~

1

relative to a rocket, which itself moves at a speed

of 1.00 x 10* m s
_[

with respect to the ground.

What is the speed of the electron with respect to

the ground?

Answer

Applying the formula above with u“ = 2,00 x

10
ft m s

1 and v - 1 .00 x 10a m s
_1 we find

u= 2,45 x 10" m s”“.

Two rockets move away from each other with

speeds of 0,5c anti 0,9c, with respect to the

ground, as shown in Figure H2.9, What is the

speed of each rocker as measured from the other?

What is the relative speed of the two rockets as

measured from the ground?

In pre-relativity physics (i.e. Galilean-Newtonian

physics), the answer would be simply u -f v.

This cannot, however, be the correct relativistic

answer; ifwe replaced the sliding object by a

beam of light (u
r = c), we would end up with

an observer (S) who measured a speed of light

different from that measured by S'. The correct

answer for the speed ti of the particle relative to

* 0.8c 0.9c *

Figure 112.9.

Answer

Let us first find the speed of A with respect to R,

In the frame of reference in which B is at rest, the
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ground moves to the left with speed 0,9c (i.e. a

velocity of 0.9c), The velocity of A with respect

to the ground is -0 Tic This is illustrated in

Figure H2.1D.

v = -0 .9c

rocket A

S = B’s ncs,r

frame

S
r

= ground

Figure H2.lt).

Applying the formula with the values given in

Figure H2.10 we find

LT
f + V

—0.9c — O.ftc

“
I , O0.9cj[ - Hfin
I + -

p

-1.70c
“ 7 + 0.72

1.70c
“
“IT72

— — 0.9Bf?c

The minus sign means, of course, that rocket

A moves towards the left of B. Let us now find

the speed of rocket B as measured in A's rest

frame. The appropriate diagram is shown in

Figure 1-12,11.

v = 0.Sc

S' - ground

u H = 0.9c

nocfcei H

^ = A's rest frame

We thus find

U' + ¥
u =

1+£
0.9c + 0.3r

| ^
jCiAlq I ft if ci

1.70c
“

T + 0.72

1 JOc

1,72

= 0,9S8t

as expected.

The fete five speed of the two rockets as measured

from earth is O.Bc + 0.9c = 1,7c, There is nothing

to worry about here. This faster than light speed is

not the speed of any material object, nor the speed

of any inertial frame, nor can it he used to send a

signal to anybody. It is simply a statement of how
fast the distance between the rockets is increasing

a s seen from earth.

This question uses both the length contraction

effect and the velocity addition formula, A rocket

has a proper length of 200 m and travels with a

speed v = 0.95c relative to the earth, A missile is

fired from the end of the rocket toward the front at

a speed w — 0.90c relative to the rocket When
will the missile hit the front of the rocket as far as

the rocket observers are concerned? When will this

happen as far (he earth observers are concerned?

Answer

Let U stand for the proper length of the rocket and

u for the speed of the missile relative to the earth.

The time taken for the missile to hit the front end of

the rocket is just Lq/v' for the rocket observers. For

the earth observers the time will be different. Lei

this time be t. The length of The rocket as measured

from earth is £ — — . In the time l it takes the

missile to reach the front of the rocket, the rocket

has moved forward a distance of w. Thus, as far as

the earth observers are concerned, the total

distance (he missile will cover is l
— 4 -h vt.

Tli is distance is covered ai a speed u and thus the

time taken obeys

I - T + vt

Figure H2 .11 . u
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From the relativistic addition law for velocities

u r

4- v

and so substituting for u and solving lor i we find

(after some algebra)

If instead of a missile a light signal is fired, then

u' = c and the formula above simplifies to

,

t. /(i + f)

cV 0-5)

We can now pul in rise numbers to find numerical

answers; JLn =* 200 m, v - 0.95 c, u' = 0.90c, and

so Lufu
r = 7.4 x ID

-7
s. The lime on earth is

measured at 4.4 x 10"* s.

1 An earthling sits on a bench in a park eating a

sandwich, it takes him 5 min to finish it

according to his watch. He is being monitored

by pJanet Zenga invaders who are orbiting at

a speed of 0.90c.

(at How long do ihe aliens reckon it takes an

earthling to eat a sandwich?

(b) The aliens in the spacecraft get hungry

and start eating their sandwiches, it takes a

Zengan 5 min to eat her sandwich

according to Zengan clocks. They are

actually being observed by earthlings as

they fly over earth. How long does it take

a Zengan to eat a sandwich according to

earth clocks?

2 An unstable particle has a lifetime of

5.0 x 10" ft

5 as measured in its rest frame. The

particle is moving in a laboratory with a speed

of 0,95c with respect to the lab.

(a) Calculate the lifetime of the particle

according to an observer at rest in the

laboratory.

(b) Calculate the distance traveller] by the

particle before it decays, according k> Ihe

observer in the laboratory.

3 The star Vega is about 50 I y away from earth.

A spacecraft moving at 0.995c is heading

toward Vega,

(a) How Jong will it take the spacecraft to gel

to Vega according to docks on earth?

(b) The crew of the spacecraft consists of 1
8-

year-old 16 graduates. How old are the

graduates when they arrive at Vega?

4 A pendulum in a fast train is found by

observers on the train to have a period oi

1 .0 s. What period would observers on a

station platform measure as the train moves

past them at a speed of 0.95 c?

5 A rocket travelling at 0.6c with respect to

earth is launched toward a star. After 4 yr of

travel (as measured by the rocket clocks) a

radio message is sent to earth. When will it

arrive on earth as measured by:

fa) observers on earth;

(b) observers on the rocket?

(c) How far from earth was the rocket when

the signal was emitted, according to

observers on earth?

6 A spacecraft moves past you at a speed of

0,9

5

c and you measure its length to be 1 (X) m„

What length would you measure If it were at

resi with respect to you?

7 A spacecraft leaving the earth with a speed of

0.80c sends a radio signal to earth as it passes

a space station 8,0 light years from earth (as

measured by earth).

(a) How long does the signal take to arrive on

earth according to earth observers?

(b) How long did it take die spacecraft to

reach the space station (according to

spacecraft clocks)?

(c) As soon as the signal is received by earth,

a reply signal is sent to the spacecraft.

How long does the reply signal take to

arrive at the spacecraft according to earth?

;d) According to the spacecraft how much

time went by between the emission of

their signal and Ihe arrival of the reply?

R Two identical fast trains move parallel to each

other. An observer on train A tells an observer

on train 6 that by her measurements (i.e. A's)

train A is 30 rn long and train B is 28 m long.
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tl the observer on train tt lakes measurements

what wiEE he find fort

(a) (he speed of train A with respect to

train B;

(b) the length of train A;

(c) the length of train B?

f
J Two people meet at point A. They compare

I heir watches and set them both to zero.

They meet again at point B. Person P has

been moving rn a straight tine ai constant

speed. Person Q has been moving on part of a

circle with constant speed. Whose watch Es

slow when Ihey meet at EH (See Figure H2.12.J

1 0 A rocket approaches a mirror on the ground at

a speed of 0,90c as shown in Figure H2.1 3.

The distance D between the front of the rocket

and the mirror is 2.4 * 1

0

:z m, as measured

by the observers on the ground, when a light

signal is sent toward the mirror from the front

of the rocket. When is the reflected signal

received by the rocket as measured by:

(at the observers on the ground;

(bt the observers on the rocket?

0.9c

*

p

11 rwo objects move along the same straight line

as shown in Figure H2*14. Their speeds are

measured by an observer on the ground.

Find:

(a) the velocity of B as measured by A;

(b) the velocity of A as measured by B.

0— m
A 0.6c B (XSe

Figure 112.14 For question 11.

12 Repeal question II for the arrangement in

Figure H2.15.

-—O o
Ofr A B 0.8c

Figure H2.15 For question 12.

13 A particle A moves to the right with a speed of

0.60c relative to the ground A second particle

B moves to the right with a speed of 0,70c

relative to A. What is the speed of B relative

to the ground?

14 A particle A moves to the left with a speed of

0.60r relative to the ground. A second particle

8 moves to the right with a speed of 0.70c

relative to A. What is the speed of B relative

to the ground?

Figure H2, 13 For question 10.
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Consequences of and

evidence for special relativity

This chapter introduces the idea of relativistic energy, It closes with a discussion of the

MichelsorrMofiey experiment - an experiment that tailed to detect the motion ot the

earth through the ether.

Objectives

By the end of this chapter you should be able to:

- solve problems with relativistic energy, L — yu^c 2
;

* describe muon decoy experiments as evidence for time dilation and length

contraction;

- appreciate the significance of the Midiclson ftfcfley exptfrimcfU, J
Relativistic energy

One of the first consequences of Einstein's

theories in mechanics is the equivalence of

mass and energy, The theory of relativity

predicts that, to a particle of mass mo that is at

rest with respect to some inertial observer,

there corresponds an amount of energy E q that

the observer measures to be L
L> = (We will

not be able to give a proof of this statement in

this book.) This energy is called the rest energy

of the particle. In particle accelerators, particles

and antiparticlcs arc accelerated to high

energies and are then allowed to collide. For

example, an electron colliding with its

antiparticle, the positron, will produce a

photon, which will then Immediately

materialize into a pair of a new panicle and its

anti particle. This is denoted pic to rial ly in

Figure H3.1,

The possibility of this process (discussed in

detail in the means that we can view rest

energy in the following way, The electron and

Figure i 13.1 An electron and a positron collide,

producing a new pa rtide-anti particle pair.

the positron are moving in opposite directions

with L he same speed, and so the total

momentum of the system is zero. The produced

panicle and antiparticle will then also have

zero total momentum. The least energy required

to produce the partide-antipartide pair is then

2W(\l j when they are produced at rest (i.e,

without kinetic energy)* Therefore, we can say

Lhat:

> fit's! eftfrgy is (he amount ofenergy needed

lo produce a particle at rest.
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Similarly, if the particle moves with speed v

relative to some inertial observer, the energy

corresponding to the mass of the particle that

this observer will measure is given by

f = ytttoL
2

This is energy that the particle has because it

has mass and because it moves. If the particle

has other forms of energy, e.g, gravitational

potent ial energy or electrical potential energy,

then the total energy of the particle will equal

ymoC 2 plus the other forms of energy. We will

mostly deal with situations where the particle

has no other forms of energy associated with it.

The total energy of the particle in that case is

then just ymac 2
.

It is very important to notice immediately

that, as the speed of the particle approaches

the speed of light., the total energy approaches

infinity. This is a sign, as we will see shortly,

that a particle with mass cannot reach the

speed of light Only particles without mass,

such as photons, can move at the speed of

light.

Figure H3,2 shows a graph of the variation with

v/c of the ratio of the total energy f to the rest

energy £0 of a particle.

FJEn

Figure H3.2 As Ihe speed of the mass approaches

the speed of light, its energy increases without

limit.

I- sample questions

Qi

Find the speed of a particle whose total energy is

double its rest energy.

Answer

We have that

E ~ ymoC 2

2nhc2 = ym^c2

==> y = 2

V 1

_ 3

^ C 2 4

73
=t- v = c = 0.066 c

2

Q2
Find fa) the rest energy of an electron and {b) iis

total energy, when it moves at a speed equal to

o.aooc.

Answer

(a) The rest energy is

£ =

= 9.1 X 10“31 x 9 x IQ 16
I

= 8.19 x 10 u
\

8.19 x IQ" 1

1

— ev
1.6 x 10-"*

= 0.511 MeV

{b) The gamma factor at a speed of 0.80c is

1 1 1

y - — = - — = 1 .667
R _ vl -0,0- 0.6

and so the total energy is

E = ynx.c
1 = 1 .667 x 0.5 11 MeV = 0.052 MeV

Q3
A proton (rest energy 938 MeV) has a total energy

of 1170 MeV, what is its speed?
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Answer

Since the total energy is given by F = ym}c? we

have th a

i

V’
1 = 0.6427

c ?

v 2— - 0.3573
c 1

v — 0.598 c

IT a particle is accelerated by a potential

difference of V volts, its total energy will

increase l>y an amount q V, where q is the charge

of the particle. Thus, if a particle is initially at

rest, its total energy is the rest energy

Eo = ttiqi:
2

r After going through the potential

difference, the total energy will be

£ = + qV

.

We can then find the speed of

the particle, as the next example shows.

Example questions

An electron of rest energy 0,51 1 MeV is accelerated

through a potential difference of 5,0 MV in a lab,

(a) What is its total energy with respect to the lab?

(b) What is its speed with respect to the lab?

Answer

(a) Fhe total energy of the electron will increase by

qV = 1 e x 5.0 x 1
0* volt = 5.0 MeV

and so the total energy is

E = n\iC' + q V = 0.511 MeV 4- 5,0 MeV

= 5.511 MeV

(b) We know that

£ = yn\
}
c

5.511 =y x 0.511

5.51!
V ~~

D.511

Since y =

10.735 =

it follows that

1

1

v

v'
1 -?

—!_
c ? 10.875

(= 0.0927)

) = 0.003597

v - 0.996c

Q5
(a) A proton is accelerated from rest by a potential

difference V. Calculate V so that the proton

reaches a speed of 0.95c after acceleration.

(The rest energy of the proton is 938 MeV.)

(b) What accelerating potential is required to

accelerate a proton from a speed of 0.95c to a

speed of 0.99 c?

Answer

(a) The gamma lador at a speed of 0,95c is

1

1

V"1^0.95J

= 3.20

The total energy of the proton after acceleration

is thus

E — ynfec

= 3,20 x 938 MeV

= 3004 MeV

From

£ = rmhC
1 + qV

we find

q V = (3004 - 938) MeV = 2066 MeV

and so

V = 2.1 x 10? V

Notice carefully how we avoid using 51 units to

make the numerical calculations much easier.

(b| The total energy of the proton at a speed of

0.95c Is (from part (a)) £ — 3004 MeV. The= 10.785



666 HL Option H - Special and general relativity

total energy at a speed of 0.99c is {working as

in la}} /T - 6649 MeVr The extra energy

needed is then 6 6 '19 - 3004 — 3645 MeVr

and so the accelerating potential must be

3.6 x 1

0''
1

V. Notice that a larger potential

difference is needed to accelerate the proton

from 0.95c to 0,99c than from rest to 0.95c.

This is a sign i ha i it is impossible lo reach lhe

speed of light, (See also the next example.)

A conslanl force is applied to a particle which is

initially at rest. Sketch a graph that shows the

variation of (he speed of the particle with time for

(a) Newtonian mechanics;

(b) relativistic mechanics.

Answer

In Newtonian mechanics, a constant force

produces a constant acceleration, and so the

speed increases uniformly without limit,

exceeding the speed of light* In relativistic

mechanics, the speed increases uniformly as long

as the speed is substantially less than the speed of

fight, and is in tact identical with the Newtonian

graph. However, us the speed increases, so does

the energy. Because it takes an infinite amount of

energy for the particle lo reach the speed of light,

we conclude that the particle never reaches the

speed oi light. The speed approaches the speed of

light asymptotically, Note that the speed is always

less than the corresponding Newtonian value at

the same Lime. Hence we have the graph shown

m Figure M3, 3.

vJc

Evidence for special relativity

Muon decay

Muons are particles with properties similar to

those of the electron except that they are more

massive, are unstable and decay into electrons;

they have a lifetime of about 2.2 x 10 " s. (The

reaction is ft -* e 4- fo + v
)t ,)

This is the lifetime measured when the

1

1

inmi is at rest - this is the proper time

interval between the creation ofa muon
and its subsequent decay.

From the point of view of an observer in the

laboratory, however, with respect to whom the

muons are moving at high speed, the lifetime is

longer because of time dilation. Consider a muon
created at a height of 3.0 km and moving toward

the surface of the earth with a speed of 0,99c. Its

lifetime as measured by ground observers will be

lime interval
- proper time

2 2 x I0
£l

s

VI - 0.99-

= 1.56 x I0‘ 5
s

In this lime the muon travels a distance (as far

as the laboratory observers are concerned)

0,99 x 3 x 10
il x 1,56 x 10“s m = 4,63 km

This means that the muon reaches the surface

of the earth before decaying. Without the time

dilation effect* the muon would have travelled a

distance of only

0.99 x 3 x 10* x 2,2 x TO"* m = 0,653 km

and thus would not make it to the surface.

The tact that muons do make it to the

surface of the earth is evidence in favour

of relativity.

The muon exists as a muon for only 2.2 x 10 6
s

in the muon's rest frame. So how does an

observer travelling along with the muon
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explain the arrival of muons (and not electrons)

at til e surface of the earth? The answer is that

the distance of 3.0 km measured by the

observers on earth is a proper length tor them

but not for the moving observer. The observer

travelling along with the muon claims that it is

Lhe earth that is moving upward and so

measures a length-contraded distance of

3,0 x /l - 0 99 2 km - 0.42 km

to the surlace of the earth. The earth's surface

is coming up to This observer with a speed of

0,99r and so the rime when they will meet is

0.42 x 1U?

0,99 x 3 x 10s
s = 1.4 x 10

_S

that is. before the muon decays!

*> In this sense, muon decay expert merits

are indirect confirmations of the length

contraction effect

,

The Michelson-Morley experiment

Nineteenth-century physics demanded that

light, like all other waves* required a medium

for its propagation. Just as water waves require

water, waves on a string require a string, etc,, it

was presumed that light too required a medium

in which Ils vibrations would take place and

propagate. The medium for light waves was

hypothesized to be an all-pervading medium

called the ether. The problem with the ether was

that an observer moving in it could not

measure the same speed of light as one who
was stationary in it. Ifan observer moved in the

ether, they would experience an ‘ether wind',

much the same as a car travelling in still air

experiences an opposing wind. If this observer

were to emit a light signal in the direction of

motion, ihe velocity of light was expected to be

less than it would be if the observer were at rest

relative to the ether (see Figure H3.4).

We have seen that neither mechanics nor

electromagnetic experiments can help in

deciding whether an inertial observer really is at

rest or really moves. Could we use the ether in

an attempt to define absolute rest and absolute

speed of lighi Spool of light

grenMr ibfln t
^

liL'ht source

less ihan c

in rcioikin

Wilh; respect

to iIll’ iJtinjj
eiJicf

Figure H3,4 The speed of light would be less when
emitted from a source that moved in the ether

in the same direction as the light signal.

motion? Consider an observer in a boat who

looks at waves in the water. In the first instance,

the boat is at rest in the water (Figure H3.5). In

the second, the boat moves smoothly at constant

velocity relative to the water (Figure 1 13.6).

Figure H3.5 View From the boat at rest. The boat is

at rest in the water and waves moving to the

right and left move with the same speed relative

to the boat. This velocity is in rhe velocity of

water waves relative to the water.

uk

Figure U3.G View from a moving boat. The boat

moves with velocity v relative to ihe water. She

speed of the waves is u relative to the water. Thus,

the right-moving waves have velocity U K - u - r

relative to the boat and the left-moving waves

have a velocity Lf t — u + v relative to the boat.
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Observers in the boat Mi us know

ill eh they move and, in fact* can even

measure rheir velocity relative to the water

by finding the difference between ihe left-

and right-moving waves and dividing

by 2

Ul- Uk (u

+

(')- tu - h
2 " 2

So if the ether exists and pervades all

spate, we may refer all motions to

the ether. If the velocity of a body

rela tive to the ether is zero, vve
'

may say that the body is absolutely

at rest. If the body has a velocity

relative to the ether, then rite body

is in a state of absolute motion.

This was the idea behind the

Mich clson-Murky experiment; to

find the speed of the earth relative

to ihe ether as the earth rotated

around the sun.

mimir |

all other electromagnetic waves, does not

require a medium and the speed of light

in a vacuum is the same for all observers.

It is an in teres ting historical note that

although Einstein knew of this experiment

he was not particularly influenced by it in

his formulation of the iheoay of relativity.

The experiment used Michelsou’s interferometer.

which is shown in Figure H3.7.

ether

wind

Figure H3,7 The Michelson interferometer.

In 1831, Michelson, and later Michelson and

Morley. performed an experiment to find the

speed ofthe earth relative to the ether using an

accurate interferometer designed by Michelson.

Hie idea of the experiment appears to have been

pul forward a few years earlier by Maxwell

himself. To their great disappointment, despite

the accuracy of their experiment they found no

speed at all. (Oneway out would be to say that this

implies lhat die earth is in a state of absolute rest;

this is not acceptable as the earth moves in

different directions as it rotates around the sun

and so could not be permanently at rest relative to

i he et her. This is why the experiment was repeated

at different times of the year when the earth was

in different points in its orbit around the sun,)

This most famous of ah ‘null experiments"

of classical physics was resolved in 1 905 by

Albert Einstein, who simply threw away

the entire notion of Lho ether. Light, like

Light from a source S falls on a semitransparent

mirror and the beam is split in two; the reflected

part (dotted fine) proceeds to mirror 1 from

which it is reflected towards the microscope. The

other part (solid line) goes through the mirror

and proceeds towards mirror 2 from which it is

reflected back towards the semitransparent

mirror and from there into the microscope. The

two beams are thus rejoined at the microscope.

The two mirrors are not exactly perpendicular

to each ot her, which means Lhat as you look

along the field ofview of the microscope (f ),

interference fringes are observed. The

interferometer floated in a container filled with

mercury and could be rotated by 90°, say in the

counter-clockwise direction. Because the speed

of light was expected U) be different depending on

whether fight moved along or against the ether,

detailed calculations show that rotating the

interferometer should change the interference

pattern by shifting Ihe interference fringes (sec

Figure H3.8).
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l>efoie rotation

I 1 I I II
. after rotation

shift

III! II
expected observed

Figure H3J? Expected and observed interference

patterns before and after rotation in the

Michdson-Morley experiment.

Michelson and Morley saw no difference when

they rotated Llieir mterfcmmeter. Many

physicists, including Fitzgerald and notably

forentz. attempted to explain this result by

various ad hoc assumptions, lire simplest

explanation, though, came from Einstein, who

abandoned the ether idea and introduced the

principle of the constancy of the speed of light

in all directions and for all inertial observers.

The constancy of the speed

ofjight

The null result of tile Michelson-Morley

experiment Is, of course, consistent with a

constant speed of light, independent of the

velocity of the source* However, the first

conclusive experiment that demonstrated (he

constancy of the speed of light with great

accuracy was performed at CFRLN (the European

Centre for Nuclear Research) in 1964, In this

experiment, neutral pions moving at 0.99975r

decayed into a pair of photons moving in

different directions. The speed of the photons

in both directions was measured to be c with

extraordinary accuracy. The speed of Light does

not depend on the speed of Its source.

3 The rest energy of a particle

is 1 35 MeV and its total

energy is 200 MeV. What is its

speed?

4 An electron is accelerated from

rest through a potential

difference of 0.80 MV.

la) What is its lota I energy?

(b) What is its speed?

5

Whai is the total energy m MeV of a proton

travelling at 0,80c?

b A proton is accelerated from rest by a

potential difference V. Calculate Vso that the

proton reaches a speed of 0,998c,

7 What happens to the density of a cube

travelling past you at a relativistic speed?

B A muon travelling at 0,95c covers a distance

of 2,00 km las measured by an earthbound

observer) before decaying*

la) What is Ihe muon's lifetime as measured

by the earthhound observer?

(b) What is the lifetime as measured by an

observer (ravel ling along with the muon?

3 The lifetime of the unstable pion particle is

measured to be 2.6 x 10 -fl
s (when at rest). If

this panicle is to travel a distance of 20 m in

the laboratory just before decaying, at what

speed must it be moving?

10 Two islands in a river are separated by 12 km

(see Figure H J.9). The currenl flows with a

speed of 2 km per hour relative to the banks

from A to B.

(a) I low long would a boat trip lake from A to

B if you can row with a speed of 4 km per

hour with respect to the water?

lb} How long would the return trip take?

(c) How long would the entire trip take in still

water?

1 The rest mass of a proton is 1,67 x 10“ r/
kg.

Find its rest energy,

1 At what speed must a body move so that its

total energy is 1 0 times its Fest energy?

O
current

*

] 2 km

Figure H3,9 For question 10.

O
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T1 two barges, A and 6, are opposite each other

rear the shores of a lake, 1 2 km apart (see

Figure H3. 10). A current of speed 1 km per

hour relative to the shores flows as shown.

You can row at 5 km per hour relative to the

water and you want to get from A to B. How
long will it take you?

K o
A

12 km

CU [Tc'lit

A o
Figure H:ilQ I or question II.
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Relativistic mechanics
The familiar laws of mechanics based on Newton's laws of molioEE that we have studied

earlier need to be rnnriilied whenever an object moves at speeds close to the speed of light.

Relativistic mechanics introduces new relations between mass, energy and momentum.

Objectives

By the end of tit is chapter you should be able tot

• solve problems with relativistic momentum, p — ~^= = ym0 v, relativistic

energy* £ ^ T and Vinet ic energy1
, E k = {y - 1 )m0r

2 ,

solve problems with the formula relating momentum, rest energy and total

energy. £ = Ym]r* + p'-c 2 :

appreciate that a charge </ that is accelerated from rest through a

potential difference V increases its kinetic energy to £ ^ where r; f = £^;

use relativistic emits for mass (e,g, MeVc 2
) and momentum (e.g. MeV c ' ).

Momentum and energy

(momenergy)^

Consider a body of mass l kg initially at rest

acted upon by a force of 1 N. The body will

move with an acceleration of 1 ms -2
and thus

in a time of 3 x 10
e
s the body will acquire a

speed equal to the speed of light, Since this is

impossible, modifications in the laws of

mechanics are necessary to make them comply

with the principle of relativity. These

modifications make up what is called

relativistic mechanics. As we will see, the

concepts of energy and momentum are so

interconnected in relativity that John A.

Wheeler coined the word mornentTgy for both

quantities.

Momentum
The first change involves the momentum of

a particle. In classical mechanics, the

momentum ss given by the product of mass

times velocity, bur in relativity this is

modified to

=

We still have the usual law of momentum
conservation, which states ihat. when no

external forces act on a system, the total

momentum stays the same The symbol m0 here

stands for the rest mass of the particle and is a

constant for at! observers,

ITiis means that i unlike Newtonian

mechanics
|
a constant force on the particle

will produce a decreasing acceleration In

such a way that the speed never reaches the

speed of light.



672 HL Option H - Special and general relativity

Example question

Q1
A constant force F acts on an electron that is

initially at rest. Find the speed of the electron as a

function of time.

Answer

Initially, for small t, the Sf>eed increases uniformly,

as in Newtonian mechanics. Bui as / becomes

large, the speed lends to the speed of light but

does not reach or exceed it. This is because as the

speed increases so does the mass of rhe electron

and so the acceleration becomes smaller and

smaller, never achieving the speed of light. This

resells in (he graph shown in Figure H4.1.

v/c

or

dv F .— — — dt

(i - 4)
n,j

Integrating both sides* we find that (assuming

the mass starts from rest)

v F

Solving for the speed, we find

(mnc)
2 + ( F0 r

The way (he velocity approaches the speed of

light is shown in Figure H4.1.

Energy

A mass moving with velocity v is said to have a

total energy f: given by

This means that even when the mass is at rest it

has energy F.q = m0c this is called the rest

energy of the mass. Ibis is Einstein's famous

formula from 1905. It states that mass and

energy are equivalent and can be transformed

into each other.

HL Mathematics only

Begin with Newton's second law, F = '~£
t where

p= y/ifci is the momentum of (he electron.

Since

mb dv / v \ jtv.v dv

(i

dp ^ trip dv

df “(i-5)
v'*

il follows that

dv _ F /
:

dt
“

nv, l c*J

> The kinetic energy F
,
is defined as rhe

total energy minus the rest energy:

Ei - r - m0c
2

It can be rewritten as

iihC*

7
v

1 *

mnc

- yrn0L
- mpc

?

= ( - 1 Ittldjc
3

'litis definition ensures that the kinetic

energy is zero when r = 0, os can he easily

checked . The familiar result from

mechanics that the work done by the net

force equals Lin? change in kinetic energy

holds in relativity as well
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This relativistic definition of kinetic energy

does not look similar to the ordinary kinetic

energy ^mv2
. In fact, when v is small compared

with c, we can approximate the value of the

relativistic Factor — using the binomial

V'-£
expansion for for small x:

1 + -x +

i \ 2
Applying Lhis to f k with x =

(J
1

}
we find

fk

that is

— mijC
2

07|if
~

f k
^

In other words, for low speeds the relativistic

formula reduces to the familiar Newtonian

version. For higher speeds, tile relativistic

formula must be used.

Total energy, momentum and mass are related:

from the definition of momentum, we fmd that

, ? 4 ni*v7c7
z 4pc + mge = r +^

I

fTir.C

f 1

v +
fl*

,2

= E 2

that is

E = /n^c4 + P2f2

(This formula is the relativistic version of the

conventional formula E = in Newtonian

mechanics,} This relation can be remembered

by using the Pythagorean theorem in the

triangle of Figure H4,2

Figure II4.2 The rest energy, momentum and total

energy are related through the Pythagorean

iheorem tor The triangle shown.

The formula we just derived applies also to

those particles that have zero mass, such as the

photon, in which case E = pc, Remembering

that lor a photon £ — hf, wc find p ~

A point about units

We have already seen That we can use units

such as MeV c~2 or GeV c^2 for mass. This

follows from the fact that the rest energy of a

particle is given by f u = mpC 2 and so allows us

to express the mass of the particle in terms of

the rest energy as nto = E$/c 2
» Thus, the

statement 'the mass of the pion is 135 MeV c

means that the rest energy of this particle is

135 MeV. (To find the mass in kg we would

first have to convert the MeV into joules and

then divide the result by the square of the

speed o flight.)

Similarly, the momentum of a particle

can be expressed in units of MeV c or

GeV c~ l

. A particle of rest mass 5,0 MeV c" 2

and total energy 13 MeV has momentum
given by

£
1 — mjc

4 + jrr
2

=>pV = (l69-25)MeV2

= 144 MeV2

tr> pc — 12 MeV

= IlMeVc- 1

The speed can be found From

r ^Ll^
2

71

JL
15

V 1
-

v2

_ 144

^c 2
~

169

12
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In conventional SI uni is, a momentum of

1 2 MeV c
1

is

12 x 10
[l x 1,6 x —

i
3 x itfms-'

.6.4* KT- !#!!££
m s

-1

= 6.4 x 10"21 kgmsH

Example questions

Q2 »» » !

Find the momentum of a pion {rest mass 135

MeV c _J
) whose speed rs 0.80c,

Answef

The total energy is

f
ny' c

*

- i 35
~

yf\ -0.80 J

= 225 MeV

Using

f - = mgd1 + f?c
2

=> pc = yf225* - 1 35^

= 1 60 MeV

=¥p - I SO MeV c~ J

Q4 tmm
Find the kinetic energy of an electron whose

momentum is 1.5 MeV c~\

Answer

The total energy of the electron is given by

E 2 = mf'c
J + pV

- 0.51 1

J MeV* + 1 .5‘ MeV J
c

1 x c*

=5 2.511 MeV*

=> E = 1,58 MeV

anti so

fi - £ - r%c

= 1*58 MeV - 0,51 1 MeV

= 1 .07 MeV

A free electron cannot absorb

(or emit) a photon

The laws of relativistic mechanics forbid the

absorption of a photon by a Free electron.

Assume fora minute that this is possible; that

is, let a free electron initially at rest absorb a

photon of energy ? (see Figure H4 3).

Kind the speed of a muon (res! mass =105 MeV c~ 2
)

whose momentum is 228 MeV c 1

.

Answer

From p = yrn^v wo find

228 MeV c
-1 = y x 105 MeV c ' x \-

^ y- = 2.171
c

Hon co

\cf 5,71s

= 0.825O

and so v = 0.91 c.

llL'lMl\- sifter

wwO
Figure H4.3 What would happen if a free electron

could absorb a photon.

By conservation of momentum, the electron

must then move in the same direction as that

of the incident photon, with momentum zfc,

since 1 1lls is the momentum the photon had

before absorption,

r

By conservation of energy, the total energy of

the electron, £. after the photon absorption is
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E = mor + r, But the electron's total energy L

and momentum p are related by

f * — mjf -+ prt

and so this implies that

fmdC* +ef = tfljc
4 +

mjc
4 +f2 + 2mo£

2
s - mjc4 + r

2m0c
2
6 = 0

which is an impossible relation. Hence the

photon cannot be absorbed. In the photoelectric

effect the absorption is possible, but only

because the electron is not bee but bound in an

atom. The atom then participates in sharing

energy and momentum so that l he photon can

he absorbed.

1 {a) Find the test energy of an electron in MeV..

(b) An electron is accelerated from rest by a

potential difference of 1 .00 x 1

0

1

V.

Calculate the speed of the electron using

(i) classical mechanics and (ii) relativistic

mechanics,

2 What is the speed of a particle whose kinetic

energy is 10 times its rest energy?

3 What is the momentum of a proton whose

total energy is 5 times its rest energy?

4 What is the total energy of an electron with a

speed equal to 0.9 times that of light?

5 What is the momentum, in conventional SI

units, of a proton of momentum 665 MeV c '?

6 What Is the kinetic energy of a proton whose

momentum is 500 MeV c V

7 The total energy of an electron is 10,0 GeV.

What is its mass in kg?

S fa) What is the speed of electrons accelerated

to a total energy of 1 00,0 GeV?

(bl What is it for protons?

9 What is the speed of an electron that has been

accelerated from rest by a potential difference

of 2,0 MV?

Ill Through what potential difference must a

proton be accelerated (from rest) so that its

speed is 0.96c?

11 Find the kinetic energy of a proton whose

speed is 0.99 times that of light,

12 What H the energy needed to accelerate an

electron to a speed of:

fa) 0.50c;

(b) 0.90c

(c) 0,99c?

13 A proton initially at rest finds itself in a region

of uniform decide field of magnitude

5.0 x 10' Vm '

. The electric field accelerates

the proton over a distance of 1 km. Calculate;

(a) the kinetic energy of the proton;

(b) the speed of the protore

14 (a) Show that the speed of a particle of

rest mass rm and momentum p is given

by

pc*
V - :

•Jm&c* 4 p'd

An electron and a proton have the same

momentum. What is the ratio of their speeds

when the momentum is:

(b) L00 MeV c"
1

;

(d L00 GeV c" 1

?

(d) What does the ratio become as the

momentum gels larger and larger?

1 5 A particle at rest breaks apart into two pieces

of masses 250 MeV c r‘ and 125 MeV c~ 2
.

The lighter fragment moves away at a speed

equal to 0,85 c.

{a) What is the speed of the other

fragment?

lb) What is the rest mass of the particle that

broke apart?

(Use the laws of conservation of momentum

and total energy,)

16 An electron and a positron (a particle

of the same mass hut opposite charge

to the electron) each of kinetic energy

2.0 MeV collide head-on. The electron

anti positron annihilate each other into

photons*

ta) Explain why the electron positron pair

cannot create just one photon.
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lb) Assume that two photons are produced.

Explain why Ihe photons must be moving

in opposite directions.

(d Calculate the energy of each photon*

17 77ie Compton effect, A photon of wavelength

A scatters off an electron initially at rest (sec

Figure H4.4).

(a) By treating the process as a collision and

applying the laws of conservation of

energy and momentum, show that the

wavelength of the photon after the

collision, k'
r is given by

„ h
A “ X = -— (1 - COS 0)

me

Eb) Explain why the scattered photon has a

larger wavelength than that of the

incoming photon.

(cl If the incoming photon has a wavelength

of 3.00 x to
-12 m, find the wavelength of

the scattered photon when the scattering

angle is bO".

18 In the Compton effect (see question 1 7) an

incoming photon of wavelength 5,0*0 x 10
“ 1

- m
scatters off an electron initially at rest and

goes back along the path it came from. With

what kinetic eneigy and speed does the

electron move off?

1 9 A neutral pion of mass 1 3a MeV c~ 2
travelling

at 0.6c decays into two photons travelling

in opposite directions, ^ -* 2y (see

f igiire H4.5). What is the ratio of the

frequency of photon A to that of photon R?

pJOfl

O —
A

B

Figure H4.5 For question 19.

20 Two identical bodies with a rest mass of 3.0 kg

are moving towards each other from opposite

directions, each with a speed of 0.80c. They

collide and form one body. Determine the rest

mass of this body.

21 State the formulas, in terms of the rest mass or

of a particle, for

(a) the relativistic momentum p and

£b) the total energy E.

(c) Using these formulas, derive the formula

v — Jj- lor the speed vof the particle.

Ed) The formula in (c) applies in fact to all

particles, even to those that are massless.

Deduce that, if Lite particle is a photon,

then v = c.
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General relativity

The theory of general relativity was formulated by Albeir FEnstetn in 1916, It is a theory

of gravitation ihal replaces the standard theory of gravitation of Newton and generalizes

Fin stein's special theory of relativity. Newton's theory of gravitation, while successful in

dealing with planetary motion, cannot account for the effects of gravitation in very

dense, massive objects and the behaviour of matter and energy in the universe as a

whole, A number of physicists were dose to discovering the laws ol special relativity at

the beginning of the twentieth century. The theory of general relativity, however, stands

as the crowning achievement of Cinstein's genius and is considered to be perhaps the

most elegant and beautiful example of a physical theory ever constructed. The theory is

a radicat theory in that it relates the distribution ol matter and energy in the universe to

the structure of space and time. The geometry of space-time is a direct function of the

matter and energy that space-time contains, in general, this geometry is not Euclidean,

which means, among other things, that the angles of a triangle do not add up to ISO

Matter distorts the space- time in which it finds itself, in much the same way that a heavy

bail would distort a rubber sheet on which It is placed.

Objectives

By the end of this chapter you should be able to:

* state the equivalence prtndptc and appreciate its consequences:

appreciate that the equivalence principle leads to The equality of

fjrerrtal muss and gravitational mass;

" describe the tests of general relativity, in particular the bending 0/ light by

a massive object and the gravitational mishift or PouncJ-RdAm experiment;

* solve problems using

* understand that general relativity is a rheoiy that relates the rules of

geometry to the energy and muss contained in space;

appreciate that, in the absence of forces, objects in general relativity

move along paths of shortest distance called geodesics;

* understand that general relativity predicts the existence of black hales

whose event horizons have radius =;
£*

* state the meaning of the term event horizon ,

The principle of equivalence

We have already seen in Chapter 23 on Newton's

second taw that when a person stands on a scale

inside a freely falling elevator ['Einstein's

elevator') the reading of the scale is zero. It is as

if the person is weightless. 'Hris is what the scale

would read if the elevator were moving at

constant velocity in deep space far from all

masses. Similarly, consider an astronaut in a
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spacecraft in orbit around the earth. She loo

feels weightless and floats inside the spacecraft,

Bui neither the person in the falling elevator nor

the astronaut are really weightless. Gravity does

act on both. We can say that the acceleration of

the freely falling elevator or the centripetal

acceleration of the spacecraft 'cancelled out
1

the

force of gravity. The right acceleration can make

gravity disappear and make the frame of

reference under consideration look like one

moving at constant velocity.

The right acceleration can also make gravity

appear, Consider an astronaut in a spacecraft in

deep space far from ah masses that moves with

constant velocity. The astronaut really is

weightless* The spacecraft engines are now

ignited and the spacecraft accelerates forward.

Tile astronaut feels pinned down to the floor. If

he drops a coin, it will hit the floor whereas

previously it would have floated in the

spacecraft. The coin falling to the floor and the

sensation of being pinned down are what we

normally associate with gravity.

We have seen two examples where the effects of

acceleration mimic those of gravity. Another

expression for 'the effects of acceleration' Is

'inertial effects’. Einstein elevated these

observations to a principle of' physics - the

equivalence principle:

- Gravitational and inertial effects are

indistinguishable.

Applying this principle to the two examples we

just discussed we may re-express it as:

A frame of reference moving at constant

velocity fiii
1 from all masses is equivalent to

a freely falling frame of reference in a

uniform gravitational field.

Or:

h- A frame of reference accelerating far from

all masses is equivalent to a frame of

reference at rest in a gravitational field.

You can use either one of these last two

statements as a definition of the equivalence

principle. Rul the original statement takes care

of both.

figure H5,I shows a frame of reference, A,

moving at constant velocity in deep space and a

frame of reference. B. that is falling freely in a

gravitational field, "Hie principle ofequivalence

says that the two frames are equivalent. There

Is no experiment that the occupants of box A

can perform that will give a different result

from a similar experiment performed in box B,

Nor can the occupants of either box decide

which of the two stales of motion they ‘realty’

have.

A constant

velocity

Figure HS.l A frame of reference moving ai

constant velocity far from any masses (A) and a

freely falling frame in 3 gravitational field (B)

are equivalent.

Figure H5.2 shows a frame of reference. A* Lhal

accelerates in deep space and a frame of

reference, B, that is at rest in a gravitational

field. Again, there is no experiment that Lhe

occupants ofbox A can perform that will give a

different result from a similar experiment

performed in box B. nor can the occupants

decide which is which.

This principle lias immediate consequences.
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acceleration m
tlccp t^pacc

This is something that Galileo (and later

Christiaan Huygens) checked experimentally

when he showed lIkil different objects fall at the

same rate and that pendulums of equal lengths

but with different masses have Lhe same period.

Modem, more accurate experiments by Dicke

and Braginsky have verified this equality to an

accuracy of 1 part in IU
]2

, that is

m, -

m,
< to

-’3

So there is good experimental evidence for the

equivalence principle.

Figure HS.li An accelerating frame of reference far

from any masses (A) and a frame ar rest in a

gravitational field (B) are equivalent.

The speed of light

The first consequence is that the speed oj light is

the same whether in a gravitational field or not
An observer in box A of Figure H5.1 would

measure c = 5 x I03 m s
_1

for the speed of

light. An observer in the freely falling frame of

box B must also reach the same conclusion

since the two frames arc equivalent.

The speed oflight in a gravitational field

is the same as in any inertial frame of

reference,

inertial and gravitational mass
The second consequence is that gnavfnitfonai mass

and inertial mass are the same. Recall that inertial

mass is the ratio of the net force on a body lo Lhe

body’s acceleration and gravitational mass is

the ratio of Lhe gravitational force on a body to

the acceleration due to gravity1

.

In frame A of Figure FJ5.2, mass measurements

are inertial mass measurements. In frame B at

rest in a gravitational field, mass measurements

are gravitational mass measurements. Since tile

two frames are equivalent, lhe equality of the

iwo masses follows.

The bending of light

The third consequence of the equivalence

principle is that light bends toward a massive body,

imagine a spacecraft orbiting a massive object.

A ray of light is emitted from the back oi the

spacecraft toward the front. Where does it Jiit
-

at the front of the spacecraft at F or on The side

at S (see Figure H5,3)? Hemember that the frame

of the spacecraft is freely falling (it is in orbit)

and so is equivalent to a frame moving at

constant velocity in a straight line (Figure H5,l).

In this frame there is no doubt that the light

will hit at F, So it must also hit at F in the

spacecraft in orbit, since the two frames are

equivalent.

Figure H5.3 The ray oflight will hit at F.

indicating to an observer outside that the ray

has bent toward the massive object.

But this means that from the point ofview of

an observer at rest on lhe surface of the massive

body, light has bent towards it.
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p A ray of light bends towards a massive body.

Massive objects can thus act as a kind of

gravitational tens.

The tests of general relativity

The Tour main tests of the theory of general

relativity are:

Time slows down
A final consequence of the equivalence principle

is that rime slews down near a massive body.

Consider two rays on a wavefront AB. which are

bent as they pass near a massive object (see

figure H5.4). A and B are thus points in phase.

Figure H5.4 Ray BD appears to have covered a

smaller distance than ray AC. Since the speed of

light is the same for both rays, il follows that

rime must be "running slower
1

near the massive

Object.

Tire ray at A moves to point C and that at B

moves to point I), The wavefront AB has bent

because the rays bend towards the massive

object. If points C and D are to be in phase (they

must be since they are on the same wavefront)

the rays from A and R must take the

same time to get to C and D. But ray

BD covers a smaller distance than ray

AC, yet travels at the same speed. The

problem can be avoided if time runs

slower for ray BD,

p Time slows down near massive

objects.

Consider two identical docks. One is

placed near a massive body and the other far

from it. When the clock near the massive body

shows that 1 s has gone by, the far away dock

will show that more than 1 s has gone by. This is

Lhe general relativity analogue of time dilation.

* the bending of light and radio signals near

massive objects

* the gravitational frequency shift

* the precession of the perihelion of Mercury

* the time de I ay expertmen t

Of these, only the first two are required for

examination purposes.

Test 1: The bending of light

The bending of light in the vicinity of a massive

object (the sun, for example) was detected

experimentally in a famous observation by

F.W. Dyson, A. S. Eddington and C. Davidson

in two separate eclipse expeditions to the

islands or Principe and Sobral in 1919, News of

their confirmation of Einstein's theory was

telegraphed around the world and made Einstein

known to the wider public. This is shown in

Figure H5.5. The angle ofbending is shown

unrealistically large lor clarity. When the sun is

berween Lhe earth and the stai; the sun’s light

would completely wipe out the light from the

star, i his is why such an observation is possible

only during a total solar eclipse.

Figure 115.5 The star is observed during a solar

eclipse and then 6 months later when the sun is

not in the way. The angular position of the stal-

ls different in the two measurements. For a ray

grazing the surface of the sun. the predicted

angle ofbending is about 1,75" (arcseconds).
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The bending of light that Eddington and his

co-workers measured in 1919 was in agreement

with the Einstein prediction, within

experimental error, bin the accuracy was not

enough for this to constitute a test of the

theory. The measurements have since been

refined to include radio signals from distant

galaxies, and these agree with general relativity

predictions. Referring to Figure H5.5, ifd is the

distance of closest approach of a ray of light to

the sun, the angle of deflection is predicted by

general relativity to be

& = 1 .75"4
(I

where R is the radius of the sun. (The angle is

given in arcseconds - there are 3 600 areseconds

in one degree.)

The bending of light is important to astronomers

in tile Ibllowing way. Lighr from a distant star

will be bent on iLs way to earth if it goes past a

massive star or galaxy. Ibis means that the star

will not be observed to be at its true position. In

some cases this leads to the formation of

multiple images of the star, in ihis way massive

objects act as a kind of gravitational !ens.

Test 2: The gravitational frequency shift

General relalivity predicts that clocks near a

massive object run slower than similar clocks

further away from the massive object.

Monochromatic light can be taken to be a dock -

the period of the wave is like the time interval

between the ' ticks' of a clock.

Jit us, when a photon is emitted from the

surface of a massive body and then observed far

away from the massive object, the/hequerwy of

the photon will be less than the frequency at

emission. The photon will show a mishf/t.

Conversely, if the photon is emitted far from

the massive body and is then observed near the

massive body, the photon will experience a

blueshift.

This bl upshift has actually been observed in the

Pound-Rebka experiment in which the earth

acts as the massive object (see Figure 115.6).

photon

period Uirgc,

frequency low

period small,

frequency high

Figure 115,6 The photon has a larger frequency

near the surface than at the point of emission

far from the surface.

The Pound-Rebka experiment
In this experiment performed at Harvard

University in I960, a beam of gamma rays of

energy 14.4 keV from a nuclear transition in

iron-57 was emitted from the top of a tower

22.6 m high and detected at ground level (see

Figure 115.7},

E = Jr/cm + m8n

Figure H5,7 A photon emitted at ground level will

be observed at the top ofthe tower with a lower

frequency (red shift). Conversely, a photon

emitted at the top will be observed at ground
level at a higher frequency (blueshift).

Let fm i

be the emitted frequency at the top of

the tower and f0 the observed frequency at

ground level.

The energy of the emitted photon is hf vit] . This

photon is received at a position lower than the

emission point and energy conservation

demands that

hf^+mgH = hf0

Mass' here stands for the gravitational mass of

the photon* that is its energy divided by t
'

(this
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is in effect the mass on which gravitation acts;

it is not implied that the photon has a non-zero

mass). This mass is tints (hffc
2
}. Hence

Mem + —gH = M„
t

=> ft,
= f«n ^1 +

Time slowing down near massive objects has

also been detected directly in experiments.

Atomic clocks carried on satellites have been

compared with similar docks on earth and the

results have been consistent with general

relativity. The clocks on earth are slow

compared with those on satellites.

This means that the frequency shift A i =

f0 f„„ is given by

AT _ gff

~T
~

~cr

The structure of the theory

The theory of general relativity is a physical

theory different from all others in that;

{Here, f stands for either the emitted or the

observed frequency since they are almost equal)

Example question

Q1 «
A photon of energy 14.4 keV is emitted from the

top of a 30 m tall tower toward the ground. What

shift of frequency is expected at the base oi (he

tower?

Answer

On emission, the photon has frequency given by

£ = hf

-'-f
14,4 x ID 1 x 1.6 x 10’*

”
b.63 x 10~w

= 3,475 x 10
1S Hz

The shift hi is a blueshifl) is thus

£ HA
J_

t

**Af=
c1

ID x 3D

9 x I0’B

= M6 x 10" Hz

x 3.475 x 1

0

1 11

Hz

The mass and energy content of space

determine the geometry of i hat space

and time. The geometry of space-time

determines ihc motion of mass and

energy in the space-time,

Tli at is

geometry o mass energy

Space-time is a four-dimensional world with

three space and one time coordinates. In the

absence of any forces, a body moves in this four-

dimensional world along paths of shortest

length, called geodesics.

If a single mass VI is the only mass present in

the universe, the solutions of the Einstein

equations imply that far from the mass the

geometry of space is the usual Euclidean flat

geometry with all its familiar rules (for

example, the angles ofa triangle add up to

180 ). As we approach the neighbourhood ofM .

the space becomes curved as indicated by Figure

H 5.8. The rules of geometry then have to

change. Large masses with small radii produce

extreme bending of the space-time around

them.

Mole how delicate this experiment actually is: the

shift in frequency is only about in'
1

\\y compared

with Ihe emitted frequency of aboul ID'
8 Hz, a

fractional shill oi only

10* Hz

1Q
,a Hz

10
14

As an illustration of how the theory works,

consider two balls that are made to move

parallel to each other on a flat Jjictionless

surface (sec Figure H5.9a). The separation

between the balls stays constant* In Newtonian

mechanics we say that there is no force between

the balls, no acceleration and hence no relative
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figure H5.8 Far from the mass,, lhe space looks

flat: near the mass, the deviation from flat

geometry is large. This is only a two-dimensional

diagram though' Einstein’s theory demands a

distortion in the geometry of four-dimension a]

space-time,

velocity. On the other hand, consider the same

two balls on the curved surface of a sphere that

also start out moving parallel to each other (see

Figure H5.9b).Thc balls will start approaching

each other and will actually meet at the north

pole. In Newtonian mechanics we would have 10

invoke a force between the balls which brings

them toward each other. In Einstein’s relativity

no force is required - the balls approach each

other because of the geometry of space. The

paths they follow are the ‘straight* lines of the

curved space.

Similarly, light retains its familiar property of

travelling from one place to another in the

shortest possible time. Since the speed of lighL

is always constant, this means that light

travels along paths of shortest length -

geodesfa. In the flat Euclidean geomeiry we are

used to, geodesics are straight lines. In the

curved non-Euclidean geometry of general

relativity, something else replaces the concept

of straight line. A ray of light travelling near

the sun looks bent to us because we arc used

to flat space. But the geometry near the sun is

curved and the ‘bent
1

ray is actually the

geodesic: it is the ‘straight
1

line appropriate to

that geometry.

Thus, the motion of a planet around the sun is.

according to Einstein, not the result of a

gravitational force acting on the planet (as

Newton would have it) but rather due to the

curved geometry in the space and Lime around

the sun created by the large mass of the sun. [’tie

planet follows a geodesic in the curved space-

time around the earth. Tins geodesic appears as a

circular path if we view space-time as flat.

Black holes

The theory of general relativity also predicts

the existence of objects that contract under the

influence of their own gravitation, becoming

ever smaller objects. No mechanism is known
for stopping this collapse and the object is

expected to become a hole in space-

time, a point of infinite density. This

creates an immense bending of space-

time around this point. Hi is is called

a black hole - a name appropriately

coined by John Archibald Wheeler,

since nothing can escape from it.

Massive stars can, under appropriate

conditions, collapse under their own
gravitation and end up as black

holes (see Option K5 in Option E,

Astrophysics). Powerful theorems by

Stephen Hawking and Roger Penrose show that

the formation of black holes is inevitable and

not dependent too much on the details of how
the collapse itself proceeds.

(a)

Figure H5.9 (a} On a flat surface rhe separation

between the balls slays i he same as the balls

move parallel to each other, (hi On a curved

surface the balls will approach each other even

though no force acts between them.
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The Sthwarzsthifd radius and the

event horizon

A distance known as the Schwarzschiid radius

of the black hole is of importance in

understanding the behaviour of black holes,

(Karl Schwarzschiid was the German

astronomer who provided the first solution of

the Einstein equations.) The Schwarzschild

radius is given by

_2CM
Rs~~w

where M is t ire mass and c the speed of light.

This radius is not the actual radius of the black

hole (the black hole is a point) - it is the

distance from the hole's centre that separates

space into a region from which an object can

escape and a region from which no object can

escape (see figure H5.10).

Figure 115.10 The Schwarzschild radius splits

space into two regions. From within this radius

nothing, not even light, can escape.

Any object closer to the centre of the black hole

than Ks will fall into the hole; no amount of

energy supplied to tills body will allow it to

escape from the black hole.

The escape velocity at a distance equal to Rs

from the centre of the black hole equals the

speed of light and hence nothing can escape

from the star from within this radius. The

Schwarzschild radius is also called the

gravitational radius of the black hole, or the

event horizon. The last name is apt since

anything taking place within the event horizon

cannot be seen by or communicated to the

outside. The area of the event horizon is taken

as the surface area ofthe black hole (but,

remember, the black hole is a point).

The Schwarzschild radius can be derived in an

elementary way without recourse lo general

relativity if we assume that a pho Lon has a mass

m on which the black hole's gravity acts. Then,

as we did in the calculation of the escape

velocity in Chapter 2.11 on gravitation,

} , CM
-ML ” R ^

m

Titus w cancels and wre can solve for R$.

lr can be readily calculated from this formula

that for a star of one solar mass

[A1 1G
M kg) the gravitational radius is

about 3 km:

d = 2CM
s

c2

2 x 6.67 x 10
Ir x 2 x I0

W

(3 x 10*}*

^3 x ID
3 m

For the earth it is just 9 mm. This means, tor

example, that If the sun were to become a black

hole its entire mass should be confined within

a sphere with a radius of 3 km or less.

Figure H5.ll shows that an observer on the

surface of a star that is abm.it to become a

black hole svould only be able to receive light

\ \ i / /

Figure H5.il The horizon tor observers on a

collapsing star is rising: that is, only rays within

a vertical cone can reach them.
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Figure 115.12 A space-time diagram of the

formation of a black hole. As time goes on, ihe

radius of Ihe star is getting smaller. At t — f

,

tile

radius becomes zero and a singularity has been
formed. A photon emitted from the surface of
the star before the radius becomes less than Lhe

Schwarzschild ratlins will be received by an
observer far from the hole. But once the star

collapses beyond the event horizon, any photons
emitted do not leave the black hole.

through a cone that is getting smaller and

smaller as the star approaches its gravitational

(Schwarzschild) radius. This is because rays of

light coming 'sideways' will bend toward the

star and will not reach the observer. Figure

H5.12 shovsrs the radius of the star shrinking.

Alter the radius has become smaller than the

gravitational radius, any photons emitted from

the surface of the star will not reach an

observer far away. They will be 'trapped' by the

black hole.

Time dilation in general

relativ ity _
In special relativity, we saw that two observers

who are in relative motion measure the time

interval between the same two events

differently. This is the lime dilation effect of

special relativity. In general relativity, there is a

similar phenomenon, rhe gravitational time

dilation effect, which can be slated as follows:

> Two observers who arc at different points

in a gravitational Held measure Lhe time

interval between the same two events

differently. This is an example of how

masses curve not just space hut also time.

The gravitational redshift, discussed in the last

section, is an example of this. A more extreme

example is provided by a black hole.

Consider a clock that is a distance r from the

centre of the black hole of Schwa rzschild radius

(the clock is outside the event horizon,

r > An observer stationary with respect to

the clock measures the time interval between

two ticks of the clock to be Af^^, An identical

clock very far away from the black hole will

measure a time interval Affar such that

Affar
A fnear

7^?
This formula is the general relativistic analogue

of time dilation in special relativity. It applies

near a black hole. (Time dilation takes place

near any massive body and not just a black hole,

but the formula above can only applied near a

black hole.)

Thus, consider a (theoretical) observer

approaching a black hole. This observer sends

signals to a far-away observer in a spacecraft

informing the spacecraft of his position. When
his distance from the centre of the black hole is

r = 1 30R^ the observer stops and sends two

signals one second apart (as measured by his

clocks). The spacecraft observers wall receive the

signals a time apart given by

Atfar =
Africa

1.00

/l 1-
V 1 50

= 1.73 s
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The extreme ease of lime dilation is when the

observer is j list an in Tinites im al ly sma 1 \

distance outside Lhe event horizon, if he stops

there and sends two signals one second apart,

the far-away observers will receive the signals

.separated by an enormous interval oT time. In

particular, if the observer is at the event

horizon, the signals are received an infinite

time apart!

1 Discuss the statement: 'a ray of light does not

actually bend near a massive object but

follows a straight-line path in the geometry of

the space around lhe massive object'*

2 A spacecraft filled with air at ordinary density

and pressure is far from any large masses* A

helium -ill led balloon floats inside the

spacecraft which now begins to accelerate

towards the right. Which way (if any) does the

balloon move?

3 The spacecraft from question 2 now has a

lighted candle in it* When the craft begins to

accelerate toward lhe right, what happens to

the flame of the candle?

4 Describe whal is meant by lhe equivalence

principle. How does this principle lead to She

predictions thal;

(a) light bends in a gravitational field;

(b) the gravitational and inertial masses are

lhe same;

(c) time 'runs slower' near a massive object,

5 Describe what the general theory of relativity

predicts about a massive object whose radius

is getting smaller.

b In a local inertial frame (Le, one falling freely

in a gravitational field) an observer attaches a

mass m to the end of a spring, extends the

spring and lets the mass go. If lie measures the

period of oscillation of the mass, will he find

the same answer as an observer doing the

same tiling:

(a) on the surface of a very massive star;

(b) in a true inertial frame far from any masses?

Explain your answer.

7 Calculate lhe shift in frequency of light

of wavelength 500*0 nm thal is emitted

from sea level and is received at a height of

50*0 m*

8 It a photon of frequency t is emitted from the

surface of a star, the frequency shift observed

far from the star is given by

A f f—

where R
i;

is lhe gravitational radius of Lhe star

and J? its radius. Use this formula In calculate

the shift in frequency of a line in the sun's

spectrum which has a wavelength of 548 nm

at emission.

9 A collapsed star has a radius thal is 5 times

larger than its gravitational radius* An observer

on lhe surface of the star carries a clock and a

laser* Every second the observer sends a short

pulse of laser light of duration 1 .00 ms and

wavelength 4,00 x 10 'm (as measured by

her instruments} toward another observer in a

spacecraft far from the star. Discuss

qualitatively whal the observer in lhe

spacecraft can expect to measure for:

(a) the wavelength of lhe pulses;

(bl the frequency of neceplion of consecutive

pulses;

(c) the duration of the pulses*

10 Two identical docks are placed on a rotating

disc. One is placed on the circumference of

the disc and tiie other half-way toward the

centre. Explain why the clock on lhe

circumference will run slow relative lo lhe

other clock.

1 1 What would the density of the earth be it its

entire mass were confined within a radius

equal to its Schwa rzschild radius?

12 Whal is the Schwa rzschild radius of a black

hole with mass equal lo 1 0 solar masses?

13 Explain what is meant by geodesk.

14 A mass nr moves past a massive body along

the path shown in Figure H5J3* Explain the

shape of the path according to:

(a) Newtonian gravity;

(b) Einstein's theory of general relativity*
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15

A half is thrown with a velocity that is initially

parallel to the floor of a spacecraft as shown

in Figure FIS. 14. Draw and explain the shape

of the ball's path when;

(a) the spacecraft is moving with constant

velocity in deep space far from any large

masses;

(bj the spacecraft is moving with constant

acceleration in deep space far from any

large masses.

Figure H5.14 For question 15.

16

A ray of light moving parallel to the floor of a

spacecraft enters tine spacecraft through a small

window as shown in Figure H5.1 5. Draw and

explain the shape of the ray's path when;

(a) the spacecraft is moving with constant

velocity in deep space far from any large

masses;

(b) the spacecraft is moving with constant

acceleration in deep space far from any

large masses.

A problem just for fun

17

The curvature of a spherical surface of radius

R can be defined in many ways. Two

methods to calculate rite curvature are as

follows. Consider a circular patch (cap) of

radius r centred at the north pole'. This

radius Is defined along the surface - in other

words, it is the length of the arc from N to a

point F on (he sphere. :'5ee Figure 1 1,5.1 b.)

For question t7.

The curvature, K
r

is then defined by

2?r r - Go
K = 1 lim

r— u
or

nr

K -
1 2 fim

F-0

nr - A{r)

nr*

where C(r) and A(r) are the circumference

and area of the circular cap of radius r

centred at N. Show that

Ctn = Itt tfsin ^ and
r

i

A(r) - 2irtf
J
(l - cos -

p )R
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Evaluate the two limits lo find (he curvature

nf ihc- sphere. Hence explain why a large

sphere is less curved than a smaller one,

(You will find the following approximations

useful: sin x ^ x - • and

cos x w l - V -i- which are valid it x (in

radians) is small.)

1 8 An observer is standing on the surface of a

massive object that is collapsing and is about

lo form a black hole* Describe whai the

observer secs in the sky:

(a) before the object shrinks past its event

horizon;

(b) after the object goes past its event

horizon.

19 A plane flying from southern Europe to New

York City will fly over Ireland,, across Ihe

North Atlantic, over the eastern coast of

Canada and then soulh to New York. Why do

you think such a path is followed?

20 Einsteins birthday present. A colleague of

Einstein at Princeton presented him with the

following birthday present. A long tube was

connected to a bowl at its top end. A spring

was attached to the base of the bowl and

connected to a heavy brass ball that hung out

of the bowl. (See Figure H5J7.) The spring

was very 'weak’ and could not pull the ball

Figure US. 17 For question 20.

into the bowl. The exercise is to find a sure-

fire method for putting the ball into ihe bowl

without touching it, Einstein immediately

found a way of doing it* Can you?

21 An observer approaching a black hole stops

and sends signals to a far-away spacecraft

every second as measured by his clocks. The

signals are received 2.0 seconds apart by the

spacecraft observers. How close to the event

horizon is the observer?

22 A spacecraft accelerates in the vacuum of

outer space far from any masses. An observer

in the spacecraft sends a radio message lo a

stationary spacecraft far away. Ihe duration of

the radio transmission takes 5,0 seconds

according to the observer's clock in the

movi ng spacecraft. E x pi a i n whet her t he

transmission will take less than, equal to or

greater than 5,0 seconds when it is received

by the far-away stationary spacecraft*

23 General relativity is described by saying that

large masses curve space-time, Give an

example of how a black hole curves (a) space

and (b) time,

24 A black hole has a mass of 5*00 x 1

0

1
’ kg.

(a) State what is meant by a black hole.

(b) Calculate the Schwarzsdiild radius R$ of

the black hole,

(d Explain why the Schwarzsdiild radius is

not in fact the actual radius of Ihe black

hole.

(cl) Blue light of frequency 7.50 x 1G 14 Hz is

emitted from a source that is stationary at

a distance of 0, 1 Q/?s above the event

horizon of a black hole. Calculate the

period of this blue light according to an

observer next to Ihe source*

(e) Determine the frequency measured by a

distant observer who receives the light

emitted by this source.

25 (a) Slate Ihe formula for the gravitational

ESchwarzschild) radius of a black hole

of mass M.

(b) The sphere of radius f?<; around the black

hole is called the event horizon. Slate ihe

area of the event horizon of a black hole

of mass M*
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(c) Suggest why, over time, the area of the

event horizon of it black hole always

increases.

id) In physics there is one other physical

quantity that always increases with time.

Can you state what that quantity is?

(You will learn a lot of Interesting things if

you pursue the analogy implied by your

answers to <c> and (d).)

26 (a) A ray of light is emitted from within the

event horizon (dashed circle) of a black

hole, as shown in Figure H 5. 18(a). Copy

the diagram and draw a possible path of

this ray of light,

(b) Light from a distant star arrives at a

theoretical observer within the event

horizon of a black hole, as shown in

figure H5.18{bk Explain how it is possible

for the ray shown lo enter the observer's

eye.

Eighl from distant vtar

t

my of lighi \
t

bUtk hole

i L

t t

I \

I <1

observer \
#

• f

black hote I

(.ft)

r

even! horizon
(bj

event horizon

Figure HS.tg For question 26 .



OPTION II HL Option I
- Biomedical physics

The functioning of the ear
This chapter introduces the basic ideas behind the functioning of the human ear and the

(elated physics questions on sound perception, inlens Fly frequency response and frequency

discrimination. Hearing defects are also briefly discussed,

Objectives

By the end i>f this chapter you should be able to;

describe the basic components ofthe human car;

* define sound ftiterufty and the sound intensity stair based on the decibel;

* perform calculations with intensity and the sJeribel srde;

* understand how the ear functions;

* describe how the ear separates sound according to frequency in the

cochlea;

• stare the meaning of the terms threshold 0/ hearing and audiogram;

* understand basic hearing defects and say how they might be corrected.

The ear

The human ear is an exceptionally efficient

and sensitive instrument that detects and

analyses sound* and converts the mechanical

energy carded by a sound wave into electrical

energy that is fed into the brain. The ear is

sensitive to sounds of frequency ranging from

20 Hz to 20 kHz. At 1000 Hz. the car responds

to sound that displaces the eardrum by only

one-tenth of the diameter of the hydrogen

atom! T he ear can be divided into three main
parts: the outer, middle and inner ear {see

Figure 11.1).

Sound waves reaching the ear are fed i nto the

audibly ranal and fall on the eardrum, a

membrane that begins to vibrate as a result.

The eardrum forms the entrance to the middle

ear. an air cavity of 2 cm3 in volume that

contains the ossicles (three small bones), the

malleus (hammer) . incus f anvil) and stupes

(stirrup). This cavity is connected to the throat

by the Eustachian tube, which is normally dosed

but can be opened by swallowing or yawning to

equalize the pressure on each side of the

eardrum. The ossicles act as a lever system ,

which transmits the energy falling on the

eardrum onto the oval window, an opening

marking the beginning of the inner ear. The

tension in the muscles attached to the ossicles

increases i n the presence of a very loud sound,

thus limiting the motion of the stapes and

hence the energy transferred to the oval

window and protecting the delicate inner ear

from damage. This is known as the acoustic

re/lex; this Takes about 10 ms to become

effective, so it offers no protection in the case of

sudden very loud sounds, such as gunfire.

The purpose of the lever system is so amplify

the amplitude of the incoming sound wave. As

seen in the example that follows, the lever

system amplifies by a factor of 1.5* However, as

a result of the difference in the areas of the

ovat window and the eardrum, the
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Figure M l A diagram of the ear showing its

division into outer, middle and inner ear. The
cochlea is responsible for tile resolution of the
incoming sound into its various components,
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2 cm). Between these two

canals is a third, the soda

media or coehlean duct. The

basilar membrane separates the

cochlea n duct front the

tympanic canal and this

membrane contains a large

number of nerve endings,

whose purpose is to transmit

the electrical signals to the

brain. These signals are

generated when vibrations in

the basilar membrane are fed

into the organ o/Corti, which

is attached to the membrane.

Different parts of the basilar

membrane are sensitive to

different frequency ranges of

the incoming sound wave.

The three parts of the ear are illustrated

schematically in Figure J 1.2, and Figure 11.3 is a

schematic cross-section through the cochlea.

amplification is increased further by a factor of

about 13, resulting in a total amplification of

about 20,

The inner ear has three main parts: the vestibule

(the entrance cavity), the semicircular canals and

the cochlea* The vestibule is surrounded by bone
except for the opening to the middle car (the

oval window); this opening is sealed by the

stapes and the round window, which is covered

by a membrane. This cavity is filled with a

liquid. The semicircular canals play no role in

hearing - their function is to provide us with a

sense of balance. 'The cochlea is a Lube, coiled

like a snail (making 2,5 turns) and has a length

of about 3,5 cm.

The sound wave entering lhe oval window
travels in the liquid-filled canals of the cochlea.

First in the vestibular, then through the

fidtotrema and into the tympanic rand. Jt ends at

the round window membrane, which acts as a

pressure release point (a total length of about

cochlisa

aval i

1 —

s

Figure 11.2 A schematic diagram showing ihe

ihrce parts of the ear. Here the cochlea is shown
as a straight uncoiled tube. The cochlea is

separated into three canals or scalae. The top.

scala vestibuli. and the bottom, scab tympani,

which communicate Through an opening at the

apex of the cochlea called the helicotrema. The
scab vestibuli starts at the oval window while

the scala ivmpani starts at the round window.
The middle canal is known as scala media or

cochleae duct.

’Ole auditory pathways from the cochlea into

the brain are highly complex and not ye( fully

understood. There is, however, a considerable

amount of processing of the inform arion along

the pathway in processing centres, with
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Figure 11.3 A schematic cross-section through the

cochlea. Tire scala media is separated from the

sea I a vestibuli by Reissner's membrane and from

the sea la Lympani by the basilar membrane.

connections between the left ear and the right

ear’s main pathway and vice versa,

Mismatch of impedances
When a wave enters a new medium, only part

of it will be transmitted into the new med ium;

part will be reflected back into the old

medium. The fraction of the transmitted

intensity depends on the impedances of the two

media. The least amount of reflection takes

place when the impedances of the two media

are as close to each other as possible. For

exactly equal impedan res no reflection Lakes

place at all.

lbr sound transmission, the acoustic

impedance of a medium is defined as the

product of the speed ofsound in the

medium times the medium's density

Z = pc

The region up to the ova! window is filled with

air and its impedance is thus about 450 kg m“ 2

s
_] .The region behind the oval window is lined

with the cochlear liquid and its impedance is

about 1.5 x 10* kg m ;
s h This large mismatch

of impedances means that it is necessary to

amplify the sound wave arriving ar the oval

window so That a substantial fraction of h can

he transmitted.

Example question

Q1 nmttiHiTWtr,

.

The area of die eardrum is A — 41 mm anti [hat

of lhe oval window a = 3.2 mm’. Using Figure

It .4 as a model for the action of the ossicles, find

(he pressure amplification at the oval window.

pivoi

Answer

hiking torques about an axis through the pivot we

find

therefore, the pressure on the oval window is

a

.m
2 a

3 P, A
“

2
~

3 A
= r-Pi

2 a

— 20.2 P,

lhai is
r an amplification of about 20,

Complex sounds

Few sounds are as simple and pure as the

single-frequency harmonic waves we discussed

in Topic 4, Oscillations and waves. When a

human voice is fed into an oscilloscope through
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a microphone, ifie mice that appears on the

oscilloscope screen will not be a sine wave.

^ I laminnic waves (i.e, waves ofone specific

frequency) are important* however, because

of a powerful mathematical technique,

called Fourier analysis, that is used to

analyst* complex sounds. It can be shown

that any complex sound is a superposition

of many (perhaps infinite) simple sine or

cosine waves.

To illustrate this point, consider an extreme

example, the graph of the function y = t
1 from

- 7i to -j-jr (see figure 11.5).

v

Figure 11.5 The graph of the function y — 1
’.

Tliis function can be well approximated by a

sum of harmonic functions called a Fourier

scries:

v

Figure 11.6 J he approximation to y - t
2
obtained

using the first five Fourier components (i.e

harmonic waves).

ear can be decomposed into the component

frequencies of the harmonic functions making

up the complex sound. This happens in the

cochlea and is explained in a later section.

Intensity of sound

Consider a source of sound S. The power of the

source is the energy per second emitted by the

source.

The energy emitted by the source can be Lhought

of as being spread uniformly on the surface of an

imaginary sphere of radius r centred on the

source (see Figure 11.7). Thus, at a distance r from

the source the energy received per second by an

instrument ofarea A is

P-~
Ajtr2

7T
2

3
+«£(— i)

n costnt )

~Hr
~

Figure 11.6 is the graph of this function for only

the first five terms in the sum (Fourier

components).

'llie approximation is quite good. It can be

made even better by keeping more terms in the

sum. The point here is that any periodic

function can be written as a sum of harmonic

functions. Thus, complex sounds entering the

Figure 11.7 The energy emitted by the source

goes through an imaginary sphere around the

source.
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The energy per second per unit instrument

area* that is

is known as the intensity of the sound

wave at a disrance r from the point

source. The unit of intensity is thus

tV ni . The lowest intensity the human
car can perceive is called ihe threshold of

hearing and is 10 — 1 .0 x 10 IV m :

',The

mtetislty is proportional to the square of

the amplitude of the wave.

It is known that the sensation ofhearing
1

(let us

call this quantity /?) does nor increase linearly

with intensity 1. Rather, the ear has a logarithmic

response to intensity; the increase in the

hearing sensation is proportional to thejrartftninl

increase in intensity (the Weber-Fechner law).

MaLheniRLicaliy this means that

implies an increase of intensity by a /actor of 10.

The zero on this scale corresponds to the

threshold of hearing. This implies that

0(in decibels) = 10

Table 11,1 shows some typical intensity levels of

common sounds along with their pressure

amplitudes.

1aample questions

Q2 re^ frigaAfTTT h

The intensity of a sound increases from

1
Q" 1fl W rn ‘ to 10 R W m \ By how much

does the sound intensity level change?

Answer

The original level was

*- ,ol°s(fi£0
= 10 log 10*

= 20 dB

Afi ot ~y

We can exploit this law to define a scale of

sound intensity level as follows. On this scale

(the decibel scale) an increase of 10 units

The new sound intensity level is

A = 10IoS
( 1

^T)

= 10 log 10"

- 40 dB

Source of sound
Intensity

leveljdti

Pressure

amplitudefPa

Threshold of hearing 0 0.00002

Falling leaves 10 0,00006

Radio studio 20 0,0002

Whisper 30 0.0000

Library 10 0,002

Office space 50 0,000

Conversation 60 0,02

Room with IV on 70 0.06

Noisy street SO 0,2

Rock concert 110 6

Pain setting in 120 20

Pneumatic hammer no 60

Jet plane 3 m away H0 200

Table 11,1 Typical decibel values and the corre-

sponding amplitude of the sound wave in pascal.

The increase is thus 20 dli.

Note: Since the increase in Ihe intensity level Is

proportional to the fractional increase in intensity,

we could have written directly

1 0 Jog 10
J = 20 dB

Q3
One sound has intensity 2x10 " Wrn and

another has intensity 4 x IP" W irr*. What is the

difference of ihe sound intensity levels?

Answer

The first sound has intensity level

- 10 log (2 x 10*')

^ 61 dB
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The second sound has intensity level

= 10 log (4 x 10")

= 46 tie

Their difference is thus 17 dB.

Qi mmni —
The sound intensity level in a room is 70*0 dB. A

radio produces sound of intensity level 72,0 dB,

What is the sound intensity level in the room

now?

Answer

The intensity in the room is found from

70 da = 10 log

1
= to

7

io- 1J

t = IG~’’ Wm" J

Similarly, the intensity due to the radio is

72dB-10toE
( j

7\

= 1U'
10 11

I = lO'^Wm' 1

The combined intensity is

4*i =(10'*+ lO^'jWm J

Thus, the new sound intensity level is

/ 10”^ + 10
- "

10|OE
( 10'- )

= 74 -1dB

Note: It is important to realize that it is intensities

that must be added not the sound intensity levels

in decibels.

Q5 mnHHmwmigBg : aimuli

A shouting voice has a power output of about

10 ’ W. At what distance from the source is the

sound intensity level 80 dB?

Answer

Using

P = 10tog (~»)

= 80

^ I - 1G”
1 W m _J

Now using the definition ol intensity

P

4wr’

it follows that

— 0-89 m

Q6 — mm̂ mm yggfii ii 1 1m
Assume that in a football stadium 40 000 fans

cheer their teams, each producing a power output

of 10“ 1 W. If the average distance of the fans from

the centre of the stadium is 1 50 lit, find (he sound

intensity level there.

Answer

The combined power output is

40000 x to ' W = 40 W. The intensity at the

centre of the stadium is thus

40

4tt El SO)

3

= f ,41 x I Q^WrtT 2

aund intensity level i:

/ 1.41 x IQ"'
1

\

‘M io-« -J

Frequency response and loudness
r

rhe human ear has a threshold when it comes

to the frequency of the sound wave. The lowest

frequency that can be heard is about 20 Hz and

the largest about 20 kHz, With age, the upper

frequency threshold is reduced.
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J lie ear is uoi equally sensitive at all

frequencies.pus means that the ear

responds differently to a sound ofgiven

intensity depending on the frequency of

the sound.

Thus, the statement made earlier that the

normal human ear has a threshold of hearing

of 1.0 x W m J

is correct provided the

sound has a frequency of 1000 ! Iz, Sounds of

larger or smaller intensity than this may he

heard or are barely audible depending on the

frequency of the sound. The graph in Figure 11.8

shows the intensity level of barely audible

sounds (the threshold of hearing) as a function

of frequency. Thus, a sound aL 100 Hz must have

an intensity level of 35 dB to be barely audible,

and a sound at 20 Hz must have an intensity

level of 72 dB. All points on this curve are

perceived by the ear to have Ihe same loudness,

even though they have different in tensities.

These points define the ‘zero phon loudness

curve'. The l

/V phon loudness curve' consists of

those sounds that the ear perceives to be

equally loud as a sound ofN dB at 1000 Hz.

mtens.ll//dB

Figure 11.8 The threshold of hearing curve as a

function of frequency. A sound of frequency

3 kHz is just audible even at -8 dLS.

The ear is most sensitive for frequencies

around 3 kHz and least sensil Ive for

frequencies less than (about
)
50 llz and

higher than (about
l
10 kHz.

The sensitivity of the human ear for frequencies

around 3 kHz can be understood in terms of

resonance in the car canah The canal can be

thought of as a lube with one open and one

closed end, so standing waves in this Lube have

a wavelength in the fundamental mode equal

to 41, where l is the length of the canal -

about 2,8 cm (see Figure 11.9),

2,8 cm

Figure 11.9 Schematic diagram of standing waves

in the ear canal.

This means that the frequency corresponding to

this wavelength is

f =
540

(Tn2
= 5036 Hz

which Is in good agreement with the most

sensitive frequency.

Pitch

Pitch’ is a subjective characteristic of sound. It

measures how high or low a sound is. It is

determined primarily by .frequency (which is why
pitch is often taken to mean the same thing as

frequency) bat also by intensify. Imagine a pure

tone of frequency 100 Hz that is sounded first

at low intensity and ihen at high intensity'. The

louder sound will ‘feel’ lower in pitch than the

soft sound.

Frequency separation in the cochlea

As mentioned earlier, a complex sound can. in

general, be decomposed Into its component

harmonic waves.

^ The ear analyses the different frequencies

of a sound wave reaching it in the cochlea.
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A wave entering the oval window navels along

the basilar membrane, which separates the

tympanic canal from the cochlean duct. The

basilar membrane decreases in stiffness along

its length [of about B5 mm). The velocity of the

sound wave is thus high at the beginning of the

membrane and drops along its length. In

general, the response of a given point on the

basilar membrane is small unless that part

of the membrane is in resonance with the

sound wave.

From the pioneering work of Georg von

Bekesy in the 1 9 50s. we have learned that

the beginning of the basilar membrane is

in resonance with high frequencies and

the end with low frequencies. The brain

i bus perceives frequency by locating the

part of the basilar membrane that is

vibrating.

This is done through the organ of Corti, which

lies on the basilar membrane, and its hair cell

receptors, which feed the information into the

nerves that end at the base of the receptor cells.

A wave of frequency 3 kHz will be in resonance

at a point at about 2.5 mm from the beginning

of the basilar membrane, a frequency of 1 kHz

will be in resonance at a distance of about

22 mm and a frequency of 100 Hz will be in

resonance a full 32 mm along the basilar

membrane [see Figure 11.10),

wnplitmfe tkHz .300 Hz
‘ * .

/• SkMz / p« _ e"
B*

* * • *

* * _ u B *

*--—F—*% *
\

1

\
*

—

n IQ 20 30 r/mm

t t
scopes apex

Figure 11.10 The amplitude of vibration of the

basilar membrane for three different

frequencies as a function of distance from the

stapes. The point oflargesl amplitude shifts

toward the apex of the basilar membrane as the

frequency decreases.

Hearing defects

Two hearing losses maybe distinguished

* Sensory nerve deafness, which involves damage

to the hair cells and neural pathways (e,g.

due to tumours of the acoustic nerve or

meningitis).

* Conduction deafness, in which damage to the

middle ear prevents the transmission of sound

into the cochlea. ('Hi is may be due to the

plugging of the auditory canal by foreign

bodies, such as wax, thickening ofthe ear

drum because of repeated infections,

destruction of the ossicles, or loo rigid an

attachment of the stapes to the oval window.)

Hearing can be monitored with an audiogram:

the patient is supplied with very faint sounds of

a specific frequency through earphones and

their intensity is increased until they are just

audible to the patient. A typical example is the

audiogram of Figure 11.11 [consider first the

data points represented by circles). At a

frequency of 1 000 Hz a sound must increase in

intensity by 45 dB and at 4000 Hz by 70 dB if

these sounds are to be audible to the patient.

This defines what i s cal 1ed a hearing less in d B.

At 1000 Hz, therefore, the intensity of sound

must be increased (for example, by a hearing

aid) by a factor of

A0 = 45 dB

= 10 log —
h

^ j0 x to4 5

where 4 is the intensity prior to amplification.

This audiogram shows a substantial loss of

hearing, especially in the higher frequencies.

The damage was possibly caused by excessive

exposure to loud sounds over very long periods

of time. Ageing, which also results in hearing

loss, would show in a more gently varying curve

in the audiogram and with smaller loss in

decibels.

Sound can reach the cochlea through the bones

of the head and thus the audiogram is

performed not only with earphones but also
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Figure Ti ll Audiogram far air (circles) and bone
(triangles) conduction.

with an oscillator (placed at the bottom of the

skull) that transmits the sound into ihc bones.

The data points represented by triangles in the

audiogram in Figure 11.11 are the results of

bone transmission.

Iltere is a gap between the two sets of data

points of about 2b dB (at 1000 Hz). This is most

likely an indication of a conduction hearing

problem, the origin of which is in the middle

or outer ear. Audiograms in which the data

points for air and bone conduction almost

coincide indicate cochlt’o/nerve problems in the

inner ear.

In conductive hearing loss (where the sound

does reach the inner ear) use of a hearing aid

that amplifies the sound may help a patient. A
hearing aid responds to and amplifies sound

within a limited range of frequencies (the

frequency range of human speech) bur does not

work well outside this range. For sensory nerve

hearing loss, where the damage is to the hair

cells, a caclilt'ur implant may be useful. This is a

device that consists of a microphone to pick up

the sound, a signal processor to convert the

sound into an electrical signal and a

transmission system lo transmit the electrical

signal to electrodes. The electrodes are then

surgically implanted in the cochlea. Different

electrodes are stimulated according to the

frequency of the sound so. in effect, the

cochlear implant mimics the function of the

cochlea. Assuming that enough healthy nerves

are left near the electrodes, stimulation of the

electrodes induces stimulation of the

neighbouring nerves and the signal can be

carried to the brain.

Speech recognition

All the information in speech is contained

within the frequency interval from 200 Hz

to 6 kHz. Noise and loss of frequency

discrimination affect speech intelligibility.

Generally, the meaning of a sentence can still

be extracted from context but the

intelligibility of isolated words is more

strongly affected. The shorter the word, the

bigger the loss of intelligibility. It has been

found that, in cases of hearing loss at high

frequencies (>3000 Hz), amplifying the sound

does not help the patient to identify spoken

syllables. Similarly, the inability of the cochlea

to correctly identify frequencies also leads to

errors in the identification of syllables.

1 A point sound source emitting uniformly in all

directions is observed lo have a sound intensity

level of 70 dB at a distance of 5 m. Whal is ihe

power of the source?

2 Die sound level intensity of a screaming child

in a room is 75 dB. Whal is the sound level

intensity when iliree screaming children are put

together in the same room?

3 The sound intensity level a certain distance

from a source is 68 dR. If the distance lo the

source is halved, what is the new sound

intensity level?

4 The sound level intensity oi a given sound

wave is 15 dB higher than that of another

sound wave. Whal is the ratio of the intensities

of the two waves?

5 If a radio creates sound oi intensity level 7t) dB r

how many radios are required to create sound

of intensity level 80 dB?

6 The audiogram ul Figure II .11 shows that the

loss in dB for a person at 400D Hz is 70 dB,

What is the least intensity of sound this person
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can hear at 4090 Hz? (Use the diagram oi

Figure 11,6 la find the threshold of hearing at

4000 Hz.)

7

Figure 11.12 shows the threshold of hearing

curve for a patient- Explain what this means.

What is Ihe frequency at which this patient is

most sensitive? What is the intensity of sound

this patient receives at 200 Hz?

irttensity/dB

frequency^?

Figure 11.12 For question 7.

8 What is the reason for employing a logarithmic

scale for sound intensity levels?

9 What can you conclude from the audiogram

shown in Figure 11.1 3? Bone conduction is

represented by triangles and air conduction by

circles,

toss in dR

frcqucncy/Hz

Figure 11.13 For question 9.
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Medical imaging
I his chapter Introduces the use of X-rays and ultrasound in medical imaging. Other

imaging techniques such as PEI scans and the method based cm nuclear magnetic

resonance are also discussed. The chapter doses with a short account of the diagnostic

use of radioactive tracers.

nuclei), beta partides (fast electrons), gamma
rays and radioactive isotopes have uses in

medicine or have an effect on living organisms.

Table 12.1 gives a summary of the main

properties of these radiations.

If we consider a point source of X- or gamma
Fays radiating uniformly in all directions, the

Intimity at a distance r from the source falls off

according to an inverse square law* We have

a 7

Mature Helium nucleus Electron Photon

Mass (in units nfthe proton mass) 4 1/1840 0

Charge -2e -e 0

tons produced per mm of path TOGO l

Stopped by A few cm of air A few nun of Al 10 cm of i
Jb

fable 12.1 The main properties of different forms of radiation.

Properties of radiation

The uses of radiation in medicine fall into two

classes: first in diagnostic imaging (described in

this chapter) and second in radiation therapy

(discussed in Option 13). The first radiation to be

used in medicine was X-rays - short-wavelength

electromagnetic radiation (photons) discovered

by W. Romgen in 1895. Other ionizing

radiations, such as alpha particles (helium

Objectives

By the end of this chapter you should be able to:

* state the properties of torctefng radio lions;

* state the meaning of the terms quality of X-rays, hal/vuhe thickness (HVT)

and linear attenuation coefficient

m perform calculations with X-ray intensity and HVT, /= /0 e "*
, HVT =

* describe the main mechanisms by wliiefi X-rays lose energy in a medium;

- state the meaning of/Jiiorascopy and movingfilrn techniques;

* describe the basics ofCTond PET scans;

* describe the principle o/MRJ:

- state the uses of ultrasound in imaging:

* state the main uses of radioactive sources in diagnostic medicine.
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seen Lhe argument leading to this result before

in this hook.

Lei Y be the energy; per unit time fthe power)

radiated by the source, Tire energy radiated

can be thought to pass through the area of a

sphere of radius r and so the energy per unit

area of the sphere js

4ffr 2

This is the intensity of the source at a

distance r from it.

temple questions

Qt

A radioactive gamma ray source lias an activity or

5Q kBq, Each gamma ray radiated has an energy

Ol 0.2 MeV. What is the intensity of the source at

a distance of 25 cm?

Answer

The power radiated by the source is

P =—
At

= 50x1

0

J x 0.2 MeV s
_1

= 1.6 x 1 D
- "

11 W

/ =

and so the intensity 25 cm away is

P

Qnr 1

1-6x10-*— ——— VV m
4 7T x (0.2S) 2

= 2.04 x 10’ HJ W m“ J

Q2
By what factor is the intensity reduced when a

worker doubles his distance Iron a source of

X-rays?

radiation, the fall in intensity is exponential.

The degree to which X-rays can penetrate

matter is called the quality of the radiation.

It can be shown that the transmitted

intensity decreases as

/= la e-'
u

Here p is a constant called the linear

attenuation This coefficient can be

determined from the slope of a plot of the

logarithm ofthe intensity versus distance.

It depends both on the Uniterm! rFirvmgh

which the radiation passes and on the energy

of flite photons, (See Figure 12.1 j

Jo

in-citlcm

intensity

intensity is

reduced!

inlens]ty./%

Figure 12j Attenuation of radiation through an

absorbing medium. The graph gives the

percentage of the intensity transmitted after

going through a thickness x of the material.

Answer

Since we have an inverse square law, lhe intensity

will be reduced by a factor of 4.

Attenuation

H K however, monochromatic radiation is

directed into a medium that can absorb

Tltis law is similar to the radioactive decay law

and we define by analogy the halfvalue thickness

(HVT), which is the length that must be

travelled through in order to reduce The

intensity by a factor of 2. Then

HVT=
Ŷ
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Figure 12.2 shows the dependence on energy of

the HVT for X-rays and gamma rays in water

Al the increased distance of 3 m the received

intensity is

liVT/cm

Figure 12.2 The half-value thickness as a function

of photon energy. The curve is the same for both

X-rays and gamma rays.

Lxumple questions

Q3
A metal sheet of thickness 4 mm and half-value

thickness 3 mm is placed in the path of radiation

from a radioactive source. What fraction of the

source's incident intensity gets transmitted through

the sheer?

Answer

/ = ID e"
w

_ / 0,693 x4\
= /"“ p

l
—-—

j

~ 0.397/p

that is, about 40% goes through.

Q4 mm
A worker used to work at a distance of 2 m from

a source of radiation. She now decides to move

away to a distance of 3 m and to work behind a

3 mm screen with HVT equal to 2 mm. By what

factor is the radiation she receives reduced?

Answer

Let P be the power of (lie source. At a distance of

2 m the worker received an intensity of

4jrr-

P

4ir22

P

16jt

= 0,0199 P

4,7 3 2

P

36br

After going through the screen, the intensity is

further reduced to

/= 4e"JI '

P
~

36^
exp

^

0,6 £J3 x
3
j

= 0.354
36fr

= 0,0031 P

The overall reduction is thus a factor of about 6.4.

> The main methods by which X-rays art

absorbed Hire the photoelectric and

Com pion effects.

In the photoelectric effect, the X-ray photon is

absorbed by an electron, which is then emitted

from its atom or molecule. In the Compton

effect, the photon gives part of its energy to a

free electron and scatters off it svith a reduced

energy and so increased wavelength. The energy

given to the electron appears as kinetic energy

for the electron. The importance of the

photoelectric effect is mostly for low-energy

photons and increases sharply with increasing

atomic number of the specimen upon which

the photons fall. The Compton effect, on the

other hand, does not vary much with energy

and increases linearly with atomic number, in

both cases the electrons can ionize matter

along their paths.

X-ray imagmg

As mentioned at the beginning. X-rays were the

first radiation to be used for medical imaging.

X-ray machines used for taking an ordinary

"X-ray picture' operate at voltages of around

15-30 kV for a mammogram and at about

50-150 kV for a chest X-ray fsee Figure 12.3),
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Figure 123 Schematic diagram of an X-ray tube.

ft At these voltages the dominant

mechanism for energy loss by the X-rays is

tile photoelectric effect, Since Hies effect is

strongly dependent on atomic number and

there is a substantial difference between

Hie atomic numbers of the elements

present in bone [Z 1-1 J and soft tissue

!/
- 7), it follows ! h;t| bone will absorb

X-rays much more strongly titan soft tissue.

Hence, the X-ray picture will show a

contrast between bone and soft s issue.

Figure 12.4 The shadow cast is blurred when the

source is extended,

must be made as point-hJce as possible (sec

Figure 124).

The quality of the image is thus improved if the

film is as close to the pat ient as possible, or if

the distance from the source to the patient is

large. {In the latter case, the intensity of X-rays

reaching the patient is diminished, which in

turn implies a longer exposure time.) The image

is also improved if as many scattered rays as

possible are prevented from reaching the film,

(Sec Figure 12.5.)

The X-rays Lhai are directed

through a patient's body will

penetrate the body and those

that make il through to the

other side fall on photographic

jthfi, which they expose. In

Lhose cases where there is no

substantial difference

between the 7 number of the

area to be imaged and the

surrounding area, the image

can be improved by giving

the patient a contrast medium. Usually this

consists ofwhat is called a barfum meal, barium

sulphate, which the patient swallows. When
this moves into Lhe intestinal tract and an X-ray

is taken, the barium will absorb X-rays more

strongly than the surrounding tissue, resulting

in a sharper image. The image created by Lhe

X-ray on the film is actually a shadow of the

high-Z material in the body fc.g, bones) against

the surrounding low-7 tissue. To increase the

sharpness of Lhe shadow the source of X-rays

Figure 12,5 A beam of X-rays entering a patient.

Scattered rays blur the image.

This can be achieved with lhe use of a grid of

lead (i.e. X-ray opaque) strips, which are placed

between the patient and the film, as shown in

Figure 12,6, The strips are oriented along the

direction of the incoming X-rays, and so

scattered rays are blocked and do not make it to

the film. The strips arc about 0.5 mm apart.

This creates unwanted images of the lead strips

on lhe film, however. Die sc can be eliminated
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Lo some extent by moving the grid sideways

back and forth during exposure so that the

strip images are blurred.

Figure 12,6 The use of a grid with lead strips

blocks scattered rays, improving the image.

Low-energy X-rays will simply be absorbed by the

skin of the patient and cannot therefore penetrate

the body. Such X-rays arc usually removed from

the X-ray beam in a process called Jittering.

Because photographic film is much more

sensitive to ordinary visible light than to X-rays,

the time of exposure in making an X-ray image

needs to be longer. However, it can be

significantly reduced by using intensifying

screens. An intensifying screen is a piece of

plastic containing lluorescent crystals in the

top and bottom surfaces and a double-sided

photographic film in between. X-rays that have

gone through the patient enter this screen and

transfer some of their energy to the crystals.

The energy absorbed by the crystals is then

emitted as visible light that exposes the film.

(Sec Figure 12.7.]

front intensifying screen

double-aided film

hack intend tying serve n

metal shield

Figure 12.7 The use of intensifying screens

increases the brightness of the image.

In another X-ray technique called /I worescepy. a

noal-Lfme dynamic image is created on a IV
monitor. X-rays that have passed through the

patienL fall on a fluorescent screen and visible

light is emitted. Ihe photons cause the

emission of electrons from a photosurface,

which are then accelerated by a potential

difference so that they fall on a second

fluorescent screen from which they cause

emission of light that is fed into the TV
monitor.

The advantage of the real-time image is,

however, outweighed by the unusually high

doses of radiation the patient receives in the

process.

Computed tomography (CT scan)

One of the biggest advances in the medical use

of X-rays has been The discovery (in 1973).

through work of G.N. Hounsfield and A.

Cormack, of a technique known as computed

(axial) tomography (CT) or computer-assisted

tomography (CAT). This diagnostic method has

made possible much more accurate diagnosis

with much less invasive action on the patient. It

does use X-rays, however, and so its use does

present dangers to the patient. A complete

brain CAT scan lasts about 2 s and a whole-body

scan lasts about 6 s.

Imagine a patient standing up with a beam of

X-rays directed horizontally, at right angles to

the long vertical axis of the partetU. The CT
scan creates an image of a horizontal slice

through the patient. In Figure 12.& we look at a

patient (represented by the grey circle) from

above. A movable source of X-rays emits a beam

that is confined to a horizontal plane and

travels through the patient's body so that it is

received by detectors on the other side. The

source then is rotated so that the beam enters

the body from a different angle.

The use of many detectors as opposed to just

one cuts down the time required for the scan

and the amount of radiation deposited in the

patient. The detectors record the intensity of

Lhe X-rays reaching them and the information
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Figure I2i£ In a CT scan, an array of detectors

records the X-rays passing through the palienl

in a given direction and the amount of

absorption in each pixel is computed.

is then sent to a computer, which analyses the

data and constructs the image.

The image is constructed as follows. Imagine for

convenience that the horizontal slice to be

imaged is broken down into a square grid of a

suitably small size so as to get acceptable

resolution. Typically the size of the grid is

about 2 mm or smaller. The objective is to get

information about the amount of X-rays that

has been absorbed by each grid element (also

called a pixel). A detector, of course, only

measures the total amount of X-rays absorbed

along a straight line joining rhe source of X-rays

to the detector. A method is needed to find the

amount absorbed by each pixel. This is done by

a compute r using sophisticated mathematical

techniques. To illustrate the point, consider an

oversimplified example in which the area to be

imaged has just 4 pixels (see Figure 12.9a). The

numbers next to the arrows indicate the total

amount of' absorption along l he direction of the

arrow in arbitrary units, ir the amount or

absorption in each pixel is A, 0, C and LX we

have, for example* that A + B = 14. In a real

situation, there would be tens of thousands of

pixels and fast computer techniques must be

used to determine the individual amounts of

absorption in each pixel. Once the numbers for

each pixel are found, a colour code can be

applied to each pixel to represent its

absorption. Here we use shades of grey - darker

shades meaning higher absorption - to gel

Figure 12.9(b) using the values A = 8, B = 6,

C = 3, D = 9,

Figure 12.9 (a) The detectors measure the total

amount of absorption in a given direction,

(b) On the basis of these measurements the

computer then assigns absorption values to

each pixel.

Other imaging techniques

Magnetic resonance imaging (MR1)

Magnetic resonance imaging is based on a

nuclear physics phenomenon known as nuclear

magnetic resonance and is a superior method to

the CT scan. Unlike (he Cl' scan, the image is

constructed without dangerous radiation

(despite the word nuclear) but it is significantly

more expensive.

Electrons and protons have a property called

spin (sec Option J1 in Option
J,

Particle physics}.

Particles with electric charge and spin behave

as tiny microscopic magnets - the teclinical

term is magnetic moment. In the presence of

an external magnetic field, the magnetic

moment will align itselfeither parallel f spin-

up 1

) or anti parallel (‘spin-dawn’) to the direction

of the magnetic field.

Protons inside nuclei belong to energy levels of

specific energy. If the protons are put in a

region of external magnetic field, the energy of

the level will change depending on how the

proton magnetic moment aligns itself with

respect to the magnetic field (see Figure 12,10).

The difference in energy between the split

levels is proportional to the external magnetic

field.

As seen from Figure 12.10, the state with spin-

up has the lower energy. If a radio-frequency
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spirt- down

Figure 12.10 A normal energy level splits into two
in a magnetic field. The state with spin-up has a

lower energy than the state with spin-down,

(RF) source (Le. electromagnetic radiation)

provides energy to a sample of hydrogen

nuclei in a magnetic field, the protons in the

lower energy spin-lip state may absorb photons

and make a transition to the higher spin-down

state. This will happen if the frequency of the

electromagnetic radiation corresponds to the

energy difference between the spin-up and

spin-down stares (an example of resonance}.

Once the transition to the higher energy state

is made, it will be followed by a transition

down again with the accompanying emission

of a photon of the same frequency. Detectors

can record these photons and techniques

similar to CT scanning are used to create the

magnetic resonance image so that the

photons detected can be correlated with

specific points of emission. Of great interest in

MRI is the rate at which the transitions take

place, since the rate is related to the type of

tissue in which the transition occurs. Thus*

measuring the rate gives information about

the type of tissue.

The point of emission of the emitted photons

can be Located by placing the patient in an

additional magnetic field that destroys the high

degree of uniformity of the original magnets.

Suppose that the magnetic field now varies

across the patient (shown in cross-section in

Figure 12,11}, so that it becomes stronger as we

move upwards. Imagine that the variation of

the magnetic field is the same along horizontal

planes through the patient.

The frequency that can be absorbed by the

hydrogen nuclei depends on the external

magnetic field, so for a fixed RF frequency only

one plane within the body will have the correct

value of magnetic field for absorption to take

place. To measure absorption in other planes

through the body, the frequency of the RF

source can be varied. The image so created

shows the density of hydrogen nuclei since it is

hydrogen that is primarily responsible for

absorption. More sophisticated techniques

measure the rate at which excited nuclei return

lo their ground state (the relaxation rimes) and

these produce images of especially high

resolution. Different kinds of tissue show

different relaxation times, thus allowing the

identification of tissue type.

Positron emission tomography

(PET scan)

This technique is similar to the CT scan and

involves the annihilation of an electron and a

positron (the antiparticle of the electron) and

KF receiving coil

large

external

untune l

iran&mming coil

Figure 12.11 In MRI the patient is surrounded by powerful magnets that produce very

uniform fields, and RF coils. The magnetic field is given a gradienl it is made stronger at

some places. Here the field increases as we move upwards.
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the detection of the two photons so produced.

The patient is injected with a solution of

radioactive material containing isotopes that

decay by positron emission. As soon as the

positron is emitted, it will collide with an

electron in the tissue of the patient. ITlc

electron-positron pair will annihilate into two

photons each of energy 0.511 MeV

e" + e
+ —* 2y

The electron-positron total momentum is,

esscn dally, zero, which means that the two

photons must move in opposite directions with

the same energy (in order to conserve

momentum). The detectors surrounding the

patient (see Figure 12.12) can therefore

determine the line along which the emissions

took place and eventually locate the point of

emission. PET scans have a resolution of about

1 mm. They are used mainly for biochemical

and metabolism-related studies. They produce

superior brain images.

Lltfieciors

a lung ring

;)round paliiiil!

photons, produced

hy nrvnihiltillnn rtf

electron positron

pair

Figure 12,12 The patient is surrounded hv a ring oE

detectors which record l he line along which the

two photons are emitted.

X-mys cannot produce an image but ultrasound

can. One disadvantage ofultrasound is that the

images are not as detailed as those from X-rays,

'File ultrasound is emitted towards the patient s

body En short pufses. typically lasting 1 ^s, and

their reflections off surfaces of various organs

are detected. The idea is thus similar ro snuor.

The speed of sound in sofL tissue is 1530 m s'
1

,

similar to that in water. This means that the

wavelengths involved are 1.53 mm for l MHz
waves and 0.154 mm lor 10 MHz waves. Thus, if

we use 1 .MHz waves, the length of the pulse is

1.54 mm and so contains just one full wave. For

10 MHz waves, the wavetrain contains 10 full

waves. In general, diffraction considerations

place a limit on the size, d. that can be resolved

by a wave of wavelength A, The constraint is that

X <d

If a resolution of a couple of millimetres is

required, the wavelength used must therefore

be tess than a few millimetres. In view of the

frequencies used, this is not a problem. As we

saw, a 10 MHz ultrasound has n wavelength of

about 0.15 mm and so. in principle, such an

ultrasound can see
1

objects of linear size of

about 0,15 mm.

On the other hand, m practice, the pulse used

must contain at least a few full waves for

resolution to be possible,

> Thus, in the case ofthe ultrasound

frequencies used in medicine, it is the

pulse duration, and not diffraction, that

sets the limb on resolution.

Ultrasound

A major tool in diagnostic medicine is

ultrasound. Ultrasound is sound that is not

audible lo the human ear - its frequency is

higher than about 20 kHz. The ultrasound used

in diagnostic medicine is in the range of about

1 to 10 MHz. Ultrasound has the advantage over

X-rays En ihatir does not deposit radiation in the

body and no adverse side effects ofits use are

known. For certain organs, for example the lungs.

The frequency used is usually determined by

the organ to be studied and the resolution

desired, A rougEi rule is to use a frequency

given by

f = 200 ~
u

where i is the speed of sound tn tissue and J is

the depth of the organ below the body surface,

(In other words, the organ should be at a depth

of about 200 wavelengths
j
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I vtmpU- question

Q5 wmmmmamam
The stomach is about 10 cm from the body's

surface. What frequency should he used to gel a

scan of the stomach?

Answer

Applying the formula gives

^ 200-

1540
= 200 x— Hx

0.10

*s 3MHi

The source of ultrasound is a transducer that

converts electrical energy into sound energy.

This is based on a phenomenon called

piezoelectricity. An alternating voltage applied

to opposite faces of a crystal such as strontium

titanare or quartz will force the crystal to

vibrate, emitting ultrasound (see Figure I2 +13).

Similarly, ultrasound falling on such a crystal

will produce an alternating voltage at the faces

of the crystal. This means that the source of

ultrasound can also act as a receiver.

ervstal

In AC source

incident, /< the transmitted and I
t
the reflected

intensity then

h _
AZ,Zt

fa (Z, + Zi )

2

K = (Z,

h (Z, + 7zy

This shows that for most of the energy to be

transmitted, Lhe impedances of the two media

must be as close to each other as possible

[impedance matching). The impedance of soft

tissue differs from that of air by a factor of

about ID
4

, so most of the sound would be

reflected by rhe body. Hits is why the area

between the body and the transducer is filled

with a gel-like substance whose impedance

matches that of the body.

In a type of ultrasound scan called the A sca n,

the ultrasound pulse is directed imo the body

and the reflected pulse from various interfaces

in the body is recorded by the transducer. This

time it converts the sound energy into electrical

energy. The reflected signal is then displayed on

a cal hode-ray oscilloscope. The CRD signal is. in

fact, a graph of signal strength versus time of

travel from the transducer to the reflecting

surface and back. An example of such a trace is

shown in Figure 12.14.

Figure 12. 13 A piezoelectric crystal

vibrates when an AC source is applied

to it.

The sound energy must then be directed

into the patient's body. In general, when a

wave encounters an interface between two

different media, part of the wave will be

reflected and part will be transmitted into

the other medium. The amount of

transmission depends on the impedances

of the two media. Acoustic impedance is

defined as

Z ~ pv

where p is lhe density of lhe medium and v is

the speed of sound in that medium. The units

of impedance are kg in
-2

s“V If /& is the

signal strength

transducer
time

skeleton

Figure 12.14 A short beam of ultrasound is

directed into lhe patient. The beam is partially

reflected from various organs in the body and
the reflected signal is recorded. The dots at the

top of the figure represent the strength of lhe

reflected signal.



12 Medical imaging 709

The dots in the graph show another way of

re presell ling the results. The dot brightness is

proportional to rhe signal strength (darker

colours representing stronger signal).

The A scan provides a one-dimensional image.

Imagine a whole series of A scans performed by

sending parallel beams of ultrasound into the

patient by a transducer that moves up along the

surface of the body or by a series of transducers,

as shown In Figure 12.15.

Figure 12.15 As ihe source of ultrasound is moved
along the body, a series of dots whose brightness

represents the strength of the reflected signal is

formed. These dots build up the ultrasound

image.

If the A scans are put together, the result is the

dots on the right of the diagram, which begin to

form an outline of the surface of the organ in a

(wu-dimcNsional image. A series of transducers are

put on the body and each sends one shorl pulse

after the other. Typically, the time delay

between two consecutive signals is 1 ms.

When lire results are displayed cm ihe

CRO screen, the Linage is u rml-hine, fwu-

rfunmsiomd repnEsentution: qfthr ofrfect wfuVh is

viewed as a movie. This is called a B scan.

Ultrasound can also be put to other uses. One is

to measure blood-Flow velocities and foetal

heart movement. Ultrasound is directed at the

heart, say, and the reflected signal detected.

Because the heart moves, the reflected signal

will have a slightly different frequency because

of the Doppler effect. Comparison of the

emitted and received frequencies gives the

speed of rhe reflecting surface,

Tlie various imaging techniques described are

summarised in Table 12.2.

Diagnostic uses of radioactive

sources

Radioisotopes are used for diagnosis and to

monitor specific body organs and their

functions. Uses include the monitoring of the

thyroid gland using radioactive iodine,

measurement of body fluids, studies of how
food is digested, vitamin absorption, how amino

acids are synthesized, how ions can penetrate

cell walls, etc. Most commonly used is the

radioisotope technetium-99
(

)S
^Tc), a

Method Resolution Advantages Disadvantages

X-rays 0.5 mm Cheap Presents radiation danger; same organs are

not accessible; some images are obscured

CT scans 0.5 mm Can distinguish between

different types of tissue

Presents! radiation danger

MRI 1 mm Presents no radiation dangers;

superior images; can distinguish

between different types of tissue

Expensive; difficult for patients who are

claustrophobic

Ultrasound 2 mm Presents no radiation dangers Some organs are not accessible

PET scans 1 mm Organ function studies;,

superior brum images

Some organs are nol accessible

Table 12.2 Advantages and disadvantages of different imaging techniques.
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metastable (i.e. long-lived} excited slate of

technetium 99, ft is produced in the decay of

molybdenum-99:

“ c + a We + o/

The produced technetium Lhen decays by

gamma emission

’ll
lL

45
IC + <}Y

Hie photon energies are about 140 keV. This is

an advantage since any alpha or beta particles

emitted would be absorbed within the body and

would nor reach an outside detector; also,

photons of these energies are easily detectable.

Technetium has a half-life of about li, which is

conveniently short, and can combine into a

large number ofcompounds.

Technetium is useful in diagnostic studies of

most body organs, such as the heart, the lungs

and the liver. In investigations of calcium

absorption by bones, technetium and calcium-

45 or calcium-47 are used. Iodine-131 is another

commonly used radioisotope. It is used in blood

volume measurements and in studies of the

thyroid gland. Thallium-201 is used in studies of

muscle function and disease.

The compound to be tagged with technetium is

chosen according to what part or organ of the

body needs to be imaged - different compounds

will accumulate in different parts of the body.

The radioactive compound so formed is called a

Tadiophamwceulicat. This is given to the patient

(orally or by injection) and the radiation

emitted by technetium can then be recorded by

a detector placed over the relevant part of the

patient
T

s body. The amount of radiation

compared with the amount expected from a

healthy body then provides information about

the function of the particular body organ.

The example question that follows shows the

theory of a method used to determine the

amount of blood in a patient (who might have

been involved in an accident resulting in

massive blood loss).

Exam pie question

Q ft wmmmmmmmmmmmmmmmmmmmmmmmm
A patient is injected with 5 cm ' or albumen

labelled with iodine- 131 {albumen is part or rhe

blood plasma), A 5 cm 3 sample drawn from the

patient's blood has an activity of 1 no Hq, Another

5 cm !

of iodine- 131 is mixed with 3000 cm 1

or

water. The activity of a 5 tm 1 sample is found to

be 1 70 Bq, Determine the volume of blood of rhe

patient.

Answer

Let A he the activity of the 5 cm- or iodine- HI

,

Then ihe activity of 5 cm 1 drawn from the entire

blood volume v is

too = —A
V

The activity of Ihe 5 cm ! drawn from the diluted

sample is

and so dividing these two equations side by side

we find V — 5100 cm 1

,

1 figure E2.H> shows the fraction of X-rays of two

specific energies transmitted through a

thickness x of a sheet of metal.

(a) For each energy determine the HVT lor

ih esc X-rays in the metal,

(b) Which graph corresponds to X-rays of

higher energy?

intensity/%
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1

2 Figure 12,

1

7 shows the fraction of X-rays of a

specific energy transmitted through a thickness

x of a sheet of melai.

(a) Determine the value of the linear

attenuation coefficient for these X rays in

this metal.

(b) What thickness of metal is required to

reduce the transmitted intensity by 80%?

intensity^

Figure 12,17 For question 2,

3 A piece of melai 4 mm thick reduces the

intensity of X-rays passing through it by 40%.

What thickness of the same metal is required to

reduce the intensity by 80% ?

4 The HVT for a beam of X-rays is 3 mm. What

fraction or the X-ray intensity is transmitted

through I mm of this metal?

5 The X-rays used in medicine are usually not

monoenergetic (Le. of a single energy}. It is said

that these beams become "harder' as they are

allowed to pass through material. What is

meant by this statement and why is it true? The

HVT of a certain absorber for X-rays of energy

20 keV is 2.2 mm and that for 25 keV X-rays

is 2.8 mm. A beam containing equal quantities

of X-rays of these two energies is incident on

5.0 mm of the absorber. What is the ratio of

25 keV to 20 keV photons that are transmitted?

6 The intensity of a beam of monoenergetic

X-rays is 0.28 kW m“ ' at a distance of 20 cm

from the X-ray source.

(a) What is the intensity at a distance of 1 0 cm

from the source (assume no absorption

between the point of interest and the

source)?

fb) if an aluminium foil of thickness 3 mm and

HVT 2 mm is wrapped around the source,

what will the intensity be 10 cm away?

7 A radioactive isotope with a half- life of 1 4 h

and activity of 3.6 kBq is injected into a

patient's blood. A 1 0 cm* sample is taken from

the patient 6 h later and its activity is measured

to be 5,0 Bq. Estimate the volume of the

patient's blood.

8 What resolution can be achieved with

ultrasound of frequency 5 MHz? (Take the speed

of sound in soft tissue to be 1540 ms-1
,)
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Radiation in medicine
This chapter introduces the main effects of radiation on living things and the methods

used to measure the radiation absorbed.

Objectives

liy the end of this chapter you should he able to:

* outline die effects of ionising radiations on living things;

* describe how radiation is measured;

* solve problems involving absorbed dose, D — dose equivalent, Ji = 00
and exposure. X —

* state the mean i ng of halflife. biological half-l ife an d effective half] ife and

solve problems using ^
== }- 4- j~.

Biological effects of

radiation and dosimetry

We are all exposed to radiation in our daily

lives from either natural or artificial sources,

or because of special conditions in the

workplace. Natural sources include radon,

gamma rays from the earth, unstable isotopes

found in food and cosmic rays. Artificial

sources include the exposure to radiation for

medical reasons, radiations from building

materials, radiation from nuclear weapons
testing, and accidents in nuclear power plants.

Workers in research labs and radiology

personnel in hospitals are exposed to radiation

as a result of their work

The starting point ofany discussion on the

effects ofradiation on living matter might be to

realize that the energy that is required to break

a molecular bond is of the order of 1 eV,

Radiations That deposit energies of this order,

or more, are therefore bound to alter the

molecular structure of the matter they travel

through. It is now generally accepted that any

amount of radiation, no matter how small, is

harmful, and that in dealing with radiation the

following general rules must be followed:

* Keep as tar as possible from the source.

Keep the exposu re as shon as possible

Use shielding whenever possible.

The absorption ofeven a single photon of

energy by a single molecule of a living

organism may not be harmless. The absorbed

photon may have the effect of ejecting an
electron from 3rs molecule and this may imply

that the structure of the molecule changes. For

example, if the ejected electron was crucial in

the chemical bonds holding the molecule

together, then the molecule may break apart.

Enzymes may not operate correctly if the

molecule is altered in any way. It is also known
thaL irradiation of water produces very reactive

free radicals {sec t he reactions below). As most

living organisms contain water, the production

of these free radicals induces changes in the

chemical structures of the surrounding
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molecules with biological implications. Such

reactions include

H20 —> H2O 4- e

H^O + + H30-^ H*0+ + HO*

c- + H,0 ^ OH“ + H*

The damage of a few molecules from radiation

will not. in general, result in loss of function

for the cell, but if the amount of radiation

received is large, then the cell may not be able

to recover its function. By contrast, damage to a

gene will, in general, affect the function of the

cell. Radiation is particularly damaging to the

bone marrow, which is responsible for

producing blood cells, and seriously impairs the

human immune system. Titus, leukaemia and

other forms of cancer are common results of

exposure to radiation.

To understand the effect of radiation on living

matter we must first define appropriate

quantities that measure the amount of

radiation received.

* Absorbed dose is defined as the amount of

energy b absorbed by a unit mass of Lhc

irradiated material, that is

m

where F is the energy absorbed by a mass

m. Its unit is joule per kilogram
i

|
kg' 1

)
and

this is defined as the gray (Gy),

An older unit still in use is the rad:

1 Gy = 1 J kg
1 = 100 rad

> The dij inagt’ produced by radiation is not

only proportional to the absorbed dose but

also depends on the type of rotation used.

Thus, we define the (fuse equivalent to be

H ~ QD

where 0 is a dimensionless number that

characterizes various different radiations. Tt

is called the quulityjtair ofthe radiation.

The unit of H is the same as that for

absorbed dose l Le. joule per kilogram) but

to distinguish the two quantities we use the

sievert (Sv) Tor the dose equivalent.

Another unit still in use is the rem (standing for

radiation equivalent man)

I Sv = 1 J kg"
1 = 100 rem

Table 13,1 gives the quality factor values of some

different types of radiation.

Type of radiation 0.

ph and X-rays 1

fast protons 1

Slow neutrons 3

Fail neutrons 10

u particles 20

Table 13,1 Quality factor values of different types

of radial ion.

‘ITie quality factor is related to the relative

biological equivalent, which is defined as

RGE =

ahsorhed dose Ip produce an effect with 250 keV X-rays

absorbed dose to produce sane effect with radial inn used

For our purposes here we will take Q and RBE.

to be the same.

Example questions

Q l

A person or moss 60 kg receives 0 B I of energy

from radiation of quality 5 to her whole body.

What is the absorbed dose? What is the dose

equivalent she receives?

Answer

The absorbed dose is

;n

0,8

1

“ 60 kg

= 13,3 mCy
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1 lie dose equivalent h

H = QD
= 5 x 1 3.3 mSv

= 66,7 rrtS-v

Q2——

—

A person of mass 70 kg receives a whole-body

dose equivalent of 30 mSv. Halt of this amount is

of quality 1 and the other half of quality 10. How
much energy did the person receive?

Answer

the dose equivalent is

H = QD

and so

15 = 1 x P,

=> D, = 1 5 mCy

=* F, - 70 kg x 15 x 1G
_1

1
kg'*

= 1 .05 I

and

15 = 10 X D:

=$ 02 = 1 .5 rnCy

-*> E2 = 70 kg x 1 .5 x 1 0 I kg
'

= 0.101

giving a total energy of 1 .1 5 J.

To get an idea of the meaning of the sieverl, note

that a dose equivalent ofmore than 100 Sv

results in death in a few days due ro massive

damage to large numbers of cells. With an

amount of about. 10 Sv symptoms of radiation

sickness (nausea , diarrhoea, vomiting) begin to

appear a few hours after exposure and death

Follows in a few weeks. In radiation therapy,

amounts up to 3 Sv are administered hut pat ients

have survived much larger amounts. A typical

chest X-ray examination gives 0.1 mSv and a

flight at a height of ft km gives 2 g.Sv per hour.

Generally, the danger increases with the amount

of dose equivalent and the probability ofcancer

increases by 1% for every sievert of radiation

received.

The international Commission on Radiological

Protection recommends that on a yearly basis:

* a person wo i kmg with rad ioa ctive xna teria 1 s

should not be exposed to more than 50 m£v;

* other adults should not be exposed to more

than 5 mSv;

* children should not be exposed to more than

0.5 mSv.

The ICRP’s recommendations for protection also

include short-term limits of exposure of:

* no more than 10 pSv per hour for y rays at a

distance of 10 cm:

* no more than 50 jjlSv per hour for (3 particles,

also at a distance of 10 cm from the source:

* particle sources with activity larger than

40 kHq should be avoided.

(Recall that the becquerel (Rq| is a unit of

activity and equals one decay per second.)

The amounts of dose equivalent from various

sources in everyday life depend on the Location

and elevation above sea level. Table 13.2

summarizes the average amounts of" radiation a

person receives in a year. Ihe total is 3.37 mSv
per person per year. Radon contributes 59% of

this radiation.

source

Equivalent

doseJmSv Percentage

Radon 2.0 59

Cosmic rays 0.27 K

Building materials. 0.30 9

Isotopes in brwjy from food 0,20 &

tsoiopes in the earth 0.20 6

Medical procedures 0.40 12

TOTAL 3.37 mSv 100%

Table 13.2 Amounts of radiation received per year

by an average person living in a modern city at

sea level

(The amount from cosmic rays increases by

about Q.2 mSv for every 1 km of elevation,)
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> A related quantity is jjjcposqnr, A, which is

defined as the total amount ofproduced

charge rj due to ionisation in a mass m of air

Ionisation means that positive and negative

charges are produced. In defining exposure we

measure only the positive charges. Hie unit for

exposure is coulomb per kilogram (Ckg '), Thus,

ionization of exposure 50 C kg 1 means that in

1 kg of air 50 C of positive or negative charge is

produced as a result of ionization by a particular

radiation. Hie exposure nice is defined as the

exposure per unit time, which is the amount of'

charge produced in 1 kg of air per second.

There is a connection between exposure

and absorbed dose. This is because in order

to produce one ion in air an energy of

approximately 34 eV is needed. Thus, lei I he

exposure of a given radiation be / (in units

ofC kg" 1

). This radiation produces

C 1 electrons

kg
X

1,6 x 10 19 kg

Each electron requires an energy of 34 eV and

thus the energy absorbed (absorbed dose) is

34 ev
D <in Cy) = f X

1.6 x 10—

’

~kg

= f x 34 —
kg

= 34£ (in Jkg ')

This is the connection between absorbed dose in

air and exposure. For materials other than air,

we must take into account the faci that it takes

different energies to produce an ton. Thus, the

relationship between exposure and absorbed

dose is

D (in Gy) = fE (in Jkg
s

)

where f is a factor that depends on the material

and the photon energy. For muscle, f is

approximately 40, independent of Lhe photon

energy. For bone* f drops from 150 at very low

photon energies to about 40 for energies up to

0,1 MeV. For higher energies, f stays at about 40.

Example question

Q3————

—

Potassium-40 f"
:

K) is a natural radioactive isotope

of ordinary potassium with a half-life of

1 .27 x l Q
4

yr. The abundance by mass of
4I K is

0,01 1 R%, "’"K decays by beta emission. The

electrons in this decay have an average energy of

0.44 MeV. Calculate the yearly dose equivalent

due to
4i
'K in a 70 kg body. The K content by

mass of an average human body Es 0,16%,

Answer

The amount of potassium-40 in the body of a 70 kg

person is

70 x 0.00 1 8 x 0,0001 1 8 kg = 1 ,5 x 1 0 J

g

The activity of this amount of
l

"K is A — A N 0l

where the decay constant can be found from

0.693
X =

Tm
= 1*73 X 10

,J r 1

and the number of
' :,1

K nuclei present is

\ 5 x 10 -z

N 0 = x 6.02 x10”
40

= 2.3 x )0
m

Thus, the activity is

A = A.N,,

= 1.7 x TO
-17

x 2.3 x 10*

- 3-9 x I D
3 Rq

The number of nuclei that decay in one year is

thus (approximately)

3.9 x I0
i x 365 x 24 x 60 x 60 = 1*2 x 10"

Each deposits an average energy of 0.44 MeV and

hence the total energy In a year is

1.2 x !0
n

x 0.44 - 0.53 x 10" MeV

= a.4 x io
_1

j

The absorbed (whole-body) dose is thus

8,4 x I0
_1

O =
70

— 0.1 2 mGy

Gy

Since the Q factor for electrons is 1 , the dose

equivalent is H — 0.12 m5v.
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Radiation therapy

Radiation is harmful to healthy cells, but it can

also be harmful to malignant, cancerous ceils.

Radiation can thus be used to destroy such

ceils. In radiation therapy. X-rays or gamma rays

can be directed in very narrow beams at the

collection of cancerous cells to destroy them. In

order to minimize the damage to the

surrounding normal cells, tissue and bone, it is

necessary to direct the beam at the tumour

from a number of different angles. This

assumes that the tumour is well localized and

it is only in this case that radiation therapy can

be effective. The energies of X-rays and gamma
rays used in cancer treatment vary from

200 keV to 5 MeV,

The tumour may also be injected or implanted

with radioactive material whose radiation is

released within the tumour, thus destroying it.

Radium, which is an alpha particle emitter, is

commonly used in this way. A related

technique is to give the patient a quantify of a

radioactive isotope of iodine, ^ll, which, once

in the blood stream, will accumulate in the

thyroid gland. Its radiation can then kill

cancerous cells in that gland. An isotope of

gold, ’^Au. collects in the lungs, destroying

cancerous cells in the fluids that line the

lungs.

Physical and biological half-life

A radioactive isotope decays, as we have seen in

nuclear physics, according to an exponential

decay law, so that the number of nuclei that are

undecayed after time t is given by

N = N0 tr“

or equivalently

(

T xUU/i

z)

where the physical decay constant XP h related to

(lie physical hal/-U/e through

0,693

Note that by differentiating this equation we

obtain

AN = -JLpjVAf

The activity of the isotope (i.e. the number of

decays per second) obeys a similar exponential

decay law;

A =

where the initial activity is given by Ar /V0 . Here,

and in the decay formula above, NQ stands for

the number of radioactive nuclei initially

present. When a radioactive isotope is taken in

by a patient, however, its activity falls off faster

than the law above implies. This is because the

number of Isotope nuclei in the body decreases

not only by radioactive decay (physical decay)

but also because some of the radioactive

material is removed front Lite body as waste

(sweat urine, etc,), in other words, by biological

decay. If we assume that the biological removal

of the isotope obeys an exponential law as well,

with a decay constant A, then in a time At the

number of nuclei removed is

AN ^ -kPNAt - AjijVAl

= “Af jV At

Ae = Ap 4- Ar

where A f is the effective decay constant, which

represents both physical decay and biological

decrease of nuclei in the body. Thus, we may

define effective, physical and biological hall-

lives from these constants and hence (recall the

definition of a decay constant)

I
1 J_

rE " rP
f

r„

\> In other words, physical half-life is the time

for half of the radioactive nuclei to decay

away and biological half-life is the time for

half of the radioactive nuclei to be removal

from the body by biological processes. The

effective half-life is the time for halfof the

radioactive nuclei to be removed by both

decay and biological removal.
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Example question

Q4 ihiMmn^#vmn

i

A radioactive isotope has a physical half-life of 24

days and a biological half-life of 1 2 days. If 4 g of

this isotope are injected into a patient, how much

is left after 24 days?

Answer

The effective half-life is

J__ _l_ J_
T 24

+
12

l’ = 8 days

After 24 days O.e. three effective half- lives) the

amount that is left is

"G)
=0-5 «

1 Plow much energy is deposited in a 70 kg

person who receives an absorbed dose of

radiation of 0.2 Gy?

2 How much energy is deposited in a 70 kg

person who receives a dose equivalent of

0.2 Sv of slow neutrons?

3 (a) Which does more damage, 1 0 Gy of alpha

particles or 10 Gy of gamma rays?

(b) Which does more damage, 1 0 Sv of alpha

particles or 1 0 Sv of gamma rays?

4 If a person receives 2 nSv per hour during a

flight at an altitude of 8 km, how many trips

can a person take in a year if their dose

equivalent is not to exceed 1 mSv. (Take each

trip to be 3 h long.)

5 A student with a broken leg receives X-rays

from a 50 keV machine. If the broken bone

has a mass of 0.75 kg and the equivalent dose

is 0.40 rnSv, find:

(a) the absorbed dose;

lb) the energy deposited in the bone;

(c) the number of photons absorbed by the

Ijone.

6 A beta ray source of activity 8.0 x 10* Bq

and a half-life of 6 h is injected into a

spherical tumour of radius 1 .0 cm and density

1 .3 x tO

3

kg m \ The energy of the electrons

emitted is 3.5 MeV, Calculate the dose

equivalent in the tumour 30 min after

injection. Mention any assumptions you make

in your calculations. How would the rest a It of

your calculation change if the source had

been a gamma ray source.

7 A patient is exposed for 5.0 s to a radioactive

source that emits gamma rays of energy

2.7 MeV. The activity of the source was

3.0 x 10 1J Bq, and about 3% of the gamma
rays reach the patient. If his mass is 70 kg,

find the dose equivalent he receives,

fl A 70 kg fX^rson stands at a distance of 5 m
from a source of gamma rays of activity

1 ,5 x IQ" Bq, exposing a body surface area of

0.09 nr lo the source, Lach gamma ray has an

energy of 1 .4 MeV. Assume lhat 1/4 of the

emitted gamma rays are absorbed by the

person.

(a) What is the intensity of the gamma rays at

the position of the person?

fb) How much energy does ihe person receive

in t s?

If the person works for 2 h near this source

find:

(c) the whole-body absorbed dose:

id) the effective dose she receives,

9 The radioisotopes used in therapy generally

have very much longer half-lives than those

used in diagnosis. Why is such a difference

desirable?
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Particles and interactions

Particle physics is the branch of physics that tries to answer two basic questions: What

are the fundamental building blocks of matter? What are Ibe interactions between these

building blocks? The history of physics has shown that, as we probe matter at

increasingly smaller scales, we find structures within structures: molecules contain

atoms; atoms are made of nuclei and electrons; nuclei are made of nucleons {protons

and neutrons); and the nucleons are made out of quarks. Will this pattern continue

forever, or are there final, elementary building blocks? And rf there are elementary

building blocks, are these particles or are they 'strings' as many recent theories claim?

These are the central questions of the part ot physics called particle physics.

Objectives

By the end of this chapter you should he able tot

- state the meaning of the term elementsty particle;

* identify the three classes ofelementary particles, the quarks, the leptons

and the exchange particles;

* understand the meaning of quantum numbers;

* state the meaning of the temi untiparticle;

* classify particles according to their spin;

* understand the Pauli exclusion principle and how it is applied;

* understand and apply the Heisenberg uncertainty principle for energy and

time;

* appreciate the meaning of the term virtual par ticle;

* describe t lie /wndamenrd intcrartians;

* state the meaning of the term interaction vertex:

* understand what is meant by TVynman diagrams;

draw feynman diagrams in order to represent various physical processes;

* apply the Hdseriberg uncertainty principle in order to derive the range of an

interaction.

Particl es and antiparticles

Ordinary matter, such as the chair on which

you sit. the air that you breathe and your own

body, is made using very, very many copies of

just three particles, the proton, the neutron

and the electron. We know that protons and

neutrons are made of smaller particles called

quarks. The proton and neutron are thus

composite particles. The electron, on the other

hand, is still believed to be an elementary

particle.
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A particle is called efententory if it is not made

out ofany smaller component particles.

Two elementary particles of ihe same kind,

i.e. two electrons, for example, are completely

Uenticuf There is no way one can tell the

difference between an election created one

second after the Big Bang and an electron

created by rubbing a plastic rod with fur

today.

In the 1950s and 1960s hundreds of other

particles were discovered. These are very

unstable particles and so are not found in

ordinary matter. A few of these are the pious

(tt' ,

7?"
" „ 7r°|, the kaons (K , K", K°), the etas

(Tj t tj ). the hyperons {£
+

, the il~ and

hundreds of others. These particles decay

with half-lives ranging from in 1

0

s to 1

0

" 24
s

.

Making sense oul of all these particles was

the main problem of particle physics in the

1960s.

The elementary parti cles

Almost a century of painstaking experimental

and theoretical work has resulted in what we

believe (today} to be the list of the elementary

particles of nature. This picture, one day. may
very well change. There are three classes of

elementary particles:

Quarks There are six types (or "flavours') of

quarks. They are denoted by u, d t s, c* b and r,

and are called up. down, strange, charmed,

bottom and lop, respectively. All of these have

electric charge. The up (u) quark is the lightest

and the top (t) quark is the heaviest. There is

solid experimental evidence for the existence

of all six flavours of quarks. A quark can

combine with an antiquark to form a meson.

Three quarks can combine to form a baryon.

The proton is a baryon made out of two u

quarks and one d quark. The neutron is a

baryon made our oftwo d quarks and one u

quark. (See Option J3.)

Leptons There arc six of these as well: the

electron and its neutrino, the muon and its

neutrino, and Lhe tau and its neutrino. They are

denoted by e , v L„ p. , and t , uT . We have

seen the electron and the electron neutrino

before when we learned about beta decay. The

muon is heavier than the electron, and ihe tau

is heavier than the muon. The three neutrinos

were once thought to be massless, just like Lhe

photon. There is now conclusive evidence thai

in lacL they have a very small mass. There is

solid experimental evidence for ihe existence of

all six leptons.

Exchange particles - This class of elementary

particles contains the photon (denoted by y) T

which we have met before. As we will see in

detail later, the photon is intimately related

to the electromagnetic interaction. We also

have the particles W : and ZD
, called the W

and Z bosons. Again, we will discuss how
these particles arc intimately related to the

weak interaction. Then we have eight

particles called gluons that are related to lhe

strong or colour interaction. Finally, there is

the graviton, which is related to the

gravitational force or interaction, There Is

solid experimental evidence for the existence

of all exchange particles except for the

graviton.

We must also mention the Higgs particle. It is

not known if this particle is elementary and it is

not normally listed as such. This mysterious

particle is very much needed, as we will see later,

Siut iL has not yet been detected experimentally,

Tire new generation of particle accelerator

experiments may very well provide evidence for

this particle as well.

The quarks and leptons are particles that

together account for what is ordinarily called

‘matter’, and the exchange particles are

associated with interactions or forces. AH the

above information is summarized in the Tables

J1.1-J1.3. (Spin will be discussed on page 721.) In

Lhe tables, electric charge is given in units of

t‘(l,6x 10“ 11
C), mass is given in MeV c~~, and

spin in units of ---
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Quark
flavour Symbol

Electric

charge/e

liest mass/
MeV r 3

. ,
h

Up u +i 330
\

Down d “i 333
a

Strange s 486 1

2

Charmed c + J
1 500 i

a

Humom b “1 4 700
2

Top l + 3
175 500 1

2

Tabl e J 1 , 1 Th e qu arks . Recau se of quark

confinement (see Option j3) the very notion of

quark mass is somewhat uncertain and beyond

the scope of this book. This is less of a problem
tor the heavier quarks (c, b and t}.

lepton Symbol

Electric

charge/e

Rest mass/

MeV c -
, ,

h

Electron tr~ -1 0.511
J

2

Electron

neutrino

v. 0 1

2

Muon A" -1 106
1

2

Muon
neutrino

vv 0 1

2

Tau r" -1 1 780 1

2

Tau Vt 0 1

2

neutrino

Table jlU The exchange particles.

Quantum numbers

Quantum ‘numbers' arc numbers [or properties)

used to characterize particles. There is one

quantum number that we know

already - that for electric charge. Ifwe use a unit

of electric charge equal to e — 1,6 x 10” 39 C then

we know that the electric quantum number for

the electron is — 1 , for tire proton + 1 , for the

neutron 0, and so on. Some (but not all}

quantum numbers arc conserved in interactions

(i.e, the total number before the react Eon is the

same as that after the reaction). The quantum

number for electric charge is always conserved,

A second quantum number is that of flavour.

Unlike charge, this is not specified by an actual

numerical value. Only quarks carry flavour, and

we have seen that there are sis types of flavour

called up, down, strange, charm, bottom and

top. We may think of flavour as a kind of ’weak

charge'. Flavour is conserved in some but not all

interactions.

We will introduce many other quantum numbers

as we go along. Option J3 will introduce the

quantum numbers for colour, strangeness,

baryon number and generation lepton number.

Antiparticles

In addition to the elementary particles we

have listed in Tables J 1.1 -] 1.3, we have the

anti particles of at! of the above To every

particle there corresponds an

antiparticle of the same mass as

the particle but of opposite electric

charge (and opposite all other

quantum numbers). The existence

of anti particles was predicted

theoretically by Paul Dirac in 1928.

The first anti particle to be

discovered experimentally was the

positron, the antiparticlc of the

electron. The positron was

discovered in 1932 by Carl Anderson

(1905-1991). If a particle has zero electric

charge then, as we will see, the anliparlide

can sti ll be distinguished because of quantum

numbers other than charge; for example,

antineutrinos differ from neutrinos because

they have opposite lepton number [see

Tab I e J \ 2. The 1eptons.

Exchange

particle Symbol

Electric Rest mass/

charge/e GeV r-
Spin/—

2tt

Associated

interaction

Photon y 0 0 1 Electromagnetic

W bosons W* n 80.4 1 Weak

W" “i 30.4 l Weak

Z boson 2° 0 91.2 1 Weak

Gluons Q 0 0 1 Strong, (colour)

Graviton % 0 0 2 Gravitational
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Option J4), But some particles are their own
antiparticle. e.g. the photon and the graviton.

Particles that are their own antipartides are

therefore necessarily electrically neutral.

Antimatter is material made up of antiparticles.

Whenever antimatter comes into contact with

matter, it will annihilate, releasing energy. It is

thought that the early universe contained almost

equal numbers of particles and antiparticles.

Today, however, we observe a predominance of

matter over antimatter: this will be discussed later.

Spin

In classical mechanics, a body of mass m
moving along a circle of radius r with speed v

has a properly called angular momentum. This

is defined to be

L = mvr

This quantity has units ofJ s. If the body spins

around its own axis (like the earth, for example),

it has additional angular momentum. Particles

appear to have a similar property, measured also

in units ofJ s, and this property was called spin

by analogy with a spinning body in mechanics.

But it must he emphasized right away that a

particle's spin is not the same thing as the

angular momentum of a spinning body. For

elementary particles, spin is a consequence of

Einstein's theory of relativity and does not have

a classical counterpart. The spinning body is just

a useful analogy - an elementary particle may
be a point particle and a point particle cannot,

literally* spin around its axis. All known
particles have a spin that is a multiple of a basic

unit. This unit is the quantity?

Unit of spin — ^ 2

i.e. Planck's constant it divided by 2tt.

The second fact about spin is that particles fall

into two separate classes when classified

according to spin. All the known particles

(composite as well as elementary) have a spin

that is either an integral multiple of the basic

unit or a half-integral multiple.

> Particles are called bosans If they have an

integral spin, and they are called Jfebmcns if

they have a half integral spin.

Quarks, leptons (e.g. the electron), protons and

neutrons are fermions, whereas the photon is

a boson.

A particle that has spin is denoted by a circle

with an arrow through it (Figure Jl.l). The

length of the arrow does not signify anything.

In the presence of a magnetic Held ft, particles

with spin will align their spin parallel or

anti parallel to the direction of the B field.

spin up

ft fieJd

sp«i down

Figure j 1.1 Particles with spin in a magnetic field*

The Pauli exclusion principle

We have seen that elementary particles arc

characterized by quantum numbers* In 1930* the

Austrian physicist Wolfgang Pauli discovered an

important principle that bears his name:

; It is impossible for two identical Jermfons

(particles with half-integral spin) to occupy

the same quantnm state ifthey have the

same quantum numbers.

This is why the inner shell of any atom can

contain at most two electrons. Electrons are

fermions and so the Pauli exclusion principle

applies to them. In the inner shell the one

quantum number that can distinguish two

electrons is the spin. Since the spin of the
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electron is 7 . there are just two quantum stales

available: one in which the spin is 'up’ and

another in which it is ‘down’, Thus in the inner

shell we can have two electrons of opposite

spin. In other shells, the electrons have angular

momentum (because the electrons ‘orbit the

nucleus) and so can be distinguished through

different values of I heir angular momentum.

Therefore more than two electrons can occupy

the outer shells.

The Heisenberg uncertainty

principle for time and energy

In 192R the German physicist Werner

Heisenberg discovered one of the fundamental

principles of quantum mechanics, now called

the Heisenberg uncertainty principle. The

version of the principle that will concern us

here is that which applies to simultaneous

measurements of energy and time. According to

Heisenberg, measurements of the energy of a

particle or of an energy level are subject to an

uncertainty. This uncertainty is not the result

of random or systematic errors. Even in an ideal

world in which these types of uncertainty were

absent,, there would still be an uncertainty in

the measurement of the energy as a result of a

law of nature. The very process of measurement

necessarily creates an uncertainty in the

quantities being measured.

Consider then the measurement of the energy

ol a particle. The measurement must be

completed within a certain interval of time that

we may call Ah Heisenberg proved that the

uncertainty in the measurement of the energy

AE is related to A/ through Lhe Heisenberg

uncertainty principle

Af Al > “
fjT

This says that* the shorter the time interval

within which the measurement is made, the

greater the uncertainty in the measured value

of the energy. To have a very small uncertainty

in energy would require a very Song time for

the measurement of energy,

Example question

Q1

An electron spends on average 1 ,0 ns in an excited

energy state in an atom. What is the uncertainty in

(he value of the energy of the excited level?

Answer

To measure the energy of a particular energy state,

we must observe the electron in that state for a

length of lime. Since lhe electron cannot exist in.

that slate for longer than about 1.0 n$
t
we deduce

that at most At = 1 ,0 ns. Then we get

h 6.6 x 10 u
A f > =

4tt At 4jt x 1 .0 x I0~q

- 53 x 10
"A

1 = 33 x 10
7eV

The minimum uncertainty tn the energy is thus

33 x TO ? eV,

There is, however, a subtler, and for our

purposes more useful, interpretation of the

energy-time Heisenberg uncertainty principle.

We know that total energy is always conserved.

But suppose, for a moment, that in a certain

process energy conservation is violated. For

example, assume that in a certain collision the

total energy after the collision is larger than

the energy before by an amount At, The

Heisenberg uncertainty principle claims that

this is in fact possible (!) provided the process

does not last longer than a rime interval Af

given by A t ^ . In other words, energy

conservation can he violated provided the time

it rakes for that to happen is not too tong.

Consider a ball of mass 1.0 kg and total energy

9.0 J. It bounces up and down on the floor. A

wrall next to the ball is 1.0 m high. To make it

over the wall and to the other side, I he ball

wrould have to have a total energy of mgfi =

1 x 10 X 1 10 J.
In classical physics we would

therefore conclude that it is impossible lor Lhe

ball to make it over. Doing so would violate

energy conservation by an amount 1.0 j.
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According to the Heisenberg uncertainty

principle, the ball can make it over the wall

provided this happens within a rime interval

given by, approximately.

At
h

It At

6.6 x 10
™

4xr x 1,0
= 3.3 x itr35 s

This time interval is ridiculously small far a

macroscopic object such as a ball. There is no

way i Vial a 1.0 kg ball can make it over the wall

in this short a time interval because to do so it

would have to move many times faster than the

speed of light. The ball cannot make it over the

wall even though theoretically it could,

according to the Heisenberg uncertainty

principle. Therefore we can be assured that, in

macroscopic physics, total energy is conserved!

But consider now an electron of total energy

1.0 eV that is classically forbidden to go over a

‘waif of total energy 2.0 eV. This would violate

energy by an amount AF. - 1.0 eV. The time

interval over which this has to happen is

h 6.6 x 10’34

Af as ——— ^ ——

—

4jt At % x 1.0 x 1.6 x 10“ T9

= 3.3 x 10’ 16
s

This is still a small lime interval but is 19 orders

of magnitude longer than that for the ball. A
fast electron (r

- 6 x I0
6 ms ]

) can make it

over the wall in this short rime and it does. This is

the basis of the tunnelling electron microscope,

an instrument that can 'see* atoms.

Virtual pa rticles

We have seen that the Heisenberg uncertainty

principle allows for violations of the law of

conservation of energy by amounts M provided

the violations do not last longer than time

intervals of about At as j-dL-.xhis is irrelevant

for macroscopic objects but not so for

microscopic elementary particles.

Option n. Relativity). It cannot take place unless

the photon \ hat is emitted is very quickly (i.e,

within a time interval At as
)
absorbed by

something else so that the energy violation

(and the photon itself) becomes undetectable.

Precisely because this photon violates energy

conservation, it is called a virtual photon.

Therefore the process represented by Figure J 1.2,

although classically impossible, is nevertheless

possible within quantum theory.

Figure J 1.2 A free electron emitting a virtual

photon.

Interactions and exchange

particles

We saw that a (fee electron can emit a (virtual)

photon provided the phoLOn is very quickly

absorbed by. say, another electron. We may
represent this process pictorially as in Figure J13.

Particle physics now interprets this diagram in

the following novel way.

Figure] 1,3 Exchange of a virtual photon in the

interaction between electrons.

Let us then consider the possibility of a free

electron emitting a photon. We may represent

(his as in Figure Jl. 2, This process actually

violates the law of conservation .of energy (see

Because the first electron emitted a photon, it

changed direction a bit in order to conserve

momentum, Similarly, the second photon also

changed direction, since it absorbed a photon.
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looked at from a large distance away, the

change in direction of the two electrons can be

interpreted as the result of a force or

interaction between the two electrons. Wc
know* of course, that two electrons will exert

repelling forces on each other according to

Coulomb's law. The particle physics view of the

situation is that Coulomb’s law is the exchange

of a virtual photon between the electrons*

*- The electromagnetic interaction is the

cxdinrigc irf it virtual jilioton between charged

particles. Hie exchanged photon is not

obsei*vable.

Similar things hold lor the other interactions,

as we will discuss on page 727,

Basic interaction vertices

As we have mentioned in the core section of the

book, there are four fundamental forces or

interactions in nature. The interactions and the

particles that participate in each interaction as

well as their relative strength (known as tile

interaction strength) are summarized in

Table J 1.4,

* l h e electioweak i nteraction;

* the sirong (eo Iourj in teract ton

;

4 the gravitational interaction*

The gravitational interaction is the least

relevant lor particle physics because the masses

of the particles are so small* The gravitational

interaction will therefore be ignored in what

follows, and we will meet it again only in

Option J5. In this chapter, however, the

electromagnetic and weak interactions will be

treated as distinct.

At a fundamental level, particle physics views

an interaction between two elementary

particles in terms of interaction vertices* The

fundamental interaction vertex of the

electromagnetic interaction, for example, is

denoted in Figure jl.4* in which the wavy line

photon

Figure j 1.4 Fundamental interaction vertex of Lhe

electromagnetic interact i on.

Interaction

Electromagnetic

Interaction

acts on

Particles with

electric charge

Exchange

partk)e|s]

Photon

Relative

strength

l
137

Weak Quarks and

leptons only

Wand Z bosons 10"*

Strong (colour

|

Quarks only Gluons 1

Gravitation a3 Particles with mass Graviton j0-«

Table J 1*4 The fundamental interactions and the

exchange particles that participate in them.

Since the early 1970s (and as wc will discuss In

some detail later) the electromagnetic and weak

nuclear interactions have been shown to be two

faces of the same interaction, called the

electroweak interaction. So there are in fact

three fundamental interactions:

represents a photon and the

straight line with an arrow to

the right represents an electron*

(A positron would be denoted

with a straight line with an

arrow to the left.) From this

basic vertex* all phenomena

associated with electrodynamics

can be deduced!

It is helpful to ihink of a time axis along with

this diagram, so that rime increases as wc move,

say, to the right of the diagram. Then by

redrawing lhe basic vertex in any way wc please,

by bending or rotating Lhe lines, we can depict

various processes in electrodynamics*

For example, wc can draw the diagrams in

Figure Jl .5.
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(m) An t lectnan a phiwwi

(Li An electron emits :i filioton

(d) A filicnori iiUiterLaJi7.es into an

electron-positron pair

{e} Ail flfidiW and a positron collide,

aimihi Laie each tMJ l-lt :u llE jin nlncc a phoftsn

Figure J l.S Some examples of interaction vertices

(here y — photon, e - electron, c
1 — positron).

Because the arrows on the positron are drawn

in the opposite direction lo those on the

electron, we sometimes say that positrons travel

backwards in rime. But this is just an

expression. The positrons, like all particles,

move Forwards in time.

Notice that, at an interaction vertex, electric

charge is conserved. That is to say, the total

electric charge going into a vertex equals the

total electric charge leaving the vertex.

Therefore, it is not possible to have a vertex

such as those in Figure Jl.6.

conserve electric charge.

The theory describing the interactions of

electrons and positrons through the exchange

of photons is called quantum electrodynamics

(QED).

Feynman diagrams

In the 1950s the American physicist Richard P.

Feynman (Figure Jl,7) introduced a pictorial

representation of particle interactions* These

representations arc now called Feynman

diagrams. The idea is to use interaction vertices

in order Lo build up possible physical processes.

For example, let us see how one electron can

scatter off another electron. The basic process is

represented in Figure Jl,S,

Figure Jt,7 R ic

h

a rd R Feynman

.
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E-'igure Jl .8 Feynma n d i agram ft>r e I ec t roi i
-

electron scattering;

Figure
]
1.8 is not j ust a picture* however, II

represents a very definite mathematical

expression called the amplitude of the process.

The square of the amplitude gives the

probability of the process actually taking place.

We will not learn how to calculate this

mathematical expression for the amplitude

here! We will simply learn that we will assign to

each vertex a quantity called the strength e/the

interaction. For the electromagnetic interaction,

the bask vertex is assigned the value

where otem ^7 and ™ cl°S£?ly related to the

charge of The electron. Tire amplitude of the

diagram is then the product of the ^/oim for

each vertex that appears.

In the electron-electron scattering process of”

Figure Ji.8* there are two interaction vertices,

and so the amplitude of the diagram is

proportional to

Oi:\i

The same physical process can also take place

through many other diagrams, e.g. those shown

in Figure JL9, Notice carefully lhat these

diagrams are simply built out of the basic

interaction vertex and nothing more.

But all the diagrams in Figure J 1,9 contain four

interaction vertices, and so the amplitude lor

these is proportional to

V'W\1 x v'tfEjVl X x = OfEW

Figure J 1,9 Other Feynman diagrams that result

in the same physical process as shown in

Figure J 1.8.

Since ^ i.e, a small number less than 1,

the processes with four interaction vertices are

less likely to occur. To a first approximation* it

is sufficient to examine the diagram with two

vertices only. If a better approximation to the

answer is required, then diagrams with more

and more vertices must be included. The larger

the number of vertices, the greater the amount

of calculation required.
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The in trr>ductioii ofFeynman diagrams has

made calculations of rhe probabilities for

various processes much simpler and is a major

advance in particle physics. In the words of

Julian Schwinger (who along with Sin-Jtiro

Tomonaga shared the Nobel prize in physics

with Feynman in 1965) 'the introduction of

Feynman diagrams has given calculating power

ro the masses'. A famous example is the

KJcin-Nishina formula tor the scattering of a

photon off an electron (the Compton effect).

Klein and Mishina took six months to calculate

ihe details of this process in 1929. With

Feynman diagrams this can be done in less than

two hours by any graduate student in physics!

Building Feynman diagrams

Using the basic interaction vertex for the

electromagnetic interaction, we can build up

complicated processes. All we need are the

following ingredients:

* the basic interaction vertex-

* lines with arrows to represent electrons and

positrons;

* wavy lines to represent photons.

One such process is the scattering of light by light.

That is, a photon scattering off another photon.

This is a purely quantum process. I t cannot be

described classically. But with the basic vertex, we

can draw the diagram in Figure J 1.10. The particles

are elections or positrons. The amplitude for this

process is nf^ so it is quite rare.

Figure jMO Feynman diagram for photon-photon
scattering.

Feynman diagrams for other interactions

The electromagnetic interaction is a simple

interaction because iL has only one interaction

vertex. The weak and strong (colour)

interactions are complex because they have

many vertices, lb build Feynman diagrams for

other interaction processes is therefore

correspondingly more complex.

Tire basic interaction vertices that we will

consider for the weak interaction involve the W
orZ boson along with two fermions (quarks or

leptons, in fact) f, and fi (see Hgurejl.il). Here

for the W vertex f f2 = quark or lepton, and

for the Z vertex rhe incoming and outgoing

particles are the same and f= quark or lepton.

Figure J 1.11 Basic interaction vertices for the weak
interaction.

You do not have to remember these vertices - ill

the JBO examination they will be given to you if

they are needed. Some examples are given in

Figure J 1,12.

We can therefore draw rhe Feynman diagram

tor beta decay in which a neutron decays into a

proton. We know that (1) we must produce an

electron and an electron anlineutrino and (2) a

d quark inside the neutron must turn into a u

quark. Then we must Etave a diagram such as

that in Figure J 2 .1 3.

We have used the weak vertex twice. In the first

case, the d quark turns into a u quark by

emitting a virtualW boson. The electric

charge going into the vertex is The electric

charge leaving the vertex is — -V for the u quark

and -e for the W". The total charge leaving the

first vertex is therefore -jc, consistent with

charge conservation.
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W boson 4
i

i

W boson ^
I

Z boson *

Figure Jl,12 Examples of interaction verliees for

the weak interaction.

Figure Jl,13 Feynman diagram ior beta decay.

VT boson *

i-

¥

quark does not change

in Lliis interaction

(unlike the case of the

weak interaction

involving the W boson).

Thus if the incoming

quark is a u quark, the

outgoing quark will be a

u as well.

Tire complexity of the

strong (colour)

interaction is that there

are also vertices involving purely gluons such as

those shown in Figure Jl .15- We will discuss

strong (colour) interactions in more detail when

we learn about colour in Option J3.

Figure JL 15 Two other interaction vertices for the

strong (colour} interaction,

In the second vertex, the virtual W decays inio

an electron and antineutrino, again conserving

electric charge (and lepton number, as we will

see in Option J4).

Hie strong (colour) interaction is also complex.

One interaction vertex is similar to tile

electromagnetic vertex where electrons arc

replaced by quarks and the photon by gluons

(see Figure J1.14}. Notice that the flavour of the

Figure J1.14 One interaction vertex Tor the sitting

(colour) interaction.

The range of an interaction

Consider the diagram in Figure jl. 16 in which

two particles interact through the exchange of

the particle shown by the wavy line. Let the

mass of this particle be m.

Figure Jl.lfi Estimating the range of I he interaction

between two particles.
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The fastest the virtual particle can travel is the

speed of light c. IfR is the range of the

interaction, then the virtual particle will reach

the second particle in a time no smaller than "

.

The energy that will be exchanged will be of the

order ofme

2

. For the purpose of the estimate,

taking uncertainties of order ~ in the time and

mr in the energy, we then have that by the

Heisenberg un certainty principle:

, R h
mc~ x — fts —

c 4it

and hence the range of the interaction is

approximately given by

4jrmt

litis explains why the electromagnetic

interaction (which involves the exchange of the

massless photon) has a range that is infinite,

whereas the weak interaction (which involves

the exchange of massive W and Z bosons) wilt

have a short range. In fact, since we know that

the W boson has a mass of about 8H CeV c~
1

it

follows that we can determine the range of the

weak interaction:

4.rrme

6,6 x 10“M
= —T v m

M ifrW x 16 x 10
“ 19

)
3 x 1QS

= 1 tr’
s m

1 Discuss whether it is correct that all

electrically neutral particles are their own

a nli particles? Give examples to support your

answer.

2 Particles are divided into fermions and

bosons. What property of particles is used in

order to make this classification?

3 (a) Slate the Pauli exclusion principle.

(b) Using this principle explain why the

innermost shell of an atom can have at

most two electrons.

4 Very large numbers of photons in a laser beam

occupy the same energy stale. Explain why
this is not in violation of the Pauli exclusion

principle,

5 The idea of a particle exchanged in an

interaction is sometimes explained in terms of

the following picture. You stand on ice (no

friction) and throw a heavy ball to a friend.

Throwing the hall makes you move away.

When your friend catches the ball, he moves

away. This picture explains a repulsive force.

How would you change the picture to explain

an attractive force?

6 (a) Describe what is meant by a Feynman

diagram.

(b) Draw Feynman diagrams to represent the

electromagnetic processes (i) e“ + e f —

>

e + e' and fit) e +ef -»y + y,

7 Use the electromagnetic vertex to draw a

Feynman diagram for tine scattering of a

photon off an electron,

8 A meson has quark content uu.

(a) State the electric charge of the meson.

The meson is at rest and decays into

photons.

(b) Explain why the meson cannot decay into

just one photon.

The meson in tact decays into two photons.

(c) Draw the Teynman diagram for this decay,

9 Beta-minus decay involves the decay of a

neutron into a proton according to the

reaction n p
+ + e" + f>P ,

(a) Describe this decay in terms of quarks.

(b) Draw a Feynman diagram for the process.

10 figure J ! .1 7 represents the beta-plus (e*)

decay of a proton.

proton

Figure J1.17 For question 10,
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(a) Identify the quarks making up the neutron.

(b) Stale the name of the particle represented

by the wavy line.

(d Identify the particles denoted by X and V

in the diagram,

11 Using the basic weak interaction vertex

involving a W boson and two fermions given

in figure J1.11, draw Feynrnan diagrams to

represent the following processes:

(a) /a -* e 4 vy+ Vjj

(b) e' 4 iy —» /a 4 v,j

(c) tt
+ —* jU

*
-l- {quark structure of positive

pion is udb

tdj K —* fi 4 f' |L (quark structure of negative

kaon is su).

1 2 Using the basic weak interaction vertex

involving a W boson and two fermions given

in Figure J 1.11 r state three possible ways in

which the W boson can do%w,

13 Using the basic weak interaction vertex

involving a Z boson and two fermions given

in Tigure J1.11, draw Feynman diagrams to

represent the following processes:

tal e" 4 e
J —

>

fbl e" 4 vw —* e‘ 4- v^;

(c) e“ 4 e
1 —

>

e~ 4 e

.

14 Using the basic weak interact ion vertex

involving a Z boson and two fermions given

in F igure 11 . 1 1 r state three possible ways in

which the Z boson can decay,

15 (a} Does die weak force an on mesons?

(b) Does it act on baryons?

16 The elec tromagnetic interaction strength is

==
;

. and that of the strong (colour)

interaction is cr* ]. Explain how these

numbers allow the calculation of Feynman

diagrams with the smallest possible number of

vertices for an electromagnetic interaction,

whereas the colour interaction must

necessarily involve all possible Feynman

diagrams for the process.

17 la) Does the electric force act on quarks?

<h) Does it act on neutrinos?

IB The neutron is electrically neutral Could it

possibly have electromagnetic interactions?

19 Neutrinos are electrically neutral. How do we

distinguish neutrinos from anti neutrinos?

20 What may be deduced about the mass of the

graviton given that the gravitational

interaction has infinite range?

21 (a) Explain how the Heisenberg uncertainty

principle lor energy and time can be used

to estimate the range of an interaction by

knowing the mass of the particle being

exchanged.

(b) Using your answer in {a) explain why the

electromagnetic interaction has Infinite

range,

fd In the 1930s it was believed that the

strong riudear force involved the

exchange of a massive particle called the

pion. Estimate the mass of this particle

from the known range of the strong

nuclear interaction (i.e. about 10' 11 ml
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- Particle physics

Detectors and accelerators

The models of particles and their interactions would remain just models were tl not for

the ingenuity of experimental particle physicists, who have devised ways and means to

lest them in detailed experiments. Experimenting with particle physics requires the

acceleration of particles to very high energies and the development of sophisticated

devices to detect the presence, and measure the properties, of the particles produced in

the collisions in accelerators.

By the end of this chapter you should be able to:

* appreciate the need for high energies in particle physics experiments;

* appreciate that the resolution o/tfny objects requires high energies:

* outline the operation of the linear accelerator, the cyclotron and the

synchrotron;

* discuss the advantages and disadvantages of each type of accelerator;

* understand the meaning of the term available energy;

* give a general description of the structure and function of a particle

detector.

process as an electros! and a positron

colliding, annihilating each other into a

virtual photon, and the virtual photon then

rematerializing into a particle-anLiparticle

pail.

It is very important to understand that the

second pair is actually created out of the virtual

photon. The pair did not exist before the

interaction. Another way ofsaying the same

thing is to say that the pair has been created

out of the vacuum. This possibility is of

enormous importance because it allows for the

production of new and previously unknown
particles.

Assume that the electron and the positron arc

moving with the same kinetic energy in

opposite directions when they collide and

annihilate. To produce the partide-antipartide

pair requires energy. To begin with, the energy

The need for high energies

We have seen In Lite previous chapter that the

electromagnetic interaction allows for the process

e“ + c
+ — particle T anliparlide

which can be represented bv the Feynman
diagram in Figure] 2,1, We would describe this

electron panicle

Figure J2.1 An electron -positron pair creating a

new partide-an tiparlid '
1 pair out of the vacuum.
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needed is the energy of the particle and the

anti particle created at rest. According to

Einstein, this energy is mc\ the rest energy, for

each. In addition, if the particle and

antiparticlc each has kinetic energy E^ after it is

created, it follows that the total energy E that

most be supplied is

E - Zone* + E*)

The very minimum amount of energy needed is

therefore

f = 2ijk
?

when the particle -anti particle pair is produced

at rest. This energy has Lo come from the rest

energy and the kinetic energy of the electron

and the positron before the collision.

It is then clear that, ifwe wish to produce

particles of large mass* very large amounts of

kinetic energy are needed. In other words* the

electron and the positron must be accelerated

to very high kinetic energies. This requires the

construction of appropriate machines - particle

accelerators.

Resolution

A second point that must be taken into account

is the following. Panicle physics is interested in

determining whether there is structure inside

any one particle. Now do we experimentally

determine if the proton* say, is made out of

smaller constituent particles? One way is to

‘throw something' at the proton and see how

that “something
1

reacts. The simplest thing to

do is lo direct a photon or an electron at the

proton.

Let A be the wavelength of the photon or the

de Broglie wavelength of the electron. The

relation of A to the size of the object being

probed (the possible constituents of the

proton in This case) is crucial in determining

whether or not the constituents will be

resolved. To 'see' the smaller constituents

requires a short wavelength, comparable to

the size of the constituents themselves

(Figure J2.2).

Figure j 2.2 To resolve a particle of size d requires

a wavelength of the same order oT magnitude
as iL

The long-wavelength photon continues

undefiected along its original path. It has not

seen the small objects in its path. The photon

on the right though has a wavelength that is

comparable to the size of the small objects in

its path. This photon gets deflected. The

deflection is a sign that objects of size

comparable to the wavelength are present.

Since we expect the size of the constituents

lo be very small, we require a very small

wavelength as well. But a short photon or

de Broglie wavelength means* again, high

energies.

For example* a photon whose wavelength is of

order A ^ 10“ b m must have energy

A

6.6 x 10"* x 3 x 10®

[(FIs

^2 x I0
10

J

l0
9 eV

^ I GeV

For an electron with de Broglie wavelength

oforder A a* 10“ 15 m, the corresponding kinetic

energy is also of The same order, about I GeV.

So again it is clear that particle physics has to

deal with very high energies if it is going to be

able either to create new heavy particles or to

probe their inner structure*
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Accelerators

We will examine three types of accelerators, the

linear accelerator, the cyclotron and the

synchrotron. Particle accelerators are called

'machines
1

by the people who build and use

them.

The linear accelerator

In a linear accelerator (or linac), particles arc

accelerated along a straight path by electric

fields. The particles move through a series of

evacuated tubes as shown in Figure J2.3.

* Unacs have lower energy losses clue to

synchrotron radiation compared with

synchrotrons isee page 735),

msm
* Once the acceleration process starts, one

cannot alter the collision lime of the fioac,

as can be done with storage rings in

synchrotrons,

* A very long accelerator is required to reach

very high energies.

~>
4 4

m—mm-mm-m_>
FiguFej2,3 A schematic diagram of a linear

accelerator showing the accelerating tubes and
the alternating applied voltage.

The largest electron linear

accelerator is the one at

Stanford University in

the USA and is called

SLAG (Stanford Linear

Accelerator). It is 3 km long

and accelerates electrons

to a total energy of 50 GeV.

An alternating voltage is applied across the

gaps in between two consecutive tubes so that,

as the electrons leave a tube, they see a

positive voltage in die tube ahead, line

electrons thus accelerate every time they move

from one tube to the next. The electron spends

the same time in each tube, because of the

constant frequency of the alternating voltage

applied to the tubes. So as the speed of the

electrons increases, the length of the tubes

must increase as well, hut the electrons soon

reach a speed practically equal to the speed of

light, and so the length of the tubes remains

constant from then on.

lit a linear accelerator, either an accelerated

beam of particles can strike a fixed target, or

two beams (one of particles and the other of

antiparticlesj can be accelerated along the same

straight line from opposite ends and made to

collide with cadi other. Figure J2.4 An aerial view of the SLAG complex.
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Ac this energy the electrons move practically at

l he speed oT light. The electrons are injected

into the accelerator after they have been

emitted by an electron gun, which is just a wire

that emits electrons when it is heated.

The cyclotron

The cyclotron was invented by Ernest Lawrence at

Berkeley in the USA in 1929, and first built in

1930. This type of accelerator is no longer used for

particle physics research, but it is the model upon

which newer accelerator designs were based.

The cyclotron consists of two hollow electrodes

called 'D’s (because their shape resembles the

letter D) T with a gap between them, placed in

the uniform magnetic field between the poles

of a cylindrical magnet
|
Figure J2.E5), The

}

Figure j2 .

5

The charged particle is emitted at the

centre and follows a ‘spiral' path outwards as it

gains speed.

particle lo be accelerated starts at the centre of

the 'D’s. A source of alternating potential

difference is established between the two 4

D's„

|
For case of reference, we shall call them Dl and

D2, as in the diagram.)

Assume that the charge of the particle is

positive. It is projected towards Dl with an

initial speed j 0 and so will follow a circular arc

in Dl because of the magnetic force it

experiences. After covering half a circle in Dl,

Lhe parride will arrive at the gap. If the

potential in 132 is negative, the particle will

accelerate across Lhe gap. It will then follow a

larger circular arc in D2, The radius is larger

because the speed has increased. The particle

will then again reach the gap between the ‘D's.

If now Dl is negatively charged, the particle

will again accelerate across the gap and will

follow an even larger circular path in Dl.

The point is then to arrange for the potential

difference between the TTs to be such that the

positively charged particle always sees a

negative potential across the gap just as it

arrives there. This means Lhat the sign of the

potential difference must change every halfa

revolution.

The force on the particle is the magnetic force

F — tji'B r and equating this to mass times

acceleration we get

r

FtlK

<7e

As the particle is accelerated, the radius of the

circular path increases, and the particle moves

on a ‘spiral
-

. The time to complete one

revolution [the period) is found by using

v = -/
f

. Substituting this value of v in the

formula above gives

m 2jrr _ 2jrm
r = —— = T = —

—

q& T qB

We therefore have the very fortunate result that

the period of revolution is independent of the

speed. This means thaL, despite the fact that the

particle is accelerating, the period 7 is the same
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and only depends on the mass m and charge £j

of the particle and the magnetic field 8, The

potential difference between the
l

D*s must then

change direction every half a period. Thus, the

period of the alternating voltage source is the

same as the period of revolution of the particle,

Le, Tills is called the cyclotron period

and its inverse, is called the cyclotron

frequency.

The charged particle is therefore accelerated

as it spirals in the region between the poles

of the magnet. At some point additional

magnetic fields placed at the edge of the

magnetic field region will pull the charged

particle out and direct it at a target with which

it will collide.

just as the particle exits the cyclotron it is

moving on a circle of radius R T the radius of

the cyclotron itself, with the maximum
speed it can attain, IW- Thus, from r =

we find

qHR

m

and so the maximum kinetic energy the

particle can have is

,,
1

2
K = -nwi

trfi
2* 2

2m

Answer

(a) As shown in the text, the cyclotron frequency

is f — -j-df and so

1 .6 x 1
Q”19 x 1 A

~ 2n x 1,67 * IQ"37

= 21 MHz

lb) The kinetic energy of a proton as it leaves ihe

cyclotron is

* _ ^B 'RI
— ^ ...

2m

_ {1.6 x ID"*® x 1,4 x 0,25) a

2 x 1 .67 x 10“ 37

= x 10 n
|

9,39 x 10“n w— eV
!,6 x 10- ,?

= 5,37 x 10-eVss 5.9 MeV

* Cyclotrons can be used for nuclear physics

research as well as for biomedical studies due

to their small, compact size and low cost.

* Cyclotrons can only he used for fixed target

experiments,

• l here is a limit to ihe energy they can reach

due to limitations on the size of the magnets.

Note that Lhe maximum kinetic energy of the

accelerated particle does not depend on the

magnitude of the accelerating voltage.

Example question

Q1hhhpmmmmh
A cyclotron lias a radius of 0.25 m and uses a

magnetic field of strength 1,4 T. It accelerates

protons.

(a) Calculate the frequency with which the

protons spiral in the cyclotron.

(b) What is the kinetic energy of a proton as it

leaves the cyclotron?

The synchrotron

Unlike ihe cyclotron, the charged particles in a

synchrotron move along a circular path of fixed

radius. The circular ring is a thin evacuated tube

inside which the charged particles move. The

charged particles moving in the ring are called

the beam. Large magnets are placed along the

ring in order to deflect the charged particles into

a circular path (figure J2.6), In between the

magnets are gaps. Electric fields are established

in the gaps so that, just as the charged particles

emerge from the end of the magnetic field at A,

the point B at the end of the magnet abend is at a



736 HL Option j - PgrtEde physics

negative electric potential (we are assuming the

charged particles arc positive). The particles will

then accelerate as they cross the gap AB (Figure

j2 +7F This acceleration takes place at every gap

between the magnets. Obviously the electric

potentials in the gaps must be carefully

established by carefully timing the arrival of the

beam at every gap - the period of the electric

fields must be synchronous with the beam, hence

the name for the accelerator. This requires the

solution of many technical problems.

8

accelcrtilknt

[;tkus fi]:LLL' Iktlj

#
f

rinji

electromagnet

A B

Figure J2.fi A synchrotron ring with magnets
along the ring to bend the particles into a

circular path.

wXdiTaling region
+^

magnet

proton beam

A
electric field

Figure J2.7 The positively charged particles face a

negative potential ahead and so are accelerated.

Tile particles therefore move faster and faster

every time they cross a gap and quickly reach a

speed that is essentially the speed of light. At

this very high speed the rest energy me 2
is

negligible compared to the kinetic energy, and

so the relation between total energy and

momentum is E - pc [Students who have

studied the relativity option will be able to

derive this from Ez = {pc}
2

\ {me
2
)

2
. When the

momentum is large, we may ignore the rest

energy to find E = pc.] Then the.expression tor

the radius R of the circular path in a magnetic

field B, R = becomes (remembering (hat

momentum is given by p = mr).

R = -§-
qBc

It follows that, to keep the particles on a path

offixed radius, the magnetic field has to be

constantly increasing as the energy of the

particles increases. The magnets are therefore

noi permanent magnets but electromagnets,

where, by changing the electric current

through them, a variable magnetic field is

obtained. In this way the particles keep gaining

speed but are always moving on the same

circular path along the accelerator ring.

|The magnets are actually superconducting

magnets. This means that the temperature of

the magnets is kept very low (1.9 K or — 271°C)

so that Lhe passage of current through them

is done without electrical resistance. This

means a stronger magnetic field than could

otherwise be obtained. Without the extra-

strong magnets, the ring would have to be

much biggcr.|

Inside the ring the charged particles are bundled

together. That is to say, they travel together. If

the particles are protons, they will repel each

other, and very many technical problems must

be solved to keep them together (i.e. avoid having

litem move sideways, or have the particles spread

out through the ring). This is done with specially

designed additional magnets that affect the

bunch much like an ordinary lens affects light,

i.e. bending the paths of particles the right way

so as to keep them bunched.

* Synchrotrons can accelerate particles to

very high energies and. since they use

colliding beams, they produce very high

available energies for the production of

new particles.

* The use of storage rings means that, unlike

cyclotrons and Hnars, the collisions can he

controlled.
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* The high proportion of energy lost due to

synchrotron radiation (see later).

* The low probability of collisions.

The first big synchrotrons were built in the

1960s and could accelerate pTolons to

energies of about 30 GeV, They had a ring

diameter of about 200 m. In the early

synchrotrons, once the beam in the ring was

accelerated to the maximum! possible energy,

it was removed from the ring (by additional

magnetic fields at the edge of the ring) and

directed to an area where it could collide

with a target.

In 1961 the Austrian physicist Kruno Touschek,

working in Italy, succeeded in making a storage

ring in which two beams of oppositely charged

panicles wem made to move in opposite

directions m the same ting (Figure J2.8a). the two

beams could be made to collide at

predetermined places along the ring and at

specific times. Detectors placed around the

collision area would record the particles

produced in the collisions. Oilier designs use

intersecting rings (Figure J2.8b). in which

particles travel along two different rings that

intersect at the collision points. In intersecting

rings, the particles in the two rings do not have

to be oppositely charged.

(a> (bj

Figure J2.8 (a) A single storage ring and fb)

intersecting rings. Collisions rake place at

various places along the rings.

The synchrotron at CERN (the European Centre

for Nuclear Resea rch, near Geneva], called LHP,

for Large Electron PosiLron collider (Figure J2.9),

had a circumference of 27 km and was 100 m
underground. LEP accelerated electrons and

positrons each to a total energy of 100 GeV. LHP

had 3368 magnets around its circumference and

272 acceleration points. LFP's greatest

achievement was the discovery of the W and Z

bosons and the confirmation ofthe standard

model,

LEP has now been dismantled, and a new

machine, the LHC, or Large Hadron Collider,

has been built in its place. The LHC is housed in

the same tunnel as LEP. It is a proton-proton

collider accelerating protons to a total energy of

14 TeV (7,0 TeV for protons in one beam and 7,0

TeV for protons in the other).

Figure J2.9 [a| An aerial photograph ofttieCHRN site and (b) the tunnel with the magnets.



738 HI Option j - Pa rticle physics

The beam in the LHC is expected to contain

about 3GUO bunches of particles (protons), and

each bunch will contain about 10 protons

When two bunches collide, however, there will

only be about 20 collisions among the 2 x 10" or

so particles in the two bunches! The bunches will

be moving around the 27 km ring at essentially

rhe speed of light, so it will take only 9 X 10“ 7
s

per revolution, The bunches will therefore cross

each other many times every second (see

question 17). This implies that there will be a

total number of about 10'
" collisions per strand.

The LHC collider project at CERN is an excellent

example of the collaboration of many scien tists

from many countries. More than 7000 scientists

are involved in the project, and they come
from hundreds of universities and research

laboratories in about 85 different countries.

Tliis includes about 750 physicists and

engineers from US universities and research

laboratories. Many different countries, not just

the CliRN member states, are contributing

towards the costs of this enormous programme.

Until the LHC becomes operational, the largest

proton collider is the Tevatron, the fermilab

accelerator outside Chicago in the USA, it

accelerates protons and antipro to ns each to an

energy of 900 GeV for a total available energy of

1.8 TeV. It has a radius of 1.0 km. The top

quark was discovered with this accelerator. Other

smaller accelerators exist. CESR {Cornell Electron

Storage Ring) at Cornell University. USA, is

being used for systematic studies of the bottom

quark. The charmed quark was discovered

independently at SLAC and Rrookhaven, both in

the USA, Important discoveries were also made
at DESY (Deutsches ElektronemSynchrotron)

outside Hamburg in Germany.

Synchrotron radiation

Tile following is a fact of physics:

- Electrically charged particles, when

accelerated, radiate electromagnetic waves

and so energy.

This radiation is called synchrotron radiation

or bremsstrahlung. Us presence poses serious

difficulties to the designer of a particle

accelerator. It means that not all the energy

that is put in to accelerating a particle

actually goes into total energy for that

particle, A fraction of it will be radiated away

and so lost, A charged particle will radiate

both when it is accelerated along a straight

line and when it is bent into a circular path.

More radiation is emitted in the second case,

however, which is why more energy will be

lost in a synchrotron than in a linear

accelerator. Because electrons have a much
smaller mass than protons (they differ in mass

by a factor of about 1800), an electron has

much higher speed than a proton of the same

total energy The amount of radiation emitted

is related to the speed of the particle. Hence

the electron, having the higher speed, loses

more energy than the proton. Thus, in most

synchrotrons, it is protons that are being

accelerated and not electrons.

Today, many particle accelerators use the

synchrotron radiation produced during the

operation of the accelerator for research into

other areas of physics such as material science,

solid-state physics, biomedical physics, etc.

Available energy

Recall that the objective of any particle

accelerator is to provide particles with a high

energy so that, when they collide, the available

energy can be used to create heavier, previously

unknown, particles.

Consider first the case of a synchrotron with a

single storage ring in which particles of rest

mass m circulate in the ring one way and

anti particles also of rest mass m circulate the

other way. Assume that the particles and

antiparudes are both accelerated to the same

total energy L. When a particle collides with

its antiparticle, the entire amount of total

energy, he. 2£. will be available to create new
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particles. To be concrete, consider an electron

colliding with a positron. The process is

represented by the Feynman diagram given

earl i er in Figure j 2 , 1

.

The total energy of the particle- antiparticle pair

produced is2('Vh
J + K), whereM is the rest mass

of I he particle produced and K is its kinetic energy

Assuming that the pm tide-anri particle pair is

produced at rest, so K is zero, then the particle of

largest mass that can be produced is given by

2Me2 = 11

This situation is in sharp contrast with

collisions in which the ’target' is at rest.

Consider a target of mass A1 bombarded by a

particle of rest mass m and total energy F. The

energy that is available to create new particles

in this case is given by tile formula

E 2
X = 2Mc 7E + (Me2)

2 + (me2
)
2

ffhis formula involves subtleties of the theory of

relativity,) t A is the energy that is available to

create new particles in a collision. Its value is the

same in al! frames of reference. Il is more simply

calculated in a very special frame of reference,

the centreof-mass frame of reference. In this

frame the total momentum before and after the

interaction is zero. (Therefore this is a different

frame of reference from the laboratory frame of

reference.) So to calculate Lhe minimum F,\ needed

to produce a given set of particles we must

assume that the particles arc produced at rest in

rfiL* caitrtwfimassfiimr of reference , Having

calculated t in this way, we then use this value

in the laboratory frame of reference, where the

formula above relates t -,, to tile energy f of the

incoming particle. Notice that in the laboratory

frame of reference the produced particles (it? have

momentum (as they must in order to satisfy

momentum conservation).

As an example of all this, consider a reaction

such as p + ty~ -> A 11

+ K° in which a proton,

having been accelerated to a total energy F,

collides with a stationary pion jt~ (rest energy

HQ MeV) and produces the baryon AG
(rest

energy 1100 MeV) and the meson K (rest energy

500 MeV). (Til esc particles will be discussed in

Option J3.) What is tile least energy F to which

the proton must be accelerated in order to

produce the A 4
' and the K° in this reaction?

The reaction must just supply the rest energies

of the particles. When F has its minimum value,

the particles are produced al rest in the centre-

of-mass frame of reference. Then EA - 1 100 +

500 1h00 MeV. Then, from the previous

equation, we get

( 1600)
2 = 2 x HOF + ( HO) 2 + <93&>

2

which gives t — 5930 MeV. The kinetic energy

of the proton must then be Ft - 5930 - 958 —

4990 MeV. (Any apparently 'missing' energy is

the kinetic energy of the products in the

laboratory frame of reference.)

In most applications, we will be concerned with

those cases where the bombarding panicle and

tile target particle are the same, in which case

Ei—2mc7
E + 2(mc

2
)
2

Furthermore, iT the bombarding particle is

really fast, we may neglect its rest mass relative

to its total energy, in which case we have the

approximation

Ea =

Example questions

Q2 ? * trillMR
The antlproton was discovered in a collision of

two protons, one of them at rest, according to the

reaction p -p p - p + p + p+ p,

(a) Calculate the minimum kinetic energy to

which the proton must be accelerated,

lb) Compare this with the kinetic energy needed

in an intersecting t ing synchrotron.

Answer

(a) The minimum energy is when the four

particles are produced at rest in the centre-oi-

mass frame of reference, and so

Es = A(mc) — 4 x 938 = 3752 MeV
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Then

(3752) ? = 2 x 938 F + 2 x (938)
J

giving £ as 6566 MeV and a kinetic energy of £k =

6566 938 ^ 5630 MeV,

(b) In an intersecting ring synchrotron where each

proton is accelerated to a total energy F
r we

would have

2f = 4 x 938 — 3752 =*

E = 1876 ^ 1880 MeV

and so the required kinetic energy of each

proton would be

Fl = 1 876 - 938 = 938 ss 940 MeV

Q3 —

-

(a) An accelerator accelerates protons to a total

energy of 800 CeV. the accelerated proton

beam collides with stationary protons.

Calculate the available energy.

(b) The accelerator increases the total energy of

the protons to 1200 GeV. Calculate the

available energy now,

Answer

la) The rest energy of a proton is 938 MeV -

0.938 GeV and so we may use the last formula

in ihe main text above. Then,

lb) the acceleration lakes place in a single ring

synchrotron for the proton anti proton pair.

Answer

The total available energy must be 800 + 250 =

1 050 MeV for each meson for a total of 21 00 MeV.

Thus

fa) £ * = 2mcJ£ + 2(mcaV and so 21 00" =

2 x 940 £ q- 2 x (940)
2 =4 f = 1406 MeV.

{bl 2f = 2100 => £ = 1050 MeV,

Detectors

In a particle accelerator, particles are accelerated

lo high energies and then collide. In the

col Its ion, new particles are created. There must

be ways to detect the presence of these particles

as well as ways to measure their properties, such

as their electric charge, mass, velocity and

energy. This very complex job is done by

sophisticated machines called particle detectors.

Particle detectors are placed around the point

where the collision takes place (Figure J2, 10],

The detectors have a layered structtire (Figure

J2.ll) - each layer serves a specific function in

the detection process.

= si

2

x 0,936 x 800

= 38.7 GeV

(b) The available energy now is

Fa *s sit x 0,938 x 1200 = 47.4 GeV,

This example shows a major problem of collisions

with stationary targets. The machine increased ihe

i ota I energy by 50% but this resulted in an increase

of available energy of only 8.74 GeV or 23%.

detectors

heim
W

Loliisum point beam

Figure J2.1D A layer of detectors surrounds the

collision point.

muon calorimeter

Q4

Consider a proton-ami proton collision in which

two mesons each of rest mass 300 MeV c~- are

produced. If each or the mesons is produced with

kinetic energy 250 MeVr calculate the total energy

of acceleration if:

hadron calornm'scr

elfietromainci ie cjilorimcic r

tracking chamber (drift chamber)

collision point

ia) the proton is stationary and the anti proton is

accelerated;

Figure; J2.11 The detectors are placed around the

collision point in a series of layers.
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Tracking paths in the drift chamber
Starling from the interior of the detector, we first

find a tracking chamber whose purpose is to

record the path of a particle produced in a

collision. In the ok! days of particle physics (this

means up lo the 1970s}, the job of track detection

was done by the bubble chamber. The operation

of the bubble chamber rests on the fact that the

boili ng temperature of a liquid depends on

pressure. The lower the pressure, the lower the

boiling temperature. (This is why water boils at

lower than 100 Cal the top of a high mountain,}

The idea then is to keep a liquid at some pressure

so it is just below its boiling point. If the pressure

is then reduced, the liquid will just begin to boil.

If there are charged particles moving through the

liquid as the boiling is about to start, the boiling

will first take place along the path of the charged

particles. These act as nucleaiion centres at

which bubbles of vapour form. In a bubble

chamber, the track of a charged {^article is seen

as a series ofsmall bubbles ofvapour along the

path ofthe particle (Figure J2.12). A magnetic

Held can be used to bend the tracks and a

photograph taken. Analysis of the photograph

gives valuable information about the particle

causing the Hack, For example, the way it curves

in the magnetic field tolls the sign of the charge,

and the radius ofthe path gives information

about the momentum of the particle.

Having been responsible for many discoveries in

particle physics, the bubble chamber has now
given way to its modern successors, the spark

chamber (invented by the Japanese physicist

S. Fukui), the wire chamber (invented by

F, Kiienen) and the proportional wire chamber

(invented by G . Charpak). Hie sc devices perform

the same function, i.e. they locate the track of a

charged particle but without the need for

photographs. The information they collect may
be digitized (for the wire and proportional wire

chambers) and so the analysis can be performed

with a computer, which reconstructs computer

images of the tracks.

The idea in these devices is that a charged particle

ionizes a gas Lhrough which it passes. This means
that ions and electrons are produced in the gas.

Figure J 2. 12 Tracks of charged particles in a

bubble chamber.

Imagine a number ofwires immersed in the gas.

Hie wires are kept at different potentials and so

there is a potential difference between them. The

ions and electrons created by the charged particle

as it moves through the gas collect at the wires.

Their arrival at a particular point on a wire is

recorded as a small current that can be accurately

measured. The electrons or ions take a certain

time io reach (To drift} to the nearest wire, and

knowledge of this time is crucial in determining

the precise location where the electron or ion was

created (that is, the position of the charged

particle). The drift times can be measured to an

accuracy of a lew nanoseconds, and the location

of the panicle to an accuracy of a fraction of a

millimetre. The wires arc usually placed parallel

and dose to each other on a grid. Many grids are

then placed one on top ofthe other. In this way

the passage ofthe particle can be recorded with

great accuracy, and a three-dimensional image of

the track can be reconstructed from the data from

all the wires (see Figure J2. 13),
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wires an <vTit.
L layer of grid

m
Figure j'2.13 (a) A charged particle moving in a

grid of wires, (b) Computer reconstructed

particle tracks from a drift chamber.

The electromagnetic calorimeter

This detector surrounds the drift chamber.

When charged particles in a given medium
move I aster than the speed of light in that

medium, they give off radiation. This radia tion

(called Cerenkov radiation) can be detected

through the photoelectric effect: radiation

causes the emission of electrons from a metallic

surface upon which it falls. The electric current

created is a measure of the intensity of

radiation. The current so created is very small

hut can be amplified with phoromultipliers

(Figure J2.14).

Light falling on the metallic plate causes the

emission of a number of electrons, flies c are

accelerated to the nearest positively charged

dynode. When it collides with the dynode, more

electrons are released. In this way the current

grows to a sufficiently large value so it can be

measured. The current is proportional to the

number of photons initially entering the

photomultiplier. Even the arrival of a single

photon imo Lhe photomultiplier tube can be

detected.

Knowledge of the intensity of the radiation

allows determination of the speed ofthe charged

particle that caused the radiation. Since the drift

chamber offered information on the momentum
of the particle, it follows that a determination of

the mass of the particle is now possible.

Figure J2. 14 Light (radiation) falling on the

photomultiplier surfaces [the dynodes) creates

an avalanche effect of electrons. Once the

number of the electrons increases sufficiently,

a small current wilt be registered proportional

to the intensity of lhe incoming radiation.

The dynodes arc kept at a positive potential,

which keeps increasing as we move from right

ro left.
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Example question

Q5 Tniiirn • j — i -

Consider a photomultiplier tube with sis

dynodes kept at potentials from 100 V to 600 V,

Assuming that it hikes 5,0 eV Lo release one

electron from a dynode and that one photon is

incident on the photomultiplier lube, estimate

the number of electrons entitled from the sixth

dynode.

Answer

The first electron is incident on the first dynode

with an energy of about 100 eV and so releases

f- = 20 electrons. These 20 will then be

incident on the second dynode, also with a

kinetic energy of 1 00 eV each and so will

result in 20 x ™ = 20’ = 400 electrons, and so

on.

The sixth dynode will thus release 20 CI - 6.4 x

1

0

7
electrons.

The hadron and muon calorimeters

The remaining layers measure the energy of

hadrons and muons. When a particle enters the

calorimeter, collisions will create a shmverof

secondary particles. The size of the shower

determines i he energy of the original charged

particle. Muon detectors are at the outer edge

of the detector, as muons can penetrate all the

inner parts of the detector without much
interaction with them.

1 (a) Explain why high energies are needed to

produce particles of large mass.

The top quark lias a rest mass of about

175 GeVrJ
,

l.b) What is the minimum energy iieeded for an

electron-position pair that collide with

equal speed from opposite directions in

order to produce a top quark antiquark

pair?

2 Explain why high energies are necessary in

order to resolve small sizes.

3 An electron of total energy 50 GeV behaves

like a massless photon (i.e. t —
-f

),

(a) Calculate the de Broglie wavelength of this

elect rein.

(b) Could this electron be used to resolve; (i) a

nucleus; (id a nucleon?

4 Which would lx? belter suited to study the

structure of a nucleus, a beam of alpha

panicles oi a beam of protons each of

kinetic energy 25 MeV? Explain your

answer.

5 (a) State what is meant by synchrotron radiation.

Eh) How does synchrotron radiation affect the

operation of a synchrotron?

Ed How does the energy lost as synchrotron

radiation in a linear accelerator compare

to that in a synchrotron?

ft Suggest why protons, oil her than electrons,

are the particles normally accelerated in

synchrotrons and why electrons, rather than

protons, are normally accelerated in linear

accelerators.

7 Suggest why there are no particle accelerators

that accelerate neutrons.

B (a) Why can (uniform) magnetic fields be

used to accelerate particles?

(b) What is the purpose of the magnetic fields

in circular accelerators?

9

Particle accelerators are built deep

underground. For example, the CfcRN! collider

is about I HO m below ground level. Suggest a

reason why this Is done.

10 Consider a linear accelerator where the

alternating voltage applied to the ends of the

tubes has a constant frequency. Explain why

this implies that the lime the accelerated

particle spends in any one tube is constant.

Hence explain why the tubes must be

increasing in length as the particle Is

accelerated and why eventually the length of

the lubes slays constant.

1 1 Outline ihe operation of a cyclotron.

12 A proton crossing the l?
J

s of a cyclotron faces

a negative potential of 30 kV at the D opposite.

How many revolutions must the proton make

to reach a kinetic: energy of 25 MeV?
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1 3 A cyclotron has a radius of 0.20 m and uses a

magnetic field of strength l 1 T to accelerate

protons. The accelerating voltage between the

'D's is 35 kV.

(a) Calculate the frequency of the voltage that

must be applied to the 'D's.

Cbj What is the kinetic energy achieved by the

protons when they leave the cyclotron?

(c) How many revolutions did the protons

make before leaving the cyclotron.

14 The answer to question 13(b) did not use the

value of the accelerating voltage. Why is the

kinetic energy of the protons independent of

the voltage? What effect, if any, would a

higher voltage have?

15 Slate the role of magnets in a synchrotron.

Why are they of variable strength? How are

the particles actually accelerated?

16 Large conventional magnets can reach a

strength of about 2 T. Superconducting

magnets can reach 8 T. The LHC uses

superconducting magnets and has a

circumference of 27 km. Determine [he

circumference that the LI 1C would have to

have if conventional magnets were used,

17 Consider a synchrotron with circumference

27 km. At any one time there are 3000 bunches

of particles along the circumference of the ring

and an equal number of bunches with particles

going the other way. Assuming that the particles

essentially move at the speed of light calculate:

(a) the average distance between two

consecutive bunches;

tb) the average time taken for the two

bunches to meet;

(d the average frequency of bunch crossings,

Ed) Assuming that every time two bunches

cross each other there are 20 collisions*

estimate the total number of collisions per

second.

18 ( a ) A very rel a tivi stic pa rt id e behaves as a

particle with negligible rest mass, i.e. like

a photon for example, and so the relation

between total energy and momentum is

£ = pc. Use this relation to show that the

radius of a circular orbit of this particle in

a magnetic field B is given by R =
,

d

.

fb} Calculate the magnetic field that must be

used to bend 7.0 TeV protons in the LHC,

whose radius is 4.26 km.

19 State and explain one advantage of a

synchrotron over a linear accelerator,

20 Explain why there is more available energy for

producing new particles in a colliding beam

experiment compared to a beam of the same

total energy that collides with a stationary

target.

21 State and explain one disadvantage of

colliding beam experiments compared to

experiments in which a beam is directed at a

fixed target,

22 A proton and an a nil proton at rest annihilate

into two photons. What is the wavelength of

each photon?

23 A pion may be produced in the reaction

p + p -j- p f n 1- 7T '

.

Assume t hat one proton

is at rest and the other is moving with kinetic

energy K before the collision. What is the

minimum K that would allow the production

of the pion? (The rest mass of the pion a- " is

3 40 MeV tr
1
,)

24 Deduce that in the reaction

p4 p -+ p h p + p + p in which one of the

initial protons is at rest, the minimum total

energy of [he moving proton required for the

reaction to take place is equal to seven times

[he proton's rest energy.

25 Consider the reaction p + p —
p + p + jt in

which the initial protons are approaching

each other with the same kinetic energy from

opposite directions. What minimum kinetic

energy must each proton have for the reaction

to take place? (The rest mass of the pion i” is

135 MeV c" 2
.)

26 Calculate the minimum energy of a pion

that collides with a stationary prolon

according to p + tt" -* E" + K°, (The rest

masses arc 140 MeV c
2

for the pion, 1 193

MeV c~' for the sigma, and 498 MeV c 2
for

the kaon.)

27 Outline the layered structure of particle

detectors around collision areas In an

accelerator. In particular, explain why the drift
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chamber is always placed inside the

calorimeters.

28 What do calorimeters measure in a particle

detector?

29 What is the principle behind the operation of a

bubble chamber? Describe how particle tracks

are created and recorded in a bubble chamber*

30 Outline how the tracks of charged particles

are recorded in a wire drift chamber.

3T State and explain two advantages of modern

drift chambers compared to bubble chambers.

32 Outline how the mass of a particle produced

in a collision may be determined.

33 Particle physics research is expensive, li uses

resources that might otherwise go to other

areas, for example health and social care. What

is your position on this issue? Write an essay

giving arguments to support your position.
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Quarks and leptons

As we have mentioned before, there exist six types or flavours' of elementary particles

cal fed quarks. The idea of the quark came about as follows. By the 1960s scores of particles

(now known to be hadrons, i.e. made out of quarks) had been discovered, filling long

tables with their various properties. In 1963 Murray Gell-Mann, George Zweig and Yuval

Neeman independently proposed, on purely mathematical grounds, that the hadrons and

their properties coutd m fact be understood quite simply, if one made the assumption that

these particles had smaller constituents, called quarks by Gell-Mann and aces by Zweig,

Hadrons - baryons and mesons

It was originally proposed that three flavours of

a new particle should exist, and these were

named quarks by Murray Gell-Mann (Figure J3J).

who found the word in a passage in James

Joyce's Tinnegdfis Wake. They were given Lhe

names up (u), down (d) and strange (s) quarks. The

u quark was the lightest of the three and was

assigned an electric charge of two-thirds that of

the proton. Le. jk'|,Tlm was a radical step,

since every known particle up to that time had

a charge that was an integral multiple of the

electron charge (Millikan's experiment). The d

and s quarks were each assigned a charge of

“||e|. Since Gell-Mann’s original work in the

1960s. three new flavours of quarks have been

needed, the charmed (c), bottom (b) and lop (t)

quarks. These (c T b* t) and the original three

(u, d, s) account for all the hadrons known today.

lhe hypothesis was that had ions could be

made out of quarks id just two ways:

* by combining three quarks! giving a fttryon;

- by combi u ing a quark wi rh ai i am iq nark,

giving a meson.

Note that it is only hadrons that arc made

out of quarks. Leptons and exchange

particles are not.
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Figure jJJ Murray Gell-Mann.

Consider two well-known baryons, the proton

and the neutron. The proton consists of two u

quarks and one d quark (Figure J3,2a). The

neutron is made out of one u quark and two d

quarks (Figure J3. 2b).

U—

—

a w
(n) pruldii, p - tuud'i lb) neutron, n = (iwjtlt

Figure J32 The quark structures of (a) a proton

and (b) a neutron.

The electric charge of the proton is thus

predicted to be

2 2 1

= -FHH 4- del - clH = -He I

0 0 3

and that of the neutron is predicted to be

Q„ = (-i|e|) + (-i|e
|

) + (+| |
et)

1 I 2= -j|e| - jl<?l + j|e|-0

which are, ol’ course, the correct values.

Pions are examples of mesons. The positively

charged pion (it
1 meson) is made up as follows;

jt
4 = |ud)

where the bar on a particle (quark) denotes an

antipartide (antiquark). Thus, the positive pion

is made out ofa u quark and the antipartide of

the d quark (the d an Li quark).

Example question

Q1 WM • * Wm -T .-_v J. _J_r : slL^IJ.

What is the quark content of the antipartide of

the jt
+ meson?

Answer

The antipartide of the n 4
' meson (positive pion)

is found by replacing every particle in tt * by its

antipartide- the antipartide is therefore the tt

meson (negative pion), made up as

n~ = (du) or (Cid)

We have so far seen the use of the up and down

quarks in making up protons and neutrons.

What about the strange quark? This quark does

not participate in making up ordinary matter.

However, particles known as kaons were

discovered in cosmic ray experiments, and the

strange quark is one of their ingredients. Gell-

Mann predicted rhe existence of a particle made

out of three strange quarks and could in fact

predict its rest energy as wTd! at 1672 MeV. The

omega-minus U (= sss), a ‘strangeness ¥
particle, was discovered soon afterwards (1964) at

Brookhaven National Laboratory in New York,

lending further support to the whole quark idea.
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Baryon number

Baryons are assigned a quantum number
called baryon number. The proton and neutron

have baryon number + 1, and their an Liparticles

have baryon number 1 . Again, the neutron

differs from the antineutron in that they have

opposite baryon number. Hence, they are

different particles. (This is equivalent to

assigning a baryon number of + \ to all quarks

and - 1 to all antiquarks. Thus mesons have

baryon number equal to 0.)

t* Baryon number is conserved in oil reactions.

For example, you can see that baryon number is

conserved in the Follow trig reaction:

n + p-i-n + p + p+ p

(0 = 1) + (0 = 11 = (0 = 1) + (B = J) + (I & |) + (fl— l)

(In this reaction, the mass on the righL-hand

side is larger than that on the left. Thus, for the

reaction to take place, the proton or neutron on

the left-hand side must have sufficient kinetic

energy.)

Strangeness

Some particles discovered in cosmic ray

experiments ill the 1950s (for example, the

negatively charged baryon E
-

)
had very

unusual properties. One of them was that they

decayed far too slowly compared with other

similar particles. For example, the decay

E“ —* n + 7t has a half-life of order 10“ 10
s,

whereas the decay of the neutral sigma.

-* A 0 + y, has a half-life of order 10
2Q

s, he*

10 orders of magnitude shorter! For this reason

they were called strange particles. To make
sense of their unusual properties, it was

hypothesized that these particles carried a new
quantum number, strangeness. The properties of

the strange particles could then be understood if

it was postulated that (unlike baryon number,

which is always conserved) strangeness is

conserved only in electromagnetic and strong

interactions but is violated in weak interactions.

We now know that strangeness is due to the

fact that the hadron contains one or more
strange quarks.

ft* A hadron is assigned one positive unit of

si range ness for every artistrange quark it

contains, and one negative unit of

strangeness for every si range quark it

contains.

Fable j3.1 shows a few mesons and baryons

and the quark content and strangeness of

each.

Quark content Strangeness

Mesons

IT (up) 5 = +1

K° (ds) 5 = +1

JT* (ud) 5^0

rr” (du) 5=0

mixture of ( uu) and fdd) 5 = 0

mixture of (uu) and (dd) 5 = 0

j/ mixture of < uu), (dd 1 and (ss) 5 = 0

Baryons

(uvis) 5 = -1

£- (dd.q 5 = -

1

E° (uds) 5 = - ]

2° m) II + r-o

(mm) 5=0

A9
(lids) 5 = -1

Table J3.1 A few hadrons and their strangeness.

Thus, in the decay E n \ n ~
, strangeness

is violated (the strangeness of E is 1. and the

strangeness of n -t- jt is 0), the decay takes

place through the weak interaction and is

therefore slow. The decay E° -* A 0
-j- y . on the

other hand, does not violate strangeness. The

strangeness $ of E° is -
1. and that of A° is - I,

because both have one strange quark. The decay

then takes place through the electromagnetic

interaction and is therefore fast.
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Example question

Gell-Mann classified ihe spin-4 baryons made out

of the tight u, d and s quarks in the
11

eightfold way'

as shown in the charge-strangeness diagram in

Figure J33, Identify the quark structure of the

baryons indicated by X., Y, Z and W* {Do not try to

answer l he same question for the two centre ones -

that is too technical IS

=+i

\ Q-0

i-
Figure ]33 The eightfold way for the spin

\

baryons. (The horizontal lines are lines of

constant strangeness 5, and l he slanted lines

are lines of constant charge 0.)

Answer

Both X and Y must have no s quarks because

5 — 0. So X = (ddul to make sure that Q = 0, Le.

X is the neutron. {Look back at Table J 1 .2 to

remind yourself of the charges on the quarksJ

Similarly, Y — (uud) to have Q = +1, i.e. Y is the

proton. Z has one strange quark since 5 = — I

,

iind to make Q = - 1 we must then have

Z (sdd). Similarly,, W — (ssd).

The spin of hadrons

The fact that hadrons are made out of quarks

allows many of the properties of hadrons to be

understood. One such property is the spin of

hadrons. Recall that quarks are fermions with

spin equal to |.

Consider first a baryon, i.e, a hadron made out of

three quarks. Figure j 3.4 shows the possible

orientations ofthe spins of three quarks. There are

only two possibilities. Thus we can predict based

on the existence of quarks, that all baryons will

have a spin of ’ or |. litis means that all baryons

are fermions. This is indeed the case. For example

the proton and the neutron both have spin L

whereas rhe baryon fir has spin (see page 758).

ooo
[dial spin - -£

Figure J3.4 The spin of baryons in terms of the

spins of the quarks.

Note that here \vc examine only the intrinsic

spin of the particle. If the quarks revolve around

each other inside the particle, they have angular

momentum (which is an integral multiple of

?p| T which gets added to the spin. We will not

consider ibis ‘orbital' spin here.

Consider now mesons, which are made of one

quark and one antiquark. Figure J3.5 shows that

again there are only two possibilities. Hence all

mesons have intrinsic spin 0 or 1. (The remark

about orbital angular momentum also applies

to mesons.) Hence all mesons are bosons.

tolal spin t t

Figure J3,5 The spin of mesons in terms of the

spins of the quarks.

Colour

An immediate problem appears when one looks

at a baryon such as the spin-r! baryon II" (sss).

This is a particle consisting of three identical

fermions. According to Pauli's exclusion

principle, such a particle cannot exist because

the principle forbids all three of them from

being in the same state. To avoid this problem,

a new quantum number needed to be

introduced that could distinguish the
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(otherwise identical) quarks. Hie new quantum

number was called colour.

It was hypothesized that quarks carry one of

three possible colour quantum numbers. These

were called red* blue and green. Antiquarks

carry anticolour, i.e. can be antiied, antiblue or

anrigreen, It must be emphasized immediately

that this quantum number has nothing to do

with the colour of visible light! The name is

appropriate, though, because, just as with

visible light, the colour combination red-blue

green results in while, i.e. a colourless state or

particle. In a baryon, therefore, the colours of

the quarks are precisely red-blue-green, which

means that the baryon itself does not have

colour. Sim daily, in a meson, the colour

combinations red -antired. blue-antiblue and

green an tigrecn also result in no colour for the

meson. In other words, we can say the following:

u Hadrons have no colour, even i hough

quarks do.

Answer

Since mesons are hadrons, they must have

no colour. So tt follows that X - antiblue,

Y - antigreen and Z — red.

Gluons

We saw in Option J1 that tile electromagnetic

interaction is described through the interaction

vertex involving electrons and a photon, A
similar interaction vertex exists for the strong

interaction between quarks. It is represented by

the diagram in Figure J3.7.

quark 4^
Figure J3.7 The basic strong (colour) interaction

vertex.

Colour was thus introduced to solve a theoretical

problem of the quark model, but soon afterwards

experimental evidence was also produced

pointing to the real existence of colour.

I.sumplc question

Energy is supplied to a meson, as shown in

Figure J3.6, and two new mesons are created.

Slate the colour of lhe quarks indicated by X, Y

and Z.

Figure J3.G When energy is supplied to this

meson in the hope of extracting a quurk. a new
meson is created instead

The quark type (flavour) does not change in

this interaction. To this vertex we assign an

interaction strength y/al. The theory of quarks

interacting with gluons is called quantum

chromodynamics (QCD). The word comes from

the Greek chroma meaning 'colour'. Unlike

quantum electrodynamics (QED) though (see

Option J 1 ). ( here are more interaction vertices

in QCD (involving gluons only as we stated in

Option Jl).

In QCD the gluons then play the role that the

photon plays in QTD. The gluons aFC massless,

neutral and have spin 1 just like the photon.

Like QED, QCD is also a theory based on a

symmetry. Theories based on symmetries are

called gauge Lheories in panicle physics. (The

symmetry is that of the non-abelian group

SU{3) - those ofyou studying mathematics at

higher level may appreciate this more ifyou do

the option on sets, relations and groups.)

Gluons also carry colour, but their case is

somewhat difficult and technical. A gluon
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actually carries two colour quantum numbers:

one quantum number for colour and one for

anricolour, Thus a gluon can be, for example, a

red an Ligreen gluon , Thco ret i cal
1y, there a rc

nine possibilities obtained when we combine

the three colours with the three anticolours, so

we would expect nine gluons. However, because

the combinations red-antired, bhie-amiblue

and green-antigreen give a colourless state, this

means that the 'ninth’ gluon is in fact a

combination of the other eight Titus, there

exist only eight independent gluons: G^, G^,.

Gbr> G bt;. CqR. and two others. Hie last two

are complicated and we will not make use of

them here {see the Supplementary material

that follows).

As with the electromagnetic interaction, we can

draw the strong (colour) interaction vertex in

various ways to represent different processes.

Colour is conserved at rhe vertex. For example,

the diagram in Figure J3.& represents the

absorption of a gluon by a u quark. Just

as electric charge is conserved at the

electromagnetic vertex, colour is conserved at

this vertex. Thus if the incoming u quark is red

and the outgoing u quark is blue, it must be

that the incoming gluon must carry two types

of colour: blue and antired.

important phenomenon called mixing. These

gluons are mixtures of various colours. The

same phenomenon of mixing also occurs

within baryons anti mesons, where now ins

the quark flavours that mix. For example, the

quark content of ihe neutral spirit) meson

caller I if is in (act a mixture of dd and uu in

equal amounts, so that t

f

= dd -f uu. In very

rough words, the quark content of the is uu

half the lime and dd I he other half of the time.

To make matters worse., there are also

combinations such .is tt" = dd - uu ior ihe

neutral pion, Obviously, all of this is beyond

the level of this book.

tsample question

Q4 m—Him Tf—

—

A green s quark emits a gluon and becomes a

blue quark. State I lie flavour of the new quark and

the colours of ihe emitted gluon.

Answer

Gluons do not change flavour via the colour

interaction, so [he new quark is also an s quark.

To conserve colour, the emitted gluon must carry

green and anti blue colours.

Figure J3,8 The colour assignments of the gluon

are dictated by colour conservation at the

vertex.

Supplementary material

The remaining two gluons mentioned in the

main text have in fact the following

colour an tied our assignments: RR - GG and

KR f GG - 2BH* Obviously we cannot explain

in this book what this means exactly. Suffice it

to say that quantum mechanics allows for an

Confinement

Tile quark idea introduced order, in the sense

that the properties of many particles could now

be understood in terms of the properties of

quarks. The only problem was that, despite

much effort, no quarks were found, but the

quark idea persisted, at least as a mathematical

method of classifying hadrons. Soon afterwards,

experimental results were obtained that

indicated that quarks were not just convenient

mathematical tools For classifying particles but

actual real particles themselves with definite

mass, electric charge and other properties (see

Option J4 1

However, no quarks have actually been observed

as free particles. Quarks only exist within
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hadrons. This has led to an important principle,

that of confinement:

> It is not possible to observe isolated quarks

land gluons). Quarks inside a hadrjm

always appear in colour combinations that

result in zero net colour number. This is

called quart cmr/inem'iit or coriJarL’iirruto/

colour.

Suppose that one attempts to remove a quark

from inside a meson. The force between the

quark and the antiquark is constant no matter

what their separation is (Figure J3.9a),

Therefore, the total energy needed to separate

the quark from the antiquark gets larger and

larger as the separation increases. To free the

quark completely would require an infinite

amount ofenergy, and so is impossible. If one

insisted on providing more and more energy in

the hope of isolating the quark, all that would

happen would be the production of a

meson-antimeson pair and nol free quarks.

This situation is in sharp contrast to the electric

force between two opposite electric charges,

which decreases as the separation between the

charges increases (Figure J3.9bf

quark iiniiquark

i.a) strong (colour) foruc

Figure ]3.9 The lines of force between a quark and

an antiquark are very different from those

between a positive and a negative electric

charge, leading tn quark confinement.

The interaction between nucleons

We know from nuclear physics LhaL protons and

neutrons are tightly bound within nuclei with

the strong nuclear force. What is the relation

between the strong nuclear force ofnuclear

physics and the interaction between quarks and

gluons?

The strong nuclear force was observed long

before we had any understanding of quarks and

gluons. This force was explained by the

Japanese physicist Htdeki Yukawa in the 1930s

as an exchange of pious (and other mesons like

the o) and the p) between protons and neutrons,

in reality, this force is what the exchange of

gluons l>etween quarks inside nucleons appears

to be to an observer (Figure J3. 10), who cannot

see individual quarks and gluons. Figure J3, 10

shows quarks inside protons exchanging gluons.

To an outside observer far away, the exchanged

gluons appear to he mesons.

Figure J3.10 The interaction between quarks

appears as an exchange of mesons.

Quarks, leptons and the

standard model

The theory of quarks and leptons is called the

standard mode! ofelementary particles. We
have seen how quarks build up hadrons and

how quarks interact through the exchange of

gluons. We have also seen that the basic
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interaction vertices of the weak interaction

bring leptons into the picture. The standard

model (Table J3.2) has classified the quarks and

leptons into three fa rallies (or generations). 'Hie

electric charge, rest mass and spin of all of

these were given earlier in Tables J 1.1 and j 1.2.

It appears that each family is a copy oft he one

betbre, but heavier in mass overall.

Leptons Quarks

E
rif5l family e" u

d

Second family fi- s

VU c

Third family r“ b

\t
t t

Table J 3.2 The leptons and quarks of the standard

model arranged in three families (or

generations).

tepton number

A number of decays that at first sight appear

possible do not in fact take place. One such

example is the following reaction, which has

never been observed:

t*
" — e" -+ y

This is allowed by energy, charge, momentum
and angular momentum.

To understand these reactions, a new

conservation law was hypothesized, that of

lepton number conservation. Ihe leptons of cadi

family (or generation) are assigned a lepton

number as shown in Table J3.3. because we have

three families, three lepton numbers are

needed. So we have electron, muon and tan

lepton numbers, L c . L ^ and L respectively.

The antipartides or these leptons are assigned

the opposite lepton number. Thus the electron

neutrino differs from the electron antineutrino

(even though they are both electrically neutral)

because they have opposite lepton numbers. The

three kinds of lepton number arc (ndivirfualfy

conserved in all reactions.

L 4 L.

Electron, e + 1 0 0

Electron neutrino, vt 4 ] 0 0

Muon, jU“ 0 +1 0

Muon neutrino, v
s4

0 +1 0

Tail, r 0 0 +1

Tau neutrino, vT 0 0 +1

Table J3.3 Lepton number assignments.

Consider for example, the following decay of a

muon:

fi
~ —* e" q- % + vv

<4 ^1) = (£e — 1 } + (4 = -1) + (4 - 1)

In this, both electron and muon lepton

numbers are conserved. (The tan, lepton number

is also conserved, being zero on both sides of

the reaction,)

The absence of the decay n~ e~ + y is then

understood since it violates the conservation of

both electron and muon lepton numbers.

* We can summarize by saying that, in all

reactions, the following quantities arc always

rensmvd:

* Energy

* Momentum (and angular momentum)

Electric charge

ftaryon number

Colour

* Lepton number

The Higgs partide

We come finally to a discussion of this rather

mysterious partide. The Higgs partide is a

neutral, spin-0 particle that plays a crucial role in

the standard model. Despite very many efforts,

this partide has not yet been detected

experimentally. From the various attempts to find

it, it is estimated that its mass is between 120 and

200 GeV r
-2

. Tills means that the LHC (Large

Hadron Collider) at CPRN has a good chance of

finding it - unless Fermilab beats them to it.
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The Higgs particle is closely linked to the mystery

of mass. What exactly is mass and how do the

elementary particles acquire mass? In particular,

why do the elementary particles have the mass

that they have? The mathematical theory

describing the electroweak interaction is one of

symmetry. Among many other things, this

symmetry forbids the photon and theW and Z

bosons from having mass. The photon is indeed

massless, so this is fine. But theW and the Z are

massive. For years physicists searched for a wav
both to preserve the mathematical symmetry of

tile theory and at the same rime to allow theW
and the 7 lo have mass. The mechanism was

found by Peter Higgs and is called the Higgs

mechanism. (This mechanism was arrived at

simultaneously by others as well, notably by

F, Englcrt and R, Brout as well as by G, S. Guralnik.

C R. Hagen and T. W. B. Kibble. The main idea has

its origins in earlier work by Philip Andereon its well

as by Y. Nambu and G. Jona-Iasinio, As has often

happened in the history of physics many people

arrive at the same idea but, unfairly, only one name

gets associated with it.) The price to be paid for

achieving this was to introduce a new particle, a

neutral, spin-0 particle, whose interactions with

the particles of the standard model gave mass to

the particles. This was the Higgs particle.

The Higgs pa rifdc is responsible for the mass

of the particles of the standard model, in

particular the masses of the W and the Z,

The Higgs particle is a difficult particle. It is the

quantum of the Higgs field just as the photon is

the quantum of the electromagnetic field.

However, it differs from I he electromagnetic

field in one crucial way. If the universe is full

of electromagnetic waves, the universe contains

a certain amount of energy as a result of The

presence of i he electromagnetic fields. The

state of minimum energy of the universe

corresponds, as one might guess, to the state

where the electromagnetic field is zero (Figure

]3.11a). Zero field leads to zero energy. Ibis is

not the case for the Higgs field. The universe is

permeated with the Htggs field, and has some

energy as a result. However, the lowest possible

value of this energy does not correspond to

zero value of the Higgs field (Figure J3. 11b).

energy

Figure J3.ll The energy of the universe as a result

of (a) an electromagnetic field and fb) a Higgs

field.

The idea of mass being acquired as a result of

an interaction is a difficult one. But a similar

idea also exists in classical mechanics. A ball of

mass m that is being dragged through a fluid by

a pulling force F will have an acceleration that

is a bit less than “.This is because turbulence is

created in the fluid and results in a small Ibrce

opposing the motion and hence a smaller

acceleration than expected. This has the same

effect as saying that, as a result of the

interaction of the body with the fluid, the body

increased its mass a bit and Lhe three / results

in a smaller acceleration.

1 Write down (he quark structure of (a) the

ami neutron and fb} the antiproton, and verify

that the charges come out correctly,

2 Explain, in terms, of quarks, what is meant by the

terms (a> hadron, (b) meson and id baryon.

3 Write down the- quark structure of the

ant [particle of the meson K -1 — (us).
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4 When two quarks are interacting

electromagnetically, which particle are they

exchanging?

5 What is the baryon number of the quark

combination ccc?

6 Determine whether the following reactions

conserve or violate baryon number:

fa) p
+ —> e+ + y

(b) p
4 — p -*> it* +

(d p
4 + p" > JT

4 + Jr" + n 4- n

(d) A0 — ji* + it
~

7 in the reaction p H- p
—* p + p + X, which

baryon could X stand for?

8 Suggest the reason that led to the introduction of

the quantum number called strangeness-

9 The quark content of a certain meson is (dsj.

(a) What is its charge and strangeness?

(b) Is it its own antiparticle?

10

A charmed D meson is made out of D — (cd),

fa) What is its charge?

(b) What is its strangeness?

tl Determine whether the following reactions

conserve strangeness:

(a) tt ” + p
+ —* K1

' + A 13

(b) n" 4- n -* K+ + S”

fd K*
J -x + 3r

4

(d) jt + p
K

jr* +

12 Can a meson containing one strange quark be

its own antiparttcle?

13 The neutral meson = tcc) is its own

an H particle, but the neutral K" = (ds) is not.

Explain why,

1 4 fa) What is the charge anti strangeness of the

baryon A — (uds)?

(b) 5 inee the three quarks in this baryon have

different flavours, Pauli's exclusion principle

is satisfied. Does this mean that all three

could then have the same colour? Why or

why not?

1 5 fa) State Ihe numerical value of the spin of a

quark, including its unit in the SI system,

(b) Using appropriate diagrams, explain why

baryons are fermions and mesons are

bosons.

1 fi A bound slate of an electron and a positron is

called positron turn. (It is unstable and decays

quickly.)

fa) Stale the possible spin values of positron ium,

(b) Spin is a kind of angular momentum, and

angular momentum is conserved in all

reactions. Linear momentun is also

conserved in all reactions. Using your

answer in (a), explain how positmniurn

can decay into two or three photons but

not into one, (Hint: the spin of a photon

is U
17 (a) The positive pion jD has the quark content

(ud) and rest mass 1 40 MeV c~-, Explain

why there exists a different meson (the p+ of

rest mass ?70MeV<rJ
) with the same quark

content as the rr
+

.

(b) fhe negative pion it has quark content

i,du>. Explain how it may be deduced that

there exists a meson with the same quark

content as Ihe and rest mass

770 iMeVr2
.

lit State and explain the reasons that made the

introduction of the quantum number 'colour'

necessary,

19 fa) What do you understand by the term

'confinement' in relation to quarks and

gluons?

(b) The Feynman diagram in Figure |T,T2 shows

the decay of a quark antiquark pair in a

meson into two gluons. With reference to

your answer in fa), suggest what might

happen to the gluons produced in this

decay.

quark

r\—— rmm
gluons

U mm
BnUqtiiirk

Figure 13.12 For question 19.

20 Explain how fa) baryons and £b) mesons are

'colourless', i.e. have zero colour quantum

numbers, whereas the quarks of which they are

made do have colour.
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The diagram in Figure J3J3 represents beta

decay.

Figure J3.13 For quest ion 21,

(a l Stale the name of Ehe particle represented by

ihe dashed line.

(b) Stare and explain how the colour of the u

quark compares to the colour of the d quark

in ihe diagram.

22 A blue c quark emits a virtual blue-antigreen

gluon. What are the changes, if any, 3n colour

and flavour of the quark?

23 Cell -Mann's "eightfold way" classification of the

spin-0 mesons (made out of the u, d and s

quarks} is given in Figure J3J 4, Identify the quark

content of the indicated mesons. Do not concern

yourself with Ihe three mesons at the centre.

Figure J3.14 For question 23,

24

A neutral meson contains a u quark and a u

anliquark and has rest energy equal to 135 MeV.

The meson is at rest.

(a) Draw a Feynman diagram to represent ihe

decay of this meson into two photons.

(b) Explain why the two pholons must be

emitted in opposite directions.

(c) Calculate the wavelength of each of the

photons.

Consider instead ihe case where the meson

is moving in the positive .indirection, say,

and emits a photon in (he positive x-di reel ion

and a second photon in ihe negative

x-di reel ion.

(d) Which of these two photons has the smaller

wavelength?

25 Outline how Ihe exchange of gluons by quarks

results in the strong nuclear force between

nucleons.

26 (a) The rest mass of the proton is 938 MeVc
and that of the neutron is 940 MeV c~

2
.

Using the known quark contents of ihe

proton and the neutron, calculate ihe masses

of the u and d quarks.

(b) Using Ihe values you calculated in (a),

predict the mass of the meson n * (which

is made out of a u quark and an

d anliquark).

(c) The actual value of the rest mass of the jr ’ is

about 1 40 MeV c '

.

Suggest how this

enormous disagreement is resolved.

27 In the reactions listed below, various neutrinos

appear (just denoted v). In each case, identify

the correct neutrino (vr , vM , vT or the

anti particles of these).

(a) ,t
+ -* 7T° + e+ + v

(b) ;r* - +^ + v

(c) r
-1" —> it

~
?r
+

-t- v

fd) p
+ + v n + e+

(e) r“ -* e“ -4* v + v

28 Do Ihe following reactions conserve lepton

number?

(a) p"1" “* e+ + jr
n

(bJ jr*-»e+ + ju-

te) z
+ -* jt

+ + u t

(d) jr” e“ 4- v„

29 Using the weak interaction vertices of Option 11,

draw a Feynman diagram for the reaction

4- e
_ -* vM + V(..
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30 The reactions listed below are- all impossible

because they violate one or more conservation

laws. In each case, identify the law that is

violated.

(a) K+- -h> }J.~ + vM + e* + e+

(b) ju —* e+ + y

fc) T* -* Y + %
Ed) p 4- n -* p 4- Jr

0

(e) e
r -* + ve

(f) p-*Jr +
+JT~

3 1 Describe the significance of the Higgs particle in

the standard model of quarks and leptons.
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Experimental evidence for

the standard model
This chapter describes the experimental evidence for the main features o! the standard

model of quarks arid leptons. This consists mainly of deep inelastic scattering experiments

and the discovery of the weak neuhal currents,

Objectives

By the end of this chapter you should be able to:

scare the meaning of the term deep itjefastic scattering;

* describe and discuss the main results from deep inelastic scattering

experiments;

* describe ihe concept of asymptotic /recdom L

* understand what is meant by weak neutral currents.

Gell-Mann's prediction of the

omega-minus

One of the earliest predictions of the quark

model that lent major support to the mock-1

1

was the prediction, based on quarks, of a new

particle that had not yet been observed.

As we discussed on page 749, since each quark

lias spin putting three of them together in a

baryon can result in a total spin of i> (all three

have spin up'), Spin-| baryon s vary in charge

from —
I to i-2 units, and their strangeness varies

from 3 to 0. Tile known spin-^ baiyons could

thus be grouped in the pattern shown in Figure

J4.1 according to charge O and strangeness 3.

Each solid circle represents a baryon and all

were detected in earlier experiments. There was

an obvious gap at the bottom of the Triangle’,

however. This was a negatively charged, spin-|

baryon with strangeness 3, consisting of three

strange quarks. Based on the pattern of the

masses in this d i agram p
M it rray Cel I

-Ma n it

could also predict the mass of the new particle.

The omega-minus Q was discovered shortly

afterwards at Brookhaven National Laboratory.

This discovery lent major support to the idea of

quarks.

The direct evidence for quarks

The discovery of the omega-minus was a major

breakthrough for The quark model. But it was

also indirect support for quarks, since no quarks

were directly observed.

Direct evidence for quarks appeared in the mid-

lyGOs in deep inelastic scattering experiments,

performed mainly at SLAG (the Stanford Linear

Accelerator), in which very energetic electrons

were directed towards protons and their

scattering analysed. I liese experiments are

modern versions of the Geiger- Marsden-

Rutheribrd experiment, in which the scattering
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\

(? = -l

Figure J4.1 Classification of spin'- baryons.

The Feynman diagram for a

typical deep inelastic scattering

of an electron off a proton is

shown in figure J4.3. It is found

that the scattering pattern

(scattering angles and energies of

the leptons) is consistent wilh

the existence ofvery small* hard

objects inside the proton.

Because the electrons are very

energetic, they penetrate the

proton volume and see' the

individual quarks. If the energy

of the electrons is not high

enough, they scatter off the

proton volume as a whole

without feeling* what is inside

The proton.

of alpha particles fired at thin gold foils was

studied.

In a deep inelastic scattering experiment, a

lepton (e.g, an electron) scatters off a

hadron (e.g, a proton) and transfers large

amounts ofenergy and momentum to the

hadron (hence the weird deep'). Ilic won]

Inelastic' signifies that after the collision

new hadrons are produced.

lire main idea of these experiments is that the

scattered leptons behave very differently when
they scatter off a particle with no structure than

when the particle has structure (Figure J4.ZJ;

pmioft witih no structure protein with direr quarks in it

Figure J4,2 Scattering a high-energy electron off a

solid proton would give different results than
scattering off a proton with three smaller
particles inside it.

Figure J4.3 Feynman diagram for deep inelastic

scattering.

These experiments reach five main conclusions.

The conclusions and a discussion of each

follows below.

Conclusion l There are three small

constituent particles inside baryons and two

inside mesons (evidence for quarks),

t hese experiments can measure the probability

that a given constituent of the proton carries a

fraction a of the proton's total momentum.This

probability h known as the structure function

of the proton and is denoted by F 2 (A), The
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graph in Figure J4.4 shows I his function tor the

proton. The peak ai about x =0.3 is consistent

with the expectation that, with three quarks

inside the proton, each would, on average, carry

one-third of the momentum of the proton.

Figure J4.4 Hie structure function for the proton

measures the probability that a given

constituent of the proton carries a given

fraction x of the proton's total momentum

Conclusion 2 These particles are charged, and

their electric charge is either e or ± ^
e

(evidence for fractionally charged quarks).

The electron transfers energy and momentum

lo the proton through the exchanged virtual

photon. Because the interaction is

electromagnetic, it follows that the strength of

the interaction is known as the electromagnetic

interaction strength (or coupling constant). But

measurements and calculations from the

experiments show that the amplitude is not

exactly proportional to x — <*em

one would expect if the particle inside the

proion had a charge equal to e. It is in fact

somewhat smaller, indicating that the charge of

the constituent particle is less than e. Detailed

measurements thus reveal thai the charges of

the quarks are either ±J e or ±| e.

Conclusion 3 The particles inside the hadron

behave essentially as free particles, i.c. they are

loosely bound to each other ^evidence for

asymptotic freedom - see page 761).

An electron penetrating lbe proton volume and

scattering off an individual quark would

bounce off differently if the quark were very

strongly bound to its neighbouring quarks. A

strongly bound quark would not rebound and

the electron would Mien sutler a deflection at

a large angle. The experiments show small

deflections, which is evidence that lire quark

rebounds a lot in the presence of the incoming

electron. This can only lx? because the quark Is

very loosely bound to the other quarks inside

the hadron. Ibis is a very important but

somewhat technical conclusion, the full

significance of which will be discussed in the

next section on asymptotic freedom.

Conclusion 4 Bach of the constituent particles

appears to come in three types (evidence for

colour).

Consider, again, the Feynman diagram in

Figure J4.3 in which an incoming electron

interacts electromagnetically with one quark

inside a proton. Let A be the amplitude

corresponding lo this Feynman diagram, If

colour exists, then we must include three

diagrams rather than l he single one of Figure

J43. These will be diagrams in which the

colour of the quark Interacting with the

photon is either blue, green or red. When
more than one Feynman diagram contributes

to The same process, the amplitude for each

must be added in order to get the total

amplitude. This is essentially the principle of

superposition in waves applied lo quantum

mechanics. The total amplitude will therefore

be 3/1, and so larger. Indeed, the experiments

show that the amplitude for this process is

larger by precisely the correct factor consistent

with three colours.

Conclusion 5 There appear to be electrically

neutral constituents inside hadrons (evidence

for gluons).

Precisely because the interaction is

electromagnetic, it follows Lhat the electron

can 'see
1

only ihe charged constituents of

the proton. These experiments allow for the

measurement of the momentum of the

particles to which the electron couples. It is

found that ihc total momentum of these
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virtual gluon

(b) interaction strength as < I

Figure J4,5 The interaction strength decreases as

the energy transferred increases.

particles is less than that of the

proton itself. It therefore follows

that Lhere are oilier constituents

inside the proton that arc

electrically neutral. This is taken

as evidence for the gluons,

Asymptotic freedom

We saw in Table Jl.4 that the

electromagnetic* weak and strong

interactions have interaction strengths that are

approximately orFM as yf
, alv £= I0

-6 and T
This justifies tile name 'strong' given to the strong

interaction - its interaction strength is much
larger than those for the other two interactions.

The fact that as w t poses serious difficulties.

We saw that an interaction vertex in a Feynman

diagram is assigned a factor of This means
that, ifu c 1, diagrams with many vertices have

a much smaller probability of occurring, and so

it is a safe approximation to consider only the

simplest Feynman diagram for the process (i.e.

the one with the least number of vertices). But

for Ihe strong interaction 1, and so all

Feynman diagrams are equally important and

likely. To calculate so many diagrams is

impossible, and this fact delayed progress in the

understanding of the strong interaction.

This decrease of the interaction strength is

a purely quantum phenomenon and cannot

be explained in classical physics. In practice,

it means that one can perform reliable

calculations of processes involving the

strong interaction. We owe our presenr

understanding of the strong interaction to

such calculations carried out in the 1970s

and 19£0s, Glimpses of this behavior were

seen in the early deep inelastic scattering

experiments mentioned above, where it was

observed that when quarks were probed with

high-energy particles the quarks behaved as

almost free.

The 1970s, however, saw a great advance in

theoretical physics. It was realized that

interaction strengths (or coupling constants
1

)

are in fact not constant. Rather, Lhey depend on
the energy that is transferred at the interaction

vertices of a Feynman diagram. For the strong

interaction, in particular, it was shown by the

2004 Nobel prize winners l-lugh Politzer, David

Gross and Frank Wilzcek that the strong

interaction strength as actually decreased as the

energy increased (see Figure J4 .5).

t* Ihe decrease of ffj with energy is known as

‘I his means Thau as the

energy exchanged between quarks increases,

the quarks behave as free particles rather

than as tightly bound objects.

The discovery of the Z° and

neutral currents

As we mentioned earlier, the electromagnetic

and weak interactions can be unified into a

single interaction called the clectroweak

theory. Like QCD this is also a gauge theory

based on symmetry. (The technical symmetry

here is the group SU(2) x UO k) This theory,

developed by S, Weinberg, S. Glashow and A.

Salam in the late 1960s, raced serious

problems, however. Calculations of Feynman

diagrams in this theory gave infinite, and so

meaningless, answers, Jt was not until the

1970s tit at a spectacular breakthrough by the

Dutch physicists C. t Hooft and M, Veitman
showed that the infinite answers in the Feynman
diagrams could be eliminated and that
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meaningful calculations could be made in this

theory. This development inspired renewed

theoretical and experimental work on the

standard model.

The experimental breakthrough came in 1983

at CRRN The objective was to see evidence for

the crucial features of the standard model,

namely the existence of the massive W* and.

especially* the neutral bosons.

CERN operated a proton- antiproton electron

collider in which protons and 4

antipro tons were allowed to collide

after being accelerated to very high /
energies. y
The protons in one beam had a ptwiuon

total energy of about 270 GeV. The ui

antip ro ton s we re a cce 1 era te d to I h e

same energy and were moving in a second

beam in the opposite direction ro that of the

jn'otons. When the two beams were allowed

to collide, a Z u was occasionally created.

The 2? immediately decayed inlo an

elecIron -'positron pair according to the

reaction

Z° T e
+

and could be detected.

convincing confirmation of the validity of the

standard model.

In the same experiments* the charged bosons

W" were also discovered, and their rest

mass was measured to be about 80 GeV l
2

.

The W' were detected through decays like

W* e"
1" + v* and W" -> e fvf .

figure J4.G Two neutral current processes

mediated by the neutral 7.'".

1 What do the words deep and inelastic refer to

in the context of deep inelastic scattering

experiments?

2 Outline how deep inelastic scattering

experiments provide evidence for the

existence of colour on quarks.

The collision produced hundreds of hadrons

thaL were emitted mostly along the collision

axis. The election-positron pair was produced

at fairly large angles to the collision axis and

thus could be identified. Their energy and

momentum could be measured from the

curvature of the circular paths in the magnetic

field of the detector. This information allowed

the determination of the mass of the particle

whose decay gave rise to the e" + e^ pair.

In this way the 7.'' was discovered and its

rest mass was measured to be about

90 GeV C~2 ,

The discovery of the Z' was extremely crucial.

Only l lie standard model predicted neutral

current processes. This is the technical name

for processes mediated by a massive, neutral

particle, the 2° (Figure J4.6). This was the most

3 Explain how deep inelastic scattering

experiments with electrons can give

information only about the electrically

charged components of a hadron.

4 Consider the annihilation of an

electron-positron pair into a u quark and a u

antlquarid e~ + e i -* u + u

(a) Draw the Feynman diagram tor this

process, assuming that colour does

no! exist. Call the amplitude lor ibis

process A.

(bl Explain why, with coloured quarks, the

amplitude of the process is in fact 3

A

(t) Suggest how this can be used to provide

experimental support for colour.

5 Outline what is meant by asymptotic freedom.

What experimental evidence is there to

support asymptotic freedom?
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6 Unlike QCD, QED (the theory of lhe

electromagnetic interaction) does not have the

property of asymptotic freedom. What docs

this imply about the interaction strength of the

electromagnetic interaction as the exchanged

energy increases?

7 Jn a process known as Compton scattering, a

photon is scattered off a proton.

(a) Draw a diagram to show the scattering

of a photon of energy (i) ! ,0 GeV and

(ii) 1 00 GeV off a proton. Explain each of

your diagrams,

fb) Draw a possible Feynman diagram

representing the scattering of a photon off

a proton.

fc) Suggest how this process may be used to

provide evidence for colour.

8 Slate what is meant by a neutral current

process. Outline the discovery of the Z boson.

9

Consider the Feynman diagrams of Figure

(a.) tn one of these diagrams it is possible to

replace the Z boson with a photon. State

in which one, and explain your answer.

(b) Suggest reasons why the process represented

by the (new) diagram with the photon is

more likely to occur than that represented

by the (old) diagram wilh the Z boson.

10 The Z boson was discovered through its decay

into an electron-positron pair. Assuming that a

Z boson decays from rest, calculate ihe total

energy of fa) the electron and (b) the positron.

1 1 The Z boson was discovered in

proton-ant iproton collisions. The 7 boson

produced in these collisions decayed into an

electron-position pair. Explain why it was an

advantage that Ihe electron-positron pair

was produced ai large angles to the

proton-a nti proton pa I hs.
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Cosmology and strings

This chapter begins with the important connection between absolute temperature and

the average kinetic, energy of particles that are at equilibrium at that temperature. The

early universe following the Gig Bang had a very high temperature, and so the particles

that were present then had very high energies. This makes the early universe a very

suitable place in which to apply the ideas and theories of particle physics.

By the end of this chapter you should be able to:

* state the relation between absolute temperature and the average kinetic

energy ofpartides that are at equilibrium at that temperature, £\ =* jMT;

* apply the relation between temperature and kinetic energy to a variety

of situations fn tfw early universe;

* appreciate that there is an asymmetry between matter and antimatter;

4 outline the general idea of string theories and be aware that these demand

more dimensions than the four we observe;

* appreciate the fact the string theories appear to provide for a quantum

theory of gravity.

The Boltzmann equation

One of the biggest discoveries of nineteen th-

eentury physics was the connection between

the average kinetic energy £\ of particles in

thermal equilibrium and the absolute

temperature (Le. temperature measured in

kelvin). In equation form, this is

£"k = | kT

which is called Boltzmann's equation, where X

stands for a new constant of physics, the

Boltzmann constant. The Boltzmann constant

is related to the universal gas constant If and

the Avogadro constant A1

* through

k = 4-=1.38x ICT25 IK-'O
N ^

Along with the speed of light c, Planck's

constant h and Newton's constant of universal

gravitation G, the Boltzmann constant is

truly one of the fundamental ‘numbers' of

physics.

Shortly after the Big Bang, the temperature of

the universe was enormous. Going back to a

time of 10 s (perhaps the enrtiest we can

extrapolate backwards} after the Big Bang, the

temperature was of the order of 10-'2 K. The

temperature today as measured through the

cosmic microwave background radiation is only

2.1 K. Boltzmann's equation, ft = ikl , is of

fundamental importance in studios of

cosmology and the early universe* because the

equation sets the order ofmagnitude of the

energy that was available at any given

temperature as the universe cooled down

as it expanded. Tire equation is also

important in many other aspects of

physics.
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I \ample questions

Qi

Calculate the average kinetic energy of electron*

1 irw s after the Big Bang, when the temperature

of (he universe was T ^ I0
1

K.

Answer

3 x 1.38 x 1CT
21 x 101S

“
2

'

= 2.1 x 10" 6
1

2,1 x KT S

— — eV
1.6 x 10-19

^ 1 x 10
rl eV

^ 1 00 GeV

The average kinetic energy of electrons t0
_|,,

s

after the Big Bang was approximately 1 00 GeV.

Q2 IM

I fie nucleus of helium-4 has a bind ing energy of

about 28 MeV. Calculate the temperature at

which thermal motion would break the nucleus

apart into its constituents.

Answer

The energy needed to break apart the nucleus of

helium into its constituents is 28 MeV. The average

kinetic energy of the molecules at a temperature T

is Ek — | kT and so equating the two gives

~±kT = 28 MeV

2 x 28 x 1G6 x 1 .6 x 1G"19

3 x 1,38 x 10-"*

*2 x 10" K

This says that nuclei of helium could not have

existed at temperatures of about T as 2 x 10" K

or higher. The thermal motion of its constituents

and the energy supplied by photons would have

broken the nucleus apart.

A more accurate estimate than the one

presented in Example question 2 gives a

temperature closer to T K)
10

K. This is the

time of nucleosynthesis, the time when protons

and neutrons combined to form nuclei for the

first time. The universe then was only a few

minutes old.

The reason our estimate is very much ofan

overestimate is because of the presence of

particles with a range of energies. The Boltzmann

equation gives just the average energy in a

distribution of energies. If there are enough

high-energy particles or photons around, the

nuclei could not have been formed even at lower

temperatures than our estimate, which is based

on Lhe average energy. Apparently this is the

case, since the micleosynthesis temperature is in

fact T ^ 10 l° K.

t* Because we frequently use the formula

|
kT = f to find Lhe temperature

corresponding to an amount of energy f ,

and vice versa, it is useful to remember

that a temperature of 1

0

h
' K is in a rough

approximation equivalent to about I MeV:

10
1J K <=* 1 MeV

In the questions at the end of the chapter you

will be asked to perform the order-of-magnitud

e

estimate lor the decoupling temperature of the

universe. This is the temperature when the

photon energy fell below the level required to

excite or ionize the light atoms that were

around then (mainly hydrogen and helium)*

Unable to ionize the atoms, the photons simply

move through the atoms unimpeded. At earlier

times the higher temperature meant tit at the

photons had enough energy to ionize atoms or

to excite electrons to higher energy levels. Tit is

meant that lhe photons would be absorbed.

Thus, at the decoupling temperature, atoms

become transparent to radiation.

Matte^and antimatter

The very early universe contained almost equal

numbers of particles and anti particles. It is

predicted that asymmetries in panicle

interactions then created a very small imbalance
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of matter over antimatter. There was one extra

particle for every TU" particle-an tipatTide pairs.

Yet, today, we see mattcF and not antimatter.

The mechanism by which the antimatter was

destroyed leaving only matter behind (ihe

matter we sec today) is as follows.

First consider what might happen when the

temperature is very high. An electron, or some

other charged particle, emits a virtual photon,

which subsequently materializes into an electron-

positron pair (Figure] 5.1). Assuming that the

energy of the virtual photon is of the same order

of magnitude as the average kinetic energy of

particles at temperature / + wc can estimate the

temperature ar which this process is possible.

Figure J5,l At very high temperature, an electron

emits a virtual photon that materializes into an

electron-positron pair.

To produce I he electron-positron pair, we

must provide at least the rest energy ofeach

particle {plus any kinetic energy they may

have}. Therefore the least amount of

energy that has lo be supplied is

2m&€
2 — {2 x 0,511 MeV t

_2
)C

2 ^ 1 MoV, This

corresponds lo a tempera lure of about 10
ID

K.

We see therefore that, at temperatures of TO
10 K

and higher, thermal motion could produce

electron positron pairs. Of course, the reverse

process is always possible regardless of

temperature. That is to say, an electron

colliding with a positron will produce photons

at any temperature.

This implies that, at temperatures of IQ
10 K

and higher, electrons and positrons

annihilated each other but at the same time

new electron-positron pairs were created,

Tire re was in fact a kind of equilibrium

between the two opposing processes. However,

as soon as the temperature fell below 10
1,1

K,

the production of the pairs became

impossible [because rhere was not enough

available energy} but the mtrttfiihttlon

continued. Since there was originally a slightly

higher number of particles than an tip articles,

what remains Loday is matter and not

antimatter.

Strings

Our discussion so far has barely mentioned

the gravitational interaction. The good reason

for Lhis is that the strength of this interaction

is so small (because of the small masses of the

particles involved) so as to make it irrelevant

for subatomic physics. However, at very large

energy scales (or small distance scales)

gravitation docs finally become important

and becomes comparable to the other

interactions. Not only can it not be ignored

but also it must be included as a full

quantum theory on the same basis as the

other interactions.

The problem is that, despite massive efforts,

nobody has succeeded in constructing a

quantum theory of the gravitational

interaction. Attempts to build such a theory by

analogy with the theories of the other

interactions have all failed.

Faced with this problem, physicists in the

1960s constructed a radically different theory,

the theory of strings. This theory claims Lhat

the fundamental building blocks of matter are

not elementary point particles but tiny strings.

The length of the strings is assumed to be very

small {less than IQ
-55 m). and in the original

theories the strings could be open (i.e, have two

ends} or closed (i.e. form a loop). The string

theories ol the 1960s went largely unnoticed

mainly due to the successes of the

conventional theories for particles and partly
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because the string theories needed extra

dimensions!

The ordinary world in which we live is a four-

dimensional world - in addition to three-

dimensional space, the fourth dimension

referred to here is time. String theories could

not be formulated in this four-dimensional

world. Various versions of string theories

require 10, ti or 20 dimensions of space and

time. String theories did produce something

very new though: they could handle

gravitation as a quantum theory! In addition,

the old string theories had a lew technical

problems of their own and, as mentioned,

they went largely unnoticed until the early

1980s,

At that time, the technical problems of the

old strings were solved and it appeared that

for the first time physicists had a quantum

theory of gravity. This was supposed to be a

theory that would replace the conventional

theories of elementary particles such as

the standard model. The new string theory

required 10 dimensions. The extra six

dimensions were 'curled up 1

into a compact,

tiny space that was essentially unobservable*

What does this mean? We will look at a simpler

case. Two examples of two-dimensional spaces

are shown in Figure J5.2, The first is the

ordinary two-dimensional flat plane, A point on

this plane is determined ifwe give two

numbers, the a and y coordinates of the point.

The space extends forever in both direction s T It

Is an infinite space.

Figure jS.2 Two examples of two-dimensional

spaces.

The second diagram also shows a two-

dimensional space. One dimension extends

forever but the second dimension is curled up

into a circle. You must imagine a circle at every

point of the straight axis. The figure only shows

two for clarity Thus if a point is at P, it can

move along one dimension or the other. If it

moves along the straight line* it will never

return to its starting point. On the other hand,

if it moves along the circle (the 'other

dimension), it will eventually return to the

starling point P, Now if the radius of the circle

is really small, then to an observer living in this

space, space will appear to have one dimension

only. The second dimension is essentially

inaccessible to the observer.

In theories of strings, the extra dimensions are

assumed to be curled up just like the circle in

Figure J5.2. Because they ate unobservable,

though, it means that their size must be

microscopically small. En theories of strings, the

actual shape of these extra six-dimensional

spaces is quite complex and not at all as simple

as the example with the circle that we have

used here.

The great promise of strings was then two-fokh

For one thing, it would provide, for the first

rime, a viable theory of quantum gravitation.

For another, all the properties of the

elementary particles would be explained in

terms of strings. The idea was that the string

would vibrate much like an ordinary string, and

standing waves would be formed on the string

like the harmonics on ordinary strings. What
we normally call particles would then be the

different modes 0/ vibration of the string!

Anoi her greatly promising feature of si rings

was the belief that there could only be one

possible string theory. This would be THE

theory of the interactions in the universe.

Unfortunately though, this uniqueness' has not

held the test of time. There are, now, very many
possible string theories, and only experiment

can deride which one might describe the teal

world. There is some hope that in the new

generation of planned experiments in particle

accelerators predictions made by different
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string theories might be tested in order to

eliminate theories. There is also a hope that the

new experiments might (through the

predictions made by the various models) give

evidence for the existence of the extra

dimensions*

1 (a) Slate the energy of an electron in the

ground slate of the hydrogen atom,

(b> Using the Boltzmann equation, justify the

assumption that collisions between

hydrogen atoms are elastic. How realistic

do you guess your answer to be?

2 The universe became Iran sparer! to radiation

when photons could pass through the lightest

atoms fi.e. hydrogen and helium) withoui

exciting electrons to energy states above the

ground state.

{a) Assuming an energy gap between the

ground state and the first excited stale of

about 1 0 eV, calculate the temperature at

which the photons 'decoupled" from

matter according to the simple model

based on the Boltzmann equation,

ib) Discuss why your estimate is an

overestimate.

3 The time of decoupling {see previous

question) is taken as the time at which the

cosmic microwave background radiation

originated.

(a) Discuss the meaning of This statement,

fb) The temperature then was about 3000 K

and the age of the universe about 300000

years. Calculate the peak wavelength of

ihe cosmic microwave background

radiation using Wien's law {see Oplion Eh

4 The present temperature of the cosmic

microwave background radiation is about 3 K.

(a) Estimate ihe average energy of photons at

this temperature,

{b) Estimate (he energy of photons whose

wavelength is the same as Ihe peak

wavelength of the black-body spectrum at

this temperature, and compare the energy

corresponding to this with your estimate

from (a)*

{d The wavelengths used in microwave ovens

arc comparable to those of Ihe cosmic

microwave background radiation photons.

Since their energy is so small, how can the

overt warm up food?

5 (a) Stale what is meanl by the term decoupling.

fb) What do you understand by the statement

that the universe becomes transparent to

photons?

6 A virtual photon can produce a pair of W*
bosons.

(a) Draw a Feynman diagram for this

process.

(b) Estimate Ihe temperature at which the pair

can be produced at rest.

(d A pair of moving W bosons can in fact be

produced at temperatures fewer than your

estimate in {bl. Explain this observation.

7 Suppose (hat a galaxy contained large

amounts of antimatter Discuss what might be

observed if such a galaxy collided with a

galaxy made of matter.

B The early universe contained almost equal

numbers of particles and antiparticles. Outline

the mechanism by which matter dominates

antimatter in Ihe universe today,

9

At LEP, the old CERN collider,, protons and

anti protons each of energy 270 GeV collided

head-on,

(a) Slate ihe value of ihe available energy.

(b) Calculate the temperature that corresponds

lo this energy,

(c) Hence, explain the statement that the

collider is reproducing the early universe'.

10 Stale the main reason why il has not been

possible to construct a quantum theory of Ihe

gravitational interaction on the same ground

as for the other interactions.

11 It was stated in the text that a lime of

approximately 10 41
s is perhaps the earliest

we can extrapolate backwards in time.

Suggest a reason why you think this might lie

so, [Hint: Construct a quantity with units of

lime from the physical constants c{the speed
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ol light), C (Newton's constant ol universal

gravitation) and h (the Planck constant h)

12 Discuss the main features of string theories. In

what ways are Ihey different from

conventional theories of particles?

13 What is lire main reason for the excitement

about string theory?

14 Siring theories exist in dimensions higher than

four. Outline why the extra dimensions are not

directly observable.
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Physics and the theory

of knowledge (TOK)

This is a brief introduction to the role of physics in the context of the theory of knowledge

(TOK) class, which all 16 students must lake. We will begin with a very short discussion

uf the developments and changes that have taken place in the theories used to explain

phenomena in three areas of physics: the motion of the planets; gas pressure; and the

nature of light, We will then lake a closer look at the nature of theories and why ihey

need to change.

Those who choose to study the history and

development of physics will find that in ancient

times the prevailing model of the solar system

was a geocentric one. In the Ptolemaic system,

the earth was at the centre of the solar system

and alt other celestial bodies orbited it. The

practising scientists of the time embraced this

model and used it for many purposes. When
observations began to accumulate showing

disagreement with the model, Ptolemy, among
others, modified the model to make it fit the

new observations. One such famous alteration

was the introduction of epicycles. Originally,

planets were supposed to move in perfect circles

around the earth. With epicycles, the planets

now had to complete smaller circles at the same

time as they completed the large circular orbit

around the earth. When even newer

observations showed yet more deviations from

the model, more epicycles were introduced

with the express purpose of making the model

again fit the data. Eventually, more than SO

epicycles were needed to account for the

motion of the five known planets, the sun and

the moon, resulting in an extremely

complicated and cumbersome model.

Interestingly, this model lasted for 1400 years

before it was replaced (through the efforts of

Copernicus, Kepler and Newton) by the modern

heliocentric system. The planets orbit the sun

in elliptical orbits according to well-defined

physical principles summarized in Newton's

laws of mechanics and gravitation.

A few centuries later, experimenters looking

into the properties of gases realized that the

pressure ofa gas increased as its volume was

slowly compressed. Robert Boyle (one of the gas

laws bears his name) Thought that a gas consists

of tiny springs. When the gas is compressed, the

springs are also compressed and the tension of

these springs is what gives rise to the pressure

of the gas, Newton thought instead that the gas

consists of tiny particles between which a force

of repulsion exists. The force was hypothesized

by Newton to be inversely proportional to their

separation. Thus, when the gas was compressed,

the repulsive forces between the molecules

grew larger, giving rise to the pressure of the

gas. Bernoulli, on the other hand, did not find

the need to introduce forces between Lhe

molecules. The gas, he said, consisted of an

extremely large number of particles that moved

about and constantly collided with each other

and the container walls, h was the momentum
exchanged in the collisions that was

responsible for the pressure as far as Bernoulli

was concerned. Boyle’s model is an unnatural

model. Why should a gas consist of something

as artificial as a spring? Newton’s idea is much
more reasonable, but it requires the

in troduction of a new force. What is the origin
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of the force and where else is it operating?

Bernoulli's model is by far the simplest. It

requires nothing new, just the application of

i be laws of mechanics to a very large number of

material particles making up the gas.

By the end of the nineteenth century, a very

large amount of data had been collected

indicating that, when light fell on certain

metallic surfaces, negative charges (electrons)

were emitted from the surface. The puzzling

thing about those observations was that,

despite every expectation, increasing the

intensity of light did not result in any increase

in the energy of the emitted electrons. The

puzzling features of the many experiments on

this effect (the photoelectric effect) were

explained by Albert I- ins te in in 1905. He

proposed a revolutionary Iheory in which light

should be viewed as a stream of massless

particles and not as a wave, as had been the

practice since the time of Christiaan Huygens,

lire theory oflighl as a wave could not account

for its behaviour in the photoelectric effect and

thus that theory had to be abandoned in favour

of a better theory. If the new theory were

correct, it should be in a position to predict

new phenomena: phenomena that would not be

possible within the old theory. Indeed,

Einstein's theory of photons (the particles of

light) predicted that, when light ofvery short

wavelength hit electrons, the light would

bounce off the electrons with an rnnetiSL’d

wavelength. Soon afterwards, Arthur Compton

observed this scattering of light off electrons in

precise agreement with the new theory of light

as photons.

We may extract a number of observations from

the previous three paragraphs, which may help

us in our discussion. Knowledge in physics

accumulates when observations of physical

phenomena must be explained. To explain

these phenomena, a model is constructed. The

model is a set of rules, usually accompanied by

a set of pictures, describing how a few basic

ingredients are supposed to work so that the

phenomena are explained at some level. In

Ptolemy's model of the solar system, the

ingredients were the earth, the sun and the

planets, and his rules stated that these objects

moved in circular paths around the earth. This

model could explain some rough features of the

observations about the motion of celestial

bodies. When the observations did not exactly

agree with Ptolemy's predictions based on

circular orbits, epicycles were introduced. There

was no other reason to introduce the epicycles

other than to make the model fit the data.

Epicycles were ad hoc statements made to save a

model. Fourteen centuries later. Kepler, using

much more accurate data than was available to

Ptolemy, deduced that planets move in elliptical

orbits around the sun. His model was a better

model than Ptolemy’s. For one thing, it was

simpler. It agreed with observations very well

and could explain things that Ptolemy's model

could nou such as why the brightness of the

planets varies at different times of the year,

Kepler could stale that planets covered equal

areas in equal times and could calculate the

time of revolution of a planet around the sun if

he knew the distance between the planet and

the sun, Ptolemy’s model could not even handle

these questions let alone answer them, but even

Kepler could not explain whv the planets moved

in elliptical paths. To answer such a detailed

quest ion more knowledge was required: this

was supplied by Newton, who realized that the

key behind it all was a force of attraction

between the sun and the planets the force of

gravity. Newton thus made a new and simpler

model whose premise was a force of attraction

between finy two masses, nol just those of

celestial bodies. It could be shown that all the

observations thai Kepler had made were simple

consequences of the law of gravitation and the

laws of mechanics.

The development oft tie models of the motion

of the planets from Ptolemy to Newton was not

a gradual evolution, with a few details of the

original model changing as it was refined into

a better one. It involved an abrupt and

fundamental change - a change in paradigm

and, as philosopher Thomas Kuhn says, a
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"scientific revolution\ Newton's ideas about the

motion of the planets were a fundamental and

different reconsideration of the entire problem,

not an attempt to fix some of the original

model's flaws.

The signs that the original model was wrong were

many and obvious. First because observations did

not agree with the model and second because the

model was getting too complicated, too

cumbersome and too ad hoc. Newton
1

s model was

simpler, more elegant, more general and agreed

with the data. Newton's model passed many tests.

Detailed predictions based on the model were

found to be true by observation, by the early part

of the nineteenth century, anomalies (be.

deviations from Newtonian behaviour) were

observed in the motion of the plane L Uranus.

The astronomers J.C, Adams in England and

U. Le Vernier in France assumed that an unknown

planet was affecting the orbit of Uranus. By

applying Newton's law of gravitation, the two

independently showed that the anomalies in the

Uranus orbit could be explained by the presence

of this planet. Calculations showed the position

ofthe planet and the very night Le Vender's letter

arrived at the Berlin observatory the planet

Neptune was discovered exactly where Le Vender

said it should be. More detailed calculations,

however, showed that the effect of Neptune

explained most, but not alb of the anomaly in the

Uranus orbit More work again showed (hat a

smaller planet was responsible for that bit of the

anomaly. After several decades of intensive

search, the planet Pluto was discovered at the

edge of the solar system. (Pluto has recently been

downgraded to a "dwarf planet’,) Newtonian

gravitation was triumphant. These were

tremendous successes for physics and showed the

urtiwrsalfty of physical taws - they could be

applied anywhere not just on earth. Even though

many other disciplines have tried to imitate and

copy the methods of physics (with varying

success), no other discipline has been able to

produce the universality of its laws.

At about the same time as Adams and Le Vender

were discovering new planets, more anomalies

were observed, this time in the motion of the

planet Mercury. Did this imply that Newtons

theory was wrong or would it imply more

incredible discoveries within the theory? The

problem was that Mercury's orbit was not

exactly a closed ellipse. Within the Newtonian

model attempts were made to account for this

anomaly. Mercury’s orbit is influenced not only

by the sun but also by the other planers. The

orbit would be a perfect ellipse if the sun and

only the sun influenced Mercury. Taking into

accou nt the effects of the other planets almost

eliminated the anomaly. That is, one could

understand the observed orbit ofMercury and

its deviations from a perfect ellipse in terms of

the Newtonian model itself. The model did not

have to change - it could account For the new
phenomena without the need to change the

model in any way and without the need for new
assumptions. The paradigm held.

Note that we said that the Newtonian model

almost accounted for the anomaly, about 92% of

it to be precise. The remaining 3% proved

disastrous for the Newtonian model of

gravitation. Countless experiments had

confirmed the Newtonian theory. As

philosopher Karl Popper stresses, however, no

number of successful experiments (no matter

how large the number] can convince us that a

theory is right. But just one experiment is

enough tojfrlsijfy the theory. In the case of

Mercury's orbit, the 8% that could not be

accounted for were to lead in 1915 into another

change of paradigm: the fall of Newtonian

gravitation and the introduction of Einstein's

general theory of relativity. But models do not

change so easily and not before all ways to

resolve the problem within the model are

exhausted. Was there no way our of the

problem with Mercury’s orbit within the

Newtonian theory? There was if one assumed

that the shape of the sun was not exactly

spherical and hence its gravitational field was

not exactly an inverse square field. The shape of

the sun could not then be measured

sufficiently accurately, however, to settle the

question. Die-hards ofthe Newtonian theory
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could thus claim not to be worried about

Mercury and could also hope that one day

Mercury’s abnormalities could be settled by a

few details within the Newtonian theory itself.

But as soon as Einstein convincingly

demonstrated the solution to Mercury's

problems within the new theory (general

relativity), new areas were discovered where the

Newtonian theory had not been tested before.

General relativity predicted that, light would

bend as it went past a very massive objecL (such

as the sunf Newtonian gravity predicted a

deflection also but of the wrong magnitude.

Experiments in 1919 favoured relativity. The

physics of very dense stars demanded relativity

and not Newtonian gravity for Lheir correct

description. Even the Newtonian die-hards

would have to concede defeat (and the issue of

the precise shape of the sun became a minor

detail concerning only the experts on the shape

of the su nl).

The story of the second example mentioned

at the beginning of this chapter (the ideas

behind the pressure of a gas) is not as dramatic

as that of the motion of the planets, but it

shares many of l he same features. Bernoulli's

ideas arc simpler, more elegant more general

and more natural (even though we could debate

for a long time what exactly more ‘elegant
1

or

'natural' or even ‘simpler’ really means).

The third example mentioned (the

photoelectric effect) also has a fascinating

story. Einstein's explanation of the

photoelectric effect is another scientific

revolution. The wave theory of light cannot

account for this effect and a particle view of

light had to be introduced I hat does explain it.

But here things are a bit stranger. The ’old'

paradigm (light as a wave) cannot just be

thrown away because the 'new' paradigm (light

as particles) can not explain everything by

itself. The introduction of photons revealed the

particle nature ofliglit, but in other

experiments light most definitely exhibited a

wave nature. Soon it was to be discovered that

electrons, protons and neutrons, which are

normally thought to be particles, behave in

certain situations like waves. A stream of

electrons directed at a crystal diffracts (i.e.

suffers the most tell-tale wave phenomenon of

all). The sharp distinction between particles

and waves of the nineteenth century gave rise

to the (futility of matter and waves. Everyday

language, based on our limited experience with

the microscopic world, fails to provide an

adequate description of objects that sometimes

behave like particles and sometimes like waves.

Our sense of 'reality', which in the nineteenth

century conveniently classified objects as

particles or waves, had to give way to the new

reality of duality and the corresponding loss of

determinism that the uncertainly principle

introduced.

In the preceding pages, we have conveyed the

prejudice that exists among physicists who
believe that the main virtues of a theory are

that it be simple and elegant and the belief

that, ultimately, nature will be described by

such a theory. It is this prejudice, and much

less the adherence to the conventional

scientific method', that is the guiding

principle in the discovery of new knowledge

about the natural world. Whether this

prejudice is correct and whether nature will be

described in such a way, only time will tell.

Discussion questions

1 An ichthyologist wants to study the fish in a

lake. She catches the fish using a net with a

spacing between the net threads of about

5 cm. She observes that she never catches fish

of length smaller than 5 cm and so deduces

that no fish of length less than S cm live in

that lake. What can you say to this claim?

2 Procrustes was a thug living outside ancient

Athens who stopped travellers and made Them

lie in a bed by the road. If Ihty were too short

lor the bed he stretched them until they fitted

just right. If they were loo tall he cut off their

legs so they again would fit. In what sense

(other than the obvious f) is this story a parable

of unethical scientific practice?
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% A student says that physics is just one wrong

theory after the other. We start by learning

Newton's laws of mechanics only to find out

later that these arc wrong and have to be

replaced by Einstein's- theory of relativity.

Similarly, Rutherford's model of the atom is

replaced by the Bohr model, which in turn is

replaced by SchrGdinger's theory Write a

response to this student.

4 An experiment can overthrow a theory but

can never completely confirm a theory.

Discuss this statement using specific situations

in physics.

5 Traditionally much of the new knowledge in

basic physics has come from experiments with

high-energy accelerators that have been able

to probe matter at ever smaller scales. To

investigate matter at even smaller distances

requires accelerators that are far loo big and

lar too costly ever lo have a chance of being

built. What docs that imply about the future of

fundamental physics?

ft A professional astrologer says: Physicists are

5 imply prejudiced. There is so much unknown

stuff out there, so how do they know that

there isn't something to astrology?' What do

you think?

7 Newton would not have been able to apply his

theory of gravitation to the motion of the

planets had he not developed a branch of

mathematics called calculus. How close is the

relationship between physics and mathematics?

Does physics need mathematics or could we

arrive at the same level of knowledge of the

physical world without it? How has physics

influenced the development of mathematics?

fi Practically every area of mathematics,

including such highly esoteric fields as

number theory, has eventually found an

application in physics. Is this a sign that

knowledge in mathematics is essentially

governed by the need to understand the

physical world around us?

9 Mathematicians of the nineteenth century

developed theories of geometry that follow

different rules from those of the ordinary

Luc I Idean geometry taught at school. Where

in physics are the ideas on non-Euclidean

geometry used? Were these geometries

developed to solve problems of the physical

world?

ID Physics tries lo find the ultimate laws that

govern the behaviour of the physical world. Is

there any evidence that ultimate laws exist?

11 Discuss whether and to what degree the

methods used in the acquisition of knowledge

in physics can be used in other disciplines as

well. Discuss in particular biology and

economics.

12 Many people use the second law of

thermodynamics to explain phenomena that

do not fall in the realm of physics, such as

economics, the stock market, etc. Is this

justified?

IT A student says: 'Chemistry is part of" physics, if

you know physics you automatically know

chemistry/ Do you agree?

14 A student says: The underlying laws of

biology are basically those of physics. When

we discover those laws, biology will become

a part of physics.' Do you agree?

15 The wave- particle duality of modern quantum

theory introduces via the uncertainty principle

a lack of determinism. Write an essay

discussing determinism and the loss of it in

modern physics. What impact, if any, has

modern physics had on the issue of free will

and choice or an individual?

1ft We are aware of three space dimensions hut

no more. How can we talk about higher

dimensions when we cannot even visualize

them?

1 7 A student says 1 got a 7 on my physios higher

level exam and l still don't know what mass or

electric charge really are!' If the student lakes a

three-year university course in physics wilt she

know what mass and electric charge really are?

18 Electric and magnetic field lines are useful

concepts when thinking about electric and

magnetic fields, yet they do not exist. How
exactly are these concepts useful anti how do

they influence the way we think about electric

and magnetic fields?
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HI We have a picture in our minds when we
speak ot eler irons and that picture often

influences the way we think about electrons.

Most people see a tiny round ball when they

think of an electron. Richard Feynman sees a

vector and a $ written somewhere, sort of

m ixed with it somehow, and a n am pi itude a 1

1

mixed up with Vs ... a mathematical

expression wrapped into and around, in a

vague way, around the object'* Do you know

of any examples where a particular

visualization of an object or process has been

instrumental in the understanding of that

object or process?

2U J, R. Oppenheimer, the physicist in charge of the

Manhattan project that developed the American

nuclear bomb during the Second World War,

said after the completion of the project that

'physicists have known sin'. What did he mean?

Do you agree that knowledge that can prove

dangerous should be contained? Can

knowledge be contained and if so, by whom?

21 At the lime of Kepler, five planets were

known (excluding the earth) - Mercury,

Venus, Mars, Iup iter and Saturn. In his book

Mysterium cosmographkum Kepler suggests

that only five planets could exist because

there are only five Platonic solids. Find out

what a Platonic solid is. Kepler then went on

to say that the orbit radius of each of the five

planets was proportional to the radius of the

sphere in which the Platonic solid was

inscribed, (He assumed that each Platonic

solid was fitted into the next in the same

order as the planets.) What do you think of

this theory? How scientific is it? It is

obviously false since there are more than

five planets, but if only five planets did exist,

what would its merits be then? Steven

Weinberg says of Kepler's idea that where he

went wrong was not in the kind of

conjectures he made but in assigning loo

much importance to the planets. What does

Weinberg mean?



APPENDIX 1

Physical constants

The values quoted here are those usually used in calculations and problems, fewer

significant digits are often used in the text. The constants are known with a much better

precision than the number of significant digits quoted here implies.

Atomic mass unit

Avogadro constant

Boltzmann constant

Coulomb's law constant

Rlectric permittivity

Gravitational constant

Magnetic permeability

1 u = 1.661 x 10-/ kg = 931.5 McVf--

Na, = 6.02 x 1021 mol

k= 1.38 x 10 25 JK ’

-
f- = 8.99 x 10

9 NnrC 2

g0 = 8.85 x 10-" nr2 C2

C, = 6.67 x 10
11 Nltg

-2 m2

jti0 = 4?r x K)
-7

T mA _l

Magnitude of electronic charge e = 1.60 x 10
J

C

Mass of the electron = 9, IT x 10
'
,| kg — 5.49 x 10

;

u = 0.51 1 MeV c

Mass of tiie neutron

Mass of the proton

Planck constant

Speed of light in a vacuum

Stefan ” B uitzmann constan t

Universal gas constant

mn — 1 .675 x !0~- 7 kg- 1 .008 665 u = 940MeV<r5

m
p
= 1.675 x TO"

27 kg- 1,007 276 U-958 MeVc"2

h = 6.63 x 10 M
J s

C — 3.00 x I0a m s“ 1

cr = 5.67 x 10 BWm * K“*

R -8.31.1 mo!
-1

K 1

A few unit conversions

astronomical unit 1 ALJ = 1 50 x I0
:1 m

atmosphere 1 atm - LOT x IC* N nr" = 101 kPa

degree 1
- =

eleclronvult I eV = 1 .60 x 10- 1,1

J

Idlnwatt-liQiir 1 kVV Fi = 5.U0 x tG*J

light year 1 ly - 9,46 x IQ
H m

parsec 1 pc — 3.26 ly

radian i rad -^
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APPENDIX 2

Masses of elements and

selected isotopes

Table A2,l gives atomic masses, including the masses of electrons, in the neutral atom.

The masses are averaged over the isotopes of each element, in the case of unstable

elements, numbers in brackets indicate the approximate mass of the most abundant

isotope oE the element in question, the masses ate expressed in atomic mass units, u.

Table A22 gives the atomic masses of a few selected isotopes

Table A2.1 Atomic numbers and atomic masses of the elements.

Atomic

number
Name and

symbol

Atomic

inassjn

Atomic

number
Mattie and
symbol

Atomic

massju

1 Hydrogen. H 1,0060 30 Zinc, Zu 65.37

t Helium. He 4.0O26 31 Gal Li u Eli. Ga 69.723

a Lithium. li 6,941 32 Germanium, Ge 72.59

4 Beryllium, fit- 9,012 IS 33 Arsenic, As 74.921

S Em-on, B 10.311 34 Selenium. Sc 78.96

6 Carbon, C 12.000 odd 35 Bromine. Br 79.91

7 Nitrogen, N 14-007 36 Krypton, Kr 83.60

a Oxygen, 0 15.999 37 Rubidium, Rb 85,467

9 Fluorine, F 13.993 38 Strontium. Sr 87.62

to Neon, Ne 20.180 39 Yttrium, Y 88,906

n Sodium, Na 22.999 40 Zirconium. Zr 91.224

£2 Magnesium^ Mg 24.31 41 Niobium, Nh 92.906

13 AIulii ini mu, A3 26.931 42 Molybdenum, Mo 95:94

14 Silicon, Si 23.036 43 Technetium. Tc m
IS Phosphorus. P 30,974 44 Ruthenium. Ru 101.07

16 Sulphur. 5 32.066 45 Rhodium. Kh 102.906

17 Chlorine, c;i 35.453 46 Palladium. I'd 106.43

IS ArgOU. Ar 39-943 47 Silver. Ag 107.863

19 Potassium, K 39.102 48 Cadmium, Cd 112.40

20 Calcium, Ca 40.073 49 Indium, In 114,82

21 Scandium, Sc 44.956 50 Tin, Sn 118.69

22 Titanium, T1 47.90 51 Antimony, Sb 121,75

23 Vanadium. V 50.942 52 Tellurium, Te 127.60

24 Chromium. Cr 51.996 53 Iodine, 1 126.904

25 Manganese. Mn 54.933 54 Xenon. Xe 131JO

26 Iron, Fe 55.347 55 Caesium. Cu 132,91

27 Cobalt. Co 58.933 56 Barium, Eta 137,34

26 Nickel. Ni 56.71 57 Lanthanum, La 138.91

20 Copper. Cu 63JH 58 Cerium, Ce 140,12
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Table A2.1 (coni inued

)

Atomic

number
Name and

symbol

Atomic

mass/u
Atomic

mimber
Marne and
symbol

Atomic

muSSfii

59 Praseodymium. Hr 140.907 S2 Lead, Pb 207,2

£0 Neodymium. Nd 144.24 33 Bismuth, Eli 203530

61 Promethium. Pm (144) 34 Polonium. Po (210)

63 Samarium. Sirs 150.4 35 Astaci ne, Ac (213)

63 Europium. Eu 152.0 36 Radon. ttn (222)

64 Gadolinium. Cd 15735 37 Francium, Fr (223)

65 Terbium, Tb 158.92 38 Radium, K.s (226)

66 Dysprosium, Dy 162.50 39 Actinium, Ac (227)

67 Holm Sum, Ho 16453 90 Thorium. Th (232)

68 Erbium. Hr 16726 91 Protactinium, Ha (231)

69 Thulium. Tm 16853 92 Uranium, U (233)

70 Ytterbium, Yb 17354 93 Neptunium. Np (239)

71 Lutetium. Lu 17457 94 Plutonium, Pti (239)

72 Hafnium, Hi 178.49 95 Anifricium. Ana (243)

73 Tantalum. Ta 180.95 96 Curium, Cm (245)

74 Tungsten, W 183,85 97 Burkelium. Bk (247)

75 Rhenium, Re 186.2 93 CalLforniuui. CJ (249)

7fi Osmium, t,>s 190.2 99 Einsteinium. Es (254)

77 Iridium. 1 192.2 100 Fcrquunt. Fin (253)

78 Plat ini] in. Pr 195.09 101 Mendfk-vi li in . Md (255)

79 Gold, All 19657 102 KobeLium. No (255)

80 Mercury. Hg 20059 103 Lawrendum, Lr (257)

81 Thallium, T1 20437

Table A2.2 Atomic masses of a few selected isotopes.

Atomic Atomic Atomic Atomic

number Name massju number Marne massju

i Hydrogen, H 1.007 825 7 Nitrngen-14 1-1.003 074

i Deuterium. D 2.014 102 7 Nitrogen-15 15.000 109

i Tritium. T 3.0 16 049 8 Oxygen-16 15.994 915

2 Hdium-3 3.016 029 8 Oxygen-17 16599 131

2 Helium-1 4.002 603 8 Oxygen-18 17599 l&tl

3 Lithium-6 6.015 121 19 Potasslum-SS 38563 708

3 Lithiiin>7 7,016 003 19 Potassium-40 39.964 000

4 Beryllium^ 9,012 182 92 Uranium-232 232.037 14

5 ButandO 10,012 937 92 Uranium-235 235.043 925

5 Boroad i 11.009 305 92 Uranium-236 236.04S 563

6 Carbcm-12 12.000 000 92 Uranium-238 238,050 786

6 Carbon-13 13.0O3 355 92 Umnjum-239 239.054 291

6 Caibon-14 14.003 242
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Astronomical ata

' 7 :,; -
, -/ ^

body MassJJcg Radjus/m

Orbit radiu^fm

(average] Orbital period

Sun t oo x iow 6.96 X 10 * - -

Moon 7.35 x 10
J3

1,74 X U/ 3,84 X 10* 273 days

Mercury i..su m' :

2.44 X 10 6 5.79 X 10
10 88.0 days

Venus 4.87 x to
24

6.05 X 10* 1.08 X IQ
31 224.7 days

Farth 5.9S X 10
34

6.38 x 10 fi 1.50 x 10
11

365.3 days

Mars 8.42 X IQ33 3.40 X 10* 2.28 x 10" 687.0 days

Jupiter 1,90 X 10* 7
6.91 X 10

3
7,78 X 10 11

11,86 yr

Saturn 5.69 X 1034 6,03 X 10
7 1.43 X la13

29.42 yr

Uranus 8-66 X ID
33

2,56 X 10
7

2.88 X 10
t3 83,75 yr

Neptune 1.03 X 10
31,

2.48 X 10
7

4.50 x. 10
L1

163.7 yr

Ptmo* 1,5 X 1QV 1.15 x 10s 5.92 X tO*
1

248.0 yr

Luminosity of the sun

Instance to nearest Star (Pnoxima Cenlauri)

Diameter of the Milky Way
Mass of the Milky Way
Distance to nearest galaxy {Andromeda)

’Flu to has recently been downgraded into a

Astrophysics),

L = 3.9 X 10“W
4 x I0

ift m 'approx, 4.3 iy)

10
11 m (approx. 100 000 ly)

4 X 10
41 kg

2 X 10
3a m (approx. 23 million 3y)

category of 'dwarf planet’ (see Option F„
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Some important

mathematical results

In physics problems, the following are useful,

1 Q*
a * = — fj V’ =flJf+JI — = a

1

a* ay

logfl = a => 10
T = a In a = x => e* — o

Intab) = In a + lnb ln(
^ )

= In cl - In b

ln(a*) = In a Inf 1 >
- 0 = I

sinZv — 2 $inx cos A'

cos 2x—2 tovT a 1 = 1-2 sin" x = cos2 x sin
J
x

The quadratic equation ax1 + hx +c = 0 has

two roots given by

-b ± s/P — doc

In approximations, the binomial theorem

* n .
n(rt-l) ,

(1 +a) = l + fix +—

a

ntn -
1 )(n - 2) ,+ 3! * + "

is extremely useful. Here - 1 < a < I and n can

be any real number, not necessarily integer.

Also very useful arc the approximations

x ?>

smx ^ x — *1

b

and

x2

COSA fti 1
- — + ” -

2

valid when x in radians is small.

From geometry, we must know the following

expressions for lengths, areas a ltd volumes.

Property Formula

Qrcomferetice of a circle of radius R 2xR

Area of a circle of radius R jtK3

Surface area of a sphere of radius ft

Volume of a sphere of radius R 4zP

Volume of a cylinder of base radius R

and hcLSjhi h nR 2
ii

The length of an arc of a circle of radius K that

subtends an angle ft at the centre of the circle is

s — R&. In this formula the angle must be

expressed in radians. An angle of 2t radians is

equivalent to an angle of 360 so

1 radian = = 57,3
2m
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Nobel prize winners in physics

No awards were made in years not listed.

2006: Tire prize was awarded jointly to

John C. Mather and George F. Smoot (both

USA) for their discovery of the black-body

form and anisotropy of the cosmic microwave

background radiation.

2D05: Halfthe prize was awarded to Roy j. Glauber

(USA) for his contribution to the quantum theory

of optical coherence, and the other halfwas

awarded jointly to John L. Hall (USA) and Theodor

W. Hansch (Germany) for their contributions to

the development of laser-based precision

spectroscopy including the optical frequency

comb technique.

2004; The prize was awarded jointly to D.
J.

Gross. H. D, Politzer and F, Wllczek (all USA} for

tbetr discove ry of asymptotic freedom i

n

quantum chrmuodynamics,

2000: The prize was awarded jointly to Alexei

Abrikosov (Russia and USA), Vitaly Ginzburg

1 Russia) and Anthony Leggett (UK and USA) for

pioneering contributions to the theory of

superconductors and superfluids.

2002; Half the prize was awarded jointly to

Raymond Davis Jr (USA) and Masatoshi Kosliiba

(Japan),, and the other halfwas awarded to

Riccardo Gianconi (USA) for pioneering

contributions to astrophysics, particularly For

the detecrion ofcosmic neutrinos.

2001: t he prize was awarded jointly to Eric

Cornell (USA), Wolfgang Ketterle (Germany) and

Carl Wieman (USA) for the achievement of

Bose-Bin stein condensation in dilute alkali

gases and for early fundamental studies of the

properties of the condensates,

2tHR>: Half the prize was awarded jointly to

Zho res I. Alferov (Russia) and Herbert Kro enter

(USA) for developing semiconductor

here restructures used in high-speed and opto-

electronics, and the other half was awarded to

jack St. Clair Kilbv (USA) for his part in the

invention of the integrated circuit.

1999: The prize was awarded jointly to Gerardus

t Hooft and MartinusJ. G. Veitman (both

Netherlands) for elucidating the quantum

structure of electroweak interactions in physics,

L99S: The prize was awarded jointly to Robert H,

Laugh Ihi (USA), Horst L. Stormer (Germany) and

Daniel C. Tsui (USA] For their discovery of a new
form ofquantum fluid with fractionally

charged excitations,

1997: The prize was awarded jointly to Steven

Chu (USA), Claude Cohen-Tannoudji (France) and

William D, Phillips (USA) for development of

methods to cool and trap atoms with laser light.

1996: The prize was awarded jointly to David M,

Lee, Douglas D. Oshero ff and Robert C,

Richardson (all USAl for their discovery of

superfluidity in helium-3.

1995: The prize was awarded for pioneering

experimental contributions to lepton physics,

with half to Martin L. Per! (USA) for the

discovery of the tau lepton, and the other half

to Frederick Reines (USA) for the detection of

the neutrino,

1994: Tile prize was awarded jointly to Bertram

N, Blockhouse (Canada) and Clifford C. Shull

(USA) tor pioneering contributions to the

development of neutron scattering techniques

for studies of condensed matter: Rrockhouse for

the development of neutron spectroscopy, and

Shull for the development of the neutron

diffraction technique-

1993: The prize was awarded jointly to Russell

A. Jfulse and Joseph H, Taylor Jr (boLh USA) for

the discovery of a new type of pulsar - a
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discovery that has opened up new possibilities

for the study of gravitation,

1992: Georges Charpak (France) for Ins

invention and development of particle

detectors* in particular Lhe multiwire

proportional chamber,

1991: 1’ierre-GUI es de Gennes [France] Ibr

discovering that methods developed for

studying order phenomena in simple systems

can be generalized to more complex forms of

matter, in particular to liquid crystals and

polymers.

1990: The prize was awarded jointly to Jerome L

Friedman* Henry W. Kendall (both USA) and

Richard II. Taylor [Canada) for their pioneering

investigations concerning deep inelastic

scattering of electrons on protons and bound

neutrons, which have been of essential

importance for the development of the quark

model in particle physics.

1989: Half of the prize was awarded to Norman

F, Ramsey (USA) for the invention of the

separated oscillatory fields method and its use

in the hydrogen maser and other atomic

cloc ks, and the other half was awarded jointly

to Hans G. Dellmelt (USA) and Wolfgang Paul

{Germany) for the development of the ton trap

technique.

1988: The prize was awarded jointly to Ejtou M.

Led erman, Melvin Schwartz and Jack

Steinberger fall USA) for the neutrino beam

method and the demonstration of the doublet

structure of the leptons through the discovery

ofthe muon neutrino,

1987: The prize was awarded jointly to J.
Georg

Rednorz (Germany) and K. Alexander Mflller

(Switzerland) for their important breakthrough

in the discovery of superconductivity in ceramic

materials.

1986: Half of the prize was awarded to Ernst

Ruskn (Germany) for his fundamental work in

electron optics and for i he design of the first

electron microscope, and the other half was

awarded jointly to Gerd Binnig (Germany) and

Heinrich Rohrer (Switzerland) for their design

of the scanning tunnelling microscope,

1985: Klaus von Klitzing (Germany) for the

discovery of the quantized Hall effect,

1984; 'Die prize was awarded jointly to Carlo

Rubbia (Italy) and Simon van der Meer

(Netherlands) tor their decisive contributions to

the large project that led to the discovery of the

field particles W and Z, communicators of the

weak interaction.

1983: The prize was divided equally between

Subrahmanyan Chandrasekhar (USA) for his

theoretical studies of the physical processes of

importance to the structure and evolution of

the stars, and William A. Fowler (USA) for his

theoretical and experimental studies of the

nuclear reactions of importance in the formation

of the chemical elements in the universe.

19S2: Kenneth G. Wilson (USA) for his theory for

critical phenomena in connection with phase

transitions.

1981 : Half the prize was awarded jointly to

Nicolaas Bloembergen and Arthur 1- Schawlow

(both USA) for their contribution to the

development of laser spectroscopy, and the other

halfwas awarded to Kai M. Siegbahn (Sweden)

for his contribution to the development of high-

resolution electron spectroscopy.

1980: The prize was divided equally between

James W. Cronin and Val L. Fitch (both USA] for

the discovery of violations of fundamental

symmetry principles in the decay of neutral

K-mesons,

1979: The prize was divided equally between

Sheldon L. Glashow (USA), Abdus Salam (Pakistan)

and Steven Weinberg [USA) for their contributions

to the theory ofthe unified weak and

electromagnetic interaction betw een elementary

particles, including, among other things, the

prediction of the weak neutral current.

1978: Half the prize was awarded to Pyotr

Leonidovich Kapitsa (USSR) for his basic

inventions and discoveries in the area of
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low-temperature physics, and the other half was

divided equally between Arno A* Penzlas and

Robert W. Wilson (both USA) for their discovery

of cosmic microwave background radiation.

1977: The prize was divided equally between

Philip W. Anderson (USA), Sir Nevill F. Mott (UK)

and John H* van Vleck (USA) for their

fundamental theoretical investigations of the

electronic structure of magnetic and disordered

systems.

1976: The prize was divided equally between

Burton Richter and Samuel C, C. Ting (both

USA) for their pioneering work in the discovery

of a heavy elementary particle of a new kind.

[975: The prize was awarded jointly to Aage

Bohr, Ben Mottelson (both Denmark) and James

Rainwater (USA) for the discovery of the

connection between collective motion and

particle motion in atomic nuclei, and the

development of the theory of the structure of

the atomic nucleus based on this connection.

1974: The prize was awarded jointly to Sir Martin

Ryle and Antony Hcwish (both UK) for their

pioneering research in radio astrophysics: Ryle

for his observations and inventions, in particular

of the aperture synthesis technique, and Hewisli

for his decisive role in the discovery of pulsars,

1973: Half the prize was equally shared between

Leo Esald (Japan) and Ivar Giaever (USA) for

their experimental discoveries regarding

tunnelling phenomena in semiconductors and

superconductors, respectively, and the other

halfwas awarded to Brian 0. josephson (UK) for

his theoretical predictions of the properties of a

supcrcurrent through a tunnel barrier, in

particular those phenomena that are generally

known as the Josephson effects.

1972: The prize was awarded jointly to John

Bardeen* Leon N, Cooper and J. Robert

Schrieffer (all USA) for their jointly developed

theory of superconductivity, usually called the

BCS theory,

1971: Dennis Gabor (UK) for his invention and

development of the holographic method.

1970: 'file prize was divided equally between

Halines Alfven (Sweden) for fundamental work

and discoveries in magneto-hydrodynamics with

fruitful applications in different parts of

plasma physics, and Louis Neel (France) for

fundamental work and discoveries concerning

amiferromagnetism and ferromagnetism,

which have led to important applications in

solid state physics.

1969: Murray Gel! Mann (USA) for his

contributions and discoveries concerning the

classification of elementary particles and their

interactions.

1968: Luis W. Alvarez (USA) for his decisive

contributions to elementary particle physics, in

particular the discovery of a large number of

resonance states, made possible through his

development of the technique of using a

hydrogen bubble chamber and data analysis.

I9G7: Hans Albrecht Bethe (USA) for his

contributions to the theory of nuclear

reactions, especially his discoveries concerning

energy production in stars.

1966: Alfred Kastler (France) for the discovery

and development of optical methods for

studying hertzian resonances in atoms.

1965: The prize was awarded jointly to Sin-ltiro

Tomonaga (] apan), Julian Schwinger and Richard

P- Feynman (both USA) for their fundamental

work in quantum electrodynamics, with far-

reaching consequences for the physics of

elementary particles.

1964: Half the prize was awarded to Charles H.

Townes (USA) and the other half was awarded

jointly to Ni colay Gennadiyevich Basov and

Aleksandr Mikhailovich Prokhorov (both USSR)

for fundamental work in the field of quantum
electronics, which has led to the construction

of oscillators and amplifiers based on the

m ase r l ase r prin ci pie.

1963: Half the prize was awarded to Eugene P.

Wigner (USA) for his contributions to the Lheory

of the atomic nucleus and the elementary

pa r t icl es.particu 1 a rly th tongh the d iscovery
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and application of fundamental symmetry

principles, and I he other half was awarded

jointly to Maria Goeppert-Maye r {USA) and j.

Hans D. Jensen (Germany) for their discoveries

concerning nuclear shell structure,

1962: Lev Davidovich Landau {USSR) for his

pioneering theories For condensed matter,

especially liquid helium.

1961: The prize was divided equally between

Robert Hofstadter (USA} for his pioneering

studies of electron scattering in atomic nuclei

and for his thereby achieved discoveries

concerning the structure of the nucleons, and

Rudolf Ludwig Mossbauer (Germany} for his

researches concerning the resonance

absorption of gamma radiation and his

discovery in tins connection of the effect

which bears his name.

I960: Donald A. Glaser (USA) for the invention

of the bubble chamber.

1959: The prize was awarded jointly to Emilio

Gino Segre and Owen Chamberlain (both USA]

for their discovery of the antiproton.

1958: The prize was awarded jointly to Pavel

Alekseyevich Cherenkov. U'ja Mikhailovich

Frank and Igor Yevgenyevich Tamm (all USSR)

for the discovery and the interpretation of the

Cherenkov effect.

1957: The prize was awarded jointly to Chen

King Yang and Tsung-Dao Lee {both China) for

their penetrating investigation of the so-called

parity laws, which has led to important

discoveries regarding the dementary panicles.

1956: The prize was awarded jointly, one-third

each, to William Shockley. John Bardeen and

Walter Houser Brattain (all USA) for their

researches on semiconductors and their

discovery of the transistor effect.

1955: The prize was divided equally between

Willis Eugene Lamb {USA) for his discoveries

concerning the fine structure of the hydrogen

spectrum and Polykarp Kusch (USA) for his

precision determination of the magnetic

moment of the electron.

1954: The prize was divided equally between

Max Born (UK) for his fundamental research in

quantum mechanics, especially for his statistical

interpretation of the wavefu notion, and Walther

Hot lie (Germany) for the coincidence method

and his discoveries made using this method.

1953: Frits (Erederik) Zernike (Netherlands) for

his demonstration of the phase contrast

method, especially for his invention of the

phase contrast microscope,

1952: The prize was awarded jointly to Felix

Bloch and Edward Mills Purcell [both USA} for

their development of new methods for nuclear

magnetic precision measurements and

discoveries made using these methods.

1951: The prize was awarded jointly to Sir John

Douglas Cockcroft (UK) and Ernest Thomas

Simon Walton (Ireland) for their pioneering

work on the transmutation of atomic nuclei by

artificially accelerated atomic particles.

1950: Cecil Frank Powell (UK) for his

development of the photographic method of

studying nuclear processes and his discoveries

regarding mesons made with this method,

L949: Hideki Yukawa (Japan) for his prediction

of the existence of mesons on the Leasts of

theoretical work on nuclear forces,

1948: Lord Patrick Maynard Stuart Blackett (UK)

lor his development of the Wilson cloud chamber

method, and his discoveries using this method in

the fields of nuclear physics and cosmic radiation.

1947: Sir Edward Victor Appleton (UK) for his

investigations of the physics of the upper

atmosphere, especially for the discovery of the

so-called Appleton layer.

1946: Percy Williams Bridgman (USA) for the

invention of an apparatus to produce extremely

high pressures, and for the discoveries he made

using this apparatus in the field of high-

pressure physics*

1945: Wolfgang Pauli (Austria) for the discovery

ofthe exclusion principle, also called the Pauli

principle.
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1944: Is id or Isaac Rabi (USA) for his resonance

method for recording the magnetic properties

of atomic nuclei,

1943: Otto Stern (USA) for his contribution to

the development of the molecular ray method

and h is discovery of the magnetic moment of

the proton.

1939: Ernest Orlando Lawrence (USA) for the

invention and development of the cyclotron

and for results obtained with it. especially with

regard to artificial radioactive elements,

1938: Enrico Fermi (Italy) for his demonstrations

of the existence of new radioactive elements

produced by neutron irradiation, and for his

related discovery of nuclear reactions brought

about by slow neutrons,

1937: ‘Hie prize was awarded jointly to Clinton

Joseph Davisson (USA) and Sir George Paget

Thomson (UK) for their experimental discovery

of the diffraction of electrons by crystals.

1936; The prize was divided equally between

Victor Franz Hess (Austria) for his discovery of

cosmic radiation, and Carl David Anderson

(USA) for his discovery of f he positron.

1935: Sir James Chadwick (UK) for the discovery

of the neutron.

1933: The prize was awarded jointly to Hrwin

Schrodingcr (Austria) and Paul Adrien Maurice

Dirac (UK) for the discovery of now productive

forms of atomic theory.

1932: Werner Heisenberg (Germany) for the

creation of quantum mechanics, the

application of which has. among other things,

led to the discovery of the allot topic forms of

hydrogen,

1930: Sir Chandrasekhara Venkata Raman (India)

for his work on the scattering of light and for

the discovery of the effect named after him.

1929: Prince Louis-Victor de Broglie (France) for

his discovery of the wave nature of elec Irons.

192S: Sir Owen Willans Richardson (UK) for his

work on the thermionic phenomenon, and

especially for the discovery of the law named
after him.

1927: 'Hie prize was divided equally between

Arthur H. Compton (USA) for his discovery of

the effect named after him, and Charles

Thomson Rees Wilson (USA) for his method of

making rhe paths of electrically charged

particles visible by condensation of vapour.

1926: jean B. Perrin (France) for his work on the

discontinuous structure of matter, and

especially for his discovery of sedimentation,

equilibrium.

1925: The prize was awarded jointly Lo James

Franck and Gustav Hertz (Germany) for their

discovery of the laws governing the impact of

an electron upon an atom.

1924: Karl Manne Georg Siegbabn (Sweden) for

his discoveries and research in the field of X-ray

spectroscopy,

1923: Robert Andrews Millikan (USA) for his

work on the elementary charge of electrici ty

and on the photoelectric effect.

1922: Niels Bohr (Denmark) for his services in

the investigation of the structure of atoms and

of the radiation emanating from them.

1921: Albert Einstein (Germany) for his services

to theoretical physics, and especially for his

discovery of the law of the photoelectric effect.

1920: Charles Edouard Guillaume (Switzerland)

in recognition of the sendee he has rendered to

precision measurements in physics by his

discovery of anomalies in nickel -steel alloys.

1919: Johannes Stark (Germany) for his

discovery of rhe Doppler effect in canal rays and

the splitting of spectral lines in electric fields.

1918: Max Karl Ernst Ludwig Planck (Germany)

in recognition of the services he rendered to the

advancement of physics by his discovery of

energy quanta,

1917: Charles Glover Bark I a (UK) for his

discovery of the characteristic Rontgen

radiation of the elements.
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191 5: The prize was awarded jointly to Sir

William Henry Bragg and Sir William Lawrence

Bragg (both UK) for their services in the analysis

of crystal structure by means of X-rays.

1914: Max von Lute (Germany) for his discovery

of the diffraction of X-rays by crystals.

1913: l leike Kamcrlingh-O lines
\
Netherlands)

for his investigations on the properties of

matter at low temperatures, which led. among

other things, to the production of liquid

helium.

1912: Nils Gustaf Dalian (Sweden) for his

invention of automatic regulators for use in

conjunction with gas accumulators for

illuminating lighthouses and buoys.

1911: Wilhelm Wien (Germany) for his

discoveries regarding the laws governing the

radiation of heat.

1910: Johannes Didcrik van der Waals

(Netherlands) for his work on the equation of

state for gases and liquids.

1909: The prize was awarded jointly to Guglielmo

Marconi (Italy) anti Carl Ferdinand Braun

(Germany) in recognition of tlidr contributions

to the development of wireless telegraphy*

190ft: Gabriel l.ippmann (France) for his method

of reproducing colours photographically based

on the phenomenon of interference.

1907: Albert Abraham Michelson (USA) for bis

optical precision instruments and the

spectroscopic and metrological investigations

carried out with their aid.

1906: SirJoseph John Thomson (UK) in

recognition of the great merits of his

theoretical and experimental investigations on

the conduction of electricity by gases.

1905: Philipp Eduard Anton Lenard

(Netherlands) for his work on cathode rays.

1904: Lord John William Strutt Rayleigh (UK) for

his investigations of the densities of the most

important gases and tor his discovery of argon

in connection with these studies.

1903: Half the prize was awarded to A. Henri

flecquerel (France) in recognition of the

extraordinary services he has rendered by his

discovery of spontaneous radioactivity, and

the other halfwas awarded jointly to Pierre

and Marie Curie (France) in recognition of the

extraordinary services they rendered by their

joint researches on the radiation phenomena

discovered by Henri Becquerel.

1902: The prize was awarded jointly to Hendrik

A. Lorcntz and Pieter Zeeman (both

Netherlands) in recognition of the

extraordinary service they rendered by their

researches into the influence of magnetism

upon radiation phenomena.

1901: Wilhelm K. Rdntgen (Germany) in

recognition of the extraordinary services he

rendered by the discovery of the remarkable

rays subsequently named after him.



SWERS

Answers to questions

1 Physics and physical

measurement

Chapter 1,1

Many ofthe calculations in the problems of this

chapter have been performed without a

calculator and are estimates. Your answers may
differ

1 13 x 1 [)
-'4

s,

2 3.6 x HT*

.

1 13 x 10“',

4 6.4 x 10Jt
,

5 2.6 x

6 2 x 10".

7 6,7 x 10 M ,

8 1.0 x ID*5
.

9 2.0 x 10*.

10 3 x 10”.

11 4 x 1 0 r kg m~\
12 8,3 min.

T3 16 ODD (assuming a 4000 kg elephant),

14 Assume a 200 m house with 100 m on each

floor {ID x 10). Take the height of a floor to he

3 m. Divide each floor into tour rooms. The

wall area is thus 10x3x6x2=^ 360 mb
Subtract about 80 nr for windows and doors

and we are left with 280 nr' ol wail area.

Assuming a brick of size 20 cm x 5 cm, i.e. of

area I U riv
,
gives as the number of bricks

2.8 x 10\ No corridors etc. have been taken

into account.

15 (a) 5.356 x 10 " m; (b) 1.2 x H)- 1* m;

(c) 3.4 x 10"3 m,

16 (a) 4,834 x lQ
fi

); (h) 2.23 x 10 12
J;

(c) 3.64 x 10 11

J.

17 {a? 4,76 x 10 " S; (b) 2.4 x 10“2 s;

(c) 8.5 x Hr 141
s.

18 1 .7*12 x 10' ms '.

19 (a) 4 x ID"
1*

!; (b) 54 eV,

21) 2.2 x 10-
'

m

1
.

21 8.4 x I0- J m.

22 32 fl/S'

.

25 (a) 200 g: ib) 2 kg; (c) 400 g.

26 1 00 000 years.

27 5 x 1 n
:f kg m l

.

28 About 0,7.

29 2 x ^0 2\
30 2 x 10

7

N.

31 4 x 10
Jb

„ « § 250

~5Q
= 5 ;

fb) 2.8(1 x 1,90 - i x 2 — 6;

,
, 3

1

2 x 480 3 x 10
1

x 5 x 1
0‘‘

(Cl — ft*

160 T ,5 x 1
0*

= T§’‘i°,=10
'

:

{fh
8.99 x I0

1
' x 7 x 10"ft x 7 x 10

tj

(8 x 103
)
a

ID x ID'
1

x 5 x 10 S5 .X 10*

64 x IQ 4

(e)

25 x 10-*
„ .

ss -T «= 3 x ID ;

64 x 1 0 J

6.6 x 1
0 "

" x 6 x 10
Jl1

(6.4 x 1
0

'D

7 x 10 " x 6 x 1DM
55

(6 x

40 x ID 11

36 x 1D IJ
10 ,

Chapter 1.2

1 No.

2 Systematic,

3 rhe line of best fit intersects the vertical axis

ar about 4 mA, which is within I he Uncertainly
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in the current. A line within (he error bars can

certainly be made to pass through the origin

,

4

The line of best lit intersects the vertical axis

at about 1 0 mA, which is outside the

uncertainty in current. A line within the error

bars cait be made to pass through the origin.

3 The line or best fit intersects at 1 2 mA. The

extreme line within the error bars intersects at

6 mA, So no line car be made to go through

the origin for this data. A systematic error of

about 1 2 mA is required.

&

2Ams' 2
; 3.1 m s

1

.

Chapter 13
1 1 6 atm.

2 increases by a factor of 4,

3 V2.

4 4 times as large.

5 (a) 4; (b) increased by a factor of 2.

6 increase by a factor of 9.

7 By a factor of 4.

8 Decreased by a factor of 1 5.

9 16.

10 2,83 yr.

11 (a) 1.00 m; lb) 0.7 Hz; (cl 0.30 m.

12 (a) 1/a against 1 fb ; (b> Intercept equals 1/f.

13 (a) A straight line through the origin: lb) a

straight line intersecting Ihe temperature axis

at —273.

14 R1/3
.

15 A straight line through (he origin, with slope ms.

16 (a) From (he negative of the vertical intercept;

(b) from the slope; (c) they are parallel.

Chapter 1.4

1 See Figure At.

3 (a) A + B: magnitude = 1 8.2, direction -

49.7°; lb) A — B: magnitude = 9.2, direction

= —11 .8"; (c) A - ZB. magnitude ^ 1 2.4,

direction — —52.0 .

4 7.79 km at 34.5 .

5 (a) 5,7 cm at 225 ; lb) 201 km at -52 ,J

;

(c) 5 m ai - 90 ; Ed) 8 N at 0.0 .

6 (a) A: magnitude 3*61 , direction 56.3;

fbl B: magnitude 5.39, direction 112;

(c) A + //: magnitude 8.00, direction 90 ;

(d) A B: magnitude 4.47, direction —26.6';

(e) 2A— B: magnitude 6.08, direction 9.46 .

7 C — [-4.00. 1.00).

8 (2, 6).

9 Magnitude 14.1 m s \ direction south-west

(225°),

10 Ap = <Jl - 0.52p.

It (a) (xz - x,, y7 - y,); (b) Ex, - x!t yt - ft);

12 (a) Sms 1

at 0,0 ; {b) 5.66ms- 1

at 135 ;

(c) 5.66 m s
_1

at 43 . K is (he sum of the

answers to (a) and (b).

13 (a) 704 ms 1

in magnitude; (b) zero.

14 (a) (-7.66, 6.43); (b) (-8.19, -5.74); (c) 0,75,

9.27); Ed) (7.43., -6.69); (e) (-5.0(1, -8,66).

1 5 C has magnitude 6,00 and direction 270 to

the positive x-axts.

16 (a) 25.1 N at 36.2 to the positive v-axis;

(b) 23.4 N at 65,2 to (he positive x-axis;

(c) 25.0 N at direction 3.13 to die positive

x-axis.

Chapter 1.5

1 Circle.

2 Sphere.

4 (a) 55 V; lb) 6.9 s; (cl R = 2MS2.

5 v = 0,2(1 - e
n -st

).

6 a =? 3.4.

7 C = 2,

8 Logarithm of y against x-\

9 Sum = 1 SO ± 8 N; difference - 60 ±BN.
10 (a) 2,0 ± 0.3; (b) 85 ± 13;fc) 2 ± 2; Ed) 100±

6; (e) 25 =6 7.5.

11 F = (7±2)x10N.
12 (1,8 d- 0.4) x 10

J kg m“\
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13 (a) IS ± 2 cm-; (bj 1 5 ± 1 cm.

14 (a) (6,5 ±0.11 x 103
tirr;

(b) (4.9 ±0.1) x IQ4 cm 1
.

15 Area = 37 ± 3 cnv
;
perimeter = 26 ± 1 cm.

16 Increases by wl.

17 1 %,

IS 1.7%.

2 Mechanics

Chapter 2,1

1 167 m s
1

2 1 5 km h
_l

.

3 (a) 1.67 km h 1

; (b) 1.2 km h at 34 east of

south.

4 See Figure A2,

5 {a I 88 m; {3 j) 68 m; (c) speed = 8.33 m s

velocity - 5.0 ms 1

,

6 (a) it) km; (b) 60 km,

7 (a) vt; (b) N.

S (a) 130 km h
-1

; (b) 1 30 km h
-1

.

9 (a) -2 ms '

;
(b) —5ms *.

10 Sms 1

to the right.

11 (a) 1 .75 ms (b> -6.0 ms' 1

.

12 (a) Speed = 4,0 m s
l

; (b) velocity - 0 m s
-1

.

Chapter 2.2

1 30 ms A

2 60.0 ms.
.3 4.0 s.

4 1 26 m.

5 -liiris*’,

6 8.0 s.

7 3,0 s.

8 278 ms A

9 (a) 220 m; lb) 200 m; (c) 20 m; (d) less.

10 la) 1.2 s; (b) 3.6 s; (c) 21.6 m; (d) 9.0 m s“\;

(e) 28,8 m.

11 Oil 4.32 s; (b) 33.2 m s"
1

; (c) 60 in.

12 ta) 1,79 s; (b) 22.9 ms 1

.

13 0.324 s.

14 —15 ms-1
*

15 (a) 12,7 m s‘‘; <b) 1.1.

16 25 m.

17 (a) 20 ms- 1

.

18 2.0 m s A

19 See Figure A3.

20 See Figure A4,

21 See Figure AS,

v
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22 Set Figure A6,

i'

23 See Figure A7.

V

2+ See Figure AS.

.v

25 See i iguro A C
J.

I
r

25 See Figure AID.

27 See Figure A 1 1

.

r/,'m

2U See figure A.1 2.

a

1 1 1 1 fc.

0 2 3 4 iis

Figure A12.
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29 See Figure A1 .3.

a

30 53) s.

31 (a) Negative: tb) zero; |c) positive; (d) positive.

32 Make graphs t>t displacement against time; ilie

graphs tmisi cross.

35 {a) 3.2 m from lop of cliff; (b) 3.56 s;

Cc) -27.6 m s (d) 41.4 m; (e) average

Speed = 11.6 m s average velocity =

-9,83 ins 5

*

36 fa) 60 m; |b) 40 ms' 1

.

37 fa) 70 m; lb) 1 0,7 s irom the start.

Id See Figure AI 4,

2 Sec Figure A 16.

3 See Figure A 17,

figure A 17.

4 See Figure A! 8.

5 See Figure A 19*

IF 7
'

Figure A19.

38 la) 115 m s lb) 660 in; lc) -60.5 in s"',

Chapter 23
1 See Figure A1 5.

6 They are She same.

7 113 N.

8 See Figure A 20.

Figure A20.
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9

See Figure A2 I

.

/ * W
Figure A21.

10

See Figure A2 2.

li' = wejgjhi uf

Clevatur

Chapter 2.4

1 i.a) 30 N to the right; (b) 6 N to the right;

id 8 N to the left; (d) 1 5 N to the right;

l.e) 10 N down; (fi 20 N up,

2 28 N up,

3 7,6 N at 58 .

4 The weight cannot be balanced

5 la) Top; (b) bottom,

6 5,57 Nat 162 .

7 4,89 N,

8 62,5 N.

9 L2 kg,

10 T, = 50 N; Tj =* 70,7 N; T, = 50 N.

11 20,2 N and 47,1 N.

12 1343 N.

13 la.) 25 980 IN; (b) 25 585 IN,

m
14 sin U = —

.

Af

2 ft cos (?

'

Chapter 2.5

1 (a) Decreasing mass; lb) increasing mass.

2 0,425 m s A

3 1.00 m s A

4 7ms' and 3 m s A

5 la) mg; (Is) mg; (c) ntg mu; (d) 0; the man is

bit by the ceiling.

6 (a) mg; (b) mg; (c) greater than mg; (d) less

than mg; te) mg,

8 96 IN.

10 210 IN.

1 1 They experience l he same lorre,

12 800 N.

13 Apart from weights and vertical reaction

forces we have; 1 6 N left on Ihe 2 kg 3$ a

reaction from the 1 kg mass; 16 IN right on the

3 kg as a reaction from the 2 kg and 10 N left

as a reaction from the 5 kg mass; 1 0 N right

on the 5 kg as a reaction from the 3 kg mass.

14 100 N.

15 200 N

16 On the 10 kg mass: weight 100 N down,

reaction from bottom block too NT tap. On the

20 kg mass: weight 200 N down, react i os l

from top block of 1 00 N down and so

reaction of 300 N up from table.

17 On the 10 kg mass; weight 100 N down, external

force of 50 N down, reaction from bottom block

1 50 N up. On (he 20 kg mass; weight 200 N

down, reaction from top block of 1 50 N down

and so reaction of 350 N up from table,

19 5 ms"

A

20 fa) 15 N; (b) yes.

21 40 N,

22 3 m s
_A

23 20 N; 2 m s A

24 fa) 40 M (b) 56 N; fc) 60 N in fa) and 84 N

in (b).

Chapter 2.6

1 6.00 N.

2 (a) -0.900 N s; (b) 7.20 N.

3 Zero.

4 7.00 m s A

5 1 ,04 m.

G (a) 1,41 N s away from the wad,

7 (a) -5.00 N s; (b) -25.0 N.

10 (a) Yes; (b) no.

1 1 lb) The order of magnitude is about 1

0’ ' m,

12 (a) 96 N s; (b) 32 m s
-1

; fc) -32 ms"

A

13 50.0 kg.

14 7.0 m s ' to The right.

15 0.46 m s
1

in the direction of the 1 200 kg car,

16 5.05 N s at 56,3 .
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17 A: 737 ms B: 6.80 ms
1 8 fa) 2ms 1

.

19 ta) 50 kg; (b) 15 m s
J
; lc) 0.0 s; (d) 0.60 m

{note ihat the net impulse is exactly 200 N sh

20 lb) 203 N.

22 la) 2.5msr*;(b) 12.5ms 'lie) I mr !
;

(d) I H.8 ms
23 ta) o,03 rn s 'jlb) 0,77 m s

24 ta) 1 s; (h) about 50 N s; te) about 50 N*

Chapter 2.7

1 1,2 x 10*'|,

2 -7.7 J.

3 3,5 X !0J |,

4 la) Work done by weight and reaction force is

zero. Work, done by f is 240 I and by friction

is -100 I,

lc) The kinetic energy increases by 72.0 JL

5 la) 1900 J;tb) +1900 J; tc) zero.

b 73 N.

7 0.16 |.

H 0,49 ms V.

9

(a) 8.9 rn s
~ l

; 6.3 ms 1

;
!h> 0.0 m s

--
; 10,2

m s‘ \

10 7.75 ms 1

; I1.8mr»,

11 22 N.

1 2 2.45 m s
1

; 235 m s ,

13 la) See Figure A 23; tb) 66 I; (c > 83 ms

FtN

14 See Figure A24 (belowj.

15 305 W.

16 3240 N,

17 ta) 0.21 m s ',

18 (a) 60 W; tb) 0.75; (d 250 s.

19 F rx V*\

20 3750 N,

21 (a) The potential energy Ihe mass has at the top

is converted into kinetic energy. As the mass

lands, all Its potential energy has been

converted to kinetic energy, <h) Some of the

initial potential energy has been converted to

k indie energy. The kinetic energy remains

i/ln

M

hlgure A24.
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constant during Ihe fell The remaining

potential energy decreases as die mass falls

and gets converted into thermal energy. As the

mass lands, all the in ilia! potential energy gets

converted into thermal energy (and perhaps a

I ml of sound energy and deformation energy

during impact with the ground), (d The kinetic

energy remains constant. The potential energy is

increasing at a constant rate equal to tire rate at

which the pulling force docs work.

23 (a) 2900 N; lh) 5.6 kW; (d 500 N;

(d) 2T)kW;(e) 700 N,

24 27.4 l

15 13.5 ).

26 (a) 2.42 m s ’; {b> 93%.

27 5.77 ms
28 See Figure A25.

id! 2 18 m; 135 m;

(e) 3.8 x 1 O' J; K.5 x 10
'

).

34 la) 200 N m '.

35 la) 15.5 m s
_1

; lb) 16.4 ms
Id) See Figure A 2 6.

v/m s
-[

Figure A26.

;
36 (b) 38 400 N on both; (c) 4800 N s;

(d) the force would he larger but the

impulse would be the same;

(e) 4000 J; the final kinetic energy

is TO 000 k

38 The 8.0 kg mass moves at 5.45 m s
1

; other

rebounds at 4,55 m s
l

.

39 The 6.0 kg ball moves at 4 m s
1 and the

4.0 kg ball rebounds at 1ms 1

. Collisions

lake place at the vertices of a regular

pentagon inscribed in the circle; the initial

position of the 6.0 kg mass is a vertex of this

pentagon.

40 (a) —; (b)

2#

d M
2g m + M

1

41 fa) 50 m; (b) 90 m; (d 1 5 s from start:

id) See Figure A27.

30 Light to heavy - 2.

3 1 (a) T = mg sin 4; fh) W— mgr/sintf;

(c) W= - mgd sin 9; fell zero; fe) zero.

32 30.7 N.

33 (a) 136 m $“- 031 m s"
Lh fc) The ratio

of the accelerations is the ratio of the

forces ti.e, 2.67), The ratio of the average

speeds when squared becomes 2.62.

This suggests that the force is

proportional to speed squared;

r/nIS 1
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(e) See figure A28,

£7J

(0 from 5 s on; fg? 22.5 W; (hr) 45 W,

42 (b) The arrow is equivalent to a vector drawn

from the tip of p* to the lip of p. It is equal in

magnitude to pM ,

43 (a) (i) 2.00 m s'
1

; {it) 0.840 N; fiii) 1.20 m s
J

,

upwards; fiv) 0,698 m; (v) 2,0] m s
1

after

falling 0.366 m. (b) See Figure A29.

i'Aj] s 1

Chapter 2,8

1 (a) 7,20 m s
?
north-west; (b) 8.0 m s A

2 fa) 10N: (b) 2.83 ms (c) 0.80 m.

3 21,4 rpm,

5 la) 29.9 km s ;{b) 5,95 x 10 ms~ ?

;

(c) 3,56 x 10Ji N,

6 fa) 5.07 t 1

;
(b) 0,81 Hz,

7 1,18 x KPms’*.

8 84.49 min.

9 fa) 30ms-,
;{b) 13.42 ms A

10 3.6 x 1CP N.

11 0.02169 m s
*

t 0.097A

13 fa) 594 N; 523 N; (b) 3.16 ms V; (d 23.7'.

1 4 A: 5 m S
J
at 278,1 3 ;

H: 5 m s
3
al 261 .87 .

13 fa) 48.99 m r 1

; (b) 1800 N; Ed 30 m s'

A

16 fa) 6.3 m s"
1

; fb) 20 m s A (d) 1 50 N.

17 3.2 x It)
4 ms-3

.

18 About 12.

19 48.2 .

Chapter 2,9

1 fa) 1,99 X 10* N; fb) 4,17 X 1G* N;

fc) 1.0 X I0’* T N.

2

3

4

5

6

7

8

9

(a) Zero; ib) zero; i.c)

Gnr

4 R-
; (d)

Gm(m+ At)

4 R1

1/81

.

172 .

3.

Twite us large.

0.9.

P; g = 0; Q: g = 1 .41 >. 10 N N kg A

To the left.

Chapter 2,10

1 (a) S.O cm; (b) 200 ms A

2 1,02 m.

3 fa) 0,77s; fb) 9.22 ms' 1

.

4 (a) 2,0 s; fb) 12,8 mr1
; fc) 51,3 ;

(d) 21,5 m s' at -68.2\

5 1,48 m,

6 5,66 ms A

7 316.2 m.

8 L/2.

9 7.59 m,

10 See Figure A30 fopposite page),

11 0.33 m.

12 53,2 below The horizontal,

13 See Figure A3 I (opposite page).

14 See Figure A32 (opposite page).

15 Unfortunately the monkey gets hit (assuming

the bullet can gel that far),

16 fa) 10 m s' A fb) the weight, vertically down,

fc) See Figure A33 (page 798),

17 fa) v.
~ 30 ms A v

t
,
-- 20 ms' 1

; fb) 34 ;

fc) g = 20 ms A td) horizontal arrow lor

velocity, vertical for acceleration; (e) range and

maximum height half as large, as shown in in

Figure A34 (page 798).

18 1 8 m s
-1

at 58 .

1 9 40 m s at 70 below the horizontal,

(b) Speed is less and angle is greater,

21 0,45 m,

22 36 at 34 m s~\
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v
t
An s-l

it/finfi

(b)

tjAn^ -

(c)

Figure A30.

F.ptJ

£t7J

(b)

Figure A32.

tAn

(a)

Figure A31,

yfm

(b»
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vAn

v/m

l igiiFC A34,

9

I'tie norms! reaction force from the spacecraft

floor is zero.

1 1 The work required to move the mass on

which the force is acting from r = 0 to r = b.

12 (a) 1.5 * lO^kgjtd 4.2 x 1 O'* m s

(d) 6,0 x in
1

'
|; (e) 2,4 x 10"ms

13 (a) 9 : 1; (b) 3.6 xlO^ms l

.

T 4 -5.29 x in 11

J,

15 (a) B; (b) A; (c) A.

22 (a) 2.

24 (b) V
2 5Cm
d '

25 (d About 4.

26 (d 3.1 x 10* m.

2-32 km s .

27

la) F = ^-;(C)T = 7.8 h;
AR 1

(f)(ii) l .7 X 10 w
Jyr^;Cg>6 x I0

JI

yr.

29 (a) £ = 9.6 N kg '

; (b) g = 0: (t) 9.0,

3 Thermal properties of matter

Chapter 2.11

3 7.61 km s
1

; 94.6 min,

4 About 35 670 km O.e, about 42 250 km from

the earth's centre).

5 (a) —7.63 x 10“J; (b) -1.04 x lO^Jkg

(d 10(9 m «-\

6 See Figure A3 5,

V3.3 2XIU 1 " J

7 (a) -1.25 x 10 j
kg 1

; fb) -6.25 x 10'M.

8 Orbit I is rot possible, orbit 2 is.

Chapter 3.1

3 (a) No; fb) 300 K; !c) 4 d 0 r
’

J.

4 (a) 3.72 x 10 *m';(b) 3.04 x 10

(C) E.22 X }Q\

5 (a) 4.5 x 10 Jh kg; (b) 6.0 x 1(Plm ,

6 (a) 1.0 x 10 -'kg; (b> 8,4 x lO"'
J[ m

Chapter 3.2

2 SUfkg ' k

3 (a) 1,18 x 10 |K-t ;(b) 87.4 min.

4 73.1 C,

5 32.2 kj kg '

;
1 3.3 min.

6 35 g.

7 3.73 x 10 1.

8 16,4%.

9 83.6 miri r

10 fa) 2,2 x 10*); tb) 3.3 x T

0

s
J ; Id 4.2 x 10*].

11 HI g<

12 94. a C,

13 28B0 J fcg
1 K

14 4200 J kg
f K '.

is (a) 0.015 kg; (b) 0.012 nr
1

.

16 (a) 2.76 x 10s
; (h) 6 x 10

-3 Ks_t
-
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18 D C.

19 0,935.

20 Increases by a lacior ol 2 .

Chapter 3.3

1 2.4 3 L.

2 1 6.0 atm.

.3 0 .33 L

4 By a factor of 8.

5 1,46 x 109 Pa*

6 57.9 g.

7 10.1 min.

8 See Figure A3 6,

9

la.i Al B. 1 200 K; at C 600 K; al D. 1 50 K;

(b) Al B.

10 10 atm,

11 {a) 1.0 x IQ 1
Pa; tb) 1.2 * IQ22

;

(c) 7.3 x 10 * m J
.

12 56 g; 0.045 m l

,

13 la) 7.24 x 1 D25
; tb) H.38 x i()

J1 ;td 358.5 K.

14 {a) 1.74 atm; (b) 15 35 mol.

15 1,04 x 105 Pa.

16 (a) 0.030; (b) 1.81 x 10- J ;k) 0 87 g.

17 (a) 2239 L; (b) 0.179 kg m" 3
; (d 1.43kgm l

.

18 (a) Helium; .3.72 x 10"^' m 1

; waler; 2,99 x

10“^ m'; uranium: 2,1 1 x

tb) 3.34 x 10'“ m; 3.10 x I0' ,0 m;

2.77 x IQ""
1

m.

19 1 35 kg m \

Chapter 3,4

1 6500 1 removed from gas.

2 (a) 380 J; (b) 370 K.

3 218.9 K.

4 (a) 2.4 x 10“ J: (b) 900 K; (d 3.6 x 10" j;

td) 6.0 X 10“
I.

5 fa) 2493 J; (bl 6.67 x t0
;
Pa; td 2493 J;

fd j 800 K.

7 (a) —0.74 2k.

8 60.5 I K

9 - 12.25 I K

10

(a) See Figure A37.

P/jum

(b) 750 K; (d +0.91 kj (for both);

Id) tiJ -0.61 kj; iir) —0.91 kj; firi) 1.5 k| out.

4 Oscillations and waves^

Chapter 4.1

0 (a) 5.0 mm; tb} -3,7 mm; (c) 0.99 s;

td) ±4.0 mm.

9 (a) 8,0 cost 2 8 jrf);

tb) y
- -4.7 cm, v — —5.7 m s“' f

a = 3.6 x T0
J m s“'h

I t) v — 1 4 m s : a = 4.2 x 10' 1

in s

1 1 la) 520 Hz; (d 6.0 mm; (d) I .0 m; (e) 4.2 mm.
12 A, right and long; B

r
light and shorter;

C zero; D, left and shortest.

13 (a) a = 1.0 x 10
J m s

tb) v= 2} m s-\; td F = 2.5 x 10* N,

14 (a) 0.51 cm; (b) twice she amplitude;

td -0.26 sin(Sirf).

15 See Figure A3 8,

jj/m sr3
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16 <h) T .6 s; (c) 1/ = 0.40 m s
_1

;

(d) F = 0.24 N; fe) F = 0.01 2 ].

17 (a) 9.94 mm; fb) 2.35 N.

IB (a) 70 kg; (b) 7.1 m,

19 fa) mass = M
^j

; (b) force = GMm

/ r*
(d) period = In.) — ; id 85 minutes;

m V CM
ff) same.

20 fd In /
ml

4T

24 (a) A = 0.360 m. f'= 1 .00 Hz, T - 0.924 s;

(b) 5.39 J; (c) 4.74 J, 0.650 j +

25 (a) 0.57 s.

26 fa) 27.0 m; (b) 34,2 m s (d 3,20 s; (ri) 1 7.7 m,

29 (a) Ves, the ratio is 0,61; fb) 37%,

34 fa) oj = (d) -T tiiA -

.

3B (a) f = —
2n

(b) x= (4ir-'mf'L)f{k 4 7t-mf'h

15 fa) 0.6 cm; (h) 4.0 m; ft) 5.0 m s

(dj 1 .25 Hz; (e) no.

16 See Figure A40.

wlivcIu rvyLh

nohh--

taler

Figure A40.

17 See Figure A4L

I
LTsmjTrc kh i i in

Figure A41.

+-

Wave tailj£lh I

Chapter 4.2

3

fa) 1.29 m; fb) 1.32 x l!)
J m.

5 25.3 m s“\

6 fa) A. — 3.33 m; (b) ihe same,

7 (a) v= 3.0 m s
_1

; (b) 7 *= 1 .5 s;

f = 0.667 Hz; (d X = 4,5 m; A - 12 cm,

R fa) X — 0.66 m; (b) X = 2.90 m.

9

3,16 ms" 1

.

1 ! d = 2400 m; X — 0.050 m; number of waves

- 30.

12 From left to right: down, down, up.

13 From left to right; up, up, down.

14 See Figure A39.

Chapter 43
1 See Figure A42.

Figure A42,

2 See Figure A43,

Figure .443.

3 See Figure A44 (opposite page).

4 See Figure A45 (opposite page).

5 fa) 22.9"; fb) 1,09 x 10a ms 5

;

ft) 4,3 x 10 m.

6 fa) 1,0 x 10 s
s; fb) 6 x 10\

7 1 ,06 cm.

0 See Figure A46 (opposite page;.

10 13.1 .

1 1 Set- Figure A47 (opposite page!.

rarefaction
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f = 0.S s i= 1.0s

( 1 1 ml

4“ 4
1 cm

t = E .5 s

r - L 4 cm 4 cm

f - 1.5 tfL:-

j -

2

mf. ‘fern 4 cm
;

t= 2.5 ms 1

0

cm 2 cm

i-3ro

12 cm

Chapter 4.4

1 See figure 4.2 on page 239.

2 See Figure 4.1 on page 238.

3 Reflection and diffraciion of sound. Absence of

these for light. By using a mirror at the corner.

4 8.0 m.

5 400 m.

8 0.83 m.

7 (a) The path difference is two wavelengths, so

the observer hears a loud sound because of

constructive interference, (b) The path

difference is one and a half wavelengths, so

r = 4 tm

4 cm

Figure A47.

the observer hears no sound because of

destructive interference.

8 See T igure 4, 1 0 on page 241

.

Chapter 4.5

1 The car receives a higher frequency because it

is approaching. The car now acts as a source.
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Since Ihe source is approaching, the

frequency received will be even higher.

2 It is approaching.

4 570 Hz,

5 440 Hz,

6 490 Hz.

7 670 I Iz,

8 7ms-
'.

9 4 m s"\

IQ 4893 to 511.2 Hz.

12 tc) (0 v = 0.36 m s
_1

.

14 ±3.6 GHz-

15 (.a} Single frequency- first higher then lower

than 500 Hz,

(b} Above 500 Hz lo above tOGQ hlz.

followed by below 500 hi/ to below 1000 Hz.

(c) From 20 kHz to below 20 kHz. followed

by above 20 kHz to 20 kHz.

16 (b) 3,69 x 10
7 m s'

1 and 7,99 x 106 m s '.

17 (a) See Figure A48.

(b) See Figure A49,

J/Hz

(iil yR = A cosQrr fir) — 2.0 cos(60jt1);

(d)(i) ^ =I^W =a4ems"'

2.0 x 10 -3-

(il)P-
=
873x10-^

024 'nS" :

<e) li) P; W= 0.75 ms-’,

(ii) Q: vi™, = 0.38 m s"'.
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Chapter 4.7

1 38 .9%
2 5.0 cm,

3 (a) 1.556A; (b) 1 3 maxima. See figure A51.

4

1,746 cm; microwave.

Chapter 4.8

1 No; can resolve 3,6 cm.

2 115 km,

3 (a) 1.5 x 10-J
rad; tb) 58 km.

4 (a} 3.4 x KT 1
rad; (b) cannot resolve,

as 3.4 x IQ
-1 >4.1 x 10 _tl

rad.

5 13 x 10 1 < 0.080 rad, so seen as extended

object.

6 2.5 x 10u m.

7 (a) 2.8 x 10
T
rad.

Chapter 4.9

4 Eb) 82%.

* 4-

7 4
b

8 128 additional polarizers.

10 45%

IT 21%.

12 tb) Yes, (d no light transmitted.

13 (b) 54.5%- (c) 35.5%

14 (at 53,1 ; (b) 36.9%

5 Electricity and magnetism

Chapter 5.1

3 “2 C.

4 (a) 29 N; (b) 7.2 N.

5 90 N to the right,

6 (a) 3.22 cm from the left charge; {b) unstable,

7 73 N at 225 to the horizontal.

8 29,9 N north-east,

9 Ea) 8.0 x 10"* C; (b) 5.0 x 10 10 electronic

charges.

It (a) 2 x 1

0

ia
; tbj 10 iT N. tc) One assumption is

that the body consists entirely of water, but

a more significant assumption is the use os

Coulomb's law for bodies which are fairly

close to each other and are not point

charges, (cl) The net charge of a person is

zero because of the protons that have been

neglected in this estimate. This leads to

zero force.

Chapter 5,2

4 (a) 8.0 x 10“ 1,1 N; Eb) 8.Q x 10^ 1b N;

(d n o X to
- * N; Ed) 4,8 x 10“’*

J.

5 1.60 X Kr 17 N left; 1.76 x TQ
n m s %

h 6.0 N C"\

7 3,84 x ID
5, N C- 1

TO the right.

8 5.77 x 10 5 NIC" 1

at 3.2 below the horizontal.

9 {a) 500 J; (b) 1000 J; (d 500 J.

10 {a) 5.93 x IQ* m s^Mb) 1.38 x 10s m s %

11 170 N C_1
at 137 .4

n
to the horizontal for each.

12 (a) Zero; (b) zero; (c) 1,60 x 1
0* N C_1

;

Ed) 9,0 x 10s N C %

13 (a) Positive; tb) £ = (d) period is the same,

14 (a) E = 0.

tb) The net force takes the particle back

towards its equilibrium position.,

(d in general no, hut it the displacement is very

small, then they are approximately SUM,

id.i No oscillations will take place.

15 (a) f — — 16kQq

d i

(i-gf 0 + t?)

1

)

(c) There will l.x* SHM oscillations with

amplitude A and period T =

Chapter 5.3

2 (a) 2.55 x 1 0* V; (b) E »= 0,

3 W (bj zero,

4 —15 kV.

5 3,6 x W r
l

h 1.44 x TO"7 J.

7 5,93 x 10* m s~%
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8 (el) II ,8 N at 75.4 below the horizontal;

(b) 5,1 X 10s V;

(c) 5.1 x ID *
J.

9 (a) 3,875 x 10"" m; Cb) zero;

(cl 1,24 x 10-“ N m,

10

(a) 0,8 /iC (small sphere) and l.ZjtC;

(b) 637 x ID
-
* C m ? {small sphere) and

4,24 x I0‘ C m -7
;
(c) 7.2 x 10 5 N C" 1

(small sphere) and 4,8 x IQ 5 N C' 1

.

12 (a) 030 X 10-> I: (b> -030 X 10 1

J;

(d -0.60 x 10- J
i

13 (a) —7.19 V; (b) 1.6 * 10
rM C

14 CaJ vertically down;

(b) horizontally to the left,

15 UP-

« U^
17 W=^ = 1.4 x 10-'*

J.

Chapter S.4

5 Decreases by a factor of 4

.

6 5.9 x 10** m*.
7 4.3 x 1

0

-3m s"\

6 (a) 3.6 x IQ* C; {bl 2,2 x 1

0

2 * electrons.

9 (a) Yes.

10 14 V,

11 No,

12 12 Q,

13 14.7Q,

14 4Q£2,

15 <a) 8 V for ihe 4 £2 resistor and 1 2 V for the

6 £2 resistor; (b) 1 6 V; 1 6 V; 4 V,

16 (a) See Figure A52,

(bl 8.5 V

6 V 2.5 V

Figure A 52.

17

(a) 0.27 A; (b) 0.136 A, (c) 15 W,

IS (a) 403.3 £2, (b) 57 cm.

19 (a) 0.1 kW h; (b) 3.6 x 10s
|.

20 Cost is the same.

Chapter 5,5

1 2.7 £2; 12.4 £2; 1.0 £1.

2 38.75 £3,

3 4.0 £2,

4 0.01 Q, 100 £2.

5 R/ 4,

6 See Figure A53.

lev
I3S A

1 9.2 V 9.2 V
042 A 0.4ft A L

1

M

2 V. i A

2 V 2 V

E

5"2V
0.5 A 0.5 A

-
Figure A53.

7 2.0 £2.

8 The same.

9 (a) 5.45 A and 2.27 A; (b) 1 .7 kW h„

10 See Figure A 54.

11 (a) 9,09 A; (b) 24.2 £2; (cl 315s; td) 50.01 75.

12 (a) 0. 14 A and 0.1 7 A; (b) Costs more at

220 V by a factor of 4,

13 No.

14 No,

15 (a) 30 k£2; (bl 0.20 mA,
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16 The power in the lamp will increase by a

factor of 2.4.

U la) 4,4 kW; (b) 19 min.

18 6.48 V.

19 18.5 W; 14.8 W.

20 293 .

21 (a) 4 V; (b) 40 mA; (d fa V, 30 nvY

22 5.0 A,

23 (a) 1 5.94 W; (fa) 596 J.

24 (a) A and 8 are the same, C. is brighter by a

factor of 4; (b) the same; {d A goes out, C
stays the same.

25 (a.) 0.5 V (3 k£2), 1.0 V; lb) 0.25 V.

26 See Figure A55,

27 fl(l + V3).

28 6.0 A.

29 la) Same; tb) ^ bmes as bright.

30 2.0 ft,

31 (a) P; [bj 21* £d f ; (d) f

.

32 12 V.

33 6,0 V,

34 U) 1.2 £2;{b) 12 V.

35 2,8 V,

36 ta) 1 6 V; (b) 3,25 £2.

37 (a) 4,2 A; (b) 1,1 A,

38 The brightness of A will decrease and (hat of 8

wilE increase,

39 (a) 40 £2; (b) 5.5 V.

40 (a) 4,0 V; (b) 20 QAc) 1.6 V; (d) 0.080 A.

41 (a) 2.00 V; fb) 2.06 V.

Chapter 5.6

2 fa) B into page; (b) F into page; (c) B out of

page; Cd) force zero; (e) force zero.

3 5,4 x 1Q
_& T into page.

4 P: 3.75 x 10"4 I out of page; Q: zero;

R; 2.67 x ID
-
* T into page,

fa (a) Force down; <b) force right.

7 (a) Into page; (b) zero; Id force up.

8 No,

9 Out of page; out of page; left; left.

10 3.0 x 10
" 7 N up.

11 (a) AB: f - 0,02 N into page; 80 F = 0;

CD; f = 0.02 N out of page; DA: F = 0;

(b) net force = 0.

12 27,1 m.

13 P; out of page; Q: into page.

14 (a) 8,0 cm from 2 A wire, in between wires;

(!>) 40,0 cm above 2 A wire.

15 ta) 0.012 T into page; (b) yes;

td no.

16 ta) No; Eb) yes, it will rotate counter-

clockwise.

17 2.25 N.

18 Will attract

19 See Figure A56,

IB

—

©

21 (b) 2.71 cm; (d 7.62 x 1 0'" per second;

td) 7,5 x TO* m s
-
'; (e) 0.098 m.

22 5.96 x 10’ 1?
s,

23 2.67/iT up,

24 2.86 x lO" 5
T at 2,8 to the horizontal,

25 28.28jjN m at 225 with the positive

x axis.

2b H =

(b > »

=

% G=fe - stej-

29 (d) 1.4(J x l0
cn

per second;

(e) 3,84 x 10“ 12
J.

30 0.05 N m-1
, left.

31 (a) Out of paper; fb) left.

32 ta) 1 ; (b) 4,

J F

Figure A56.
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Chapter 5.7

1 See Figure AS7.

rmf'/V

0 2 4

Figure A57.

6 8 10 lime/s

2 See Figure AS 8.

emt'/V

2

t

0 2 4 6 8 to

Figure ASS.

3 (a) See Figure AS 9.

—*
1 1 1 1

1

7 (a) Force is upward; (b) force is upward,

fl Right end is positive*

9 {a) Clockwise; (b) counter-c lockwise.

10 0.0592 V.

12 It will move to lhe right,

1 3 Part A: (a) flux = BA cos0; (bl emf = BL v cos 0;

Ic} counter-clockwise as we look down on the

loop from above; (d) F = "
,
horizontal

to the riKht; lei v, =

Pa n B: I he dependence of velocity on lime is

v = - exp(-ai^i£ ()] . As time

gets large the velocity approaches the value

found in (e).

14 (a) Clockwise, /= Bav/R where v is die

speed of the loop;

(b) acceleration — g - B2a2 v/{mR),

15 (a) Points on the rim; (c) clockwise looking at

the diagram.

Chapter 5*8

T (a) 88 V; 50 Hz; (b) 10,5 A.

2 (a) 23.4%; lb) 15%.

3 0.0825 I
4 4.9 ^ 10

4
V.

5 (a) 30%; (h) 1,2%.

7 (a) 2 A; lb) 5 V; fc) 1 s: Id) see Figure A60.

PAY

4 Cou nte r-dockwi se.

5 la) Clockwise, then zero, then counter-

clockwise; (bi counter-clockwise, then

zero, then clockwise,

6 la) Counter-clockwise, then zero, then

clockwise; (bl clockwise, then zero, then

counter-clockwise.

8 (b) the graph for flux is the same as Tigure

8.1 2 on page 366. la) and Id The emf has

double the amplitude at the high speed but

the dependence on angle is otherwise the

same. See Figure A61 (opposite page). Note

i hat no numbers have been put on the emf

axis as we do not know the rate of rotation.



Answers to questions SO?

6 Atomic and nuclear physics

Chapter 6*1

1

(a) 2.29 xlO 17 kgnr 1

; (b> 2.9 x 10 ,J times

larger; (c) 14.3 km.

6 0; 2; 20; 128.

7 2 tei*

12 ^ = 4x 10”.

Chapter 6.2

1 Plot d against 7=,

2 Plot In / against x.

3 0.5 mg.

4 8 h.

5 _fHe,

7 3,6 x lo'
1

(alpha to electron).

8 IH —

>

_®e + v* +•
i He

.

9 ”C —
> ^e 4- v* + 4 n.

TO agBT -* + Po.

11 ^Pu-^ + ^fU*
12 - 2 *€+> 4-

A
JX.

13 “Na -* +
°
T
e+ v„ + JjN®.

15 2.88 MeV,

Chapter 6*3

1 54.53 MeV; 8.79 MeV.

2 8,029 MeV; 12.37 MeV,

3 0.783 MeV,

4 (a) 2.44 x 10 ' m; (b) gamma my,

5 3.65 MeV.

6 fc) 179.4 MeV
7 (a) Seven electrons; (fa) 207.8 MeV,

S 183,0 MeV.

9 17,59 MeV,

10 8,9 X 10" yr,

11 17.5 MeV,

Chapter 6.4

1 (b) 7.24 x 10M Hz,

2 Cb} 0.671 V,

3 (bn .6 X 10 1 A; (c) 0,20 eV; (d) 2.1 eV;

(e) 3.2 x 10- 4
A.

4 (b) 2.7 x 10" r m.

5 (b> 3.90 eV.

6 (a) 16 min,

7 (a) 5.0 X 10” Hz; (fa) 2,08 eV;

ic) 1,25 eV; (d) the graph rs parallel to the

original graph.

8 (a) 2.65 x 1tTw m.

9 (fa) 1071 ms" 1

.

10 lb} %/S - 2.83; (c) 7.6 x 10 ’ 1 m,

11 «>} 1 = 1.5 W m‘2
; (c) 4’’ = 3.0 x l0 Ni

s”
r

,

(d) There are fewer photons incident on the

surface per second and so fewer electrons

are emitted.

(e) One assumption is that, at both

wavelengths, the same percentage of

photons incident on the surface cause

emission of electrons,

Chapter 6.5

3 1 1 .5 eV or 1 .3 eV,

4 (b) (i) No excitation; Hi) 4; (HO 6,

5 (b) 1.51 eV
6 (a) 9.14 x 10 _fl m; (b) 2.19 x 10

1, m S'
1

.

7 (a) 2.03 x 10 11 m; (b) 6.66 x 10“ 10 m.

9 (a) 2 x 1

0

-1 * m; (b) 4 x 10' MeV.

10

See Figure A62,

ittcnrii^ihi: wavelength

Figure A62,

11

(b) 8,3 x 10“'* m.

13 & as 1

0

15
rad.

15 (a) Top diagram; (b) bottom diagram.
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Chapter 6.6

1 8.6 x 1 0 m s' .

2 See Figure A6 3,

Figure A63.

3

(a) 3.0 xlU' NC; (b) 0-0B3 m; (d 0.091 m.

6 (a) 0.231 s-
1

; (b) (i) 4.78 x 10 ?t
;

(IT) 3.79 x IQ 3
'; {iii) 3.01 x t0*\

7 (a) 0.5; (fa) 0.675; (c) 0-5,

8 3.66 x 10 to Bq*

9 1.10 x I0
6,

Bq,

10 4.20 x 10".

11 3.3 x 10* yr.

12 4.11 x 10* yr,

13 (b) About 7.2 min.

14 la.! 0.75; (bl 0.9.5; £d 1.50,

10 (a) 1,5 x 10’ 1S m; lb) 4000 N; Id 230.4 N;

fd) 1 .86 x 10"H N; (e> 1.24 x 10»*

20

(a)
J^Ka^ !£Ra + ]Jy;lb) 1.83 X 1Q _n m*

7 Energy, power and climate

change

Chapter 7,1

3 (b) 7,4 x 10*] kg-\

4 (a) i\) 5 x 1

0

H
J; iii) 140 kWh; (iii) (1140 MWh.

(b) 1.6 x 1016
|*

5 la) 2.5%,

6 (a) 1 ,0 x 1
Q* W; (b) 2.4 x 10* W;

(c) 1.2 x 1

0

5
kg s'

1
.

7 6,3 km*

0

7.2 x 10
h
kg day

!

.

ID (a) 185 MeV or 2.96 x 10
11

J; (b) 6,77 x 101B

11 (a) 8.20 x 10
1J

|
kg"

1

; (b) 2.7 x 106 kg.

12 (a) 3,9 x IQ
1 * s

-1
; (b) 1.5 x 10 5

kg s^
1

.

17 (a) 1 2 m2
,

18 6*5 m2
.

19 3.6 h.

20 (a) 339 K; (b) 30D W; (c) 0.40.

21 3.6 x 10
11

J.

22 (a) Increases by a factor of 4.

(b) Increases by a factor of 8,

(c) increases by a factor of 32.

24 2.0 kW,

25 4.3 in.

26 2,0 x IQ* W*

29 (b) 5*9 x 10" W: £d 1.7 m.

32 (a) 14 kg; (b> 31°C (c) 4.3 x 10
s

J K"
1

;

(e) 7,5 x 10^ Ks_1

; 10 3*9 hrs*

Chapter 7*2

1 (c) 1*8.

2 lb) 0.6.

3 278 K.

4 (a) T (b) 1.4 K.

5 2,4 W m-2
.

7 (a) 14.5 ± 0.1) x 10
L>

K*

(b) Similar curve that is overall higher with

peak shifted to the left,

9

lb) 0.29; fc) 250 W nr 3
;
(d) 258 K.

10 (a) 1 72 h; (b) 4.5 x I02^
\ K"

1

; Id 4 x lQ7
s

(a bit more than a year),

1 1 (a) 263 K; 2 1 K.

12 (aHi)(l-^“)
4

?
;(M)(l-/)(^)^;

S
(iii) (1 - a)-*

4

{b)
^

1

- ^ - e T\ giving l = 0,63.

13 (b) 10.

20 (a) 0*27.

23 Approximately 2 K increase in temperature*

29 (a) 3*3 x 10 in
J; (b) no*

39 0.9 m.

31 2 x 1 D* km*.

8 Digital technology

Chapter 8.1

1 (a) 11; (b) 10I0; £c) 10010; td) 11111.

2 la) 6; (h) 12; Id 5; (dj 30,
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4 The completed table is as follows:

Time) Signal Three-bit Digital

ms strength/niV binary rode signal

0 0 000

0,1 2 010

0.2 A 100
1

,

0.3 e 110

0.4 7 111

0.5 7 111

0.6 7 111

0.7 6 no

0.3 4 too

0.9 2 010 _~L
10 0 000

I or the final pan, join up the diagrams in the

last column in one Jong chain, to give the

complete digital signal; sec Figure A64,

(d See Figure A66.

signal

Figure A6G.

6 Approximately 7 km (ignoring the hole at the

centre),

7 42 Mbytes.

Figure A64.

3 (a)

Binary code Digital signal Signal strength

1100 12

1001 1
ooio p

-
2

0000 0

0010 2

1000 a

1110 14

Till 15

(b) See Figure A65.

8 847 Mbytes*

9 (d 1 70 nm*

10 (a) 1,0 x 10"* cm s (b) 1.21 cm.

11 (a) 487 nm; (b} 122 nnn.

Chapter 8.2

T 290 p.C.

2 2.0 A*

3 (a) 2.0 x I0 f>

;
(b) 5 bits; (c) 6,7 x 1

0

4
,

4 3.4 x 10‘19
J,

5 3.5 |Am,

7 2/3.

15 1.2.

16 No.

17 la) 9.6 x 10 " tn
i

s'
1

;
(b) 6.2 x IQ

1
'

1

nr* s~K

Figure A65.
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18 (si 3,6 ns.

19 79 *iV.

21 1.4 x 10'.

Option A: Sight and wave

phenomena

Option A1

10 (a) 1.1 X HT3 mm; (b) (* = 4,6 X 10 s
rad;

(c) B = 4.5 x 1 0 4
rad.

12 See Figure A 1.7 on page 476.

14

(a) Blue; (b) red.

16 (a) Green; (b) blue.

17 Blue,

IB Yellow and cyan.

19 ta) White; (b) black.

Options A2-A6
See questions and answers in cross-referenced

chapters.

Option B: Quantum physics

Options 61 and 62
See questions and answers in cross -referenced

chapters.

Option C: Digital technology

Options C1-C4

See questions and answers in cross-referenced

chapters.

Option D: Relativity and particle

physics

Options D1 -05

See questions and answers in cross-referenced

chapters.

Option E: Astrophysics

Option El

3 Do an order- or magnitude calculation without

calculator: mass of a helium nucleus

A x 1 .6 x ID Jr
kg « 6 x 10 J7 kg. The radius

of helium nucleus is 1 .2 x 1G~ 15 x 4'- m so

the volume is about

Y (1.2 x ID" 15

^ 4 x 1.5 x 4 x 10
45 m 1 ^ 2 x 10 44

in
1 so

the density of the nucleus is 4A ^

= 3 x IQ 17 kgm _i
,

4 3 x 10^ m,

6 1000 .

8 Jupiter.

10 1.5 x 10 M m.

11 90 m,

14 29.7 km s
'

1

.

15 1 .9 x 10‘ :

kg.

16 250 km s
f

;
2,46 x I O’" kg (mass enclosed

within a radius of 28 000 ly).

Option E2

1 1.7 x HP W.

2 5.2 x 10 9Wm ".

3 2,6 x 1 (V* ly

,

4 fa) 256 times; (b) 1/16.

5 30.

6 (a) 26; (b) 1.5.

7 fa) ^ = 4; (b) ^ = 0.71

.

4,

9 1.2.

IB 2-34 x 10 w kg and 2 BO x 10" kg.

19 fa} 3.37 x 10 53 m; lb) 2.95 x 10™ kg;

fc) 1.70 x 10 11
’ kg; 1,25 x IQ3® kg,

21 9,2 x 10* kg m -3
.

23 (c) See Figure A67,



Answers to questions S1

1

24 1 ,4.

26 (a) T — 7250 K; (b) about 5 to 8 times that oi'

the sun (by looking a i the HR diagram).

Option E3

3 3. SI pc.

4 0.30 arcseconds,

5 (a) 1 49J pc; lb.) 257 solar radii.

6 The distance to the star is 40 pc* Hence the

star appears dimmer than a magnitude 0.8; its

apparent magnitude is thus greater than 0.8.

7 (a) A pc.

8 8.3 times.

9 Cape! la by a factor of 2. 75.

18 (a) Star A; (b) star A because it appears

brighter even though it rs further away.

1 1 fa'1 They both have the same luminosity;

(b> star B appears brighter because it is closer.

13 6.3 x 10* ly (used a luminosity of 1000 solar

luminosities.).

14 2.37 x 10 *Wrrr2
; 2.57,

15 (a) 1.0 x to
-
*W m"a

; (b) 0.38,

16 1.8 x 10 5
ly (used a luminosity of 3500 solar

luminosities).

17 (a) 263 pc; (b)4.l3; (c) 17 pc.

Option E4

2 About 6.

3 Expansion oi the universe; helium abundance;

cosmic background radiation.

4 (a) Evidence for Ihe Big Bang;

(b) the same.

5 (a) Will approach absolute zero;

(b) will reach minimum and then begin to

increase.

6 All of space was a point at the time oi ihe Big

Bang.

8

Open means Ihat the universe is expanding

forever. Closed means that it will recollapse.

The surface of a sphere is finite but has no

boundary. The surface of a sheet oi paper is

finite and has a boundary.

10

The galaxies are not moving into empty space.

Space is being created in between them.

14 fust above 4000 K.

15 (b) Same black-body spectrum curve with a

peak that is shifted to ihe right (longer

wavelengths).

Option E5

2 1.37 x t02?
kg,

3 (a) 6.28 x 10
7 mr'; (b) 21%.

4 The 1 solar mass star. The heavier the star, the

faster evolution proceeds.

6 tie merits heavier lhan iron cannot be

produced in the core,

0 Most O type stars would have evolved past

the supernova stage.

9

No, Elements crucial for life would not have

been produced.

11 (a) 7.36 MeV; (b) 7.92 MeV.

12 Larger nuclear charge leads to larger

repulsion.

17 2,2 x 10
J

K.

18 3.4.

26 (a} 2 x I0 fl

yr. (b) Implies quasar active life

must be very short.

Option E6

5 6.94 Mpc,

7 (a) L2 X 10* ms' 1

; 16.53 Mpc;

fb) 1,5 x ID" m s"
1

; 208.3 Mpc;

Id 2,2 X 10 7 m s-
1

; 308 Mpc;

Id) 3,9 x 10
7 m S"\r 541 .7 Mpc;

(e) 6.1 x 10
7 m s '; 847,2 Mpc.

8 (a) 4 1 67 Mpc; (b) they are unobservable,

(d No,, this speed is due to the expanding

space between the galaxies, it cannot be used

to send a signal.

9 (a) 0.178; (b) 5.33 x 10 7 m s ';

tc) 741 Mpc,

10

1 .96 billion years.

13 (d Ro exp|c(t - fo)J.

!9 7 x IQ
-4 "1 kg m 1

s'
1
,

21) Small time means small 9. The replacement

by hyperbolic functions means that

the scale factor increases forever. The

parameter k is related to the curvature of

space.

Option F: Communications

Option FT

1 (a) 1000 Hz; fb) 1 050 Hz; (d 5000 Hz,

4 (a) 3995 kHz,. 4000 kHz and 4005 kHz.



Si 2 Answers b questions

(b) See Figure A65.

uinptKuite

*

6 See Figure A69.

4 11.

5 32,

6 0.625 mV,

1 2 (cj (i) Sec- Figure A70.

v/V

60
5.0 -

'

4.0 -

3.0

2 .0 -

1.0 -

0 4

Figure A70,

i

—

t

—

8

(ii) 1 1 i> impassible fa reconstruct the signal.

14 See figure A71

.

H'tmplfiuilf

A

Figure A69,

7 9.UkHz.

8 (a) 6 kHz; (b) 19.8 kHz, 19 8 kl \z t 40 kHz.

10 (a) 120 kHz; (b) 10 kHz; (c) 0.6 mV.

14 (a) About 20,

n (a) ID kHz; (b) 1 kHz; (c) $
~

5;

(d) bandwidth ** 1 2 kHz.

16 (a) 6.25; (bl 174 kHz.

Option F2

1 (a) ill; (bHOOH; tc) 1000011.

2 (a) 9; (b) 29; td 21.

3 (a) 5; (b) 6; (<=) 7,

_n n
Figure A71.

T5 001 100 001 111 100 101 100.

16 The completed table is as follows:

TimeJ

ms
Signal/

mV
Binary

coitu

Digital

signal

0 7.0 in

0.1 6.9 no l_
0.2 6.7 no

03 6A no

0A 5.9 101

0,5 5.2 tot

0,6 43 too

0,7 3 6 on

OS 2.5 010

0^ 1.3 001

to 0.0 000

Far the final part, join up the diagrams in the

last column in one long chain, to give the

complete digital signal; see Figure A72,

U1

Figure A72.
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17 (a)

Bui ary code Digi tal signal Signal strength

till IS

1001 9

0011 3

0001 l

0101 5

1010 10

1100 12

1101 L_n

(b) See Figure A73.

19 U) 40 kbit s
_l

; (b) 25 ^

.

20 (a) 1.41 Mbits' 1

;
(b) 0,709 \l$.

21 0.25 ms.

26 (a) 1 25—16 - 1 09p,s; (b) 6 more; (c) decrease.

Option F3

1 2.07 x 10a m s
-1

.

3 76.7°.

4 Larger than 1,74.

5 Smaller than 29.1

9

(a) 1.97 x 10
s m s'

1

;

(b) 40,5 jxs and 40 T9 ps,

1G 10 dB.

nju ui

Figure A73 s

(d See Figure A 74.

Mgnal

10 See Figure A 75.

stgnd

17 G, 4 G2 .

18 ,58 dB,

19 (-J8.7 x ICT^dB km 1

.

20 0,13 km

21 2 .0 .

22

1 .0 .

23 21 dB,

24 4S0 mW,

Option F4

5 (a) 6.0 dB km 1

; (b) 30 dB;

(c) 0,6 nW.

10 (a) (i) 42 000 km, (pi) 6800 km;

(c) 7 x 1

0

J
.

11 (a) 24 &
; (b) 2700 km; fc> 1 3 min.

Option F5

1 (a) 15 V;(b) 12 V;(d -8.0 V;

Ed) -15 V.

2 (b) -90^V to +90|iV,

3 200 .

5 (a) Rf = 0 and R = oo; (bj G = 1 ; (c> see next

problem.

6 (a) 3.0 V; (bj 2.0 V; (c) 3,0 V,

9 (a) 0 V; Cb> 1 6 nA; (c) -8.0 mV.

10 (a) 3.0 V; (b) decrease by 9-0 V.
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12 (a) -8.0 V; (b) see Figure A 76,

V7V

Option F6

3 44 nW m
6 la) 64 kbit r 1

.

7 About 20,

Option G: Electromagnetic waves

Option G1

1 (a) 50 tis.

2 3.14 x 10* m s
-1

.

3 Red: 53.99% deviation = 23,99%

blue: 54,63 , deviation - 24.63%

10 (a) 030 W <b> 640 W m~%

11 <b) 1,27 x 10"3 rad; fc) 650 m.

23 -125.

24 lb} 18.5 on,

25 (a) 4Mb) 0.104 rad.

26 fa) 22.3; lb) 70 cm.

27 22 m.

Option G3
1 n = 3.

2 0.33 m,

3 8.5 mm.

8 (a) 3,86 mm in air; (b) 2.91 mm in water,

9 1 05 m.

70 (a) 13.4 km; (b) 714 km.

11 d = 232X

12 See Figure A77.

Option G2
6 6,0 cm.

8 (a) v = 20 cm; h' — -2 cm; (b) image is at

infinity; (c) v = -10 cm; tf = 4 cm.

9 v= 8,0 cm, real, inverted, image height

7.5 cm.

10

v= 24 cm. virtual upright, image height

1 6 cm.

12 (b) 10. 1 cm ± 0.3 cm.

14 (a) v= 60 cm, real, inverted, 3 times larger.

15 (a) 430 cm and 70 cm. (b) The distance

430 cm results in the larger image.

16 3.75 cm from right lens.

17 (a) 2 cm to the left of L2 ; (b) -1.2;

{d inverted.

18 (a) 18.4 cm to the left of L,; tb) 0,55;

(c) upright,

19 2.8 x 1
0-' limes rnore,

20 fa) 7,14 cm; Cb) 10 cm; ft) 0,160 rad.

22 0.02 mm.

13 3a.

15 fa) 4.14 x I0‘ - m; 4.25 x 10“7 m; (b) 0,462 *

16 (a) 0.0 ; 13.89 ; 28.69 ; 46.05 ;
73.74 .

(b) n = 4

.

Option G4
1 (b) 1 .85 x TO " m.

2 (b) 1.0 x 10* m s
_1

; (c) 7 2 x 10 ,a Hz.

4 fa) 3.1 x 10 11 m; (b> 796 W,

7

4,1° and 8,2%

8 2.80 x 10 10 m.

9 (a) 25,4% ib) 1,1 x UT10 m.

10 (a) fi)

djl
~2~* (ti)

2d</5

5
'

Option G5

2 QJ 23 p.m.

3 1 03,4 nm.

5 The separation will increase,

6 6x1 0"5
rad.
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5

Option H: Special and general

relativity

Option HI

3 At x — 0; Eh x = 1 .59 m; ter) x — 2,65 m.

6

Assuming ihe coil is nr rest and the magnet

moving gives exactly identical results.

II) [a) Both open 9 s later; (b) Ihe rear door will

open first.

Option H2

1 fa) II .5 min; lb) 1 1 .5 min.

2 (a) 1.6 k TO
- '

s; (b) 45.6 m/
3 (a) 50.3 yr; (b| 5.0 yr older.

4 3.20 s.

5 (a) 3 yr; (b.) 6 yr; (c) 3 ly.

6 320.3 m.

7 (a) 3.0 years; (b) 6.0 years; lc) 72 years;

(d) 48 years.

8 (a) 0.359c; (b) 28 m; (c) 30 m,

9 Q's clock is slow,

10 (a) 8.42 x I0 1
s; (b) 3 67 x 10 1

$.

11 (a) 0.385c; (b) -0.385 c.

12 (a) 0.946c; (b) -0.946c.

13 0,915c

14 0.1 72

c

Option H3
1 939.4 MeV
2 0.995c.

3 0.738c.

4 (a) 1.31 MeV; (b) 0.92 3 c
5 1600 MeV,

6 13.9 GV.

7 It increases.

8 (a) 7.02 x lO
-

* 1

s; (b) 2.19 x 10 *s.

9 2.8 x 10“ m r 1
*

10 (a) 2 h; (b) 6 h; (c) b h,

11 3 h.

6 124.9 MeV.

7 1.78 x 10- Jft
kg.

e (a) 0.999 999 999 987c ;

(b) 0.999 956c

9 0.979c

10 2412 MV.

11 5711 MeV.

12 (a) 0,079 MeV; (b) 0*66 MeV; (c) 3,11 MeV.

13 (a) 5.0 GeV; lb) 0.987c

14 lb) 835; (c) 1.37; td) 1.

15 (a) 0.523c; lb) 553.5 MeV
16 (c) 2,5 MeV.

17 Id 4,2 x 10 13 m.

18 0.122 MeV; 0.59c.

19 9,

20 10 kg

21 fa) p— -ymv; (b) E — 7me'*

Option H5
2 In (he direction of acceleration*

3 Rends 10ward the right.

6 (a) Yes; |b) yes.

7 3.27 Hz.

8 2.33 x ID* Hz*

9 (a) 500 run; <b) 1 .25 s; (c) 1 .25 ms.

10

Ihe acceleration there h larger and so by the

equivalence principle it finds itself in a larger

gravitational field.

11

12

17

21

24

25

26

2.05 X HVU
kg m \

2*96 x 10* m.

1

R

A distance of r = ~ from the centre.

lb) 7.4 x 10" m; (d) 1.33 x 1Q-Is
s;

(e) 2,3 x 30
1& Hz.

, ,2GM ... l6*C’Mr
..

fa) ; EbJ —
; (d) entropy.

fa) Ray turns around and fails into the black

hole.

(b) Ray bends towards the observer.

Option H4
1 la) 0,51 1 MeV; (b) Ei) 1.38 x101# ms

hi) 0.99999987c

2 0.9959 c
3 4595 MeV c"

1

.

4 1*1 7 MeV.

5 3.66 x 10" kg m s”'.

Option I: Biomedical physics

Option 11

T 3.14 x TQ J W.

2 79 .77 dB.

3 74 dR.
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4 31.6.

5 10 .

6 3.16 x 10 s W"J
.

7 1,58 x 10“‘° W"\

Option 12

1 (a) 4 mm and 6 mm; lb) the one with

HV1 = 6 mm has the larger energy.

2 (a) 0,139 mm -1
;
(b) 11.5 mm,

3 1 2.6 mm.

4 0,794,

5 1.40,

6 (a) 1.12 kW irrJ
;

(b) 0.396 kW nr3
..

7 5350 cm\

8 0,31 mm.

Option 13

t 14.01.

2 4.67 J.

3 (a) 10 Gy of alpha particles; (b) ihey do the

same damage.

4 166.

5 la) 0.4 mGy; (b) 0,3 mj;

(c) 3.75 x I0 1P
,

6 15 mSv [assuming a constant activity in the

30 min interval - justified since 30 min is

short compared with the half-life).

7 2.8 mSv*

8 (a) 1.07 x 10 -fc W nr3
; tb) 2.4 x 10 -fl

];

tc) 2.47 jiGy; (d) 2.47 ^5v.

Option
J:

Particle physics

Option jl

6 (b) (ij See Figure A78.

{([) See Figure A79,

—^—[W\

Figure A79.

y

y

7 See Figure A80.

8 ia) Q = 0; tb) violates momentum

conservation; (c) see Figure A81*

* aaa,

-rV
Figure A81.

9 (a) d — u + e + it*;

(b) see figure A82.

d Ll

Figure A82.

10 (a) u -> d + e
+

4- v„ ; fb) W K

;

(c) positron and electron neutrino.

It (a) See Figure AS 3.

Figure A83.
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lb) See figure A84.

Figure A84.

Cc> See Figure A65,

(d) See Figure AS6,

Figure AS6,

12 W" —* u + d [—- hadrons);

W -
e~ + W~ pr + v^.

13 (a) See Figure AS 7.

(b) See Figure ASS.

Figure ASS,

(d See Figure A89.

14 Tor example Z —* e +e'1

;

Z -> |lx

-
4- Z -* t~ 4- r +

.

21 (c) The order of magnitude is 100 MeV c~\

Option )2

1 lb) Total of 3SO GeV.

3 fa) 2,5 x 10" 1 m; (b) (E) yes, (M) no,

4 Protons, because they have a de Broglie

wavelength comparable to Hie nuclear

diameter.

12 417.

13 (a) 1.8 x 10
7
Hz; (b) 2.75 MeV; (c) 79,

16 108 km.

17 fa) 4.5 m; (b) 7.5 x \G'
9

s; (c) 1.3 x 10B Hz;

(d) 2,7 x

18 lb) 3,4 T.

22 1,3 x 10“ls m.

23 1 233 MeV.

25 67,5 MeV,

26 1045 MeV,Figure AS7.
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Option |3 >ii
l (a) fi = udd, Q ft

“ = 0;
.5 5 J

2 2 1

tb) p — uud
r Qp

s=~ - - + - — -1

.

.1 5 i

3 US.

5 “1*

6 (a) Violated; lb} conserved; (c) conserved;

(d) violated,

7 None,

9 (a) 0= 0, 5 = +1 ; lc} no.

10 (a) Q= 1, 5 = 0.

1 1 (a) Conserved; (b) conserved; (c) violated;

(dt violated.

12 No.

1 4 (a) Q=a 5 = -1

.

15 (a) 5.23 x KT5S
| s.

1 6 (a) 0 or 1

.

21 (a) W ; (b) same colour.

22 Colour changes to green; flavour stays die

same.

25 X = us, V = du, JL — ud, W = sfl.

24 (a) See Figure A90,

^AA/
photons

VW
Figure A9Q.

(c) 1 .8 x 10"14 m,

26 {a) n\ = M2 MeV c rrh = 314 MeV c ?
;

fb) 626 MeV c~2
.

27 (a) i?p ; (b) ; (c) u
r ; (d) tv; (e) vt and vt .

23

(aj No; (b) no; tc) yes; (d) yes,

29 See Figure A91*

30 (a) Electron lepton number.

(b) Electron and muon lepton number,

(cl Electric charge. (d) Baryon number,

fe) Energy and muon lepton number.

ff) Baryon number and electric charge.

Option J4

4 (a) See Figure A92.

tb) there are separate diagrams for each quark

colour, and so the total amplitude is 3 A.

Option J5

1 fa} The order of magnitude is 10 eV.

(b) The temperature at which the average

energy is about 10 eV is 8 x 1

0

4
K, and so

collisions are unlikely to force electrons to

make transitions within atoms. The

collisions are therefore elastic*

fa) 8 X ]0A
K.

(h) 9,7 x 1Cr7 m,

fa) 3.9 x 1

0‘4 eV; (bJ 13 x 10 J
eV,

ie* comparable,

fat See Figure Ay 3.

\AAA.-;'

Figure A93.

fb) 10 ,s
K*

9 fa) 540 GcV; lb) 4 x t0
,s

K.Figure A91.



GLOSSARY

Glossary of selected terms,

definitions and laws

Itsr eftHttfttattoii purposes ncte that tfyou ctse a formula in plate

of a word definition, tlie symbol irt £hr jbiinulu must nil fee

explained

Measurement
Accuracy Measurements have accuracy if the systematic

error is small

Frame of reference A set of rulers and synchronized

clocks (at rest with respect to one another) that are used

by observers who are at rest in the frame to describe the

motion ofan object.

Fundamental units The kilogram. metre, second. ketvin,

mole, ampere and candela. All other units are

combinations of these and are called derived units.

Precision Measurements have precision if the random

error is small.

Random error An error due to inexperience of the

observer and the difficulty of reading instruments. It

can be reduced by repealed measurements.

Scalar A physical quantity with magnitude only (e.g, mass).

Systematic error An error due to incorrectly calibrated

instruments - it is the same for all data points and

cannot be reduced by repeated measurements,

Vector A physical quantity with magnitude and direction

leg- force}.

Mechanics
Acceleration Hie rate of change with time of the velocity

vector, ll is a vector, Its magnitude is given by the

gradient of a graph of velocity versus lime.

Centrifugal force There is no such thing. Students

erroneously include such a force to point away from the

centre of a ci collar path, But the body is not in

equilibrium and so no such force is needed.

Cent ri petal acceleration The acceleration due to a

changing velocity direction. It points toward the centre

V
z

of the circular path and equals —

.

Centripetal force 'lire name of any force or resultant of

individual forces that points toward the centre of a

circular path.

Displacement The distance in a given direction from a

fixed origin. IE ls a vector.

Efficiency The ratio of useful output work for power) to

input work for power;.

Energy conservation Energy cannot be destroyed or

created. It can he transformed from one form into

another. The mechanical energy of a system {kinetic plus

gravitational potential plus elastic potential energy!

stays the same in the absence of dissipative (Frictional)

forces.

Equ {potential surface The set of points that have the

same gravitational potential,

Escape speed Jhe minimum speed an object must have

(at the surface of a planet) so that it can move an

I2CM
infinite distance away, r —

^
—-—

.

Gravitational field strength The gravitational force

experienced by a point test particle of unit mass. Hie

field strength due to a spherical or point mass M is

GW _
Q — —— It is a vector,

r*

Gravitational potential The work done in bringing a

point iesr particle of unit mass from infinity to a point

in a gravitational field, la the gravitational field of a

, . , ,
GM

spherical or point mass M, the potential is I
= .

r

It is a scalar.

Gravitational potential energy difference in mechanics,

the work that must be done in order to raise a mass an

by a vertical distance Ah. IE is given by AI?1; - iiigAh.

Gravitational potential energy of two point masses The

work done in moving two point masses JVf and m. which

are initially infinitely far apart, until they are separated

,, GMm
by a distance r; it is given by ft;- —

.

Hooky's law The tension in a spring is proportional To its

extension and opposite to it: F kx.

Impulse The total change in the momentum of a system as

a result of a force acting Jh lt. Its magnitude is given bv

the area under a force versus time graph. It is a vector.

Irtiw of gravitation There is an attractive force between

any two point masses, given by f
— ti v- where r is
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their separation. U is directed along the line joining the

masses.

Momentum conservation Tribe net external force on a

system is zero, the total momentum of the system stays

the same,

Newton's first law if the net external force on a system Is

/,erci H the system remains at rest or moves with constant

velocity.

Newton’s second law The net force on a body equals the

rate of change of the body's momentum. JF twt = ^ in

calculus. When the mass is constant tins reduces to

f cuti — ma. (For time intervals that are not

r A/
J

infinitesimally small, t nrf = —- is the average net force
Af

on the body during the time interval At.)

Newton’s third taw If body A exerts a force on body B,

then hody IS will exert an equal and opposite force on

body A .

Orbit The path of an object when under the influence of

just the force of gravitation.

/

"j!

^ |

_ _ r
. ^

—— *.

Power The rale at Which work is being performed.

A tV
F = =1 fv.lt is a scalar.

Af

Translational equilibrium The state of a system where

the net externa! force is zero.

Velocity The rate of change with time of the displacement

vector. It is a vector. It is the gradient of a graph of

displacement versus time.

Weight The fgrre of gravitation on a body. In this booh,

weight will refer to the gravitational force on a small

body due to a large body such as a planet or a star.

Work The product of the force limes the distance moved

by its point or application in the direction of the force.

It is given by the area under the graph of force versus

distance. It is a scalar.

Work done in a gravitational field The work done in

moving a mass m from one point to another in a

gravitational field is W ~ m&V. It is independent of the

path followed.

Work- kinetic energy relation 'Jbe net work done on a

body (i.e. the work of the net force or the sum of the

work done J.sy individual forces) equals the change in

kinetic energy of the body: that is. Wnrt = AT t .

Thermal physics

Adiabatic A thermodynamic process in which no thermal

energy is exchanged,

Avogntlro constant The number of molecules in one mole

of a substance. It equals NA ~ 6,02 X 10".

Boy Ic-Mariotie law At con slant temperattire, a fixed

quantity of an ideal gas obeys pV — con slim I or

equivalently pi Vj = pjl’V.

Entropy A measure of ibe disorder of a thermodynamic

system. It is proportional to the natural logarithm of the

number of microscopic ways a given macroscopic state

of the system can be realized: 5 - klnN.

First law of thermodynamics The thermal energy Q
supplied to a system equals the change in internal

energy, AU
,
plus any work done. W. That is n

Q = AU + W +

Heat capacity (Thermal capacity |i
The energy needed for a

body to undergo a unit increase in temperature,

ideal gas A gas with no uifcrmolccular forces that obeys

the ideal gas law, F V = nK 7 (temperature in kclvin), at

all temperatures, pressures and volumes.

Internal energy The total kinetic and potential energy

of the molecules of a substance. By palrndd energy we

understand the energy due to intennolecular

forces.

Irreversible process A process in which Ibe entropy

increases. Natural processes are irreversible.

Isothermal A thermodynamic process in which the

temperature slays the same.

Pressure The force normal To an area per Unit area,

ITessure-temperature Saw At constant volume, a fixed

quantity of an ideal gas obeys j-
— corisfanl or

equivalently ^ ~ (temperature in kelvin).
h T?.

Reversible process An idealized process in which the

entropy slays the same.

Second law of thermodynamics The entropy of an

isolated system (a system on which no work is being

done from the outside) never decreases.

.Specific heat capacity The energy needed for a unit mass

to undergo a unit increase in temperature.

Specific latent hear of fusion/vaporization The energy

required to melt/vaporize a unit mass ar constant

temperature.

Temperature A measure of the average kineiic energy of

the molecules of a substance.

Volume-temperature law At constant pressure, a iixed

V
quantity of an ideal gas obeys — = constjnl or

V\ V2 .

equivalently — = — (temperature in kehnn),
* i (2

Work The work done by an ideal gas equals ibe area

under the graph of pressure versus volume. For constant

pressure it equals IV = PAT. The network done in a

cyclic process is the area of the loop in a pressure versus

volume graph.
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Waves
Amplitude The maximum displacement of" a wave. The

square of the amplitude is proportional to f ile energy

tarried L>y the wave iper unit lengthfared of the

wavefront, for waves in two/three dimensions),

Brewster angle [polarization angle) The angle of

incidence for which the reflected light Is lODtt plane-

polarized parallel lo the reflecting surface.

Brewster's lawr The Brewster angle tfi, is given by tan 0-,
~

— when light from a medium with refractive index
N|

tij is incident on a medium with refractive index n2 .

Coherent Two sources of identical waves are said to be

coherent if there is a constant phase difference between

them. Two sources must be coherent for interference 10

be observed. [Coherence implies that the frequencies of

the sources are the same.)

Critical damping Damping in a system such that, when

displaced from equi Librium, the system returns to

equilibrium in as short a time as possible without

performing oscillations.

Damped oscillations Oscillations under the action of a

resistive fbree.

Diffraction A phenomenon shown by ah waves. It is the

spreading of a wave as it passes through an aperture or

past an obstacle. It is Substantial only when the size of

the aperture or obstacle is comparable to the

wavelength. The minima of single-slit diffraction occur

at angles <1 given by bsinfl = rtA. where h is rhe aperture

siae,

Doppler effect The frequency received by an observer is

different from that emitted if there is relative motion

between the receiver and the source of the waves.

Electromagnetic waves Transverse waves that travel with

the speed of light and can propagate in a vacuum They

range from short-wavelength gamma rays to long-

wavelength radio waves. The wavelengths of the visible

spectrum range from blue light at about 300 nm To red

light ar 750 nm.

ftjrced oscillations Oscillations, oia system under the

action of an external (periodic) force.

frequency The number of full waves emitted per unit

rime.

Huygens' principle Every point on a wavefront acts as a

source of secondary spherical wavefronts called

wavelets. The next wavefront is tangent to alt the

secondary wavelets, It explains reflection and refraction

and (partly) diffraction.

Interference When two similar coherent waves meet, the

resulting wave will have a Large {maximum) amplitude if

the waves meet crest to crest (constructive interference’
I
or

aero (minimum) amplitude if the waves meet crest to

trough (destructive interference).

E.oiigitiidiiial wave A wave in which the displacement is

parallel to the direction of energy transfer of the wave.

Sound is a longitudinal wave.

Mnlus's law For polarized light incident on a polarizer,

the transmitted intensity is / — la COS" tf where At is the

incident intensity and# is the angle between the

polarizer axis and the direction of the incident electric

field, (For unpolarized incident light the transmitted

Jo,
intensity is—,)

Optical activity 'Hie property of a Substance in which the

plane of polarization of an electromagnetic wave rotates

as the wave propagates in the substance.

Overdamping Dampi ng in a system that experiences a

large resistive force, so that the system returns to its

equilibrium position in a long time without pet fanning

oscillations.

Path difference The difference In distance from each

of two sources to the observer. If the path difference is

a whole number of wavelengths, rtA, then constructive

interference takes place. If the path difference is an

(HId number of half-wavelengths, (n+!y4lA. interference

is destructive.

Period The time to create a full wave.

Polarization A property of transverse waves where the

displacement of the wave stays along the same plane.

Kav A line aL right angles to a wavefront, indicating lire

direction of energy transfer of a wave.

Rayleigh criterion Two distinct sources are said to be Just

resolved if the Ifrsi minimum of the diffraction pattern

of one source coincides with the central maximum of

the diffraction pattern of the second source.

Kefractive index [index of refraction) The ratio of the

speed of light in a vacuum to the speed of light in a

given medium.

Resolution The ability of an instrument to see two

distinct sources as distinct.

Resonance A system that has a natural oscillation

frequency fa is said to be in resonance when the

external periodic forte acting on the system also has

frequency equal to fn.This results in large-amplitude

oscillations.

Simple harmonic motion (SHMl The oscillatory

motion of a system in which ( 1 )
there is a fixed

equilibrium position and
(
2 l the acceleration of I he

system Es proportional to and opposite to the

displacement away from the fixed equilibrium

position: a = -u/x . The period is T = 7^ and is

independent of the amplitude.
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Snell's law Hie angles of incidence and refraction are

related to the wave speeds in the two media through

sintfi sintffc
, , , , _ . .=

.
where the angles are defined to he

Cl c2

those between tlie rays and tlie normal to the surface

(or equivalently between the wavefronts and tlie

surface), for Light, this can he written n - n 2 sinf.fi

where the refractive indices of the two media an?

«i,

Standing wave A wave formed by the superposition or two

identical travelling waves moving in opposite directions.

A standing wave does not transfer energy.

Superposition When two waves meet, the resulting

displacement Ls the sum of the individual

displacemen fa-

irsosverse wave A wave In which the displacement is

normal to the direction of energy transfer of the wave.

Electromagnetic waves are transverse waves.

Travelling wave A wave ihal transfers energy.

Underdamping Damping in a system that experiences .1

small resistive force, so that the system oscillates with

decreasing amplitude.

Wot speed The speed at which energy is transferred by

the wave, v — fk.

Wavefront A surface at right angles to the direction ol

energy transfer of the wave consisting of points in

phase.

Wavelength The length of a full wave (the distance

between consecutive crests,1 . It is the distance travelled

in one period.

Electricity and magnetism
Coulomb's law There is an electric force between two

point charges given by f — k . where r is their

separation. The law also holds For two spherical charges,

far apart, in which case r is the centrertocemre

separation. The force is attractive for unlike charges and

repulsive for like charges.

Currenl The amount of charge per unit time that passes

through the cross-sectional area of a conductor.

Electric field The electric force per unit charge

experienced by a positive test charge. It is a vector. A
point or spherical charge Q produces an electric field of

|Q
magnitude f. = ft—=-. Tlie electric field is xero inside a

r*

conductor.

Electric potential The work per unit charge performed in

bringing a positive lest charge from infinity to a given

point in an electric field. It is a scalar. A point or

spherical charge produces an electric potential

V — ft—. The electric potential is constant inside a

conductor and equals ids value at the surface,

Electric power The rale at which electrical energy is

V2
dissipated in a conductor, given by F - 1 = .

h.

Fleet ron volt The work done in moving a charge of e ~

1.6 X 10
N C through a potential difference of 1 volt. It

equals 1 eV = 1.6 x 10 J.

Emf The work per unit charge done in moving a positive

test charge across the terminals of a battery. When the

battery sends out a current I into .1 circuit, the quantity

kf is the total power dissipated in the circuit where 1 is

the emf.

Equi potential surface A surface where the potential is

constant.

Faraday’s law The induced cmff in a loop is the rate of

change with time of the magnetic flux linkage through

Ad>
the loop: £ — JV .

At

Lenz's law The direction of the induced currenl is such

as to oppose the change that created it.

Magnetic field strength The magnetic field is a field that

exerts a force on moving charges. The magnetic Field

strength ft is a vector. Its magnitude is given by the force

on a unit charge moving at right angles to the field with

unit velocity. The direction of R is ar right angles to the

force it exerts. 'Hie derived SI unit of magnetic field

strength is the tesla: IT- 1 N C" ! (m s~
3 )~

’.

Magnetic fields arc produced by currents and magnets.

Tlie magnetic field strength due to a long straight wine

/ Nl
is & — «o-— and inside a solenoid B ~ m-t**

2xr L

Magnetic flux linkage The product of the magnetic field

strength, the area of a loop, the number of turns of wire

in the loop and the cosine of the angle between the area

normal and tf; that is, <J> - MBA Cos H . it is a scalar.

Magnetic force A moving charged particle or a current in

magnetic field will experience a force f - qvff sim9 or

F = B f l sin n
. ‘fhe force is always at right angles to the

velocity or the current.

Ohm's law The current in a conductor at constant

temperature is proportional to the voltage across it.

faith in an electric field The path of a charged panicle in

a uniform electric field is (1) a parabola or (2) a straight

line if the particle moves along a straight field line.

Path in a magnetic field The path of a charged particle in

a uniform magnetic field is (1) a circle If the particle

moves at right angles to the field or £2) :> helix or (3) a

straight line iT the particle moves along a straight field

my
line. Tlie radius of the circular oath is ft - ,

qB

Potential difference (between two points) The work done

in moving a unit charge from one point to the other.
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Resistance The ratio of voltage across a conductor to the

current through it, R. r
Rms current The square root of the average of the square

of the current. For sinusoidally varying currents it

equals the peak current divided by Jl.

Rms vnhagv Tin' square root or the average or the square

of the voltage, bur sinusoidally varying voltages it equals

the peak voltage divided by -J2.

Atomic anti nuclear physics

Activity The number of decays per second of a

radioactive sample. The activity after time t is

/ ]
\VT |/S

A — A cm?
—

/1q
^

-
J

,The unit of activity is the

becquereJ (t Bq = 1 decay per second). The activity is

A ~ AN, where W is the number of radioactive nuclei in

the sample.

Alpha particle A helium-4 nucleus emitted in the

radioactive decay of certain nuclei (alpha decay).

Atomic number The number of protons in a nucleus,

fill is is also known as prolan number.)

Alomic/n uclen r transitions When an electron makes a

transition to a lower atomic state, a photon is emitted

whose energy equals Che difference in energy of the

levels involved, hf = &F .The same is true when a

nucleus makes a nuclear transition between nuclear

energy levels. “Hie photon in that case is a gamma ray

photon.

Bora particle An electron or positron emitted in tile

radioactive decay of certain nuclei theta decay).

Binding energy The minimum energy required to

separate a nucleus into free, unbound nucleons.

Critical frequency (threshold frequency] The lowest

frequency of incident electromagnetic radiation that

results in electrons being emitted from a metal. It is a

property of the metal,

De Broglie wavelength To any particle of momentum

p — nw there corresponds a wavelength k = — - —

,

tw p
Particles can show wavelike behaviour such as diffraction

and interference when directed at a crystal. There is a

probability wsw whose amplitude at a specific place gives

the probability of finding the particle there.

Decay constant The probability of decay per unit time of a

given nucleus, h is related to half-life through

XT] /2 — Id 2.

Gamma ray A shortwavelength photon emitted in the

radioactive decay of certain nuclei (gamma decay).

Halflilc Tlie time after which the activity of a radioactive

sample decreases by a factor of two..

Isotopes Nuclei with the same atomic number but

different mass number (due to a different number of

neutrons}.

Mass defect The difference between the mass of a

nucleus and the sum of the masses of its component

nucleons.

Mass number The number of nucleons in a nucleus.

Neutrino A low-mass, neutral, very weakly interacting

particle. Postulated by W. Pauli to explain why the

energy of electrons in beta decay is not discrete. With

only two particles produced, momentum conservation

demands that the two move oppositely and so each has

a fixed share of the available kinetic energy. With three

particles, there is a range of energies for the electron, as

is observed In experiments.

Nuclear fission The splitting of a large nucleus (heavier

than nicket( into two smaller ones plus neutrons,

radiation and energy.

Nuclear fusion llie joining of two tight nuclei (lighter

than nickel} into a larger nucleus plus radiation and

energy.

Nucleon A proton or a neutron making up a nucleus.

Photoelectric effect The emission of electrons from a

metallic surface when electromagnetic radiation is

Incident on the surface, lire maximum emitted electron

energy is = hf
-

<£, where is the work function of

the surface. The intensity of the radiation does not

affect the electron kinetic energy, only the number of

electrons emitted per second.

Photon A rero-rest-mass tieutral particle, the quantum of

electromagnetic radiation. The energy of a photon is

r .f . , .
hf h

f = nf ana its momentum is p = — = -.
c k

Radioactive decay law 'The rate of decay is proportional to

dN
the number of radioactive nuclei present, ™ c*. ,\‘

leading to N - iW
j
\ifhft

Rutherford {Geiger-M arsden) experiment An experiment

m which alpha particles were directed at a thin foil of

gold. Most went through only slightly deflected but a

few were turned back, indicating the existence of a tiny,

massive, positive charge inside the atom: the atomic

nucleus.

Rutherford model An early atomic model in which

electrons orbit the nucleus tike planets around rhe sun.

Sehtikhnger theory Tire modem quantum theory of

atoms and molecules. It applies to inany-elcctron atoms

and assigns a wavefunction to an electron. The square of

the absolute value of the wavefunction is a probability

density /tnichorr that gives the probability of finding the

electron at each point in space. Unlike the Bohr theory,

it predicts the relative intensities of spectral lines and is
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consistent with Heisenberg's uncertainly principle. Like

Bolir'S theory it predicts energy levels for the electrons.

Strong nuclear force 'Hie attractive force between

nucleons in a nucleus that keeps them together and.

overcomes the electrical force of repulsion between the

protons. The force has very short range.

Uncertainty principle A fundamental principle of physics

that states I hat it is impossible to measure

simultaneously the momentum and ihe position of a

particle with infinite precision. AA"Ap > ~ .Tile

principle implies that the more precise the

measureme nl in one variable becomes, the more

uncertain is the other. Also applies to measurements of

energy and time, Al: A( >

Weak nuclear force The short-range force acting within

[he nucleus that is responsible for beta decay.

Work function The minimum energy required to eject an

electron front a metal

Environmental physics

Albedo The ratio of the intensity of radiation scattered

and reflected from an object To the intensity of incident

radiation.

Black body A body of emissivily equal to 1.

Coefficient ofvolume expansion The fractional increase

AV
En volume per unit temperature increase, y — -—/AT,

Energy degradation The fact rhai energy, while

conserved, becomes less useful for the purpose of

performing mechanical work.

fnepgy density The amount of energy that can be

obtained from a unit mass of a fuel

Enhanced greenhouse efTeci Additional wanning

of the earth caused by increased quantities of

greenhouse gases. The increase in the greenhouse

gas concentrations is mainly due to human
activity.

E'eedbnck mechanism A cause creates an effect that in

turn affects the cause, which in turn affects the effect

etc. An example of positive feedback is the melting of

glaciers and polar ice due to Increases in global

temperature. This reduces the albedo of the tarth. so

less solar energy is reflected, i.e. more energy is

absorbed,, leading to further increases in temperature,

more ice melting etc.

Greenhouse effect The warming of the earth caused by

certain gases [greenhcuiye gases) in the earth's atmosphere.

The earth's surface radiates back some of the energy

incident on it, and part of this energy is absorbed by the

greenhouse gases, which then re-radiare this energy

back to the earth's surface.

Intensity or radiation The power received per unit area of

the detector. It is measured in W m \

Moderator The part of a nuclear reactor where neutrons

are slowed down through collisions with atoms of the

moderator material (such as graphite or water}.

Stefan- Boltzmann law T he power radiated by a body of

surface area A a Lid surface temperature T is given by

P — ta-AT4. The constant tr is the Stefan Boltzmann

constant. The emissiviry depends, on the nature of the

surface. The case c = l corresponds to black bodies.

Surface heat capacity The amount of thermal energy

required for a unit surface area to undergo a unit

increase in tempera I urt.

Digital technology

Analogue signal A continuous signal varying between two

extreme values lhat is proportional to ihe physical

mechanism that created it.

Capacitance The amount of charge that can be stored on a

body per unit electric potential

Charged coupled device (CCD) A device where incident

light from an object causes the build-up of electric

charge in individual pixels producing an image of the

object. The amount of charge is proportional to the

intensity of the light.

Digital signal A coded signal that can have one of two

values (0 or 1),

Magnification For a CCD, the ratio of image to object

length.

Quantum efficiency' The ratio of the number of electrons

emitted to the number of incident photons on a pixel.

Option A Sight and wave phenomena
See also under Waves.

Accommodation The ability of the eye m change its focal

length*

Colour addition The process by which primary colours in

different proportions are mixed to produce other

colours.

Colour subtraction Light passing through a filter will

have a colour component removed (subtracted). For

example, white light passing through a yellow filter will

have blue light subtracted, so that the transmitted light

is a mixture of red and green (i.e. yellow!.

Cone cells Cells on the retina that are sensitive to light of

different wavelengths and are responsible for colons-

vision.

Depth of vision The range of distances within which an

object can be seen acceptably clearly.
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FhfXopic vision Vision in which the main detectors of the

incident light are cone cells.

Primary colours Three colours which, when added in

various proportions, can produce (almost) all possible

colours. They are usually taken to be red, green and blue

but other choices for primaries an? possible.

Rod celts Cells on the retina sensitive to light, especially

of low intensity,

Scotopic vision Vision in which the main detectors of the

incident light are rod celts.

Option B Quantum and nuclear physics

Sec material under Atomic omf nuclear physics.

Option C Digital technology

See under Digital techndagy and Opiiurt F-

Option D Relativity and particle physics

See Options H tlnti J.

Option £ Astrophysics

Absolute magnitude The apparent magnitude a Star

would have if observed from a distance of 10 pc.

Apparent brightness The received energy per second per

unit area of detector. It equals b = — . Its units are
4JTO*

W m' 3
.

Apparent magnitude A measure of bright ness of a star as

seen from earth in a relative system of classification.

The higher the numerical value of apparent magnitude,

the dimmer the star, An increase in apparent magnitude

by 1 unit implies a decrease in apparent brightness by a

factor of VlOO w 2.51

,

Big Bang model The theory according to which space,

time, matter and energy were all created at a singular

point some 1 3 to 14 billion years ago.

Binary star system Two stars orbiting a common centre.

Cepheid variable A star whose luminosity changes

periodically due to contractions and expansions of its

surface. There is a definite relationship between the

period of variation of the luminosity and the peak

luminosity. Thus, knowledge of the period gives the

peak luminosity !. which, together with the known peak

apparent brightness b. gives the distance d through

i

1

4jrd2'

Chandrasekhar limit The largest mass a white dwarf can

have. It is about 1.4 solar masses.

Cosmic microwave background radiation {OMB) The CMB
is electromagnetic radiation in the,mtcrowave region

that fills the universe. !i lias a blaekbody spectrum

corresponding to a temperature of about 2.7 K, It is ihe

remnant of the high temperatures at Lhe lime of the Big

Bang and provides one of the strongest pieces of

evidence in favour of the Big Bang model.

Critical density In classical cosmology. The density A. of

the universe for which the expansion continues forever

at a slowing rate and slops after an infinite amount of

time, It separates a universe that will expand forever (an

open universe, p < pc) from one that will re-collapse (a

closed universe, p > a)- A universe with a density equal

to the critical density is called flat.

Dark matter Matter that is too cold to radiate, and so

cannot be seen. It has been invoked to solve the puzzle

of the missing mass of the universe. As much as 90% of

the mass of the universe may Ik in the form of dark

matter.

HR {Hertzs prung-Rttssell) diagram A plot of stars

according to luminosity (vertical axis) versus

temperature (horizontal axis, temperature increasing to

the left), or absolute magnitude versus spectral class.

Hubble cons can I The slope of a graph of galaxy speed

versus distance,

Hubble time The inverse of the Hubble constant, giving

an estimate for the age ofthe universe.

Eluhhle
r

s law Distant galaxies are moving away from earth

with a speed v that is proportional to their distance d

from earth: Thai is, v = Hd, where H is the Hubble

constant.

Luminosity Hie amount of energy radiated by a star per

second, i,e, the power radiated by the star. Luminosity

depends on the surface temperature T and surface area

A or the star, and is given by l = aAT*
, The constant &

is the Stefan-Boltzmaim constant

(ff=5.67 xlfl 'Wm !
K'

4
|.

Magnitude -distance relation The equation relating a

star’s apparent magnitude ni to its absolute magnitude

M and distance ri [in parsecs): rn - Al — 5 tog —

.

Main sequence Stars undergoing nuclear fusion of

hydrogen into helium. They lie on a strip on the HR

diagram from top left to bottom right.

Mass -luminosity relation The relation between lhe

luminosity and the mass of a main sequence star,

L <x AT, where n is between 3 and 4. It can be used to

explain why massive stars spend little time on the main

sequence.

Neutron star An end stage in tile evolution of high-mass

stars. A collapsed star composed almost entirely of

neutrons whose degeneracy pressure balances the

inward pressure due to gravity. It is very dense and

often has a very strong magnetic field and rotates (see

pulsars).
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Others' paradox The night sky would be bright if there

were an infinite number of stars in an eternal universe.

Eti fact [if there is a finite number of stars anti (2) they

will not live forever, so The night sky i.( dark,

Oppenhcimer-Volkoff limit The largest mass a neutron

slat can have, it is about 2 3 soiar masses. The

uncertainty in this limit comes from the Fact that the

equation of state of the matter Inside a neutron star is

not precisely known.

Parallax method A method for measuring the distances fo

nearby stars that relies on the fact that a star appears

displaced relative to the background or distant stars

when viewed From two different positions in space.

Satellites in orbit outside the earth's atmosphere can

measure distances up to almost 100t> pc in this way.

Planetary nebula The ejection of mass from an exploding

red giant star.

Pulsars Rotating neutron stars emitting radio waves.

Spectral class- A classification of stars according to surface

temperature and colour. The classes are OBAFCKM. with

0 being hot and blue, and M cool and red. Our sun is a

class-G star (yellow-orange at 6000 K),

Spectroscopic parallax A method For measuring the

distance to a main-sequence star. Et consists of

determining the star's surface temperature (or spectral

class} from its spectrum using the Wien displacement

law. Using this, its luminosity! (or absolute magnitude

Ml can be estimated from the HR diagram. Its apparent

brightness b can be measured, allowing the

determination of the distance d. through i) = —
4jrd~

Stellar evolution The evolution of a star from its birth to

its lift' on the main sequence, then in its life as a red

giant or supergiant,, and finally to its death. The Way the

star dies is determined by its mass. IT the star is not too

massive funder 10 solar masses}, a planetary nebula

ejects most of tile mass of the star and leaves behind a

dense, hot core (a white rfwcrr/) of maximum mass ] A

solar masses (the Oiandmsofchar limit). If the star is more

massive, n supernova ejects most ofthe star's mass,

leaving behind a neutron star of maximum mass about

3 solar masses (the ffjiiM'nheEjMci'-VWIkoJ/Tjmgi, If the star

is even more massive, ir ends up as <i black hole.

Supernova The ejection of mass from on exploding

supergiant star,

White dwarf An end stage in the evolution of low-mass

stars. It is a stable star in which the degeneracy

pressure of electrons balances tile inward pressure due

to gravity,

Wien displacement law The wavelength at which most of

the energy from a star is emitted is related to surface

temperature through A*T 2.90 X 10
-3

K m r which

implies that the higher the temperature, the lower the

wavelength at which most of the energy is emitted. The

peak wavelength determines the colour of the star' thus

there is a connection between the colour and the

surface temperature of the star.

Option F tomnujnteations
Am p|s tude modulation The process in which a carrier

wave's amplitude is changed according to the

information signal (of tower frequency than the carrier).

Analogue signal A continuous signal varying be Lween two

extreme values that is proportional to the physical

mechanism that created it.

.Analogue to digital converter (ADC) A device shat

converts ait analogue signal ro a digital signal.

Attenuation The process in which the power of a signal

gels reduced during transmission through a medium.

Bandwidth In com inunkat ions, bandwidth is the

difference between the highest and lowest frequencies

carried by a signal or the range of frequencies a

particular transmission line can transmit.

Binary number A number expressed in base 2, i.e. a

sequence of 0's and I 's.

Bit rate In the transmission of a digital sign ill ill which

the bits are transmitted one after the other, bit rate is

the number of bits that gel transmitted per second.

Channel An information pathway svithin a medium (such

as a wire pair, coaxial cable, optic fibre or the

atmosphere).

Cross-talk Enterferelice between channels due to radiation

emitted by one and picked up by the other.

Demodulator The device in a receiver where the

information carried by a modulated wave is extracted

and the carrier rejected.

Digital signal A coded signal that can have one of two

values.

Digital to analogue converter {DAC) A device thai

converts a digital signal to an analogue signal.

Dispersion 'ETie phenomenon in which the speed of a

wave depends on wavelength.

Frequency modulation The process in which (he carrier

wave's (high) frequency is changed according to the

information signal (of lower frequency |.

Geosynchronous (Geostationary] satellite A satellite over

the initiator wilh a period equal to 24 hours. The orbit

radius is about 42 000 km,

Monumode fibre A small-diameter optic fibre in which

light follows only one path, eliminating dispersion.

Multimode fibre A larged&Bhetcr optic fibre in which

light follows many paths.
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Multiplexing The process in which many users can use

i he same transmission medium.

Far point The largest distance at which the eye car focus

comfortably.

Nyquist’s theorem The sampling frequency must be at

least twice the (highest! frequency in the information

signal being sampled to allow for reconstruction of the

signal from the sampled values.

Operational amplifier An integrated ci remit that amplifies

the difference between its inpuL voltages. By feeding part

of the output back to the input (in a feedback circuit], it

can be used to perform mathematical operations such as

adding or comparing voltages.

Polar satellite A satellite in low orbit (at a height of a few

hundred kilometres) that passes over i he poles of the

earth.

Power spectrum The graph of amplitude-squared versus

frequency of a signal.

Quantization error The difference between consecutive

quantization Levels of a sampled signal. When an

analogue signal varies from a minimum value of m to a

maximum value of M, and rt-bit words are used to

. M - m T .

digitize it. the quantity q —=j— is known as The

quantization error of the digitization process.,

Quantization levels Hie discrete values an analogue

signal can take when sampled. With rt-bit words used in

the sampling, the number of quantization levels is 2
1

'

.

Schmitt trigger A device that may used lo regenerate a

corrupted digital signal.

Sidebands Additional frequencies generated when a

carrier wave is modulated.

Signal to noise ratio (SNK) The quantity 10 log .

' ‘ '

.

’ na*Sc

where Pfumji. FnLkse =ire the powers of the signal and

noise respectively, li is measured in decibels.

Time division multiplexing Tine process in which the

available bandwidth of a transmission medium is shared

by many users at different times,

Option G Electromagnetic waves
Angular magnification The ratio of the angle subtended

ac the eye by the image to the angle subtended at the eye

by the object,

Bragg scattering Scattering of X-rays by a crystal- Hie

maxima in the intensity of the scattered X-rays appear at

angles (V obeying the Bragg equation 2d sin/? n>. where

d is the inter-atomic distance of the crystal atoms.

Chromatic aberration A lens defect due lo the fact that

rayn of different wavelength (colour! have slightly

different focal points.

Dispersion The phenomenon in which the speed of a

wave depends on the wavelength. -

Focal length ITie distance of ihe focal point of a lens from

the centre of the lens.

Focal point (For converging lenses! the point on the

principal axis through which a ray parallel to the

principal ;utis passes through after refraction in the lens.

Laser Monochromatic light produced in a laser tube that

if exceptionally coherent.

Minimum X-ray wavelength The lowest wavelength

he
emitted when X-rays art produced. It is given by a = —
where V is the accelerating voltage.

Near point The shortest distance at which the eye can

focus comfortably without straining.

Population inversion The situation where there are more

atoms in an excited Slate of an atom than in the ground

state.

Power of a te-ns The inverse of t tie focal length of a lens, it

is measured in dioptres.

Real image An image formed by refracted (or reflected!

rays of light,

Spherical a be r nil ion A lens defect due to the fact that, of

incident rays parallel lo the principal axis, only those

dose to the principal axis refract through the focal point,

Stimulated emission Emission of photons in an atomic

transition that is induced as a result of photons incident

on the atom. The incident photon energy is the same as

the energy of the emitted photon.

Two-slit interference ('Young's slits') The maxima are

given byd sinfy — nk. The separation of two consecutive

maxima on a screen a distance D away from the slits is

kD
* ~ d

‘

Virtual image An image formed by extensions of

refracted/re fleeted rays of light.

X-ray spectrum The variation with X-ray wavelength of

the intensity of X-rays produced when electrons strike a

target material. Hie spectrum consists of(3) the

continuous part formed from rapidly decelerated

electrons as they are brought to rest by collisions with

target atoms and 12} the characteristic part consisting of

peaks in intensity.

Option H Relativity

Bending of light light bends' near a massive body. In

reality, light follows a space-time geodesic, which has

been curved by the massive body.

Black hole A singularity of space-time. A point of infinite

density and curvature. A black hole creates severe

bending of the space-time around it.
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Eddington's experiment The observation of a change in

the apparent position of a star Eti the sky when rays

from the star passed close lo the sun on their way to

Ha rill, It provides evidence that the sun curves the space

around it, changing the paths of the rays. There is some

controversy about the accuracy of Eddington's results.

(The experiment lias since been repeated many limes,

always supporting general relativity.)

Equivalence principle it is impossible to distinguish

between gravitational and inertial (ije. acceleration)

effects. Acceleration can make gravity appear (e.g, when

an elevator accelerates upward you feel heavier) as well

as disappear (e.g. in free tall or in orbit you feel

weightless),

Event horizon An imaginary surface around a black hole

on which the escape speed Is equal to the speed of light.

Nothing taking place within the event horizon can be

communicated or transferred to the outside.

Frame of reference A set of rulers and synchronized

docks at every point in space (and at rest with respect to

each other) that are used by observers who are at rest in

the frame to record the positions and times of events.

1Gamma factor (Loren tie factor) The quantity y = —
.

/' - f
Gamma is always bigger than 1, hut becomes

appreciably bigger than I only for speeds larger than

O.^c. Given y , the speed ran be found from

General relativity According to Einstein's theory of

general relativity, mass and energy bend space-time. The

geometry of space-rime determines the motion of light

and panicles in the space-time.

Geodesic '[lie curve of least length between two points in

a curved space-time. In a 'flat' (Euclidean) space it is a

straight line. Light and bodies on which no forces act

move on geodesies.

Gravitationad tensing Rays of light from a distant object

passing near a very massive body will bend, creating

multiple images of the object.

Gravitational redslufi Tile frequency of electromagnetic

radiation observed far from a massive body is less than

the frequency measured near the body. ^ .

Gravitational time dilation The time between two events

near a black hole is shorter than the time between the

same two events measured by an observer far from the

black hole.

Hafele- Keating experiment An experiment in which

clocks taken on board a fast-moving plane differed

from similar clocks left behind when they were

returned and compared. This provides evidence for

Lime dilation.

inertial observer An observer who is not accelerating.

Kinetic energy The quantity f\ = (y - l Jnipt
L\ It is the

total energy of a panicle minus its rest energy. (It is

approximately equal to only for speeds tbai

are smalt compared to c,)

length contraction The length of an object that moves

with respect to an observer is measured by that observer

to be length - P10!^ length
jQn]y the length in the

direction of motion is contracted,)

M icltelsoi l -M orl ry experimen [ An expenmen t des igned

to measure the speed nf the earth relative to the ether,

No such velocity was measured - and this led to the

abandonment of the ether ides,

Momentum energy relation The relation

J
3 = n-T'f

+

p
2
c
2 between total energy and momentum.

It allows the definition of momentum for particles of

zero rest mass (like the photon).

Muon decay experiments According to Galilean relativity,

muons created in the upper atmosphere (through

cosmic ray collisions') should not arrive on the surface of

the earth because their lifetime is short and They would

have decayed. According to special relativity, however,

observers on the earth measure a much longer lifetime,

because the muons move fast with respect to the earth.

The fact that muons mv detected on the earth's surface

therefore provides evidence for time dilation.

Newtonian limit At low speeds, results of relativity and

those of Newtonian mechanics agree.

Postulates of special relativity il) The speed of light, in a

vacuum is the same for all inertial observers. (2) The

laws of physics are the same for all inertial observers.

Pound-Rebka experiment An experiment in which a

photon, directed at the earth’s surface from a certain

height, was observed to have a higher frequency

on the surface than at the point of emission. It

verifies gravitational redshift (actually gravitational

blueshtft).

Proper length The length of an object in its rest frame. It

is l he greatest length measured by any inertial observer.

Proper Lime interval llte time interval between two

events at the same point in space. It 1$ the shortest Time

interval between the events measured by any inertial

observer.

Rest energy The minimum energy needed to create a

particle, £ — m^c7
.

Rest frame The frame of reference in which a given object

is at rest.

Rest mass The mass of an object in its test frame.

Schwa rz.H child radius The radius at which a spherical,

non-rotating star becomes a black hole. Nothing can
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escape from the star if its distance from the centre is

less than this radius.

Simultaneity Two events taking place at differs

t

points

in space anti at the same time, i.e. simultaneously,

according to some observer, will not lx? simultaneous

according to any other observer in relative motion with

respect to the first observer. However, two events

happening at the some point in spare and which

are simultaneous according to some observer

will be simultaneous for all other observers as

weth

Space-time The continuum of four dimensions (three of

space and out of time) of the universe in which we live.

In general relativity, the geometry of space-time is

determined by the mass and energy in the space-time. In

turn [he geometry of space-time determines the motion

of objects in the space-time.

Time dilat ion The time interval between any two events is

shortest in the fra tnc of reference in which the two

events occur ai the same point in space. In any other

frame, lime interval = y x proper time interval.

Total energy The rest energy plus all other forms of

energy (e.g kinetic energy) that a body may have,

f - yntQC
2

.

Velocity addition If frame A has velocity u with respect la

frame E and frame B a velocity v with respect to frame

a
C, then the velodty ofA with respect to C is ——

.

I + p"

Option I Medical physics

A scan A sequence of ultrasound pulses reflected from

various organ boundaries along a straight line. The time

between pulses can be used to determine the separation

of the boundaries.

Absorbed dose The amount of radiation energy absorbed

per unit mass. The derived unit of absorbed dose is the

gray (1 Gy -
1 J kg' 1

}.

Attenuation coefficient The constant p appearing in

/ — foe
,LI

, The inverse ofa gives the distance at which

the initial intensity is reduced to Iq/e.

B scan A iwodimensicmal ultrasound image formed by the

superposition of many A scans.

Biological half-life ITu* time needed for the activity in the

body to be reduced to half by natural bodily functions

that physically remove the isotope from the body

Computed tomography (CTJ A method for obtaining an

X-ray image by combining many images taken front

different angles (using a computer), producing a twi£>-

dimensional image.

Conduction deafness loss of hearing due to damage to

the middle ear that prevents the transmission of sound

to the cochlea.

Contrast medium A material (of high atomic number)

that a patient swallows in order to obtain better

contrast in the X-ray image of soft tissue.

Dose equivalent The product of absorbed dose times the

quality factor for the radiation involved, it is measured

in sieverts (i Sv = 1 J kg ')-

Effective half-life The time needed for the- activity in the

body to he reduced to half taking itno account both the

decay of the isotope as well as its removal by natural

bodily functions.

Exposure The amount of electric charge per unit mass,

produced in a body due to ionizing rri dial ion,

Frequency response The variation {with frequency} of the

ear's response to sounds of a given intensity buL

different frequencies. Sounds of the same intensity but

different frequencies are not in general perceived to be

equally loud.

Frequency separation The process in which sound is

analysed according to the different frequency

components it contains, it lakes place in the basilar

membrane in the cochlea.

Half-value thickness (HVT) lire distance that must be

traversed for the initial intensity of radiation to be

attenuated (reduced) to half, it is related to the

attenuation coefficient p: through Vi^/i = Em 3.

impedance The product of the density of a material times

the speed of sound in the material. 7 — pw

Intensity Power received per unit area of detector. For a

source of power F radiating uniformly in all directions

p
rhe intensity a distance d from the source is / =

Intensity level A measure of loudness, in dB. given by

/
II = lOEog

FZ
where the intensity is expressed In

W m' s
.

MRJ {magnetic resonance imaging) A scanning technique

using the phenomenon of nuclear magnetic resonance

to obtain images of superior quality,

PET (posilron emission tomography) Imaging that uses

the photons emitted in electron-posit ton annihilation.

The positrons are emitted from radioactive material that

the patient is injected with,

Quality factor A dimensionless factor that takes into

account the tact that different radiations have different

effects even when they deposit the same energy in a body,

Radiopharmaceutical A radioactive compound that a

patient is injected with, which accumulates in a selected

organ so that the functions of the organ can be

monitored.

Sensory nerve deafness A hearing defect resulting from

damaged nerve ceils and neural pathways.
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Sound intensity level A measure, in decibels, of the

/
intensity of sound given by TO log . where ! is the

intensity of sound and J,> = 1.0 (10
uW m z

is a

reference intensity.

Thivshold of Hearing The lowest intensity of sound that

is just audible ft depends on frequency.

Ultrasound Sound of frequency higher than about 20 kHz

(the upper limit the human ear is sensitive tuf.

Option j Particle physics

Antipart icle Corresponding to each type of elementary

particle there is an ami particle with same mass but

opposite charge and all other quantum numbers.

Asymptotic freedom The strength of the strong

interaction decreases as the energy exchanged increases.

Tit is makes quarks appear as free particles when they

are probed with high energy.

Available energy The energy required to produce new
particles in a collision.

Hat-yon number Baryons and iheir antipartides arc

assigned a quantum number called baryon number.

Baryens have baryon number 1 1 and anti-barynns have

baryon number - 1, Baryon number is conserved in all

interactions.

Baryon s Hadrons made out of three quarks..

Boson A particle with a spin that is an integral multiple

of*
Zjt

bubble chamber A chamber in which the path of a

charged particle is made visible through vapour bubbles

forming along the path.

Colour A quantum number assigned to quarks and

gluons. There are three types of colour. Colour is

conserved in all interactions.

Confinement The property of quarks and gluons that

forbids isolated quarks and gluons to be observed. It is

equivalent to saying that all observed particles have no

net colour.

Conservation law's At the elementary particle level,

energy, momentum, electric charge, baryon number,

lepton number and colour are always conserved in ail

interactions.

Cyclotron A circular accelerator in which charged

particles follow spiral paths with increasing energy. The

charged particles are accelerated by an alteiTialing

potential difference every half a revolution.

Deep inelastic scattering The inn- rat linn of le pious wirli

hadrons in which large amounts of energy and

momentum are transferred to the hadron, The

scattering is called "deep" because ihe large energies

involved allow the hadron to be probed at small

distances, it is inelastic because new- hadrons are

produced in the interaction.

Eightfold way An arrangement of the hadrons into

patterns I hat show eightfold symmetry. |t led M, Gell-

Mann to propose the quark model.

Electromagnetic interaction One of the fundamental

interactions. It acts on all particles that have electric

charge and is mediated by photons.

Equips rtition of energy Tire average kinetic energy of

particles at absolute temperature T is = -fT. where

k is Boltzmann’s constant,

Exchange particles Interactions between particles can be

understood at a microscopic level as the exchange of

virtual particles between the particles that interact,

Exchange particles are the 'messengers’ of the

intemotion. They are bosons.

Extra dimensions String theories are formulated in more

dimensions titan the usual three for space and one for

time (usually 10 or 11). The extra dimensions are

supposed to be curled up in tiny spaces and are

unobseivable,

fermion A particle with a spin that is a half-integral

multiple of that is (n + ^ J

Feynman diagram A pictorial representation of an

interaction. Each diagram has an associated amplitude

representing the probability lor the process to occur, If

an interaction is represented by more than one

Feynman diagram the amplitude for the process is the

sum of the individual amplitudes from each diagram.

|This is just the principle of superposition.)

Gluons The exchange particles of the colour [strong)

interaction. There are eight of them. They carry one

colour and one anticolour.

Gravitation One of the fundamental interactions.

It acts on all particles that have mass and is mediated

by gravitons. Hie lack of a quantum theory of

gravitation has led to the development of string

theories.

Hadrons Particles made out of quarks. There arc two

types, baryons and mesons.

Heisenberg uncertainty principle A fundamental

principle of physics that states that it is impossible to

measure simultaneously the momentum arid the

position of a pafticle with infinite precision: that is.

Ax Ap > — .The principle implies that the more
TjT

precise the measurement of one variable becomes, the

more uncertain is the other. It alsn applies fn

measurements nf energy ami rime. Af AS > —

.

An
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Higgs particle A crucial element of the standard model.

I is interactions with other particles give mass to the

particles, The Higgs particle has not yet been discovered

(as of August 2007) hut rumours are circulating that

evidence for it has been seen.

Interaction vertex A Feynman diagram representing the

fundamental interaction in a theory.

lepton number Leptons and their a mi particles are assigned

a quantum number called lepton number- There are

separate lepton numbers for each fa truly- i,e. an electron,

muon and tau lepton number. These are separately

conserved in all interactions, leptons have lepton number

+ 1 and aniiieptons have lepton number - t.

Leptons Electrons, muons, tans, their respective neutrinos

and their antiparticles.

Linear accelerator (linac) An accelerator in which

particles are accelerated along a straight line,

Meson A hadron made out of one quark and one

antiquark.

Neutral current The exchange of a 7

?

boson Tilts is

similar to the exchange of a photon, but the large mass

of rhe2'
J means that Z° exchanges (i.e. neutral current

processes] are rare and have short range. Only the

standard model predicts neutral current processes.

Pauli exclusion principle tl is impossible for two fermions

with identical quantum numbers to occupy the same

quantum state.

Strangeness A quantum number assigned to hadrons.

There is one negative unit of strangeness for every

strange quark in the hadron. It is conserved in strong

and electromagnetic interactions hut not in weak

interactions.

String theories Theories according to which the

fundamental building blocks of matter are ont>

diniensional extended objects called strings- String

theories require many dimensions in which to be

formulated. The extra dimensions are curled up into a

'small* unobservable space.

Quarks Six different types of particles that make up

hadrons. The six flavours of quarks are up r down.

strange, charm, bottom and top. They have fractional

2 1

charges, e.g, U u = , kT and Ud = - |e|.

Spin A quantum property related to angular momentum
(there is no classical equivalent, but it can be thought

of as due to rotation about a particle’s own axis). The

spin h an integral or half-integral multiple of the

quantity t^.

Strong interaction Another name for the colour

interaction, mediated by gluons. It acts only on quarks

and gluons (that is, particles with colour).

Synchrotron A circular accelerator of fixed radius, in

which two beams of particles travelling in opposite

directions are accelerated and then allowed to collide.

Vacuum In classical physics the vacuum is space without

any matter or energy. In quantum physics the vacuum is

a comp] icaied thing containing, among other things,

virtual part tcle-antiparticle pairs. This means that, if

energy h supplied, the particle-antipartide pair may

materialise font of the vacuum') in a process called pair

creation.

Virtual particle An intermediate particle in a Feynman

diagram. It may Violate energy conservation for times

short enough that it is unobservable.

W bosons Charged particles with large mass that (along

with the 2°) are exchange particles of the weak

interaction.

Weak interaction One of the fundamental interactions.

It acts on quarks (and therefore also on hadrons) and

leptons.

Wire chamber A chamber used to record the path of a

charged particle by recording the lime taken for

electrons and ions created by the charged particle to

collect at the wires. The information collected in this

way can be digitized so that a computer can perform the

analysis.

7? boson A neutral particle with large mass that (along

with the W* bosons) is an exchange particle of the

weak interaction. It can be thought of as a heavy

photon.
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deforestation, 149

degradation of energy, 193, 415-16

dptntidubiur, 551

depth of vision. 473-4

destructive {nicrlerence, 242. 262, 624, 625

diffraction. 238 -40. 259-60

electron. 394

multiple-si it, 629 30

single-slit. 261-5

diffraction grating. 631

digital signals. 455-8

advantages of. 558-9

bit rate. 554-7

regeneration., 590

2

transmission and reception, 557-8

digital storage. 46 L

dipole moment , 30fl

disordered energy, ISO

dispersion. 232, 565-7, 601-3

displacement, 38-42, 2l9. 220

displacement antinode, 254

displacement node, 254

displacement-lime graph, 54, 221

distance* 38

distance of closest approach, 407-8

Doppler effect, 244-50

light. 247

sound. 244-6

dose equivalent. 713. 714

dosimetry. 712-1 s

drag (dree, 65

drift chamber, 74 1 -2

DVDs, 459 60

eat, 690-3

efficiency, 110

tinStein, A.. 142. 391, 644, 672. 677. 771

F.i ostein's mass-energy formula, 381-2

elastic 3im.il. 67

elastic ptneti LiaJ energy. 204 7

electric Charge, 280-8, 720

electric circuit, 3l8~35

electric current, 310- 12

magnetic force on, 338-9

electric fie id, 289-92. 299-300, 305-6

electric force. 281

electric permittivity, 777

electric potential. 292 r 300, 301. 302 3.

305-6

electric potential energy. 300-1

electric power, 314 15

electric resistance, 312" 13

electricity

cost of, 316

and gravitation, 306-7

electricity production. 417

electromagnetic calorimeter, 742

electromagnetic induction, 3541-0

electromagnetic interaction., 724

electromagnetic spectrum. 599, 600

electromagnelic wave, 2 16. 277~8. 289- 92,

599-60,3

electron, 2fl0

mass of. 777

.'L5 a wave. 394-5

electron id a hew model, 399-400

electron capture, 409-10

electronics, 584-95

elecminvolt, 295

electroscope, 281 2

electrostatic experiments. 284

electrostatic induction, 282-4

electrostatics. 290

electroweak interaction, 5. 724

eiectroweak theory, 761

elementary particles. 718-30

elements, masses of. 778-9

emf. 318-20

induced, 351. 361

motional,, 351, 356

see also bxfeenlf

emission spectrum, 370, 398-0

endoscope, 467-8

energy. 672-3

conservation of. 104-7. 138

internal. 183-4

released in decay. 382-4

energy balance, 437-8

energy degradation, 193. 415-36

energy density. 418

energy Level, 369-70, 401

nuclear. 4 iCI- 11

energy sources, 417-18

entropy, 190—1

epicycle, 770, 771

equation of state, t78-9

equilibrium. 70 1

thermal. 164-5

equ (potential surfaces. 349-51, 304-5

equivalence principle, 677-80

errors, propagation of, 33 6

errors of measurement. 8- It

eiCfl pe veloci ty, 145 -6

ether, 645

evaporation, 168-9

event horizon. 654-5

exchange particles. 719. 720. 723 -

5

excited state. 369

exponential decay curve, 33.-2

exponential function ,
31

exposure, to radiation. 715

external forces, 108

eye, structure of. 472~3

tar point, of eye. 474, 617

Faraday, M„ 284

Faraday's disc. 356-

7

Faraday & law, 351 4

Fermi, EL, 409

fermions, 723

Feynman diagrams. 725-8, 759

Oat universe. S38

flavour, of quarks. 720

floppy disks, 460

fluoroscopy. 7Q4

focal length. 473. 603

focal puiot, 473, Gfl8

force, 63-3

conservative. 102

contact. 65

frictional, 66-7. 107-8

nuclear, 371-2

between two current-carrying wires.

343-4

forced oscillations, 208 9

fossil fuels, 418 20

Fourier analysis, 693

fovea. 473

fractional uncertainty. 33. 34

frames of reference, 42-4. 70, 615-7. 678

Franklin. I3„ 284

tree-body diagrams. 67

free electrons, 674-5

frequency. 200, 219. 5lfi

frequency modulation fFM). 548-50

frequency response, 695 -6

friction, charging by. 281

frictional force, 66-7, 107- 8

fundamental interactions. 5

galactic motion. 536

galaxy, 490

Clusters of, 490

elliptical. 534, 535

irregular. 534, 535

spiral. 533-4. 535

ty|ies of, 533-5

Galilean relativity. 647

Galilean transformation, 6-16

Claliico, G., 69. 598

gamma decay, 376-7

gamma ray, 374, 376. 601 , 70Q

gas

Ideal. 174-82

pressure of, 170

Geiger and Marsden's experiment, 367 -8

Geiger-Mullcr tube, 375

Gell-Mann. MH 746

Gell-Mann's prediction of the omega-

minus. 758

general relativity, 677-89

tests of, 680-2

i henry of, 652 -3

time dilation, 685-6

geodesics., 683

geosynchronous satellites. 578-S0

global wanning. 444 6. 448-50

gluon, 739. 750-t

graded-index fibre, S66

graphs, 15-17, 54

interpreting. 17-ift

for uniform motion, 44 -5

gravitation

elect riciiy and, 306-7

Newton’s law, 127-9

gravitational field, motion m. 342-02

gravitational lield strength. 129 -30

gravitational frequency shift, 681

gravitational interaction. 724

gravitational mass, 679

gravitational potential, 143

gravitational potential energy. 102-3,

143-5

graviton. 719

gravi ty

acceleration due to. 19-50

Work done by. 10S-2

greenhouse effect, 438-41

greenhouse gases, 439. 440. 441, 445

ground State, 369

hadron. 746-7. 74 fi

spilt of, 749

hadron calorimeter, 743

tiaiele- Sealing experiment, 655



834 Index

halfiife. 377,378, 716

halhvaluc Thickness. 701 -2

hard disks,. 460-1

harmonic Wave, IS. 219 24. 545

hearing defects, 697-8

hearing threshold, 696

heai capacity. 163-5

Ireat energy. l 59-60

heat engine, 191-2

Heisenberg, W„ 722

1 EflsetrliCig uncertainty principle, -1 02 1,

722-3

hertz (Hzf, 200

Bcrtzsprung-Russell diagram, 499-560

Higgs jfcnrtictr. 710, 753-4

high energies. 731-2

Hooke's Law, 67

Hubble. £., 533

Mtibblc classiHeatton , 533 - 5

Hubble’* constant, 5 16, 537

Hubble's law. 51®. 537-9

Huygens’ principle, 234-5, 230, 26!

hydroelectric power, 425 6

tee. melting of. 447

[deal gas, I74-B2

impedance, 692

impulse. 59-01

inclined plane. 32-3

index of refraction. 232

induction

charging toy, 251 -2

electromagnetic, 350-9

electrostatic. 362-4

inertia, 70

inertial felines of reference, 70, 6-1 5, MO
inertial mass. 079

infrared radiation, 600

insolation, -125

instantaneous acceleration, -ifi

insula Lure. 2®j

Interactions, 723-5, 72S-0

intercept, uncertainties in. 35-6

Interference, 21O -2

for light, 626

multiple-slit, 629-30

two-source, 624-5, 623-0

Internal energy, 160. 183-4

interstellar medium, 400

inverting amplifier. 586-7

ionization, 373, 375, 715

IPCC, 450

isobaric process. 186

isoehoric process. 136

hu t hernial process. 1-67

[S0Tu[ie, 371, 779

Jeans criterion, 521

joule
(JJ.

3. 100

Kaluza. T., 307

kaon. 747

Icelvin IK). 3

Kelvin scale, 177

Kepler’s laws. 142, 146, MS. 467

In Ingram Ikgl. 3

kinetic energy, 103-4.672

and momentum, 110-12

kinetic friction, 06

kinetic theory of gases
,
160-70

Klein, 0. 307

Kyoto protocol, 440-50

laser, 603-5

least rime problem, U2
length contraction, 6S7-9

lens aberrations, 620

lenses, 607-16

converging. 607-12

diverging, 6E2-14

principle axis of. 6(57

hertz's Jaw, 354-6

U;F [large electron-positron collider),

737

lepton. 739. 720

lepton number, 752

LHC (large hadron collider), 737-8

Light, 216, 508-606

bending of, 680-1

perception of. 473

scattering of, 602

speed of, 593-0

visible, soo-i

light-dependent resistor (LDR), 327 8

light detection syslcm, 560-70

light year. 489

line of best fit, 12

linear accelerator. 733-4

Linear attenuation coefficient. 701

linear momentum. 87-9®

liquid crystal displays (LCDs). 277 8

logarithmic functions, 31-3

Logan t h 1me plots. 32-3

Longitudinal wave, 237

luudneSS. 695 -6

lnuds|jeaker. 551

LIV 460

luminosity, 495-6

MACHOS, 519

magnetic field linen, 337^8

magnetic fields

direction of, 336-7

motion of charger in, 340 1

wire moving in, 350-1

magnetic flux. 351-3

magnetic Tux linkage, 353

magnetic force

on a current, 338 9

on n moving charge, 339-40

work done and. 341

magnetic permeability of vacuum, 34 1 . 777
magnetic resonance i maging (MR1,I. 705-6

magni Fi cation

angular. 617- 18

of a CCD. 467

1 inear, 61

1

magnitude ofelectronic charge, 777

main sequence star, 490, 500

Matus’s law, 272-3

mass, 64, 328

mass defect. 361 -4

mass-luminosity relation, 522-3

mass number, 370

mass spectrometer, 371, 108

Lnass-spnnfi system. 196-200

material dispersion. 565

mathematical results, 781

matter, 540-1. 765-6

atomic mode] of. 160-3

mechanical energy, 107. IfiH

mechanical wave, 216

medical imaging, 700-31

melting of ice, 447

meson, 719

metre (m). 3

Midielson-MorSey experiment. 667-9

microscope. 618-19

microwave, 577. 578. 600

Milky Way galaxy, 533

mobile phone system, 596-7

modal dispersion. 565

modulation, 544-6

modulation Index, 549, 550

mule (mull, 3

momentum. 87' 9. 671

angular. 123-4

conservation of, 4 1 -5

kinetic energy and, 110-12

morion

of charges in magnetic tieEd. 340-1

with constant acceleration, 43-62

in a gravitational Held, 142-62

parabolic, 132-4

period of, 148

projectile, 132-41

oi’ I lie stare, 491 ~2

uniform, 41. 44-5

moving charge, magnet in force on,

339-4Q

MM, 705 *6

mu El] pie-slit diffraction. 629-30

mu Etipl ica i ive changes, 14 - 15

muon, 719

muon calorimeter, 743

muon decay, 666-7

near point, of eye, 474, 617

neutral currents, 761-2

neutrino, 4E>9, 7l9

neutron, mass of, 777

neutron star, 490, 527

Newrnn, L, 770. 771, 772

Newton'S first law, 69-75

Newton's law of gravitation 127-9, 306,

677

New tun’s second law. 77-fi3

Newton's static universe, 515-16

Newton’s third law, 8H
node. 251. 254

noise, 570

non-inverting amplifier, 588 9

non-renewable energy sources, 417

normal reaction forces. 65.363

nova. 490. 527

nuclear energy level. 110 11

nuclear fission, 385

nuclear force, 371-2

nuclear fusion. .185-6. 422-3, 195

nuclear power. 426-3

nuclear reactions, 384-5

nuclear reactor, 429 2

nuclear Structure, 370-1

nucleon, 37b, 371, 752

itudcftsytithes is, 521-5. 5-10. 766

nuclide, 37b

Nyquist frequency. 556



Ohm's [aw. 312

Gibers' paradox, 5E4 16

omega-minus. >17 758

open universe. 517, 510

operational amplifier. 5ft4-7. 589-90

OppenheiiHcr-Volbir liiuit. 527. 52ft

optic fibres. 5-64 5. 575. 57S

monomode. 565-6

multimode , 565, 566

optic:j 1 activity. 275-6

optical instruments. 617 19

orbital motion, 146-9

orbital speed, 147

ordered energy, 189

organ af Corti r 69 ] , 697

drifted. H.C, 336. 341

Orsted ’5 disrtwi'Lj. 241 -2

Oscillating water column. 429

oscillations. 195-G, 207-9

parabolic molion, 152 '-4

parallax. 506 7

Sjiectroscopic, 510-11

parallel circuits. 321-3

parallel films. 640-1

parallel plates, 5CH

parsec. 507

particle, in a bowl, 200-1

particle accelerators, 733 ft

particle detectors. 740-3

particles, 713-20

Ppuli. W.,.409

Phult exclusion principle, 721-2

pendulum, 201 2

perfect conductor. J12

period. 195, 190. 222

period of motion, 14B

PfcT scan. 706-7

phase change, 640

phase difference. 198. 627, 64ft

phase of motion. 19S

photoelectric effect. 389-95. 774, 773

photoga to. 55

photomultipliers. 742

photon. 370, 391. 393-4 „ 674-5. 719

photon absorption, 441 -2

photopic vision, 474-5

photovoltaic Cells. 423-4

physical constants. 777

physical half-life, 716

piezoelectricity. 299. 79ft

pion, 719, 747

pitch. 696

pixels, 464. 465. 466

Planet. M,. 391

Planet time. 539

Planet's constant, 391. 777

planetary motion, 683

planetary nebula, 496

plutonium production. 42

1

polar orbit satellite?,. 580-2

polarization, 271-2. 292-3

practical applications of. 276-B

by reflection , 274 -5

polarizers, 273 4

jmsifron. 720

positron emission tomography. 706-7

potential difference. 293-4. 314

potential divider. 327

potential drop, 314

potential ettergy. 102-3, 143-5

Pound- Rebta experiment, 601-2

power, 108-10.361-3

power spectrum, 545, 550

power transmission, 365

precision, U
pressure, 170, 17-t

ptessure-tem pera E urc law, 177-8

primary colours. 476

problem of least time. 112

projectile motion. 132-41

and air resistance forces., 138 '9

arbitrary launch. 13-1-0

horizontal launch, 02-4

proper length, 658

proper time interval* 654

proportional wire chamber, 74|

proton, mass nfr 777

proton-proton cycl e. 474 . 522

proto&tar, 521-2

Ptolemy, 142, 77H, “1

pulsar, 490. 529

pulse amplitude modulated signal i3
5AMi,

457

pulses, reflection of. 230

quality factor of radiation. “13

quantization error. 4 5S

quantization levels, 458

quantum dumnod_yriimi.es "50

quantum efficiency, 466

quantum electrodynamics. 725

quantum numbers. 720

quark. 71 ft, 719, 720. 7t6. "4'. 758-61

qu.irk confinement. 751-2

quasars. 490, 529 30

mdiatiou, 7W 2

biological effects of. 712-15

detecting, 375

in medicine. 712-17

radiation Sickness. 714

radiation therapy. 716-17

radio communication, 544-53

radio wave. 576 7, 600

radioactive decay equations 376-“

rad inactive decay 1aw. 377-i 4 : :
- : 2

radioactivity. 373-9

radioisotopes, 709-10

random errors, 8. 9-10

ray, 224

Rayleigh criterion. 2C7-9

reading errors, 8-9

red dwarf. 490

red giant. 490 . 500

redshift, 536. 601

reflection. 234-5

law of, 231 -2

polxri zation by. 274 -5

of pulses. 230

refracting telescope. 6^’

refraction. 232, 235-^6

regeneration of digital signals. 5"1

relative velocity, 43-4

relativistic energy1

.
663-6

relativistic mechanics. 6“ t-6

renewable energy sources -0“

resi stors, 314

resolution, 267-70, 467, 732

resonance. 209. 255

rest energy, 663

reversibility. 189-91

RF amplifier, 551

mis current, 362-3

Rutherford's atomic model, 369

sampling frequency, 456

sampling rate. 456

Sunkey diagram. 415, 416

satellite communications, 578- 82

scalars, 21

scaitering experiments. 407-8

Schmitt trigger, 571, 590 2

Schbiiberg-Chandrasekhar limit. 523

Schrodinger theory, 400 I

SchwamchUd radius. 527, 6S4 -5

scotopic vision, 474-5

Sea level, 447-8

second {s), 3

secondary colours, 476

Segre plot, 375

semi-logarithmic plot. 31-2

semiconductor, 231

sensor. 327-0

sensory nerve deafness, 697

series circuit. 320-1

Sbannnn-Myquist sampling theorem.

556

ST system, 3-5

51 units, 3, 673-4

signal-to-noise ratio. 570

signal wave, 545

significant digits, 11-12

-implo harmonic motion, 195 *21

5

energy in, 204-7

kinematics of, 196-204

simultaneity, 65ft

vuw curves, IS

single current loop, 338, 342

^kip di sr a nee, 577

wave, 577
iiip-nng iwnmuuiof. 363

Ck'ijy. uocrrtiiiilks in* 35-6

dope of a straight line. 12-15

Btull distances, measuring, 642

Snetlb 1*w. 232

solar constant* 424-5. 437

it power, 423-5

solar radiation. 436-8

SOiaT iVftfm. 487-9

solenoid. 337. 342-3

solution concentrations, measuring, 277

sound

intensity of, 693-5

speed Of. 255

sound interference,, 625

sound wave. 216-17

spare-tittle, 682

space wave, 577

spirit chamber, 74

1

special relativity. 64ft- 5ft. 663-70

effects nf. 652-62

evidence for. 666-7

principle of, 64fi-5ft

specific attenuation. 569

specific heal capacity. 163-5 l6
-
->

specific latent beat, 165-6



036 Index

specific latent hear of fusion, IG5, 166,

ies

specific latent heat of vaporization, lifts.

166, 168

spectra. 369-70, 545 r 550

atomic-, 398~9

eleatornagrtctic, 503, 600

stellar, 498-3

Spectrometer, 398

spectroscopic parallax, 500. 510-11

speech recognition, 693

speed, 33-40

measuring:. 54-6

speed Of light. 232, 598-9. 647-8. 669, 679,

777

speed ofsound, 234, 255

spherical lens aberrations, 620

spill, 721 -2

standard model. 752-3. ?58-63

standing wave, 251—1

stars

binary, 151-2

chemical composition, 498-9

energy source of, 494-5

evolution of, 521-32

evolutionary palhs and stellar processes,

525-9

magnetic fields. 499

motion of. 49t-2

nuclear fusion in
.
336

radial velocity. 499

rotation
,
493

surface temperature. 493

types of, 500-3

stales of matter, 165-7

Static friction, 66

Stefan- Holramann constant. 777

Stefan Boltzmann Jaw, 434-5

stellar ctu.ster, 490

stellar spectra, 496-9

stepindex fibre. 566

strange particles, 748-9

si range quark, 747

sttrts analysis, 276

strings. 766-S

stroboscope, 55

strong nuclear force, 371

superconductors. 3l2

supernova, 490, 527

superposition, principle of, 228 - 30

surface lleat capaci ty, 443

surface wave, 576

synchrotron. 735-8

synchrotron radiation, 738

systematic errors. 8, 10-11

systems. 184

tangential acceleration, 121

tau. 719

telescope, 619

temperature. 358-9

tension. 04 5

term Inal velocity. S3

testa (T), 341

theory of knowledge, 770-5

thermal energy. 360

thermal equilibrium, 159. 164-5

thermodynamic systemu 184

thermodynamics. ]83~94

first taw, 187-8

second (aw, 1 88-93

thermometer; 158-9

lh in air wedges. 643-2

I] i n-til i ll interference, 64(1-3

thin lens equation. 611

threshold frequ Diicy, 331

tickcrtape. 55

time dilation, 652-7

in general relativity. OS5 -6

Symmetry of. 655-6

Lwitl paradox. 656-7

time, slowing of. 680

rime division multiplexing (TDM), 558

toial internal reflection, 562 -3

transformer, 363-5

transmission of electromagnetic radiation,

602-3

Iransm i E tan re curves, 442-3

transmutation of nitrogen, 384

transverse wave, 217

travelling wave, 218-24

I rough, of wave. 222

lulling circuit, 551

twin paradox .
666' 7

two-slit interference ex perimeot, 626-9

ultrasound, 707-9

ultraviolet radiation. 601

uncertainties in the slope and intercept,

35-6

uncertainty principle, 402-4, 722-3

Unified atomic mass unit. 38(3

unit conversions. 777

units. 673-4

universal gas constant, 777

universe

development of, 517-18

evolution of, 533-41

expanding, 516

mass density of, 519-20

S« ntso closed, fiat, open universe

upthrust, 6!HS

uranium mining, 422.

variable stars, 503

vectors, 23 -2

addition Of. 22-3, 27-8

components of. 25 -6

multiplication by a scalar. 22

reconsl ruction of. 26“

7

subtraction of, 24

velocities, addition of, 659 61

velocity, 40-2, 56-7

in circular motion. 12U

escape, 145-6

relative, 43-4

terminal, 81

velocity-time graph, 36. 53, 55

virtual object, 614 - t5

virtual particle. 723

vision, depth of. 473-4

vnllmeter. 326

volume-temperature law, 176-7

W boson. 719, 729

Ware, 216-17, 231-3

wave motion. 216-27

wave power. 428-9

Wave pulses, 218

wavefront. 224-5

Wavcfu notion, 400

wavelength. 219, 222

weak nuclear force, 372

Weber “fechner law. 694

weight, 64

weightlessness. 348-9

white dwarf, 499, SOT

Wteil
L

S law, 436. 497

VVIMPS, SI 9

Wind power, 427 -8

wire chamber, 741

wire pairs. 575. 578

work

done by a force. 99-102

done on or by a gas, 185-7

done by gravity. 101-2

done in holding something still.

102

and magnetic forces. 34

1

work kinetic energy relation. 103 4

X-rays, 468, 60

1

diffraction. 635-8

in imaging, 702-4

pnjductioti of. 634-5

Young's experiment, 263, 395,

626-7

l bosons, 719, 763 -2



Physical constants

The values quoted here are those usually used i n calculations and problems. Fewer

significant digits are often used in the text. The constants are known with a much better

precision than the number ol significant digits quoted here implies.

Atomic: mass unit

Avogadro constant

Boltzmann constant

Coulomb's law constant

Electric permittivity

Gravitational constant

Magnetic permeability

Magnitude of electronic charge

Mass of the electron

Mass of the neutron

Mass of the proton

Planck constant

Speed of light in a vacuum

Stefan-Boltzmann constant

Universal gas constant

1 u - 1 .661 x lQ-2? kg = 931,5 MeV<r2

jVa = 6.02 x 10
7" mol'

1

k = 1,38 x 1Q“ 23 JK 1

= 8,99 x lO^NrrrC- 2

Fu = 8.85 x 10
12 N 1 m“ 2 C2

C = 6.67 x 10“ 15 N kg"' m7

H Q = 4jt x lO“ r T m A 1

e = 1.60 x I0- H C

me -9.11 x 10
-31 kgs 5.49 x I0"

4 u = 0.511 MeVc

mn - l .675 x 10 2? kg= 1 .008 665 u= ^40 MeVc"2

mp = 1 .673 x 10 17 kg- 1 .007 276 u = 938 MeVc ’

h - 6.63 x 10
M

J $

c = 3,00 x 10* rrt s"
1

* =5.67 x 10" a Wm _z K_H

R =8,31 J mo!
1 K 1

A few unit conversions

astronomical imit 1 AU= 1.S0 x 10” m

atmosphere 1 atm = |,01 x 10 > N mr2 = 10 1 kfYi

degree i" = mr™ 1

olectronvolt 3 eV = 1.60 x 10- ^ J

kilowatt-hour 1 kWh = 3,60 x 10* J

light year 1 ly - 9.46 x IQ15 m

parsec 1 pc — 3,26 ly

radian l rad -
'-f-
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